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§0. Introduction.

A simple, geometric, necessary condition for R-equivalence of map-germs (namely,
equality of discriminants) and for .4-equivalence (equivalence of discriminants) is, for a
rather large collection of map-germs, also sufficient, or at least sufficient up to a well-
understood finite ambiguity. For this result to be useful, we need a detailed knowledge
of which map-germs it applies to, and we need to understand the discriminant and its
properties. We address both these needs here.

We will be concerned with C™ map-germs f : (N, S) — (P, o), with S finite, where N
and P are C'™ manifolds of dimension n and p respectively. Here C” means either complex
analytic (7 = C-w), real analytic (7 = R-w), or C*° (7 = 00).

(0.1) Definition. C7 map-germs f; : (N;,S;) — (Pi,y:), i = 0,1, are A-equivalent
if there exists C7 diffeomorphism-germs r : (Np,So) — Ni, with r(Sp) = Si1, and

l:(Py,yo) — (P1,y1) such that [ o fo = fi or. They are called R-equivalent if [ is the
identity.

(0.2) Definition. The critical set of a C™ map f: N — P is

C =C(f) = {z|rkd,f < p},

where d, f is the derivative of f at x. The discriminant of f is

D = D(f) = f(C(f))-

Critical sets and discriminants are preserved by equivalences; in the situation of (0.1),

r(C(fo)) = C(f))
and
[(D(fo)) = D(f1))-
In particular, equality of discriminants is a necessary condition for R-equivalence; this is
the “simple geometric condition” we work with.
To describe the class of map-germs for which this necessary condition for R-equivalence
is sufficient, we need to introduce some notation and terminology.
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(0.3) Notation and terminology. & = &y will denote the sheaf of C7, E-valued
function-germs on N, where ¥ = R or C in agreement with 7. &, is the stalk of £ at
a € N. If N=FE", we denote & by FE,, and the unique maximal ideal in F,, by m,,. Let
J(f) be the ideal in E,, generated by the p x p minors of the Jacobian matrix of f, and
let J(f) be the corresponding sheaf of ideals. For any set or set-germ X, I(X) denotes
the ideal of germs which vanish on X; Z(X) is the sheaf of ideals of function-germs which
vanish on X. If an analytic variety-germ V' has irreducible components V;,...,V,., then a
subvariety W is said to have codimension > ¢ if W NV, has codimension > ¢ for each i. A
property of an analytic map-germ f : V' — W is said to hold generically if it holds off a
codimension > 1 subvariety of V. If f is a C'°° map-germ restricted to a set C, we say a
property of f holds generically if it holds on an open dense subset of C.

(0.4) Definition. Suppose f : (N,S) — (P,yo) is a C7 map-germ with S finite. f is
a critical normalization (CN, for short) if J(f)s =Z(C)s and f|C :C — Disa C”
normalization, which means:

(1 = C-w) C, is a normal variety for each a € S (see §1) and f|C is finite-to-one and
generically one-to-one.

(1 = Rw) (f|C)c : Cc — Dc is a normalization and Cc = C(fc) (where the
subscript C means “complexification” - see for example [N]).

(1 =00) f|Cis C* equivalent to a R —w normalization and, for C’ any representative
of C, dim C!, = min{dim P — 1,dim N} at each z sufficiently near S.

For more on what a normalization is, see §1. A crucial property of normalizations is
their essential uniqueness. In [GW?2], the following statement of this uniqueness is proven:

(0.5) Theorem. Let f; : (N;,S;) — (Pi,yi), i = 0,1, be critical normalizations with
D(fo) = D(f1). Then there exists a C7-diffeomorphism germ r : (Noy, So) — (N1,S51),
unique on C(fy), such that

r(C(fo)) = C(f1)

and

f1o7|C(fo) = fol C(fo)-

In fact, for critical normalizations, equality of discriminants is almost enough to guar-
antee right-equivalence, not merely right-equivalence on the critical sets. However, in the
real case we need to make one additional assumption, which we now explain.

The quadratic differential (or Hessian) d>f of f is a quadratic form from the kernel
to the cokernel of d,f (see Chapter 10 of [Br]). Without loss of generality, we may
assume (N,z) = (R™,0) and (P,y) = (RP,0). Suppose f has rank p — 1 at 0. We
choose an orientation of cok dpf, which is one-dimensional. Then d2f has a well-defined
index (the dimension of the space spanned by those eigenvectors corresponding to negative
eigenvalues)—that is, if r,l are C7-diffeomorphism-germs of (R™,0), (R?,0), respectively,
then

d*(lo for) = dold®f(dor|, dor|),

where dgl : cokdyf — cokdy(l o f or) is the isomorphism induced by dyl, and dor :
ker dgf — kerdg(l o f or) is the isomorphism induced by restricting dor.
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In the particular case where n > p and corankdyf = 1, and if o : cokdpf — R is a
linear isomorphism, then oo d2f is a quadratic form, so has a well-defined index. Indeed,
we see that this index depends only on a choice of orientation (i.e. positive direction) in
cokdp f, and is independent of any choice of coordinates in R™. Thus it is, once a choice
of orientation has been made, an R-invariant of f.

It is very easy to calculate in local coordinates; a map-germ f : (N, zg) — (P, yo) with
dim cok d,, f =1 is A-equivalent to a map-germ g : (E™,0) — (EP,0) of the form

b
GUL, e U, YLy ey Yby 21y ey Ze) = (ul,...,uk,ZQ(y)+F(u,z)),
i=1

where () is a non-degenerate quadratic form, and F' € m,F, .; the index of the Hessian of
f is, with the appropriate choice of orientation, the index of Q).

It should perhaps be remarked that the index of the Hessian is not an A-invariant: for
example, the map-germs from (R3,0) to (R?,0) given by

(u,y, 2) = (u,y* + 2° + uz),

and
(u7y7 Z) = (U, _y2 + Z3 + uz)

are A-equivalent but not R-equivalent. The signature is A-invariant, but the above exam-
ple shows also that equal signature and equal discriminant does not imply R-equivalence.

(0.6) Theorem. ([duPW1]). Let f; : (N;,S;) — (FPi,v:), i = 0,1, be critical normaliza-
tions with D(fo) = D(f1). Then
1. (Cw) fo and f1 are right-equivalent;
2. (R-w or o0)
a) if n < p or corank dy fo # 1 for all x € Sy, then fo and fi are right-equivalent
b) if n < p and corank d, fo = 1 for some x € Sy, then there exists a bijection
o : Sy — Sy such that o(S})) = (S]) (where S. = {x € S; : corank d, f; =
1}) and such that, for all x € S:
i) Imd, fo = Imd,(y) f1 , and
ZZ) I‘kdgfo = I‘kd?j(m)fl
Give cokd, fo and cokd, () f1 the same orientation for all x € Sj. Suppose
that d2 fo and di(m)fl have the same index for all x € S|. Then fo and fi are
right-equivalent.

(0.7) Remark. If we replace the condition D(fy) = D(f1) by {(D(fo)) = D(f1) for some
diffeomorphism-germ [, then we easily get from the above theorem necessary and sufficient
conditions for two critical normalizations to be equivalent.

One reason for emphasizing right-equivalence of germs, as we do, is that this more
easily leads to global equivalence theorems. This is because the local right equivalences are
relatively few in number, and hence it is more easy to see when they can be pieced together.
For example, when n < p, the local right equivalences are unique, and hence automatically
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piece together globally (for proper maps which are locally critical normalizations). Global
equivalence theorems have been derived using this approach in [GW2]. The calculation of
the set of local right equivalences between two critical normalizations has been made in
[duPW2].

The question immediately posed by (0.6) is: when is a map-germ a CN?7 We give an
answer in terms of “weak transversality conditions” which is very useful for calculations
and for relating the notion of a C'N to other families of map-germs studied in singularity
theory. We will prove:

(0.8) Theorem. Let f: (N,S) — (P,yo) be a C™ map-germ.

1) (t=C-w) f is a critical normalization if, and only if
a) fh{0} on (N —S,5);
b) jtf t all Thom-Boardman singularities off a codimension 2 subset of C;
c) 25t f M all multijet Thom-Boardman singularities off a codimension 1 subset
of C.
2) (t=R-w) [ is a critical normalization if, and only if
a) the complezification fc of f is a C-w CN;
b) C(fe) = C(f)e.
3) (r=C>) f is a critical normalization if its C' has dimension min{p — 1,n} at
each point and it is A- equivalent to an analytic map-germ whose complezification
1s a C'N.

The result in (0.8.1) is quite satisfactory; it shows that critical normality is a condition
holding in general to complex-analytic map-germs whenever dim P > 2, (and also when
dim N =1 and dim P = 2).

The results of (0.8.2) and (0.8.3) show that being a C'N is not so general in the real
case; but it still follows from them that many of the germs commonly considered in sin-
gularity theory are critical normalizations and so are determined by their discriminants:
this includes all map-germs multi-transverse to the first order Thom-Boardman varieties
Y% which are A-equivalent to analytic germs, and so in particular all C%-stable germs .A-
equivalent to analytic germs (by results of [duPWal), and all C*°-stable germs (a result
previously obtained by Wirthmiiller in [Wir]). The Lagrangean stable map-germs (see
[Arl]) are also C'Ns. Also, all A-finite map-germs f : (N,S) — (P, yp) with no point of S
isolated in C'(f) and dim P > 2 are C'N; indeed, all such oo-C?-A-determined map-germs
A-equivalent to an analytic germ are C'Ns (by results of du Plessis “in preparation”).

While Theorem (0.6) is fairly general, it is still not as general as we would like. For
example, if p = 1, critical normalizations are just Morse functions and (0.6) is just the
Morse Lemma. Golubitsky and Guillemin [GG] show that A-finite function-germs f,g
are R-equivalent iff there is an algebra isomorphism E,/J(f)? = E,/J(g)? sending the
projection of f to that of g; a simpler proof is given in [duPW1].

When p = 2, those finitely A-determined germs f which have rank 1 and are transverse
to X"~ ! are critical normalizations, whereas all other finitely A-determined germs in these
dimensions are not. Indeed, such map-germs are not determined by their discriminants,
even in the A-finite C-w case, as the following examples show.
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(0.9) Examples.
1). The map-germs (E3,0) — (E?,0) given by

(u, 2, y) = (u,2® + y* + 3u’(z — y)),
(u, 2, y) — (u,z” + 4y° + 5u’y)

both have discriminant t* 4+ 64u3° = 0.
For an example whose discriminant in the real case is not a point, we need to work
somewhat harder:
2). The map-germ
(u, z,9) = (u, 2® + y* + 3u’(az + by))

has discriminant
th 4+ 8(a® + b3)u't? +16(a® — b*)*u3° = 0,

while
(u,2,y) = (u,2% +y° + cu®y + du’y®)

has discriminant
3-125t* 4 (108d® — 900cd® + 2000c2d)u'5t? 4 (256¢° — 128¢*d? + 16¢*d*)u’ = 0,
which are equal if

3-125-8(a® + b*) = 108d° — 900cd® + 2000c*d, and
3-125-16(a® — b*)? = 256¢° — 128¢*d* + 16c3d*.

