Math 414 Lecture 25
Integer Programming
In many problems the variables must range over integ
the number of people you must hire, the number of
chairs you must rent, a price in cents, ... .

DEFINITION.

« A pure integemprogramming problem is a linear
programming problem in which all the variables are
required to be integers or natural numbers.

In amixed integerprogramming problem some of the

variables may be required to be integral. The optim
valuez, the coefficients, b, c and the slacks are not
required to be integers, just the variables.
In a0-1 programmingproblem the variables must be
only O or 1.0-1 variablesare also calledBooleanor
decisionvariables.
Let Z=the set of integer$y={0, 1,2,3,...} be the set of
natural numbers. Hence insteadkaimrestricted ok>0
we may requiree Z, xe N or xe{0,1}.

Write the following as pure, mixed or 0-1 integer
programming problems.

KNAPsAck PROBLEM LetW = max weight you can carry of
a hike. You have items with weightsv,, ... w,.

UnfortunatelyW<w,+...+w,, so you can’t take them all.

Assign values,, ...,v, to then items such that the mors

important ones get higher values. Build a model for th

problem of deciding for each item whether to take it
not in a way that maximizes the total value
Solution.
Letx =1 if you decide to take th¢h item,
=0 if you do not.
Max v =V X+V,X+...+V X,

with
WX W X+ W X < W
Xy, .oy X,€10,1}

ASSIGNMENT PROBLEM There aren workers(one task each)
W, ... W, andn tasks(one worker eachy, ...,t.. rj = the
revenue workew, generates when doing task
Build a model for deciding which worker should do
which task in order to maximize the total revenue

. _ J 1lifw does task,

Solution. Letx;, = { 0 otherwise. k
maxr = Zi,j Iij Xij
with

Fori=1.n, iiXp+Xg+..+xn=1 Il x;=1,0r<

Forj=1.n, jixXy+Xg+...+xy=1 ZLx;=1,0r<

xije{O,l} There are & constraints, not 2 constraints.

Srock cuTTING PROBLEM Pipe comes in'&nd 12lengths.
You need 10 ‘Jengths and 7 '4engths. How many'8
arsand 12 lengths should be bought to minimize waste?
Solution.
Cutting patterns for'8engths.
pattern # pattern waste #times pattern is used
1. 3 +5 X
2. 4 +4 X,
3: 343 +2 X,
4:  4+3 +1 X,
i 5. 4+4 +0 Xg
a"Cutting patterns for 12engths.
pattern # pattern waste
6: 3+3+3 +3 X
7. 3+3+3+3 +0 X,
8: 4+3+3 +2 X
9:  4+4+3 +1 X
10: 4+4+4 +0 Xy
Letx be the number of times pattgris used.

minw = wherew = total waste.
with
(three ft.) t: =10

! four ft) f: =7
Xp s X0€ N

® TRAVELING SALESMAN PROBLEM A salesman has to visit

€ each ofn citiesc,, ...,c.. He starts and ends@t He

O must visit each city exactly oncSupposeiij is the
distance between citiesandc,.

Find the route which minimizes the total distance.

Solution. Given a route, let; =1 if ¢; andc; are successive
cities along the routeg; =0 otherwise. For=1,...,n, let
u, = the position of city; (1st, 2nd, 3rd, ... along the
route. LetD = the total distance.

If the route isc,— ¢,— ¢, C¢;—> C,,
then x,,=X,=%,7=%;,=1, all otherx; =0,
u=1,u,=2,u,=3,u,=4.

min D =Z{dijxij:i,j:1...n}

with
i Zhix; =1 fori=1...n
ji Zihix;=1 forj=1...n
i—j: u- u+nx <n-1 L,jo{1,...n},j#1.
Xije{O,l}, ueN.
The last condition rules out short cut paths with two or more loops.
Full loop example (o.k.) Two loop example (not 0.k.)
C,—>C—>C—>CoC Cc,—>C,—>C,

C,>C—>C




