Problems of the Month for UH Manoa Undergraduates
Solutions for October 2007

Problem A. Let f(z) be a function defined and continuous at all real
numbers z. Suppose that there is no real number r such that f(r) = r. Prove
that there is also no real number r such that f(f(r)) = r. You may use any
theorem stated in a calculus book.

Problem B. Let (cosqo,sing) = (p1,q1) = (4/5,3/5). For n > 0,
suppose that

Pn+1 = Pn COSGn — (n sin Gn
Qn+1 = Pn SN Gy + Gn COS qp,

Find the limits lim, ., p, and lim,, .. ¢, and prove that your answer is
correct. Hint. Consider the sequence {6,} given by 6, = qo + -+ + ¢y.
Show that p,,1 = cos(6,) and ¢,.1 = sin(6,,), and that {6,} is an increasing
sequence bounded above by 7.

Solution of Problem A. Let g(z) = f(x) — z. We first prove that
g(x) > 0 for all z or g(z) < 0 for all z. If not, then there are z; and x5 € R
such that g(z1) < 0 and g(z2) > 0. Since g(z1) # 0 by the assumption
f(z1) # 21 and similarly g(z2) # 0, we have g(x1) < 0 and g(z3) > 0. Since
g is continuous, by the intermediate value theorem, g(z3) = 0 for some x3
between z; and x9, yielding the contradiction f(z3) = z3. Thus, g(z) > 0
for all x or g(z) < 0 for all z. If g(x) > 0 for all x, then f(z) > x for all z,
in which case

(@) > f(x) > =,

while g(z) < 0 for all = implies

f(f(@)) < flz) <=z

Solution of Problem B. Let cosqy = 4/5 = p; and singy = 3/5 = ¢;.
Then

P2 = P1COS Q1 — @1 SN g = COS gy COS g1 — Sin gy sing; = cos(qo + q1)

G2 = p18in gy + g1 COs g1 = €os qg sin g1 + sin gy cos g1 = sin(qo +q1)-



Having established the base case, we prove by induction that
P =cos(qo+ -+ qu_1) and g, = sin(qo + -+ + ¢o_1)-
Indeed, assuming this

Gns1 = c08(qo + -+ + @u_1) sing, +sin(go + - - + ¢u_1) COS ¢y,
= sin(qo “+ -+ qn) = sin&n,

where 6, :== qo + - - - + q,. Moreover,

Prt1l = Pn COS @p — Gn SIN Gy
=cos(qo + -+ + Gn_1) cOSqn — sin(qo + + - - + Gn_1) Sin gy,
=cos(qo + -+ + ¢n) = cosb,

We claim
Op < Opp <m

We have this for n =0 (i.e., 6y < 0; < 7), since
0o = qo = cos™" (4/5) < cos! (4/5) +3/5=qo +q = 0,

and
0, = cos™* (4/5) +3/5 ~ 1.243501 109 < 7.

Thus,
60 <b <m

We use induction. Assume 6,,_; < 6,, < 7. Then

en—l < Hn <7T= n+1 = Singn >0
=01 =q+ @t g1 =Gt + G =0

and

0=+ -+t <T=>0,4 <.

Thus,
enflggngﬂ—jenserﬂrlgﬂ—v



Since {6, } is a monotonically increasing sequence bounded above by , it
has a limit L := lim,, ., 6, < 7. Moreover, since 0,, = qo+ - - - + qn, it follows
that lim,,_,, ¢, = 0. Then

0= lim ¢,y; = lim sinf,, = sin ( lim Hn) =sin (L),

and so L = m. Finally,

lim p,4; = lim cos#,, = cos (hm Hn) = cos (L) = cos (m) = —1.