These two equations have many real solutions with a, b of the same sign.
3). The map-germ (E?,0) — (E?,0) given by

(z,y) = (=2® +y°, —y* + 2°)
and the map-germ (E?,0) U (E?,0) — (E2,0) given by

1

3
(z,y) — (x, §y3 + 57y)

on the first component, and by

1 3

(z,y) — (5y3 + 57y, 7)

on the second, have the same discriminant, namely

(s +t3)(s* + ) = 0.
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4). The map-germs (E?,0) — (E?,0) given by
1
(2,y) = (2, =" + 2y),

(z,y) = (zy, §$ + iy )

both have discriminant
555 — 6°¢° = 0.

As these examples show, in the case n > p = 2, the discriminant cannot in general
predict the number of source points, or the rank, or in the cokernel rank one case, the rank
of the Hessian, even for C — w A-finite map-germs. It turns out that a further invariant is
required, the so-called conductor ideal suffices ([duP3]), but carries more information than
necessary ([duP4]); we refer to these papers for further information.

Although most map-germs in the case n > p = 2 are not C'N’s, still most map-germs
are C'S — F ST (critical simplification of finite singularity type; see (2.1) for the definition);
and although a C'S-F'ST is not determined by its discriminant, a family of C'S-F ST germs
is (this is proved in [BduPW]). The C'S-F'ST map-germs are characterized by an analogue
of Theorem (0.8), in which condition (1b) is changed by replacing “codimension 2” by
“codimension 17.

By work of Gaffney ([Gal), if n = p = 2, a family of C'S-F'ST map-germs is determined
up to C%-A equivalence by the C%-equivalence type of its discriminant. This relates to an
important question: since the analytic type of the discriminant determines the analytic
type of the map-germ (for CN’s, and for C'S-FST’s if we deal with families), to what
extent does the topological type of the discriminant determine the topological type of the
map-germ (or family of map-germs)?

Another question posed by (0.8) in the C*° case is to what extent the requirement of
A-equivalence to an analytic germ might be relaxed. It turns out that it can be avoided
completely for cokernel rank one map-germs f : (N,S) — (P,y), dim N > dim P,
transverse to X" P! such map-germs with f|C(f) generically one-to-one are determined
by their discriminant. This is described in [duP1], together with the rather different line
of development [Ho], [Te], [Ph] and [duPW1] leading to it.

The preceding discussion of possibilities of extensions to the theory should not be allowed
to obscure the fact that it is already of very wide relevance. It allows us to concentrate
on properties of the discriminant when studying R- or A-equivalence of many map-germs.
It seems that both geometric and algebraic properties are relevant. A geometric use of
determining discriminants, to describe maximal compact or reductive subgroups of A-
symmetries of a C'S is to be found in [duPW2].

In this paper we concentrate on the algebraic properties of discriminants. In particular,
we give recipes for finding the equations of the discriminant, at least in the cases where
n > p—1. In the process we see that these equations appear as the determinants of maximal
minors of a matrix (a “discriminant matrix”) very closely related to the A.-tangent space,
setting up a theory allowing much .A4-classification. This will be exploited in [duP5].

We would like to acknowledge our indebtedness to ideas from other workers in this area.
In particular, the survey article of Teissier [Te] has had a very considerable influence, but
also ideas from Arnol’d [Ar2], Saito [Sa] and Wirthmiiller [Wir] have been useful to us.
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Since the announcement of the results of this article in [GW1], a number of other authors
have written independently on various aspects of the algebraic geometry of discriminants;
we cite Bruce [Bru], Mond/Pellikaan [MP], Looijenga [Lo] and Terao [Ter]. We have also
profited from their work.

This paper is organized as follows. In §1, we provide some background material in
commutative algebra. In §2, we exploit this to characterize critical normalizations in
terms of “weak transversality conditions” (i.e. we prove Theorem (0.8)), and we define
and similarly characterize some other map-germ classes. A number of the results in this
section appear, usually with more restrictive hypotheses, in Chapter 5 of [Lo]. In §3,
we give recipes for calculating discriminants and discriminant matrices, prove a result
on the naturality of these discriminant matrices, and discuss relations to A-classification
questions. In particular, we prove a generalization of a theorem of Damon about the
A-codimension of a map-germ ([Dal).

§1 Some commutative algebra.
In this section, R will always be a commutative, Noetherian local ring, I an ideal of R,
m the maximal ideal of R, and M a finitely generated R module.

(1.1) Definitions.
1) A finite free resolution of M of length [ is an exact sequence

0— R — ... R S R0 M —0.

The homological dimension of M, denoted hdgr M, is the minimum of the lengths of all
finite free resolutions of M. If no such finite free resolution exists, hdg M = oo. (hdg M
is equal to the analogously defined projective dimension of M; see for example the proof
of Theorem 8 of Chapter IV of [Se]).

2) A sequence ay,...,a of elements of I is called an M-sequence in I if, for each i
between 1 and k, a; is not a zero-divisor of M/(ao,...,a;—1)M, where ag = 0. The M-
sequence aq,...,ar in I is maximal if there does not exist any b € I such that aq,...,ag,
b is an M-sequence. It is a fact (see (15.B) of [Mats]) that all maximal M-sequences in [
have the same length; this length is called the I-depth of M, and is denoted depthp (I, M).
The depth of M is depthy(m, M), abbreviated depthy(M).

3) A chain Py C P, C -+ C P, of prime ideals in R, with P; # P;,; for all i, is said
to have length r. If P is a prime ideal in R, the height of P, denoted ht P, is the upper
bound of the lengths of the chains of prime ideals contained in P. The height of I is the
lower bound of the heights of all prime ideals containing I. The dimension of R, denoted
dim R, is the height of m. The dimension of M is the dimension of R/ann M, where
ann M = {r € R:rM = 0} is the annihilator of M.

(1.2) Proposition. (Proposition 12 of Chapter IV of [Se]).

Suppose f : R — S is a homomorphism of local rings making S into a finitely gener-
ated R module. If M is a finitely generated S module, then depthp M = depthg M and
dimp M = dimg M.

(1.3) Definition and remarks R is a regular local ring if m is generated by dim R
elements. By Proposition 9 of Chapter IV of [Se], R is regular if, and only if, hdg(R/m) is
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finite. In this case, hdg (M) is finite for every finitely generated R-module M. Furthermore,
depthp R = dim R = hdr(R/m).

(1.4) Proposition. (Proposition 21 of Chapter IV of [Se].
If R is a regular local ring and M is a finitely generated R-module, then hdr(M) +
depthp(M) = dim R.

(1.5) Remarks. E, (7 = R-w or C-w) is a regular local ring of dimension n. Suppose I is
an ideal of E,,, R = E, /I, and V = V(I). Let dim V' be the set-theoretic dimension of V'
(it is the largest d such that there exist regular points of dimension d of V' arbitrarily near
0); if the irreducible components of V' are Vi,...,V,, then dim V is the largest dimension
of the V;’s. When 7 = C-w, dimR =dimV and ht I =codV =n —dim V.

(1.6) Definition. M is Cohen-Macaulay if dim M = depthp M. R is a Cohen-Macaulay
ring if it is Cohen-Macaulay as an R-module (that is, ht m = depthg(m, R)).

(1.7) Proposition. Suppose R is a regular local ring. Let M be a finitely generated R
module. Then M is Cohen-Macaulay if, and only if, hdg M = ht(ann M). In particular, if
7 =C-w and R = E,,, then M is Cohen-Macaulay if, and only if, hdr M = cod V (ann M).

Proof. M is Cohen-Macaulay as an R-module if, and only if, depthp M = dim M =
dim R/ann M = dim R — ht(ann M) (by 1.6.12 of [To]). By (1.4), hdg(M) = dim R —
depthp M. U

(1.8) Corollary. Suppose R is a reqular local ing and M is a finitely generated R module
with dim M = dim R. Then M is Cohen-Macaulay if, and only if, M s a free R-module.
In particular, R itself is Cohen-Macaulay.

(1.9) Proposition. (Theorem 136 of [K]).
If R is Cohen-Macaulay, then for every ideal I, ht I = depthy(I, R).

(1.10) Corollary. If R = E,, 71 = C-w, then depthz (I, R) = cod V(I).

(1.11) Definition. For each a € M, let ann(a) = {r € R : ra = 0}. Those ideals ann(a)
which are prime are called associated prime ideals of M. The set of these is denoted
ass M. (The union of the associated primes of M is the set of zero divisors of M, and the

intersection of the associated primes is ann M). M is unmized if dim R/P = dim M for all
P cassM.

(1.12) Proposition. (Proposition 13 of Chapter IV of [Se]). If M is Cohen-Macaulay,
then M is unmized.

Suppose ¢ : R® — RP is an R-module morphism; ¢ can be interpreted as a matrix.
Let I(¢) be the ideal in R generated by the p x p minors of .
(1.13) Proposition. (Corollaries 2.5 and 2.7 of [BR]).

1) depthp(I(¢),R) <n—-p+1
2) Ifdepthp(I(¢), R) =n—p+1, then hdr cok A¥p =n—p+1 forallk, 1 <k <p.
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The cases of most interest to us are cok Al = RP/p(R™) and cok AP = R/I(yp).
Since R is Noetherian, M finitely generated implies M is finitely presented, i.e., there
exists an exact sequence
R" 5 RP — M — 0.

The 0" Fitting ideal of M is defined to be Fo(M) = I(¢p). This ideal does not depend on
the presentation chosen.

(1.14) Proposition. Suppose R is a regular local ring, M is a finitely generated R-
module, depthy M = dim R—1 and ann M # 0. Then Fy(M) is generated by one element,
which is not zero.

Proof. (from [Te|, bottom of page 614). By (1.4), hdg M = 1, so there is a resolution

Y

00— R — R — M —0.

Thus s < r. Since ann M # 0, M ®r K = 0, where K is the field of fractions of R. Thus
Y1k K — K7 is surjective, so s > r. Thus s = r and Fy(M) = (dety)R. O

Let M be a coherent sheaf of £ modules, 7 = R-w or C-w. Let P, ;’s be the associated
primes of M, and let V,; = V(Ps;:). The V,;’s are not necessarily the same as the
irreducible components of (supp M),, even in the case £ = C and M = £/Z. For example,
let n = 2 and let Z be the sheaf generated by z? and zy in £. The associated primes are
z€ and (z,y)&, so Vo1 = {y —axis} and Vp 2 = {0}. Such embedded primes do not occur
if M, is unmixed.

The proof of the next proposition is a simplification of the proof of Malgrange’s Theorem
on M-dense sets (see VI.2.4 of [To]), which is the analogous result for 7 = oo.

(1.15) Proposition. Suppose £ is a section in M near a. Then £(a) = 0 if, and only if,

for each i and any representative V, ; of V, i, there exists in V,; a sequence x; — a such
that £(zj) =0 for all j.

