Problems of the Month for UH Manoa Undergraduates
Solutions of Problems for July 2007

Easier Problem. Showing all steps, prove that for any real number ¢

/3 1
S
=6 1+ (tanz) 12

Harder Problem. In the correct addition,

T H R E E
T H R E E
T W O

T W O

+ O N E

E'L E V E N

replace each letter by one of the digits 0,1,2,3,4,5,6,7,8,9 so that the resulting
addition is still correct, subject to the following restrictions. Each occurrence
of a given letter must be replaced by the same digit, and different letters
must be replaced by different digits. Moreover, it is required that all of the
resulting numbers do not have leftmost digit equal to zero (i.e., none of T,0
or E is replaced by the digit 0). Subject to these restrictions, show that there
is only one way to make the replacements so that the resulting addition is
correct.

Solution of Easier Problem. By the change of variable y = § — =,

/3 1 /6 1
/ ——dr = / 7 (—dy)
=6 1+ (tanx) =3 14 (tan (5 —y))

w/3 1 /3 1
=6 1+ (coty) =6 1+ (tanx)

The identity = + Tirl = 1 + 7% = 1 with a = (tan z)" then yields
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Solution of Harder Problem. From right to left, let the columns be
1,2,3,4,5. The sum of the rightmost column 1 (above the double line) is at
most 94+ 9 + 9+ 8 + 8 = 43 and thus the carry over is at most 4. Let the
carry over above column ¢ be 0;. We have 0; = 0, and we have just seen that
03 < 4. We have the relations

3E 420 = N + 10 - 09,
2E+2W 4+ N +40y,=E+10- 03,
2R4+2T + 0O +03 =V + 10 - 04,

2H +04=FE+10-05 and

2T +05 =L+ 10 E.

Thus,

E+10-03<2-94942-84+74+4=45=03 <4

V41004 <2-942-84+7+4=45=0,<4
E+10-05<2-944=22=05<2,and E=1or £ =2.
L+10-EF=2T+05;<2-942=20=F=1,0or (F=2,T=9,05=2and L =0).

Claim 1. £ =1, and o4, =1 or 3.

Proof. Assuming otherwise, that £ = 2, we have just seen that then
T =9 and o5 = 2. Since T'=9, we have O < 8. Then

N+10-0=3E+2-0=6+2-0 <22,

so that 0, < 2. Since T'=9, we have W < 8 and 2W + N < 16 + 7 = 23,

and
E+10-03=0y4+2E+2W + N <2+4+2-2+23 =29,

and so o3 < 2. Then
V4+10-04 =2R+2T+0 +03<2-842-94+2 =36,

and so o4 < 3. Thus, E+10-05 =2H + 04 <2-84+3 =19, and so 05 < 1
which contradicts o5 = 2 already found above. Finally,

2H 4+ 04 = E 410 - 05 = 04 is odd,
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in which case o4 = 1 or 3, since we know 04 < 4. m
Claim 2. 0, =0,and O =2 or O = 3.
Proof. Since E =1, we have
3+20=3E+20=N+10-0y, = N is odd.
We have
24 2W 4+ N+0,=2E4+2W+N+0,=E+10-03 =1+ 10" 03,

and hence o0 is even (since N is odd). Since N + 10 -0, = 3 + 20 < 21,
we have 0, = 0, as 05 = 2 yields N + 10 - 0, = 21, whence N =1 = F
(impossible). Thus,

N = N+10-00 = 3E4+20 =34+20 = (O =2and N =7) or (O =3 and N =9).

since O # E = 1, and O # 0 since the replacement for ONE would begin
with 0. m

Claim 3. O =3 and N =09.
Proof. Assume otherwise that O = 2 and hence N = 7. Then

2E4+2W 4+ N+o0oo=E+10-03=24+2W +7=1+10-03
:>2W+8:10'03:03:101“2,

since 0 < 2W 4 8 < 27. Now,

03=1=2W+8=10= W = 1= FE (impossible),

and
03 =2=2W+8=20=W =6.
Now,
2R+2T+0+03=V +10-0,=2(R+T)+4=V 410" 04.
Note that

o,=1=2H+04=2H +1=1005 +1 = H = Ho;5
= (H=0and o5 =0) or (H =5 and o5 = 1).



We show that “o, =1, H =0 and o5 = 0” cannot hold.

(o4=1, H=0and 05 =0) = 2T =2T+05=L+10- E=L+ 10
=2I'=10+ L= L=(0,2,4,6 or 8) and T' = (5,6,7,8, or 9), respectively.

