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ABSTRACT. Examples of compact symplectic manifolds with no complex
and/or Kéhler structures are presented.

1. Introduction. Many examples of compact symplectic manifolds that carry
no positive definite Kahler metric are now known. Here we present some com-
pact 4-dimensional manifolds that have symplectic structures but carry no complex
structures. More generally we prove

THEOREM 1.1. Let E* be a principal circle bundle over E3, which in turn is a
principal circle bundle over a torus T2, so that the first Betti number of E* satisfies
2 < b (E*) <4. Then

(1) of b1 (E*) = 2 then E* has symplectic but no complex structures,

(ii) ¢f b1(EY) = 3 then E* has both symplectic and complex structures but no
positive definite Kihler metrics; however E* carries indefinite Kihler metrics;

(iii) by (E*) = 4 if and only if E* is a 4-torus T*.

REMARKS. (1) Apparently the manifolds that occur in part (i) of Theorem 1.1
are the first examples of compact symplectic manifolds with no complex structures.
Van de Ven [VdV], Yau [Ya] and Brotherton [Br] have given examples of compact
4-dimensional almost complex manifolds with no complex structures. Brotherton
used Massey products to prove the nonexistence of complex structures on certain
parallelizable 4-dimensional manifolds.

(2) Thurston [Th] has given an example of a compact symplectic manifold with
no positive definite Kahler metric. (See also [Ab, CFG, CFL, Wel].) In §3
we shall see that it is covered under part (ii) of Theorem 1.1. It is interesting to
note that this example already occurs in the work of Kodaira [Kod, Theorem 19).
An explicit description of the Kodaira-Thurston example as a complex manifold is
given in §3.

(3) The spaces E* are all real parallelizable (but only T* is complex paralleliz-
able in the sense of Wang [Wa]). By a blowing up procedure one can construct
nonparallelizable symplectic manifolds with no complex structure and/or positive
definite Kéhler metric {Go].

(4) Most of the manifolds considered in Theorem 1.1 have explicit matrix real-
izations as nilmanifolds [CM]. See also [PS], where it is proved that a compact
manifold is a principal torus bundle over a torus if and only if it is a 2-step nilman-
ifold. The paper [BG] is also relevant.
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