Proof. “Only if” is trivial, since £(a) = 0 = &(z) = 0 for all = near a, by coherence of
M. To prove “if”, we assume £ = 0 on X, the germ at a of a set satisfying: for all 7,
XN Va,i 3& @

By the reduced primary decomposition of 0 in M, (see (I1.3.2) of [To|), there exist
submodules M, ; of M, such that "M, ; = {0} and the M,/ M, ; are P, ;-coprimary
(this means that, for each r € P, ;, there is an s such that r* - M, C M,,; — ie.,
Pa,i = ¢ann(Ma/Ma7i), and for each r ¢ Py i, r-: Mo/ Mg — M,/ M, as injective.)
If we can show £(a) € M, ; for all i, then £(a) = 0 and we are done.

Thus we are reduced to proving the Proposition in the case M, is P,-coprimary. Since
P, is the only associated prime of M,, our assumption is the £ = 0 on X, the germ of a
set at a such that X NV, # 0, where V,, = V(P,).

There exists a composition series (see (1.3.8) of [To]): 0 =Ny o CNy1 C -+ C Naypy1 =
M, such that Ny i1 /Nai = Ea/Qa.i, where Q, ; is a prime ideal containing P,.

Let N; (resp. G;, P) be coherent subsheaves of M (resp. &) satisfying (NV;)a = N,
(Qi)a = Qu.i, (P)a = Pa. By coherence, N;11/N; ~E/Q; and Q; D P near a.
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Suppose we have proven that there is a g; 1 € € such that (g;11)a ¢ P and (g;+18)a €
Nait1- If Qui # Pg, then there is an h € € with h, € Q,; \ P, Since there is an
isomorphism ® : N 1/N; — £/Q;, ®~! given by multiplication, (hg;1+1£)a € Nai. Let
9i = hgiy1.

Now suppose Q, ; = P,. Since P, is prime, dim(&, /P,) is a constant d for x near a (see
(I1.7.2) of [To]). Let K be the coherent sheaf generated by P and ¢, where ¢ = ®(g;11€).
For x € X, &, =0,50 (; € (Qi)z = Py, so dim(E,/K,) = d. By a Theorem of Tougeron
(see (I1.5.3) of [To]), x — dim(&,/K;) is upper-semi continuous. Thus dim(&,/K,) > d.
On the other hand, P, prime and K, D P, implies dim(&,/K,) < d with “=" if and only
if, Ko = Po. Thus (, € Po, ie., (gix10)a € Nai. Let gi = gita-

Thus there is a g = go with g, ¢ P, and (¢¢), = 0. But multiplying by ¢, induces an
injective map from M, to M, (since M, is P,-coprimary). Thus (, =0. O

(1.16) Definition. &,/Z, is said to be reduced (if 7 = C-w) or real-reduced (if 7 = R-w)
if 7, = I(V(Z,)).
Applying (1.15) to M = £/Z, we immediately have:

(1.17) Corollary. (Criterion for being reduced or real-reduced). I, = I(V(Za)) if, and
only if, for each i there exists in Vo ; a sequence x; — a such that T, = I(V(Zy;)) for
all j.

(1.18) Corollary. (1=C-w)

Suppose E,/I, is Cohen-Macaulay. Then £,/Z, is reduced if, and only if, E./L, is
reduced at all reqular points of V(Z,) if and only if, £, /I, is reduced at all x in a Zariski
dense set of reqular points of V(Z,).

(1.19) Definition. R is normal if it is an integral domain and is integrally closed in its
field of fractions. An analytic variety V is normal if E,,/I(V) is.

(1.20) Proposition. (See I1.3.7, 11.7.9 and I1.7.11 of [To]).

Suppose V' is a complex analytic variety and is equidimensional (all its irreducible com-
ponents have the same dimension). Then V is normal if, and only if, both of the following
hold:

1) the singular set of V has codimension > 2 in 'V
2) cod{z|hdg, (E./I(V,)) >i+codV}>i+3,Vi>3

(where, by convention, cod () = 0o ).
Let Ry = E,/I(V). By (1.7), Ry is Cohen-Macaulay if, and only if, cod V' = hdg, Ry.

(1.21) Corollary. (1 = C-w) Suppose Ry is Cohen-Macaulay. Then V is normal if, and
only if, its singular set has codimension > 2 in V.

§2 Critical behavior and weak transversality conditions.
In this section, we will define several types of critical behavior of map-germs, and then
demonstrate how these types of critical behavior are related to transversality conditions.
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(2.1) Definitions. Let f : (E™,0) — (EP,0) be a C™ map-germ, with 7 = oo, R-w or
C-w.

1) For n > p, f has non-degenerate critical set if J(f) = I(C) and dimC' = p — 1; for
n < p, we will consider all map-germs to have non-degenerate critical set.

2) f is generically finite-to-one on its critical set if it has non-degenerate critical set
and f|C has discrete fibers generically (off of a codimension 1 subvariety of C, the
fibers of f are discrete sets).

3) fis a critical simplification (CS) if it has non-degenerate critical set and is gener-
ically one-to-one on its critical set.

4) f is of finite singularity type (F'ST) if E,/J(f) is finitely generated as an f*E,
module.

By the Malgrange Preparation Theorem, f is F.ST if, and only if, £, /(J(f)+ f*myE,)
is a finite dimensional F vector space; in fact, by Nakayama’s Lemma, aq, ..., i generate
E,/J(f) as an f*E, module if, and only if, their projections generate E,, /(J(f)+ f*m,E,)
as an E vector space. A complex analytic f is of FIST if, and only if, f|C(f) is finite-to-one
if, and only if, f~1(0) N C(f) = {0} if, and only if, f M {0} on the germ of E™ — {0} at
{0}. Thus being of F'ST is a “weak transversality condition”. If n > p and f is F.ST, then
dimC(f) =dim D(f) =p— 1.

The concept of a critical normalization CN was defined in (0.4). Certainly, CN =
CS = generically finite-to-one on its critical set = non-degenerate critical set. Also,
CN = FST.

In case p = 1, f has non-degenerate critical set if, and only if, J(f) = m,, ie., f
has a non-degenerate critical point at 0. Then f is trivially a CN as well. Theorem 0.6
in this case is simply the Morse Lemma. If n < p, then C is the entire domain, and
critical normalizations are the same as normalizations. Theorem (0.6) is in this case the
Uniqueness of Normalization Theorem, well-known in the analytic case, proved in [GW2]
in the C'™ case (we will point out at the end of this section that the present definition of
normalization implies that of [GW2]).

We first present several examples to clarify the concepts in (2.1). These examples are
valid for 7 = 0o, R-w or C-w. We will not prove the assertions made in these examples;
the proofs are easy once one has the results on transversality conditions proved later in
this section.

(2.2) Examples (in each of the following, we intend f to be the germ at 0 of the indicated
mapping).
1) f(u,z) = (u,2%) is FST but has degenerate critical set.
2) f(v,z) = (v,vzx) has non-degenerate critical set but is not generically finite-to-one
on its critical set.
3) f(x,y) = (22,y?) is generically finite-to-one on its critical set and F'ST, but is not
a CS.
4) f(v1,v9,x1,x2) = (v1,v2, V121 +vowe +2°2Y), m > 1, n > 2,is a C'S but not F'ST
(in fact, D(f) is not even the germ of a closed set).
5) Any finitely A-determined germ from E™ to E? which is either of rank 0 at 0, or
is of rank 1 but is not transverse to X"~ ! at 0, is a C'S but not a CN. Two such
map-germs are f(u,z) = (u,u?z — 23) and g(z,y) = (2% + 33,y + 23).
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The main results of [duPW2] applied to map-germs which were C'S’s but not necessarily
FST. However, in the present paper we will only deal with C'S’s which are also F'ST', and
we will refer to these as C'S-F ST map-germs.

Next we recall some results from [duPW1] which we will need. Lemmas (2.3) and (2.4)
are part of Lemma (1.2) of [duPW1].

Let E¥ denote the k-tuples of elements of E, (which we sometimes identify with C™
map-germs from (E",0) to E¥).

(2.3) Lemma. For any f € EE, J(f) Cann(EP/dfE]) C I(C(f)).

(2.4) Lemma. If f € EE (n > p) has rank dof < p—1, then J(f) C m2 and J(f)EE C
df (m,E).

The following is (3.1) of [duPW1]:

(2.5) Lemma. Suppose f € EF (n > p) has rtkdof =p—1. Then C™ coordinates can be
chosen which put f in the form

f(u’ ,U’x7 y’ z) = (u’v7 f/(u’ U"‘,L.7 y’ z))

where (u, v, ,Y,2) = (Ul, ..., Uq, V1. oy Upy Tl ey Tpy YLy e vy Ysy 21, - -+ 5 2¢), With
T S
/ § : 2: 2
f (Uﬂ),w,y,z) = ViTi + + yj +F(U,£U,Z)
1=1 j=1

and with F' € m(x,z)m%u ,2) (we will only use that F € m? and doesn’t depend on vy ).

Note that dif can be identified with =+ y7.
j=1
We denote the Thom-Boardman singularities by X!, I a multiindex (see for example

[Math1]). In particular, j!f(z) € X% means that dimkerd, f = i. We write j2f(z) € 3t if
g f(z) € X% and j' f M, % The following is part of (3.2) of [duPW1].
(2.6) Lemma. Suppose f € EP, n > p. The following are equivalent:

1) 72f(0) € TP
2) C is a manifold-germ of dimension p — 1 and I(C) = J(f);
3) f can be expressed in C7 local coordinates as:

r

flu,v,2,y) = (u,v,Zvixi —I—Zi yJQ + F(u,z)), Fem,.

i=1 j=1

The next result is (5.2) of [duPW1].

(2.7) Lemma. IfC is a nonempty manifold-germ and J(f) = I(C), then it is not possible
to have dimC < p — 1.

It is however possible to have dim C > p — 1.
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(2.8) Example f(u,y,z) = (u,y?) is a map-germ with C' a manifold-germ of dimension
2 and I(C) = J(f). Of course, any map-germ with rank df < p everywhere satisfies

1(C) = J(f) = {0}

(2.9) Lemma. Supose f € EE, n > p. The following are equivalent:

1) dimg Bo/(J(f) + frmpEn) = 1;

1) dlmE EP/(df (ER) + f*m,EP) = 1;

2) j2£(0) € 2P and f|C is an immersion-germ;
3) j2f(0) € ZnTPHLO;
4) f can be expressed in C7 local coordinates as

flu,) = (u, =2t —af + iy + o +an )
for some i (i =0 in case E =C).

Proof. This is (3.4) of [duPW1], except that condition (1) was not stated there. An easy
calculation shows that (4) implies (1’). On the other hand, if (1’) holds, then f must have
corank 1, as shown in the proof of (3.4) of [duPW1]. If f is any map-germ of corank 1,
then we can see from the normal form of (2.5) that

dimpg E7/(df (E}) + [ mpE}) = dimp B, /(J(f) + ffmpEy). O

Define Ec to be E,/J(f) and M¢ to be cokdf = EP /df E'. For the next several results,
we will restrict our attention to the complex analytic case: f : C™,0 — CP,0 is a complex
analytic map-germ with n > p.

