Problem. Find y(x) such that y"” — 2zy’ — 2y = 0.

(This equation is second-order linear with non-constant coefficients.)

Power Series Solution. We assume that there exists a solution to the D. E.
which can be represented by a Taylor series. This is not always the case.

We write
Yy =ap+a1x + a2x2 + -+ akxk + ak+1xk+1 + ak+2xk+2 + ...
Then
Yy = Qo +aix+--- + akxk + ak+1xk+1 + -
y = ay +2a0 + -+ +kapz®™ 4 (k+ Dagpr2® +(k 4+ 2)appoz™ Tt 4+ - -
y'= 2ay +3-2a3r+... +(k+2)(k + Dagyoz® +---
—2zy = —2a1 — - -- —2kapx® —--.
—2y = —2ay —2a1x+ - —2apz® —- -

Substituting in the equation " — 2zy’ — 2y = 0 yields
2a9 — 2ag9 = 0,
6as — 4a; = 0,
(k+2)(k+ 1ag+e —2(k+ 1)ag = 0.

Thus ag4o = 2ax/(k+2). Substituting » = k — 2 yields a, = 2a,_3/r. Therefore,
for instance
2a6  2%ay 23as as ao
ag = —— = = = =
® 78 86 8-6-4 4-3.2 4-3.2°

and in general, for any s > 2,

- 20952 _ daos_4 _ 8a2s—6 o 2%a _ Q%
2 2s 4s(s—1) 8s(s—1)(s—2) 25l sl
and for s > 1,
2a25—1 2%a9s_3 2%ay
CL2S+1 = — R .
2s+1  (2s+1)(2s—1) (2s+1)(2s—1)---3
Thus
0 2s s ,.25+1 s ,.25+1
T 2%z 22 2%z
y_a(); 5! 122 y1)--3.1 M +a122+ 1

where ag and a; are arbitrary constants.



