Math 311 Lecture 6
For today, all matrices will hauerows, for some fixed.
| means |J.

Lemma. If B is invertible and BA:I, then A'=B.

Proor. BA=I| = B'BA=B"l = A=B"'=, since being
inverse is symmetricaA™= B O

Recall the three elementary row operations: swap two
rows, multiply a row by a nonzero constant, add a
constant multiple of another row.

DeriniTion. If A and B have the same number of rows,
A : B consists of the columns of A followed by the
columns of B.

Lemma. For any row operatiog (eA :eB)=¢e(A:B).

LemmA. Every elementary row operation is invertible.
Proor. Swapping two rows twice, gives back the origin
matrix. The inverse of multiplying a row layis
multiplying it by a®. The inverse of addingtimes

another row is subtracting times rowj.

DeriniTion. For any row operatioa let e(A) be the result
of applyingeto A. E=¢(l) is anelementary matrix

O

Lemma. For any row operatiog the elementary matrix &
=¢(l) is invertible. For any matrix Ag(A) =EA.

Lemma. A product of elementary matrices is invertible.
Proor. The product of invertible matrices is invertible.
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Let g = adda times first row to last row.
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Suppose applying a sequengeeg e,, ..., € of row
operations to A gives B. B=g/( ... g(e,(eA))... )...
B=E(...(E(E,(E,A)))...)=(E,...EE,E))A. Hence
multiplying on left by (E...EE,E,) equals the result of
applying the original sequence of operations.

THeOREM. If @ sequence of row operations convertsIjA
to (1: B), then B=A™.

Proor. Suppose €... g(e,(e,(A:1))))...)=(1:B),

w e - a(ee(A))..)=1 & e ( ... g(e(eD)...) =B.
- (E,..EE,E)A=Iland (E...EE,E,))| =B. By the

lemma above, A=E,...EEE =E..EEEI=B. O
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Proor. Reduce (Al) to (1: B) by a sequence,e,,...,€, of

00 0 40
® Find the inverse k=2 4 0 O
H3 304
E004100E 515;3300015
(A5|)=Dz4oo10@@0%2400105
H3300017 03 0J004 1007
1 1 1
0153 001100030 [ 1110003 0
%DZE%DDIZOO%OWE—=ZD0100%%D
qe=ifHoo1toof 010500120 0F
-1 2 -1 2
01 10005 5 0 0o 5 3 o
[ 1 a2 U 1001 450
_)E_:ED()lOOE 25 HenceA'=po i 2
| 1 0 01 O

elementary matrices.

THeoREM. If A reduces to |, then A is a product of

elementary row operations. Hencé#B=E,...EE,.

Hence A=B*=(E,...EE)'=E,
where Dis the elementary matrix for the inverse of the

row operation e O

m Write A (see example above) as an elementary produc
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Hw 4 Answers
16. (a) A+A is symmetric: (A+A)"=AT+AT" = AT+A=A+A",

(b) A-AT skew symmetric: (AAT)'=AT-ATT =

AT-A= -(A-A").

18. Suppose A and B are symmetric.
(a) Show that A+B is symmetric: (A+B)A™+B"=A+B.
(b) Show that AB is symmetric iff AB=BA:

AB symmetric iff (AB)=AB iff BTA'=AB iff BA=AB.
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34. Suppose AB = AC and A is nonsingular. Prove B = C.
AB=AC =A'AB=A"'AC=IB=IC=B=C.

36. Suppose A is symmetric and nonsingular. Proveyimmetric.

(A™HT =,(theorem, previous lecture), (& =,(A symmetric), A .
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