(2.10) Proposition. (C-w).
In all cases dimC > p—1. IfdimC = p —1, then Ec and Mg are Cohen-Macaulay as
either E,, or Ec modules.

Proof. In (1.13), let ¢ = df and k = p or 1. Then I(y) = J(f) and, by (1.10), codC =
depthp (J(f),En) <n—p+1. Thus dimC >p — 1.

If dimC =p—1, (1.13.2) and (2.3) imply that hdg, Fc = hdg, (Mc) =n—p+1=
n —dim Ec = n — dim(E,,/ann(M¢)). Thus, by (1.7), Ec and M¢ are Cohen-Macaulay
as E, modules and, by (1.2), as F¢c modules. [

(2.11) Theorem. (C-w). f has non-degenerate critical set if, and only if, j2f € 7~ P*!
off a codimension > 1 subvariety of C'.

Proof. By (2.10), dimC > p—1. But dimC = p—1 if either f has non-degenerate critical
set (by definition) or if j2f € X7 P! generically (for if dimC > p — 1, there would be
points of C' of dimension greater than p — 1 at which j2f € 7P contradicting (2.6)).
Thus, in either case, E¢ is Cohen-Macaulay by (2.10). Thus f has non-degenerate critical
set if, and only if, j2f € B7 1! generically, by (1.18) and (2.6). O



14 ANDREW DU PLESSIS, TERENCE GAFFNEY AND LESLIE C. WILSON

(2.12) Proposition. (C-w). Suppose f has non-degenerate critical set. Then f is gener-
ically finite-to-one on its critical set if, and only if, C — X" PTLO(f) is a codimension > 1
subvariety of C'.

Proof. We will prove “only if”, “if” being trivial.

Using (2.10.1), it is easy to see that C' — X" ~PTLO(£) is an analytic variety.

Let F' be any representative of f. Since J(F') and Z(C(F)) are finitely generated, hence
coherent sheaves of ideals, the set of points at which their stalks are unequal is a subvariety.
The set of points at which dim C(f), > p—1 is also a subvariety. Thus the set of points at
which F, has degenerate critical set is a subvariety. Thus there is an open neighborhood
of 0 at each point x of which F, has non-degenerate critical set; we henceforth restrict F’
to this neighborhood.

Now assume f is generically finite-to-one on its critical set. We can assume F|C(F)
has discrete fibers off a codimension > 1 subvariety of C'(F'). If the Proposition were not
true, we could find an open subset U of C'(F) — X" PTLO(F) such that U is a manifold of
dimension p — 1. By (2.9), F|U has rank less than p — 1 at each point of U. Shrinking U
if necessary, we may assume F'|U has constant rank & < p — 1. But then F|U is locally
equivalent to a projection to E¥, so the fibers have positive dimension, contradicting the
hypothesis. [

If n < p, a similar argument shows that f is generically finite-to-one on its critical set
if, and only if, f is generically an immersion.

(2.13) Lemma. (C-w). f has non-degenerate critical set with Ec normal if, and only if,
J2f € SPPTY off a codimension 2 subvariety of C.

Proof. Follows from (2.11), (2.10), (1.21) and (2.6). O
An immediate consequence is:

(2.14) Proposition. (C-w). Suppose f is FST. Then f is a CN if, and only if, j>f €
E?_pﬂ off a codimension 2 subvariety of C' and f|C is generically one-to-one.

The C-w case of Theorem (0.8) is merely a rephrasing of this Proposition.

For the next several results, we need to consider germs at a finite set. Let f : (C",5) —
(CP {y}),n >p, S ={x1,..., x5}, be analytic. Suppose f is F.ST, that is f|C' is finite-to-
one, where C' = C(f). Let f; be the germ of f at ;. Then C; = C(f;) and D = f(C) are
variety-germs of dimension p — 1. Let E¢ denote £s/J(f)s and let E, denote &,. Then
E¢ is a finite E, module, so has a Fitting ideal Fy(E¢) C E, (see the definition preceding
(1.14)), and V(Fy(Ec)) = D. Let Ep = E,/Fo(E¢). Similarly, Mp = E,/Fy(Mc).

(2.15) Proposition. (C-w). Under the assumptions and with the notation of the above
paragraph:

1) Ep is Cohen-Macaulay and Fo(Ec¢) is generated by some ¢ = o1+ @5, @i € my',
where r; = dime E;, /(T (f)a; + fimpEs,).

2) Mp is Cohen-Macaulay and Fo(Mc) is generated by some ¢ = o1 ---@s, p; € my',
where rj = dimc L /(dfE}. + fimyEL) = Ke-cod(f;).
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Proof. We will prove (1); the proof of (2) is identical. By (2.10), E¢, is Cohen-Macaulay
as an F¢, module, i.e.,

depthEc, Eci = dimEci =p— 1.

By (1.2), depth B, Fc, =p—1. If o € E, is a nonzero function germ which vanishes on
f(C;), then avo f vanishes on Cj, so o o f € J(f;) for some k by the Nullstellensatz. Thus

anng, Ec, # 0.
Suppose r; = dim¢ &, /(J(fi) + fFmpEz,). By the Malgrange form of the Preparation
Theorem, there exist g;1,...,9:ir, € &, which generate E¢, as an fFE, module. Then

m; © By — Eg sending (ai,...,qp,) to i(aj o fi)gi,; is surjective. By the proof of
j=1
(1.14), there is an E, module map ®; such that

O—>E;l—>E;ZW—>ECZ.—>O

is exact, and ¢; = det ®; generates Fy(Ec,). Now g, 1,...,7; ., form a basis of £, /(J(fi)+
f¥m,&,;,) as a C vector space. Suppose m;(a, ..., qr,) = 3(aj0f;)g;; = 0. Then the linear
independence of the g, ; implies that each «;(0) = 0. Thus each entry of ®; (interpreted
as a matrix) is in m,, so det ®; € my.

Extend g; ; to be the germ of the identically zero function at each xj # z;. Relabel
Gids---sGsr, @S hi, ..., hy, 7 =714+ +rs. The h;’s form a basis of Eg/(J(f) + f*my€s)
as a C vector space. Clearly we have an exact sequence

0— E; B ™ Ec —0

where @ is the direct sum of ®;’s. Thus ¢ = det ® = ¢; - - ps € m,, and generates Fo(Ec)
as desired. [J

From (2.15) and (2.9), we get:

(2.16) Corollary. (C-w). Suppose f:U C C* — CP is finite-to-one on C(f), n > p.
Let D = f(C(f)). Then Ep, is reduced and D, is nonsingular if, and only if, f~*(y)
C(f) = {x} for some x and j%f(zx) € Xn—P+L0,

From (1.18), (2.15) and (2.16), we immediately get:

(2.17) Corollary. (C-w). Suppose f is FST. Then f is a CS if, and only if, Ep is
reduced.

Note that Ep is not reduced for the map in Example (2.2.3).

Next we take up the comparison of the C-w and R-w cases. Suppose f : (R",0) —
(RP;0), n > p, is analytic. Let fc : (C™,0) — (CP,0) be its complexification. Let C¢
denote the complexification of C' = C(f) (see for example [N]). Let E,, denote the analytic
germs from (R”,0) to R and E,,(C) those from (C",0) to C.
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(2.18) Proposition. (R-w). f has non-degenerate critical set if, and only if, fc has
non-degenerate critical set and Cec = C(fc) if, and only if, cod(C — L7 PY(f)) > 1 and
Cc = C(fo)-

Proof. Clearly J(fc) = J(f)En(C) and I(Cc) = I(C)E,(C). Suppose I(C) = J(f). Then

I(Cc) = J(fc), so Cc = C(fc) and I(C(fc)) = J(fc)-
Conversely, suppose Cc = C(fc) and I(C(fc)) = J(fc). Then
) =

I(C)EA(C) = I(C(fc)) = I(fc) = J(f)En(C).
Thus
I(C) = (I(C)En(C)) N Ey(R)
= (J(f)En(C)) NEn(R) = J(f) -

Of course, dim C = dim C(fc) if Cc = C(fc). Thus f has non-degenerate critical set
if, and only if, fc has non-degenerate critical set and Cc = C(fc).

Again suppose Cc = C(fc). Then, for each irreducible component V' of C(fc), V NR"”
is an irreducible component of C'; for each irreducible component of C', C¢ is an irreducible
component of C(fc). Thus cod(C'—XPT(f)) = 0if, and only if, C =X P71 (f) contains
an irreducible component of C' if, and only if, C(fc) — 71! (fc) contains an irreducible
component of C(f¢) if, and only if, cod(C(fc) — 27 P (f)) = 0 if, and only if, fc has
degenerate critical set. [J
(2.19) Proposition. (R-w).

1) Suppose f has non-degenerate critical set. Then f is generically finite-to-one on
its critical set if, and only if, C' — X" PTLO(f) is a codimension > 1 subvariety of
C.

2) f is generically finite-to-one on its critical set if, and only if, fc is generically

finite-to-one on its critical set and Cc = C(fc).
3) fis a CN if, and only if, fc is a CN and Cc = C(fc)-

Proof. Suppose f has non-degenerate critical set; so C' has dimension p—1 and C¢ = C(f¢).

1) Let F' be a representative of f such that Fr has non- degenerate critical set at each
point. The regular points of dimension p — 1 of C(F') form a nonempty open subset of
C(F). At each such point z, C(Fy)c is a p— 1 dimensional manifold contained in C'(F¢)s,
which is also p—1 dimensional. The singular set of C'(F¢) is of dimension less than p—1, so
there exist points = such that C'(F,) and C(Ft), are p — 1 dimensional manifolds; at such
points C(F,)c = C(Fr).. By (2.18), F, has non-degenerate critical set at these points.
Now one can repeat the proof of (2.12).

2) Let S (respectively S©) be the subvariety of C' (respectively Cc) of non-x"—P+1.0
points. Certainly S® NR"™ = S (does S® = Sc?). Thus fc is not generically finite-to-one
on its critical set if, and only if, SC contains an irreducible component of C¢ if, and only if,
S contains an irreducible component of C' if, and only if, f is not generically finite-to-one
on its critical set.

3) By definition, f|C : C — D is a R-w normalization if, and only if, (f|C)c
Cc — D¢ is a C-w normalization. If C¢ = C(fc), then this holds if, and only if,
fc | C(fc) : C(fc) — D(fc) is a normalization. The result then follows from (2.18). O
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(2.20) Corollary. If fc is a CS and C(f)c = C(fc), then f is a CS.
The converse of (2.20) does not hold, as Example (2.21.2) shows.
(2.21) Examples
2.2

1) f(u,z) = (u,2* + u?2?) is one-to-one on C(f) and has only fold singularities on

C(f) —{0}; in fact fc is FST-CS; but C(fc) # C(f)c, so J(f) # I(C(f)) (f has

degenerate critical set).
2) f(z,y) = (22,y> + zy) is a CS and C(f)c = C(fc), but fc is not a CS.

