Chapter 11: Differential Equations

One of the most important ways in which Mathematics is used
to help understand scientific phenomena is through differential
equations.

Differential equations are equations involving derivatives of un-
known functions.

The laws of motion of planets, laws of wave motions, vibra-
tion of a pendulum, electrical circuits, temperature fluctuation,
population growth, spread of disease, are all. given by differential
equations.

11.1: Solutions of Elementary and Separable Differential Equations
We will study first order ordinary differential equations:

dy
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which we will describe as a DE for short.
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A solution of the DE is a function y = f(z) such that

Y~ f@) =r(z, f(2))-
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Example: y = 2? is a solution of ol R %, z > 0.
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Generally there is an infinite family of solutions depending on
some arbitrary constant. One needs to specify an initial condi-
tion (IC) y(zo) = yo to determine a specific solution. A problem
of solving a DE together with an IC is called an “intitial value
problem”, or IVP for short. So y = 2? is the solution of the IVP
dy
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Separable Equations: Z—Z = f(x)g9(y)

Solve by separating the variables and integrating:

/%y)dysz(w)dx.



3 cases:
dy — “ se” 3 fe 43
1) I f(z) (“pure time” if z is time)
2) ;l_y = g(y) (“time independent” or “autonomous”)
x

3) 2 = f()g(y) (general case)

Ezamples: 1) IVP (Cil_z = 2%, yp = 5 when z = 0.
The general solution is y = [ e?*dz = 1e** + C.
By the IC, 5 = 19+ C=1+C, so C =45. So the solution of the
IVP is y = 1e?® + 4.5.

2) IVP % = cost, y(w/2) = 0.

y = [costdt =sint + C (general solution).

0=y(x/2) =sin(n/2)+ C =1+C, so C = —1, so y =sin(t) — 1.

3) The exponential law of growth. Let y = population at time t.
Assume that the population grows at a rate proportional to the

size of the population, so



d
DE: —% = ry, where r is a parameter, the
“intrinsic rate of growth”.

Let the population at time 0 be yo (the IC).
Important: the solution is NOT y = ry?/2+ C.
We must solve by separating variables:
1
—dy = / rdt
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In(ly)) =rt+C

|y| — eln(|y|) — ert+C — e'rteC

y = +eCe™ = Ae™ (general solution)

£

T= time o

dowlpfe po f
yo = y(0) = Ae® = A, so y = yoe™. whl < poprlshon

d
4) E% = z/y?, (defined for z > 0), y(1) = 2.
Separate variables: / Yy dy = / xdx
y3/3=2%2/2+C,s0 9y = %mz +3C,

8=23=312=2+3C,s03C =%

y = (322 + 32
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5) The Exponential Law of Growth is a good model for popu-
lation growth when there are ample resources for the population.
When resources are limited, a popular model in Ecology is the

“Logistic Law” (due to Verhulst in 1838).

The Exponential DE can be restated as

ldy _

)t =r.

“ per capita growth” =
Suppose the environment can sustain a maximum population of

K, the “carrying capacity”. Then a reasonable model for per

capita growth is that it decreases linearly from r when y =0 to 0

_g 4G
when y = K. n;&/ m)-grcepi' - (W
's clope = T
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So 7 = ry(1 K)—r——K Logistic DE

Separating variables,
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K 1
rt+C=/rdt=/——d =/—+—d
y(K —y) v y K—y"

= In(jyl) ~ (K —yl) = (| "

Ky_y — :l:e'rt+C’ :Ae'rt

y= AKe™ — yAe™

y(1+ Ae™) = AKe™

AK rt
y = T:e"t and dividing both sides by Ae™,
K
Y= m, where b = ]./A.

K
yo—K
Solve yo = 153 to get b= T
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