Note that L # 0, since H = 0. Also, L # 2, since O = 2. Moreover, L # 4,
since then 7' =7, but O = 2 = N = 7. Now, L # 6 since W = 6. Thus
L =8and T =9. From above,

QR+T)+4=V+10-0, = 2(R+9)+4=V +10
=2R+22=V +10=V = 2R + 12 (impossible)

Hence “o4 = 1, H = 0 and 05 = 07 is impossible. We show that “o4 = 1,
H =5 and 05 = 17 is also impossible:

(o4=1, H=5and o5 =1) = 2T +1=2T+ 05 = L+ 10- E = L + 10
=2I'=L+9=L=(1,3,5,7, or9), and T' = (5,6,7,8, or 9), respectively.

Now L # 1 since FF = 1. Also L # 3, since L =3 = T =6 = W. Moreover,
L #5,since H=5. Since N =7, L # 7. Finally L # 9,since L=9=T =9
(impossible). Hence O = 2 leads to a contradiction, and so O = 3and N = 9.
n

Claim 4. W =0 and o3 = 1.
Proof. We have,

2E+2W 4+ N+o0y=E+10-03=2+2W +9=1410-03
=2W+10=10-03=W =5 (03 — 1)
= (W =0and o3 =1) or (W =5 and o3 = 2).

Assuming that W = 5 and o3 = 2, we will produce a contradiction. Note
that

QR+2T+ 0403 =V +10-0, = 2R+2T +3+2=V +10-04
= 2R+T)+5=V+10- 0,

We know that o4 =1 or 3.



Assume first that o, = 1. Then

2H+04=1410-05=2H =10-05 = H =5 - 05
= H =0 and 05 =0 (since H # W =5).

Moreover,
2I't+o5=L+10- E=L+10=2T=L+10=1T > 6,
since T'# W = 5. Now, from 7" > 6 and R > 2 (since H =0 and F = 1)

20R+T)+5=V+10-04=V +10
=V =2(R+T)—-5>2R+7>4+7=11 (impossible).

Thus, o4 = 1 is not possible. Thus, “W = 5 and 03 = 2” is not possible.
Assume now that o4 = 3. Then

2(R+T)+5=V+10-04 =V + 30.
Moreover,

2H—|—3:2H+O4:1+1005
=2H4+2=1005=100r20=H=40or H=9=N = H =4.

Thus, H = 4 and o5 = 1.
2T'+o0o5=L+10-E=2T"+1=L+10=Lodd =L =7,
since FE=1,0=3,W=5and N =9. Then2T+1=L+10=17=T = 8.

20R+T)+5=V+10-04=V+30=2R+8)+5=V+10-04 =V +30
=2R+21=V +30=2R=V +9 =V odd.

However, all of the odds are taken: £ =1,0=3,W =5, L=7and N = 9.
Thus, o4 = 3 is also not possible. m

Claim 5. o4 = 3.

Proof. Assume otherwise that o4 = 1.

2H+0,=1410-05=2H+1=1+10-05 = H =5 - 05
= (H=o05=0)or (H=5and o5 =1)
= H =5and o5 =1,



since W = 0. Moreover, since o3 = 1,

2R+2T+0+4+03=V +10-04 = 2R+2T+4=V +10
2R+2T =V +6.

Now,
2I'+o0s=L+10=2T4+1=L4+10=2T"=L+9>11=T > 6,
and so
V+6=2R+2T >2R+12,0or V > 2R+ 6 > 10 (impossible).
Thus, 0, =3. m
Claim 6. H =4 and o5 = 1.
Proof.
2H+04=1410-05=2H+3=14+10-05=H+1=5"05
We know o5 =0, 1, or 2.

05 =0= H +1 =0 (impossible)
os=1=H+1=5=H=4
05 =2= H+1=10= H =9 (impossible)

Thus, H=4and o5 =1. m
Claim 7. T > 6 and V = 2.
Proof. Note that

2I'+05=L+10=2T"+1=L+10
=2'=L+9>11=1T >6.

Since 03 = 1 and o4 = 3,

2R+2T+O+O3:V—|—1004
=2R+2T+0+1=V +10-3
=2R+2T4+4=V +30=2R+2T =V + 26.



Thus, V is even. Since N =9, R+ T <8+ 7 =15,
V—|—26:2R+2T:2(R—I—T)§30.

Hence V <4 and V even = V =0,2 or 4. But H =4 and W = 0, and so
V=2 n

Claim 8. R=6,T=8and L =T.

Proof. Note that 2R+ 2T =V + 26 = 28 = R+ T = 14, which implies
that R and T are both even or both odd. The only numbers not assigned
are 5,6,7 and 8. Since 5+ 7 # 14, we have (T'=8 and R = 6) or (T' = 6 and
R=28). If T =6, then

2I'+05=L+10=12+1=L+10= L =3,

which is not possible since O = 3. Thus, T'=8 and R = 6 and 2T + 1 =
L+10=L=T7m

Thus, uniquely,

T HR E E 8 4 6 1 1
T HR E E 8 4 6 1 1
T W O 8 0 3

T W o 8 0 3

+ O N E + 3 91
E L E V E N 1 71 2 1 9