Now we will consider the C'"™° case. £ denotes the sheaf of germs of C*° functions on
R™. A differentiable sheaf M over an open set 2 C R" (i.e., a sheaf of £&-modules with
unit) is quasi-flabby (introduced as quasi-flasque in [Tol) if, for every open U C €, the map

0 : M(Q) ®g) EU) — M(U)

defined by
Zmi ® fi — fir(my)

is an isomorphism, where r : M(Q2) — M(U) is the “restriction” map (see Chapter V
Section 6 of [To]).

First we will observe that ¢ is always injective. Suppose p(X¥m; ® f;) = 0, i.e.,
Xfir(m;) = 0. By V.6.1 of [Tol, there is a C'* function a on Q which is positive on
U and infinitely flat on 2 — U such that o f; is C° on 2 and infinitely flat on 2 — U. Thus
Y(afi)m; =0 on Q. Thus,

1
dmiefi=) mi® (efi)

1 1
:Zmi(af¢)®—:0®—:0
a o

(2.22) Lemma. Let X be a subset of Q and let T be the sheaf of C>° germs which vanish
on X. Then T is quasi-flabby. If I, is generated by the germs at x of C'° functions
fi,..., fx, then there is a neighborhood U of x such that (fi)y,...,(fx)y generate Iy at
eachy €U and f1 |U,..., fr | U generate Z(U).

Proof. To prove that 7 is quasi-flabby, it is enough to show that ¢ is surjective. Pick
f€Z(U). By V.6.1 of [To], there is a C*° function o which is positive on U and infinitely
flat on Q2 — U such that g = af is C* on ) and infinitely flat on Q — U. Of course, g is
in Z(2). On U, f=g/a = p(g® (1/a)).

The second claim follows from V.6.4 of [To| and a partition of unity argument. O
(2.23) Proposition. Suppose f : (R™",0) — (RP,0), n > p, is a C>° map-germ which
has non-degenerate critical set. Then E?fpﬂ(f) s dense in C.

Proof. By (2.22), there is an open neighborhood U of 0 and a representative F' of f on U
such that J(F') = I(C(F")) and such that

(*) J(F,) =1(C(Fy)) forally e U .
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Since I(C(F)) is closed and finitely generated, it is a Lojasiewicz ideal (see V.4.4 of [To]),
so the regular points of C'(F') are dense (see the proof of V.4.6 of [To]).

By (2.7), these regular points of C(F') have dimension > p — 1. By assumption, C'(F)g
has dimension p — 1, so, shrinking U if necessary, we may assume these regular points are
all of dimension p — 1. By (2.6), j2F(x) € ©7 %! at these regular points. [

Let I*°(C) (respectively I“(C')) denote the ideal of C'*™° (respectively real analytic)
function-germs vanishing on C; we use a similar notation for J(f), E,, and the correspond-
ing sheaves. An analytic variety-germ C is said to be coherent if it has a representative C’
such that Z¢(C") is finitely generated.

(2.24) Proposition. Suppose f : (R™,0) — (RP,0), n > p, is C™ equivalent to an
analytic germ g. The following are equivalent:

1) f is C with non-degenerate critical set;
2) g is R-w with non-degenerate critical set and C(g) is coherent;

For G any representative of g,

3) G, is R-w with non-degenerate critical set for all x sufficiently near O;
4a) X7PT(g) is dense in C(g) and
b) (C(G.))c = C((Gy)c) for all x sufficiently near 0.

Proof. First note that, for C = C(g),
I*(C)EF

U 1N

n o
<

€

S

5

I¥(C)E

By a theorem of Malgrange (VI.3.10 of [Mal]; or see VI.4.2 of [To]), C is coherent if,
and only if, I*(C)EX = I*°(C). By 1.4.9 of [To] and V.1.12 of [Mal], IE° NEY = 1
for any ideal I C E¥. Thus J¥(g)E° = I¥(C)E:° if, and only if, J¥(g) = I¥(C). Thus
I°(C) = J>(g) if, and only if, I*(C) = J¥(g) and C(g) is coherent. Thus f is C*° with
non-degenerate critical set if, and only if g is C*° with non-degenerate critical set if, and
only if, g is R-w with non-degenerate critical set and C(g) is coherent.

By definition, C'(g) is coherent if, and only if, Z«(C(G)) is finitely generated (i.e. co-
herent) on a neighborhood of 0. Since J“(G) is coherent, Z¥(C(G)) = J¥(G) on a
neighborhood of U if, and only if, Z¥(C(G))o = J“(G)o and J¥(C(G)) is coherent on a
neighborhood of 0. Thus (2) is equivalent to (3).

It is immediate from (2.18) that (3) = (4). On the other hand, (4a) implies that
cod(C(G)y — 77PTH(G,)) > 1 for all z sufficiently near 0. So (4) = (3) by (2.18),
also. U

(2.25) Example f(u1,ua,us3,2) = (u1,uz, us, 2> —2uq (uz+u3)) is a R-w CN; but C' is not
coherent; for C(f)c # C(fc) along the negative uj-axis. So f does not have non-degenerate
critical set in the C'*® category.

For general results on when an ideal I C EZ° satisfies I(V(I)) = I, see [AL] and [Bo].
Some of the arguments in [Bo] are similar to those given here.
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(2.26) Proposition. Suppose f : (R™,0) — (RP,0), n > p, is C*° with non-degenerate
critical set.
1) f is generically finite-to-one on its critical set if, and only if, X" PTLO(f) is dense
wmn C
2) If f is a CS, then f is generically an embedding on C.

Proof. Since f has non-degenerate critical set, 7?1 (f) is dense in C. Now one can
mimic the proof of (2.12) to prove (1).

f a CS implies that f|C is generically one-to-one. By (1), f|C is generically an immer-
sion. Thus f|C is generically an embedding. [

(2.27) Proposition. Suppose f € ET is equivalent to an analytic map-germ g whose
complezification is a CN. Suppose dim C(G), = min{p — 1,n}, for all x sufficiently near
0, for any representative G of g. Then f is a C*° C'N.

Proof. That f|C(f) is a normalization follows immediately from the definition. We are
done in case n < p, so assume n > p.

C(Gg), is normal for all z sufficiently near 0, so, in particular, is irreducible. Thus
dim C(G), = p — 1 implies C(G;)c = C(Gc)z. But gc a CN implies (Gc¢), has non-
degenerate critical set for all x sufficiently near 0. By (2.18), G is R-w with non-degenerate
critical set for all = sufficiently near 0. By (2.24), f has non-degenerate critical set in the
C* category. Thus fisa C>* CN. O

§3. Discriminant matrices.

We begin this section with some recipes for calculating discriminants. It is implicit in
the arguments of §§1,2 that the reduced equation of the discriminant of a C'S, at least in
the C-analytic case, can be obtained by taking the determinant of an appropriate square
matrix. We make this explicit here. It will appear that the matrices can be constructed
in a rather canonical way; we call them discriminant matrices. It seems that they encode
information about the map-germ they are defined from in a rather more convenient form
than the equation of the discriminant itself; we will conclude with a discussion of this,
including results on A-codimension.

Our first recipe is a concretization of (2.15) — this procedure can also be found in (2.2)
of [MP], where a different argument is given.

(3.1) Proposition. We adapt the notation of 2.15. Let f : (C",S) — (CP,y) be a
C-analytic map-germ of finite singularity type, with n+1 > p. Let w: CP — CP~1 be the

linear projection w(y1,...,Yp) = (Y1, Yp—1)-
Suppose that aq,...,as € Eg project to a C-basis for

Ec/(mo f)*my_1Ec.
Then, fori=1,...,s, fya; can be written uniquely as a (7o f)*E,_1-linear combination
of the a, ..., as modulo J(f)s, say

S

fp; = (w0 f) vy - ai

=1
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Let V' be the matriz whose entries are the v;j, let I be the identity matriz and let § =
ypl — V. Then there is an evact sequence

0—E % E 5 Eo—0,

where w(e;) is the projection of a;, {e;} the natural basis of E.
Moreover, the ideal (detd) C E, defines the discriminant locus; it is reduced if, and
only if, f is a CS.

Proof. By the Preparation Theorem, ay,...,a, form a basis for F¢ as an E,_;-module
(with action induced by (7o f)*. We claim that they form a free basis. For, arguing as in
(2.15), we have that E¢, is Cohen-Macaulay as an &,,-module, so that

depthgm_ Eci = dim ECi =p— 1,
since dim C(f) = p — 1. Then, by (1.2),
depthp | Ec, =p—1,

and so, by (1.4), it has homological dimension zero. Since E¢ is the direct sum of the E¢,,
this completes the argument.

For j =1,...,s, fpa; projects to an element of E¢, which can be written as an E,_1-
linear combination of the basis elements; so there exist v;; € E,_1 with

S

(Tj) préj = Z(ﬂ' o f)*’l)ij 7R

=1

This representation is unique because the basis is free.
We claim that all E,-relations amongst the «; are Ep-linear combinations of the (r;).
To be more precise, let

R={(¢1,.--,0s) €Ey: > (dj0 fla; € T(f)}.
j=1
This is clearly an Fp-module. We claim that
R - Ep<A1, ‘e ,As>,
where .
Ai = Yptj — Zvijei.
i=1

To see this, consider ® = (¢1,...,¢s) € R. For j =1,...,s, we can write

®j =& + Ypnjs
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with §; € E,_1 and n; € E,. As above, we can write, for j =1,...,s,

S

frmi ;=Y (wo f)*wy; - a; mod J(f),

j=1

with W;5 € Epfl. Set
) — 77]6] waeza

by the above, we have N; € R.
Thus

S

® = (& + ypmy)e

j:1

—Zﬁjej+ypz (N; +szg€z
—Z§]€j+ypZN +Zzwm Az+zvzkek

j=114i=1
s

_Z §k+zzwzjvzk €k+ypZN] +Zzw”

j=11:i=1 j=11:i=1

Since ®, A;, N; are in R, we have that

S

Z(W o f)* (& + Zzwijvik) cap € J(f)s.

k=1 j=114i=1

Since the oy, are a free F,_i-basis for E¢, the coefficients on the left hand side must be

Z€ro, so
ORI

7j=11i=1

Since ® € R was chosen arbitrarily, this shows
R C Ep<A1, cee A3> + mpR.

R is a finitely generated E,-module (e.g. because it is the stalk of a morphism of coherent
E,-sheaves), so, by Nakayama’s Lemma, R C E,(Ay,...,As), as required.
It follows that
ES S E 5 Ee —0

is an exact sequence of E,-modules, where de; = A;. Thus detd generates (Fo)g,(Ec)
and so defines the discriminant locus.
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We need to show that ¢ is injective. If ker § # 0, then there exists a not-identically-zero
§ € kerd C Ej. There is a Zariski open set U on which £ # 0. Since ¢ is square, detd =0
on U, hence everywhere. Thus (Fy)g,(Ec) = {0}, implying that the discriminant is all of
CP, which is false. Thus ¢ is injective.

By (2.17), Ep is reduced if, and only if, f is a CS. O

Our next result takes a more module-theoretic point of view. Where we previously have
viewed the critical space as given by the ring Fc = Es/J(f)s, we here view it as given in
some sense by the Eg-module Mc = EL/df (EL).

