
Introduction to Advanced Mathematics
(Exam II, Summer 2020)

Problem 1. [10 Points] Let A, B, and C be sets, R a relation from A to B,
and S a relation from B to C.

1. What does it mean that R is well defined?

2. Define the composition of two relations, say S ◦R.

3. Show that the composition of well defined relations is well defined.

Problem 2. [10 Points] Let f : X → Y be a function, and A and B subsets
of X.

1. Show that f̂(A ∩B) ⊆ f̂(A) ∩ f̂(B). (In the notation of the book this
would be f(A ∩B) ⊆ f(A) ∩ f(B).)

2. Show that equality holds if f is injective.

Problem 3. [10 Points] Let R be a relation from A to B and S a relation
form B to A, so that S ◦R = Id.

1. Give an example so that R is not injective.

2. Assume that R is well defined. Show that R is injective.

Problem 4. [10 Points] Let R1 ⊆ R2 ⊆ R3 ⊆ · · · be a chain of relations on
X. Show

1. If each Ri is antisymmetric, then so is their union.

2. If each Ri is transitive, then so is their union.

Problem 5. [10 Points] A complex number is said to be algebraic if it is the
root of a nonzero polynomial with integer coefficients. E.g.

√
2 is a root of

x2 − 2. Show:

1. The set of polynomials with integer coefficients is denumerable.

2. The set of algebraic numbers is denumerable.

Problem 6. [10 Points] Let f : [0, 1]→ [0, 1] be a continuous function from
the unit interval [0, 1] to itself, so that f(0) = 0 and f(1) = 1. Show that f
is increasing if and only if f is injective.
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