
Introduction to Advanced Mathematics

(Midterm II)

Problem 1. [10 Points] Let Z be the integers. List the axioms that describe
them, i.e., the axioms for addition, multiplication, the distributive law, or-
dering, well-ordering, and cancellation.

Definition 2. Let p be a prime. Its non-negative powers are 1, p, p2, . . . .
Define the set

P̃ = {(m,n) ∈ Z× Z | n is a non-negative power of p}.

On P̃ we define two operation (one called addition and the other one mul-

tiplication) and a relation (ordering). If (m,n) and (m′, n′) belong to P̃ ,
then

(m,n) + (m′, n′) = (mn′ +m′n, nn′)

(m,n)× (m′, n′) = (mm′, nn′)

(m,n) < (m′, n′) ⇐⇒ mn′ < m′n

Problem 3. [18 Points] Prove or disprove:

1. The addition on P̃ is commutative.

2. The multiplication on P̃ is associative.

3. The relation < on P̃ is transitive.

Definition 4. On P̃ we define another relation:

(m,n) ∼ (m′, n′) ⇐⇒ mn′ = m′n.

Problem 5. [10 Points] Show that ∼ defines an equivalence relation on P̃ .

Denote the equivalence class of (m,n) by [m,n]. Let P denote the set of

equivalence classes of elements in P̃ .

Problem 6. [15 Points] Show that we may apply the operations (addition
‘+’, multiplication ‘×’ and comparison ‘<’) to classes, i.e., the following are
well defined for classes [m,n] and [m′, n′] in P :

[m,n] + [m′, n′] = [mn′ +m′n, nn′]

[m,n]× [m′, n′] = [mm′, nn′]

[m,n] < [m′, n′] ⇐⇒ mn′ < m′n
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Problem 7. [10 Points] Apparently, [0, 1] is the neutral element with resepct
to addition and [1, 1] the one for multiplication.

1. Decide which elements of P have multiplicative inverses.

2. Prove of disprove that the cancellation axiom holds in P .

Problem 8. [10 Points] Define F : Z → P by setting F (m) = [m, 1]. Prove
of disprove

1. F is 1–1.

2. F is onto.

Problem 9. [8 Points] Prove of disprove that P is Archimedean.
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