(3.2) Proposition. Let f : (C",S) — (CP,y) be a C-analytic map-germ of finite sin-
gularity type, with n > p. Let m : CP — CP~! be the linear projection w(y1,...,yp) =

(yla <. 7yp—1)-
Suppose that (1, ..., 0 € EL project to a C-basis for

Mc/(ﬂ o f)*mp_lMc.

Then, fori=1,...,t, fpB; can be written uniquely as a (7w o f)*E,_1-linear combination
of the By, ..., B modulo df (EY), say

s

IoBi = Z(W o f) wj - Bi.

=1

Let W be the matriz whose entries are the w;j, let I be the identity matriz and let A =
ypl — W . Then there is an exvact sequence

0— E, 2 BT Mo — 0,
where m(e;) is the projection of B;, {ei} the natural basis of Ej.

Moreover, the ideal (det A) C E, defines the discriminant locus; it is reduced if, and
only if, f is a CS.

Proof. The argument is very similar to that for (3.1). To get started, we note that, f
being of finite singularity type, C(f) is of dimension p — 1, and so E¢, is too. Thus by
(1.13), setting M¢, = €L /df(E}), we have hdg, Mc, = n —p+ 1. Since dim&,, = n, it
follows from (1.4) that depthe (Mc,) = p—1. But dim M¢, = dim&,, /ann M¢, = p — 1,
and so Mc¢, is a Cohen—Macatﬁay &z,-module. Taking direct sums we see that M¢ is a
Cohen-Macaulay £o-module, of depth p — 1.

The argument that

0— E. = EL T Mo — 0,
is exact is now exactly as in (3.1). We have then that (Fy)g, (Mc) = (det A), so
(V(det A),y) = (supp((Fo) e, (Mc)), y)

= (f SUPp((Fo)gs (MC))7y)
= (fC(f),y) = (D,y),
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as required.
Suppose now that f is a C'S. Then, by (2.12),

D' ={y eD:f 'y NnC={z}, and f, is of fold type}

is dense in D.
Now for any point ¥’ € D such that all points of S,, = f~'y’ N C have kernel rank
n—p-+1,
Es,/I()s, = &, JdF(EL,)

as 5sy,-, hence also as £,/-, modules, and so have the same 0" Fitting ideals. In particular,
then, for vy’ € D',
(det A) = (Fp)e,, (Mc) = (Fo)e,, (Ec),

and is reduced since a fold-germ is certainly a C'S.
Thus, by (1.18), det A is reduced.
We defer proof of the converse until after (3.4). O

We now compare the hypotheses and conclusions of (3.1) and (3.2).

The first point to make is that the finite dimensionality hypotheses implicit in the choice
of C-bases need not hold for the standard coordinates in CP. However, for any given choice
of coordinates for (CP,y), they either both hold or both fail; and they do hold for a generic
choice of coordinates, as the following lemma shows.

(3.3) Lemma. The following are equivalent:

)

) dim¢ Me/(mo f)*my_1Mc < oo;

) mo fI(C,S) is finite-to-one;

) fI(C,S) and w|(D,y) are finite-to-one;
) f and o f are of finite singularity type.

Proof. Recall that a map-germ g being of finite singularity type is equivalent to g|C(g)
being finite-to-one. Thus (3) implies (5) because C'(mo f) C C(f). Clearly (3) and (4) are
equivalent.

(3) = (2): Since the direct image of a coherent sheaf is coherent, (7o f).M¢ is coherent.
In particular, its stalk at 7(y) is a finitely-generated E,_;-module; by the Preparation
Theorem this is equivalent to (2).

(2) = (1): If (2) holds, then

mGEL C df (E8) + (w0 f) Mun(y) EX

for some k < oo. Thus, for any aq,...,0, € mg we can write the diagonal matrix with

a1,...,a, down the diagonal as df - A+ B, with A € £¢ and B € (mwo f)*m(,ES. Taking
determinants, we see that

Qp e a, € J(f) + (7-(- o f)*mw(y)gs.
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mg’p - J(f) + (7T © f)*mﬂ(y)SSa

and (1) holds.
3): (1) implies that J(f) 4 (7 o f)*my(,)Es contains a power of mg, so that

—~
—_

~—

—~

SO V(J(f) + (71' o f)*mﬂ.(y)gs) =Cn (7T o f)_lﬂ'(y).

But this implies 7w o f|C(f) is finite-to-one, as required.

(5) = (4): (We thank C. T. C. Wall for showing us this argument).

Note that if € C(f) — C(w o f), then (df1)s, ..., (dfp)s are not linearly independent,
but (df1)z, ..., (dfp—1)s are; thus (df,)s is a linear combination of (df1)s, ..., (dfp-1)a-

Suppose (4) fails, so that m|D(f) is not finite-to-one. Since K, = 7~ !x(y) is of dimen-
sion one, this means

Kr € D(f) = F(C(f))-

Thus there is a non-trivial analytic curve-germ ¢ : (C,0) — (C(f),S) with mo fo¢ =0,
whence
do d

(df1)¢(t)(a) =0,..., (dfp—1)¢(t)(d—q;) =0, for t € (C,0).

If also (dfp)qb(t)(%) =0 for all ¢ € (C,0), then we would have % (fo@); =0, so fo¢ would
be constant, so that im¢ C C(f) N f~1(¢(0)), contradicting the fact that f is of finite
singularity type. So (dfp)gb(t)(%) # 0 for almost all ¢ € (C,0), and so (dfy)g(+) cannot be a
linear combination of (df1) e, - - (dfp—1)s@) for such t. Hence, by our first remark, since
o(t) € C(f), ¢(t) € C(mo f) for such t. But ¢(t) € (mo f)~1(m(y)) for all t € (C,0), so
7o f cannot be of finite singularity type, and (5) fails O

For fixed f and 7, we now attempt to compare the 6 and A of (3.1) and (3.2). In the
case where f is of corank one at each point of S (and n > p), M¢ and E¢ are isomorphic as
Es-modules, hence as E,-modules, and so § and A are “essentially the same”; that is, up
to change of basis. (We have already used this isomorphism in the proof of (3.2); perhaps
it is worth being more explicit: by appropriate choice of coordinates, f,, can be put into
the “linearly adapted” form

f(uh sy Up—1,T1y - - - 7~rn—p+1) = (ula cee 7up—17g(u7 .CC)),

so that df (&) is generated by the columns of the Jacobian matrix:

1 0 0 0 0 0
0o . 0 0 0 0
0 ©0 1 0 0 0 ’
9g 9g 9Jg dg
8u1 Tt 8u,p,1 81}1 Tt 8$‘n,p+1
while J(f) = <§—£’1 . 8mnaf]p+1 ). It is easy to see that the &, -injection £,, — &L given by

the inclusion in the last coordinate induces an &,,-module isomorphism F¢, = M¢,. The
result for general S follows by taking direct sums.)



MAP-GERMS DETERMINED BY THEIR DISCRIMINANTS 25

However, when f is of corank greater than one at some point of S, Fc and Mg are not
isomorphic as £g-modules, since the minimal number of generators required is different: if
S = {z} and f has corank k at z, then M requires k generators, but E¢ requires only 1
generator, namely the constant function 1.

Neither are Ec and M¢ isomorphic as Fp,-modules in general. Again, we can some-
times see this simply by counting generators. For example, for the germ f : (z,y) —
(ry, 2% + y?), and so for any unfolding of this germ, we find dimc(Ec/f*m,Ec) =
3, dimc(Mc/f*mpMc) = 4, which (by the Preparation Theorem) gives the numbers
of E,-generators for Fc, Mc respectively. However, there are many situations where the
minimum number of generators involved is the same; this is the case whenever f is an
(unfolding of ) a weighted homogeneous germ with n > p, by Proposition 9.10 of [Lo]; this
does not seem to imply isomorphism as E,-modules, however.

Nonetheless, when we consider E¢ and M¢ as E,_;- modules, then they are isomorphic.
Since, as the proofs of (3.1) and (3.2) explain, Ec and M¢ are free E,_; modules, we need
only see that they have the same rank. This follows from a very general (and deep) result
of Buchsbaum-Rim ([BR],(4.2)) (though a considerable amount of translation of concepts
is required to see this). We give an alternative proof for our particular case, since the point
of view we take will also allow us to introduce two further useful notions.

(3.4) Lemma. Let f: (C",S) — (CP,y) satisfy the equivalent hypotheses of (3.1), (3.2).
Then, in the notation of (3.1), (3.2), (det§) = (det A) and s =t.

Proof. Let F : (C"** S x 0) — (CP** 4 x 0) be a (C¥,0)-level-preserving unfolding of f
which is a C'S; such an F exists, since f, being of finite singularity type, has an unfolding
which is infinitesimally stable, hence a CS.

We take 7 : CPT* — CPT+~1 o be given by

(u7y17 s 7yp) = (u7y17 s 7yp*1)7

and we identify the o; of (3.1) and the §; of (3.2) as elements of gy, resp. ngm in the
obvious way.

The hypotheses of (3.1), (3.2) hold with f and 7 replaced by F" and 7, and we obtain
matrices 8 and A as there. Since F is a Cs, det § and det A give reduced equations for
D(F), and so det d = det A.

The 0, A of (3.1), (3.2) for f, m are obtained from those for F', 7 by restricting to
{u = 0}, since restricting an equation

Fpoy =Y Wjjai, Uiy € Epyp_1
to {u = 0} gives an equation
fra; = Zvijaiv with v;;(y) = 0i;(0,y),

so the columns of § restrict to those of , and similarly for A.
Thus B
det § = det §|{u = 0}
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SO
det o = det A,

proving the first statement.

Now for the second statement. Recall that § = y,I — V, where V is a matrix with
entries in 7°&,_1 r(,)- Thus V is the matrix corresponding to multiplication by f, in the
free E,_i-module Ec. Restricting to K, = 7 'm(y), we see that V|K, is the matrix
corresponding to multiplication by f, in the C-vector space Ec /(7 o f)*my()Ec. Since

dim(c Ec/(ﬂ o f)*mw(y)EC is ﬁnite,

f;z]f S mgli - J(f) + <7T © f)*mﬂ(y)ES

for some finite k; thus V|K is nilpotent, and thus its characteristic polynomial is y;| K.
But this characteristic polynomial is det(y,! — V)|K, = detd|K . So deté is a monic
polynomial in y, with coefficients in 7*my(,) and leading term y.

In an exactly similar way, det A is a monic polynomial in y, with coefficients in 7*m )
and leading term y!. So, since (J) = (A), we see that s = t, as required. [

Notice that the rest of the proof of (3.2) is now immediate.
Another consequence of this is the following:

(3.5) Corollary. If f is a CS-FST, s =t = the intersection number of K, and D(f).

Proof. We saw during the proof that the restriction of det(d) to the line K is of order s.
If fis a CS, then det(d) is the defining equation of D(f). O

There is yet another number equal to these.
(3.6) Proposition ([Lé], [Gr]). s =1t = u(f)+ p(ro f).

