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0.1. VII, Definition 1. A unit is that
by virtue of which each of the things that
exist is called one.

0.2. VII, Definition 2. A number is
a multitude composed of units: 2 = 1 + 1,
3 = 1 + 1 + 1, etc.

1



2 SPRING 2009

0.3.

(1) (Congruence classes of) Line seg-

ments replace real numbers. These
can be added and subtracted.

(2) The product of two line segments

is the rectangle formed by these.
(3) The product of three line segments

is the rectangular box formed by these.
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0.4. Existence of line segments is never
an issue.
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0.5. The Archimedean Axiom and

a = mb + r, 0 ≤ r < b.
b

a

1. Book I

1.1. Euclid’s Common Notions or Ax-

ioms

(1) Things which are equal to the same
thing are also equal to one another.

(2) If equals be added to equals, the wholes
are equal.

(3) If equals be subtracted from equals,
the remainders are equal.

(4) Things which coincide with one an-
other are equal to one another.

(5) The whole is greater than the part.
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2. Book II

2.1. Proposition 1. If there are two
straight lines, and one of them is cut into
any number of segments whatever, then
the rectangle contained by the two straight
lines equals the sum of the rectangles con-
tained by the uncut straight line and each
of the segments.[If y = y1 + y2 + ... + yn,
then xy = xy1 + xy2 + ... + xyn.]

2.2. Proposition 4. If a straight line is
cut at random, the square on the whole
equals the squares on the segments plus
twice the rectangle contained by the seg-
ments. [(y + z)2 = y2 + z2 + 2yz.]
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2.3. Proposition 14. To construct a
square equal to a given rectilineal figure.
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3. Book V

This book contains the theory of propor-
tions due to Eudoxus and the algebra of line
segments.

Definition 3.1.

(1) A magnitude is a part of a magni-
tude, the less of the greater, when it
measures the greater.

(2) The greater is a multitude of the
less when it is measured by the less.

(3) A ratio is a sort of relation in respect
of size between two magnitudes of the
same kind. a : b = a/b.

(4) Magnitudes are said to have a ra-

tio to one another which are capable
when multiplied, of exceeding one an-
other.



8 SPRING 2009

(5) Magnitudes are said to be in the same

ratio, the first to the second and the
third to the fourth, when, if any equi-
multiples whatever be taken of the first
and third, and any equimultiples what-
ever of the second and the fourth, the
former equimultiples alike exceed, are
alike equal to, or alike fall short of,
the latter equimultiples respectively taken
in corresponding order.

(6) Let magnitudes which have the same
ratio be called proportional. [The
area of a circle is proportional to its
radiaus squared.]
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Definition 4. For any integral multiple
ma there is an integral multiple nb such that
nb > ma and conversely.
Definition 4 is an axiom for magnitudes

rather than a definition.
This definition also says that the ratio a : b

can be approximated to any degree of pre-
cision by rational numbers:

Choose m and then choose n such that
(n − 1)b < ma ≤ nb. Then (n − 1)/m <
a/b < n/m and n/m− (n− 1)/m = 1/m.
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Definition 5 then says when two ratios
a : a′ and b : b′ are equal in terms of ra-
tionals: a/a′ = b/b′, when for all numbers
n and m it is the case that if na is greater,
equal, or less than ma′, then nb is greater,
equal, or less than mb′, respectively, that is,
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equivlently, for every rational m/n, we have
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m/n ⇔ b/b′
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m/n.

This is a valid criterion for the equality of
the real numbers a/a′ and b/b′.
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3.2. Proposition 1. ma + mb + mc +
· · · = m(a + b + c + . . . ).

3.3. Proposition 2. ma+na+pa+· · · =
(m + n + p + . . . )a.

3.4. Proposition 3. n(ma) = (nm)a.

3.5. Proposition 4. If a : b = c : d then
ma : nb = mc : nd.

3.6. Proposition 5. (ma)−(nb) = (m−
n)b.

There are 25 propositions of this nature
altogether.
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4. Book VI

The results of this book which deals with
similarity contains very useful and impor-
tant results.

Definition 4.1. Similar rectilineal fig-

ures are such as have their angles sever-
ally equal and the sides about the equal
angles proportional.

4.2. Proposition 1. Triangles and par-
allelograms which are under the same height
are to one another as their bases.

Area(∆(ABC)) : Area(∆(AB′C)) = AB : AB′.
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The following result is the basic result on
similarity.

4.3. Proposition 2. Let ∠CAB be cut
by a transversal parallel to BC in the
points B′, C ′ where the notation is chosen

so that B′ ∈
−→

AB and C ′ ∈
−→

AC. Then

AB : BB′ = AC : CC ′ iff BC ‖ B′C ′.

Proof. ∆(AB′C) = ∆(ABC ′) and
AB

AB′
=

∆(ABC)

∆(AB′C)
,

∆(ABC)

∆(ABC ′)
=

AC

AC ′

A B B′

C

C ′

The next four proposition are “similarity
theorems” in analogy to the “congruence
theorems”.
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5. Book X

“Book X does not make easy reading” (B.
van der Waerden, Science Awakening, p. 172.)
It deals via geometry and geometric algebra
with what we call today rational and irra-
tional numbers. In fact, 13 different kinds
of irrationalities are distinguished.

Definition 5.1.

(1) Those magnitudes are said to be com-

mensurable which are measured by
the same measure, and those incom-

mensurable which cannot have any
common measure.

(2) Straight lines are commensurable

in square when the squares on them
are measured by the same area, oth-
erwise they are incommensurable

in square.
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5.2. Proposition 2. If, when the less
of two unequal magnitudes is continually
subtracted in turn from the greater that
which is left never measures the one be-
fore it, then the two magnitudes are in-
commensurable.
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r > a, 2a > r, 1 < r/a < 2
r1 = a
a1 = r − a

r/a = r1/a1 = ...
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5.3. Proposition 3. To find the greatest
common measure of two given commen-
surable magnitudes.

5.4. Corollary. If a magnitude measures
two magnitudes, then it also measures their
greatest common measure.
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The book contains 115 propositions none
of which is recognizable at first sight.
There is general agreement that the diffi-

culty and the limitations of geometric alge-
bra contributed to the decay of Greek math-
ematics (Van der Waerden, Science Awak-
ening, p.265.) Author like Archimedes and
Apollonius were too difficult to read. How-
ever, Van der Waerden disputes that it was a
lack of understanding of irrationality which
drove the Greek mathematicians into the
dead-end street of geometric algebra. Rather
it was the discovery of irrationality, e.g. the
diagonal of a square is incommensurable with
the side of the square, and a strict, logical
concept of number which was the root cause.


