
Calculus I (Math 241) – Final

Problem 1. [16 Points] Calculate the derivatives of the following functions:

f(x) = sec(x2 +1), g(x) =
√

tan(2x), h(x) =
sin(2x)

x3 − 1
, t(x) = cos

(

1 + x

1 − x

)

.

Problem 2. [16 Points] Calculate the integrals:

∫

x
√

x − 1 dx,

∫

cos x sin7 x dx,

∫

dt√
4 − x2

,

∫

2

−1

|x| dx.

Problem 3. [20 Points] Discuss the function

f(x) = x(x − 1)2(x − 2) = x4 − 4x3 + 5x2 − 2x.

Specifically, address the following:

1. Find the intercepts and the intervals on which the function is positive
or negative, respectively.

2. Find the critical points and the intervals on which the function is in-
creasing, resp., decreasing.

3. Find the intervals on which the function is concave up, resp., concave
down.

4. Find the local maxima and minima and the inflection points.

5. Sketch the graph in accordance with the information obtained above.

Problem 4. [14 Points] Use first principles to find f ′(a) if f(x) =
√

x.

Problem 5. [15 Points] A lighthouse is on a small island 3 km away from the
nearest point P on a straight shoreline and its light makes four revolutions
per minute. How fast is the beam of light moving along the shoreline when
it is 1 km from P ?

Problem 6. [20 Points] Consider a round open can (no lid). Its inte-
rior is subdivided into three sectors by three radial dividers. You have
S = 245.997865 square centimeters (cm2) of material available. How do you
choose the height h and the radius r of the can so that its volume is maximal.
You may express h and r in terms of S. Also, give a rough estimate for h/r.
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Problem 7. [10 Points] Apparently, x = 3 is not very far from 3
√

25, or 33

is approximately 25. Use Newton’s method to improve on this guess once.

Problem 8. [14 Points] (a) State the Mean Value Theorem. Spell out the
assumptions and state the conclusion. (b) Suppose that f ′(x) = x2 tan(πx

4
)

and f(0) = 1. Show that f(1) < 2.

Problem 9. [13 Points] Calculate the Riemann sum for the following situ-
ation. The function is f(x) = 1

x
, and the interval is [2, 4]. Use the points

x0 = 2, x1 = 5

2
, x2 = 7

2
and x3 = 4 to partition the interval into 3 subin-

tervals. Choose the midpoint in each of the subintervals as distinguished
point.

Problem 10. [18 Points] Sketch the region between the line y = x and the
parabola y = 3 − 2(x− 2)2. Call the region Ω. Answer each of the following
by writing down an integral. If the exam was too short for you, you may
evaluate the integrals for 4 extra points each, but only if your score so far is
at least 120 points, or 80%.

1. Find the area of the region Ω.

2. Find the volume of the solid of revolution if Ω is revolved around the
x-axis.

3. Find the volume of the solid of revolution if Ω is revolved around the
axis x = −1.
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