(Here p denotes the Milnor number). (An important special case of this is an immediate
consequence of the proof of (3.4): if f is a function (i.e., p = 1), then detd =< y* > Fj. )

We can use this to give a useful way of finding a basis for M¢c /(7o f)*m ., Mc, a result
which was worked out jointly with C. T. C. Wall.

(3.7) Proposition. Suppose n > p, let f: (C",S) — (CP,y) be a C-analytic map-germ,
and suppose that
(0, fp) C df(E5) + (0 f) My Es.

Let {¢;:i=1,...,a} be a C-basis for
&5 /d(m o [)(EG) + (m 0 f) mag) €5,
and let {1 : 5 =1,...,b} be a C-basis for
Es/JI(f) + frmys.

Then
{(¢,0):i=1,...,a}U{(0,9;):j=1,...,b}
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is a C-basis for EL/df (EG) + (m o f) Ma(y)ES.

Proof. “Forgetting” the final coordinate induces a surjection

&" &
S . S
df (EZ) + (mo f)*mayEs  d(mo f)(ER) + (7o ) magy) 5"

Its kernel is isomorphic to a quotient of £ by an ideal containing J(f) + (7w o f)*m,(,)Es,

since this last term is in the annihilator of the left hand side. Indeed, the property of (0, f;)

in the hypotheses shows that the ideal also contains f,, and so contains J(f) + f*m,Es.
If we set

7(mo f) = dimc{EL " /d(m o f)(ER) + (w0 f) maEL '},
(f) = dimc{Es/J(f) + ffmyEs},

which is a slightly adapted version of the notation of [Lo|, then we have shown, by (3.6),
that

u(f) +p(mo f) <7'(f) +7(mo f).

Now

(f) < p(f)

(for n — p > 0, this is proved on page 164 of [Lo]; if n = p, we always have u(f) = 7/(f),
as shown for example in [Wal) and

T(mo f) < p(mo f)

(as is shown in [LS]). So in fact

7'(f) = u(f) and 7(7 o f) = p(m o f),

and our spanning set is a basis. [J

We have in mind in particular the case where f is a weighted homogeneous map-germ.
If, for each point in S, f is weighted homogeneous, then we have

N, Of
(dlfh s 7dpfp> - Z.:lela_xi’

where w; are the weights allocated to coordinates z;, and d; are the weights of the f;.

(3.8). The foregoing results provide a discriminant matrix bigger than actually neces-
sary if s > k = dimc{Ec/f*myEc} or if t > k' = dimc{M¢c/f*m,Mc}: there must be a
k x k discriminant matrix of Fc and a k' x &’ discriminant matrix of Mq. In fact, we can
find these matrices and the presentations they represent from those of (3.1) and (3.2), if
we choose the a; and 3; in the right way.
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Since dimc{Ec/(m o f)*my)Ec} < oo, there is some r < oo such that

f;gs C J(f) + (flv"'7fp—1)557

and thus, if a1, ..., ay project to a basis for E¢/f*m,Ec, then

{flaj:j=1,...,k1=0,...,r =1}

project to a spanning set for Ec/(m o f)*m,)Ec. Thus we can choose a collection of
elements

(3.8.1) {ogj=flaj:j=1,....k1=0,...,r;}

which project to a basis.
We then have r — k “trivial” relations

(382) alj:fpal—l,j7 j:l,...,]{?,Z:L...,Tj;

substituting fll,aj for a;; in the remaining k relations gives a k x k-discriminant matrix
derived from E¢. We illustrate this procedure in Example (3.9.6) below.
An exactly similar argument gives a k' x k’-discriminant matrix derived from M.
The matrices so produced are canonical in the sense that a different choice of &,-basis
for the module E¢ or My, and a different choice of basis for the module of relations induces
an &y-equivalence of matrices.

(3.9) Examples.

1) Let f(x) = (z?) = (Y) (i. e., Y is the target coordinate). The above algorithm
produces, with respect to the E,- (here p = 1) and E,_;-basis {[1]} in E¢, the discriminant
matrix:

s=[Y].
2) Let f(u,z) = (u,2® + uz) = (U,Y). The above algorithm produces, with respect to
the E,- and E,_;-basis {[1], [z]} in E¢, the discriminant matrix:
2772
-[ 2, W
—-sU Y
3) Let f(u,v,7) = (u,v,2* + ux +va?) = (U,V,Y). The above algorithm produces,
with respect to the E,- and E,_i-basis {[1], [z], [z?]} in E¢, the discriminant matrix:
Y UV U2
§=|-3U Y+3v?* luv
1 3 1
-3V =2U Y+ 3V?

4) Let f(u,v,w,r) = (u,v,w, z° +uz+vz?+wz®) = (U, V,W,Y). The above algorithm
produces, with respect to the E,- and E,_1-basis {[1], [z], [z?], [23]} in E¢, the discriminant
matrix:

Y UMW UV 55 U% — s UW?
4 4 w 2 w 6 11 12 w
6= _gU );—'_%Z 2 2_5U 1—3'— %VQ 14 %Uves_ %V 182 3
—5V  —gUA W Y+ VIV g UW + o5 V2 — s W

2 3 4 6 13
— 2w —3y iU+ Sw? Y+ Byw
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Discriminant matrices, though with respect to different bases, are produced for the
stable unfoldings of all x* in [Ar2], though they are obtained from a rather different point
of view. We will explain the connection a little later on (Proposition (3.12)). Also the
determinants (up to a unit) are calculated in [Te].

5) Let f(u,v,w,z,y) = (u,v,w, 2> + 3> + ur + vy + wry) = (U,V,W, Z). The above
algorithm produces, with respect to the E,- and E,_;-basis {[1], [z], [y], [zy]} in E¢, the
discriminant matrix:

Z AU — VW2 2V2-— LUW? —ZUVW
s— | 3V 250 W vz — luw?
—1§V §U2W Z - %Lm/3 2U? - 1%VV;/2
—W -2V -2U Z—3=W

Observe that the discriminant matrices above are also those for stable unfoldings of
functions obtained by adding a nondegenerate quadratic form in extra variables, since E¢
is unaffected.

6) Let f(u,v,z,y) = (u,v,zy, 2% + y?> + ux +vy) = (U,V,W, Z). The above algorithm
produces, with respect to the E,_;-basis {[1],[z],[y],[Z o f]} in Ec¢, the discriminant
matrix:

z  -5VW —3Uw _AW? — IUVW
s | 0 Z+5UP 2W 4 gUV VW 4 U + gUV?
L0 WUV Z4 3V AUW VP4 UV
-1 —3U ~-1v z - 1u?-1v?

An E,-basis for E¢ is {[1], [z], [y]}; we chose [Z o f] as the fourth generator as an E,_1-
basis to satisfy (3.8.1). The first column represents the “trivial relation” of (3.8.2). We
reduce the number of generators and relations by 1 by making the substitution Z - [1] for
[Z o f]; in the language of matrix theory, we do the elementary row operation: replace the
first row by the first row plus Z times the fourth row—then remove the first column and
fourth row.

With respect to this F)-basis, this procedure yields the discriminant matrix:

—3VW - UZ —3UW —3VZ —AW?—-ZUVW + 22— (U2 +V?)Z
d2 = Z+2U? —2W + UV —4VW + 2U3 + Luv?
—2W + UV Z+3v? —4UW + V3 4+ LUV

Now let us compute a discriminant matrix using M. {[(1,0)],[(0,1)],[(0, )], [(0,v)]}
is an F,- and an E,_;-basis for Mc. The algorithm of (3.2) produces the discriminant
matrix:

Z W iuw VW
Ao |20V Z —JVW o —JUW
B 3V -sU Z+3U0% 2w
3U -V 2w Z+1iv?

It is interesting to note how much simpler A is than either §; or Js.
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The reader is invited to calculate the equations of the respective discriminants by com-
puting determinants.

The examples we have given are all of stable germs; this is because discriminant matrices
for non-stable germs (of F'ST) can be induced from these, as we will now show.

We have concentrated on the case n > p so far in this section; everything we do from
now on will be for general n and p.

Recall that a morphism of map-germs f — ¢ is a pair of map-germs (¢, ) such that
the diagram

(N',8") —=— (P',up)

E E
(N,S) —L— (Pyp)

is cartesian; that is, it commutes, 1 is transverse to g, and (¢, f) is a diffeomorphism of
(N, .S) onto the fibre product of g and 1.

An important particular case of a morphism occurs when ¢, 1) are embeddings, in which
case (g; (¢,1)) is called an unfolding of f. It is well-known that any map-germ of FST has
a stable unfolding: that is, has an unfolding (g; (¢, %)) with g stable.

At the opposite extreme, we have the case where ¢, are submersions: we call this a
projection.

In point of fact, any morphism can be written as the composite of an unfolding and a
projection; for (¢,1) as above is the composite of the unfolding

((¢,f)7(¢,1p)) : f'—>g>< 1p

and the projection
(rp,mp):gx1psg

where mp : (N x P, S x yg) — (N',y0) and 7 : (P’ x P,y{, x yo) — (P’,y,) are the
natural projections. In fact a suitable choice of coordinates allows any projection to be
written in the above form. Similarly, a suitable choice of coordinates allows any unfolding
to be written in the form

(N xU,Sx0) —L— (PxU,yyx0)

T].NXO TleO

(N,9) —— (P

where U is an open neighborhood of 0 in some Euclidean space, and g is (U, 0)-level-
preserving (see e.g. the argument after Definition (0.1), Chapter III, of [GWPL]).

One basic fact is that Jacobian ideals “commute with base change” (see page 48 of
[Lol): ¢*J(g) - Es = J(f). This is immediate if the morphism is a projection, and also
if the morphism is an unfolding, so holds for all morphisms. Also the discriminant space
commutes with base change (see page 62 of [Lo] and also [Te]): Fy(Ep(y)) is generated by
Fo(Ep(g)) 0. We show that similar properties hold for the discriminant matrices.
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(3.10) Theorem. Suppose that (¢,v) : f — g is an analytic morphism of map-germs
as above, with N, N', P and P’ replaced by C*, C*, C? and C?'. Let B,...,0s € Eg
project to a basis for Ecr as an E, -module, and let

6/ /
E,, = Ej, = Eci — 0

be a presentation with 7'(e;) = f;.
Let aq,...,ap € Eg be such that

OB —aicJ(f)  (i=1,....k).

Then
EL S EF T By — 0,
with §;5 = 6;; 0 and m(e;) = oy, is a presentation for Ec (and § is injective if §' is).
We omit the proof, which is very similar to the proof of the following theorem.

(3.11) Theorem. Suppose that (¢,v) : f — g is an analytic morphism of map-germs
as above, with N, N', P and P’ replaced by C*, C*', CP and CP'. Let B1,...,0B € EL,
project to a basis for Mc: as an E,-module, and let

N
Ep/ —>Ep/ _>MC/ _>0

be a presentation with 7'(e;) = ;.
Let a1, ..., 04 € EL be such that

¢ B —dpoa; €dg(El)og  (i=1,....k).

