
Intro. to Advanced Mathematics (Final)

Problem 1. [6 Points] Suppose A, B, and C are sets. Assume our definition:
cardA ≤ cardB if there is a 1–1 map f : A → B.

1. What does it mean that cardA < cardB?

2. What does mean that cardA 6= cardB?

3. Show: If cardA ≤ cardB and cardC < cardA, then cardC < cardB.

Problem 2. [6 Points] Let f : X → Y be a function, and let U be a subset
of X .

1. Prove or disprove that f maps X \ U to Y \ f(U).

2. If the previous assertion is false, then add an assumption and prove it.

Problem 3. [6 Points] Let (x1, y1) and (x2, y2) be points in the plane R2.
Define the distance in between them as

d((x1, y1), (x2, y2)) = |x1 − x2|+ |y1 − y2|.

1. Define the idea of a metric on a set S.

2. Show that d defines a metric on R2.

3. Find the unit ball in R2 for the metric d, i.e., the set of points whose
distance from the origin is at most 1.

Problem 4. [6 Points] Let S be a set with an associative binary operation ◦.
Suppose that there is a neutral element, called e, for the operation. Define
the idea of an inverse, and show that inverses are unique, if they exist.

Problem 5. [6 Points] Prove: If x 6= 1, then

xn − 1

x− 1
=

n−1∑

j=0

xj .

No dots in your proof, please!
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Problem 6. [6 Points] Let a and b be integers, and let d be a positive
common multiple of a and b. Show that the following two statements are
equivalent.

1. d ≤ c for every positive common multiple c of a and b.

2. d divides c for every common multiple c of a and b.

Problem 7. [6 Points] (1) Define the notion of a Dedekind cut. (2) Let

D = {q ∈ Q | q ≤ 0 or q2 < 2}

Show that D is a Dedekind cut.

Problem 8. [6 Points] Let A be a set and P(A) its powerset. Prove that
cardA < cardP(A).
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