The 4th problem in Complex Analysis Comp. Exam given in 2007

Problem 1 Suppose that for all z € D = {z€C:|z|] <1} and alln € N =
{0,1,2,..} we have the f, is holomorphic in D and |f, (z)] < 1. Also suppose
that lim,, 1 Im f,, (x) =0 for all z € (—1,0). Then lim, o Im f, (1/2) = 0.

Proof. Suppose
limsup Im f,, (1/2)| = a >0

for some o € R. Then {f,}, has a subsequence { I, }n such that
J
limIm f,,; (1/2) = a #0

or
limIm fp,; (1/2) = —a # 0

W.L.O.G, suppose
limIm f,,; (1/2) = «
we'll arrive at a contradiction. Since {f,},, is a normal family on D, {f, }n
J
has a subsequence that converges locally uniformly to some analytic function f
defined on D. To make notations concise, let this subsequence be { In; }n itself.
- J

(The following is completed with hints given by Dr. Smith that, use the
Taylor series representation of f (z) and try to show if f is analytic in D that
maps (—1,0) to a subset of R, then f must map (0,1) also to a subset of R in
the general setting. Show that f(") (—¢) is real for any ¢ with 1 > & > 0).

Now, take any xzg with —1 < zg < 0. Then

Im f (29) = limIm f,,, (z9) =0
and f((—=1,0)) = {0}. So
f ) = f (@)

Yy — o

f/ (3?0) - limyﬂzo,yG(fl,O) =0

ie., f'((—=1,0)) = {0}. Suppose when n = m for some m € N*,m > 2

£ ((-1,0)) = {0}

then ) )
(m+1) i F ) = " (=)
FED (@) = limy e -10) T
that is, f(™*1) ((~1,0)) = {0}. Thus the induction principle implies
f™(z)=0

for all n € N and = € (—1,0). Further the continuity of each f(™,n € Nin D
implies

1
f(n) (0) = lilfnk-_mx),kel\f+ f(n) (_k> =0



Being analytic in D, it’s clear that

o (n)
f(z)zz / (O)z"EO

n=0  nl

for all z € D. Consequently, f = 0 and particularly f(1/2) = 0. But
0= f(1/2) = limy, oo fn, (1/2) = #0

which is an obvious contradiction.
Whence, lim,, .o Im f,, (1/2) = 0 and the assertion is justified. m