Then
EL 2 EE T Mo — 0,

with Aij = A} 0t and 7(e;) = ay, is a presentation for Mc (and A is injective in case

A is).
Proof. If (Ry,...,Rk) € E]’,f, is a relation for f1,..., 8r modulo dg(é'g,/), then we have

k
Zg*Ri -fB; =dg-n, for some n € ng,

i=1
so, composing with ¢, we have

k

> (go @) Ri-Biop=dg-no.

=1
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Since gop =1ho f and B0 ¢ — dip - oy € dg(EL) o ¢, this gives

k
Z(qp o f)*R;-dip-a; =dg-n o, for some ' € 5;5,/,

=1

or
k

dp- (> (o f)*Ri-a;) =dg-n 0.

=1

Thus (Zle(w o f)*R;-«a;,n o) is tangent to the fibre-product of ¢ and g; since (f, @)
is a diffeomorphism to this fibre product, there is a vector field ¢ € £§ such that

k
df 6= (Yo f)'Ri- e
=1

and
do-¢=mn"o ¢

in particular, (¢*Ry,...,¢*Ry) is a relation for a4, ..., a; modulo df(£3).

It follows that the columns of A are relations for the ; modulo df (£g); so it remains to
be shown that any relation for a;, ..., a; modulo df(£%) can be obtained as an E,-linear
combination of these columns. As in (3.10), we need only treat the cases of unfolding and
projection.

Consider first the case where (¢,1) is an unfolding. There is an [ such that n’ =n +1
and p’ = p+1. Via coordinate choice we can treat g as a (C!,0)-level-preserving map-germ
with 0-level f, with ¢ = 15 x {0}, ©» = 1p x {0}; we write these as i, j respectively. Let
(S1,...,Sk) be arelation for a, ..., a; modulo df(€7), so

k

D fSia; € df(ER),

=1

whence
k

4> £Si- ;) € dj o df(€§) C dg o di(E7).

=1

Hence, if the S; are extensions of the S; on (CP x C!, 0), then, since dj-a; — 3;0i € dg(EL)oi,

k
" g*Si- B;) o € dg(EL) o,

i=1
so that

k
Zg*si - B; € dg(E8) + my Y.
i=1
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Since Sgi = dg(c‘fg,/) +{01,...,Bk}g*Ey, we thus have
koo k
> g Si-Bi—=> g*Ti- B € dg(E8)
i=1 i=1

for some T; € mE,/, or

k
> g7 (Si—T) - Bi € dg(€8)).
i=1
Thus (§1 —Ty,...,S,— Ty) is an Ep-linear combination of the columns of A’; composing
with j, we see (S1,...,Sk) as an Ep-linear combination of the columns of A, as required.

Now we treat the case where (¢,) is a projection. By suitable coordinate choice we
can suppose f = g X 1ci, with ¢ the projection of C* x C! to C" and 1 the projection of
CP' x C! to CP'.

Let Ry = im(A) and R, = im(A’) be the modules of relations. Choose S = (S51,..., Sk),
an element of Ry. In local coordinates, we can write

f($7u) = (g('T)?u)a
a;(z,u) = (Bi(x),vi(z,u)) for some ~;,

I
Si(z,u) = SY(x) + Zujsg,j(x, u).
j=1

Then SY = (S{(z),...,S5)(x)) € R,. Furthermore,

k
Z Si(g(x),w)Bi(x) = dgn(x,u),  for some 7.
Thus,
k
Z(Si(g(w), u) = Si(g(x),0))Bi(x) = dg(n(z,u) — n(x,0)) € mydg(£L).

It follows that S — S° € m;Ry.
Thus
Ry C (w)*Ep/Rg +my - Ry,

hence

Ry C((¢)" Ep Rg)Ep 11
((¢)* Ep (columns of A"))E, 4,
= (columns of A")E,,,
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as required.
O

The discriminant matrix A of an M¢ is not unique of course. In particular, it depends
on a choice of generating set in M. If F is a stable mapping, then any basis for the
constant vector fields in the target projects to a generating set for M as a module over
the target. (Important note: it is not necessarily a minimal generating set; the target
dimension minus the cardinality of a minimal generating set is the dimension of the A-
equisingularity set in the target.) This leads to a very interesting and useful discriminant
matrix, which has been studied from various points of view, and in varying generality, in
[Ar2], [Te|, [Sa] and [Lo].

Let F' : (C™,S) — (CP,0) be a map-germ of F'ST with discriminant D. Let ©(D)
denote the vector fields on (C?,0) liftable over F', i.e. those vector fields n on (CP,0) for
which there exists a vector field £ on (C™, S) with dF, (&) = n(f(z)) for all x € (C", 5). If
Fis FST and a C'S, this module of vector fields coincides exactly with the module of vector
fields tangent to the discriminant of F'. For the (C,0)-level-preserving diffeomorphism of
(CP x C,0 x 0) induced by integrating such a vector field n preserves the discriminant of
F x1¢, so by [duP2] lifts over F'x 1¢ to a (necessarily C-level-preserving) diffeomorphism of
(C"xC, Sx0). Differentiating this in the C- direction yields a vector field on (C", S) lifting
n. Conversely, integrating a liftable vector field " and its lift yields a self-A-equivalence of
F x 1¢, whose target diffeomorphism thus preserves the discriminant. Differentiating this
in the C-direction yields 1’ as a vector field preserving the discriminant.

(3.12) Proposition. Let F': (C™,S) — (CP,0) be an infinitesimally stable map-germ, so
that

5 oF (i=1,...,p) project to an F*E,-generating set for Mc. Choose a resolution
Yi

such that m(e;) = [ai oF] (i =1,...,p). Then the vector fields n; = > -, Az-jai
: Yi

(G=1,...,q)(i.e., the columns of A) generate ©(D) as an E,-module. Z

Proof. The E),-linear map
EY — T(T(C?,0))

given by e; — is an isomorphism of free F,-modules; thus all that we need to do is to

0
Ayi
see that it carries the relation module of the m(e;) onto the module of vector fields liftable
over F'.

0 0
We have (Ay,...,Ap) is a relation for — o F, ..., — o F modulo im(dF) iff

oy ayp

- 0
ZAioFV o F' € im(dF)
i=1 Oyi
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ift
P

0
Z A; - @ is a liftable vector field,
i=1 :

as required. [

(3.13) Corollary. Let F : (C™,S) — (CP,0) be infinitesimally stable, with n > p. The
E,-module of vector fields on (CP,0) tangent to the discriminant of F' is free, of rank p.

As a demonstration of the power of Theorem 3.10 and Proposition 3.11, we give a simple
proof of a generalization of a theorem of Damon ([Da]).

Let f: (C™S) — (CP,0) be a map-germ of F'ST. Then we can choose elements of
&L, projecting to a generating set of Mc = &5 /df (£%), of the form

0 0

P RN A ERERR e 72
oy oYy

with the a; € mg€%. Then

Flu,2) = (u, /@) + Y wa)

is an infinitesimally stable unfolding of f. Let ¢ and 1 be the inclusions of C™ and C? into
C™*s snd CPT3, respectively. Let C' and D denote the critical and discriminant sets of f
and C’" and D’ those of F. Let p’ =p+sand n’ =n+s. Then (4,...,0, =

N 9
dy1’ " Oy, ur’ T Bu

project to a generating set of M¢c as an E,{ -module, and are related to vi,...,vy =

0 0
—_— e, —, =, ..., — O,
oy ayp °

as in Theorem (3.11), i. e., ¢*3; —dip oy; € dF(EfL:) opfori=1,...,p'. Let

A/ / ’
E, = Eb) = Mg — 0

be a presentation with 7/(e;) = 3;. Then
EL 2 EY T Mo — 0,
with A;; = A;j o and 7(e;) = 7, is a presentation for M¢. Thus

NR =Mc = & o Eg = NC
PN ey T ey T
as an Ep-module, and im(A’ o ¢) = ©(D’) o 9. This isomorphism then induces the
isomorphism of:
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(3.14) Theorem. With notation as above, we have an isomorphism of E,-modules

NA, - f= & = By = NKpre -t
T HENH B o B B = NKpre- 9.
Nop+ (=——,...,—)-F
( )Ow <ay1 ayp> p

The notation NKp . -1 is Damon’s for the normal space to the action of the extended
K pr-equivalence, see [Dal] (Cp- is the subgroup of Kp: of elements leaving the domain of
fixed). Damon proved this under the extra assumption that f was of finite .A-codimension.
We only assume F'ST. In the finite A-codimension case, it follows immediately that the
Ac-codimension of f equals the Kps .-codimension of 7).

As another application, we look at the computation of the stability discriminant, which
is the set of points in the target at which a mapping is not infinitesimally stable. This
plays an important role in the study of topological equisingularity.

Continuing with the above notation, f is stable iff

, B B
(3.15) @(D)ow+<a—y1,...,a—%>.Ep

is all of EIJ;’JFS. But (3.15) is the image of the matrix A formed by augmenting A with

columns forming a basis for CP. Then the Jacobian ideal of ﬁ, which is the ideal generated
by the s x s-determinants of the first s-rows of A, defines the stability discriminant.

(3.16) Example. Let f(z,y) = (z,y>+Q(2)y), with x = (z1,...,2Z,_2). A stable unfold-
ing of fis F(u,x,y) = (u,z,y>+uy+Q(z)y). Let (U, X,Y) be the target coordinates. Let
g=1(91,---,9n—2), where g; = 0Q/0x;, and h = u + Q(x); note that both these functions
lift to functions of U and X: ¢(X) and h(U, X). Then

1 0 0
dF =0 1 0
y gy 3y +h

We calculate a discriminant matrix for Mo relative to the generating set

1 0
0 :
e = B I )
: 0
0 1

F,, = y3 + hy. First observe that, modulo dF(E?), ye, = —e1, y?e, = —%hen, yie, =
—%hyen = %hel and ye, = %h2en. Thus
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Also we have the trivial relations

€ = —gi—1Yen = gi—1€1, I <i<n,.
Thus we have
Y —q %h
A = 0 1 0
—2n? 0 Y

So the columns of A’ form a free E,, basis of ©(D’). (A minimal generating set for M¢r
as an F* F,-module would be for example e; and e, reflecting that there is a nonsingular
n — 2-dimensional surface of points in the target along which F' is A-equisingular; the
middle n — 2 columns are tangent to this surface). D’ is defined by det A’ = Y2 + %h?’ =0
and D is defined by the restriction of this to u = 0, namely Y2 + 2%@3 = (0. We have a
representation

~ En—ll

EM? 8 pr | — 0
' L df(ED) + (B
where
N Y  —g 3Q 0 0
A=1| 0 1 0 10
2
-2Q°> 0 Y 01

Thus the stability discriminant is the ideal generated by the n x n-determinants of this
matrix, i.e. (Y,Q,91,...,9n—2)Fn_1; the locus is just the locus of K-instability of @, so
f is finitely A-determined if, and only if, @ is finitely K-determined. Its A.-codimension
equals the C dimension of the cokernel of 3, which is the K.-codimension of Q.
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