
MATH 321, Fall ’14 Final Name:

INSTRUCTIONS: Write legibly. Indicate your answer clearly. Show all work;
explain your answers. Answers with work not shown might be worth zero points.
No calculators, cell phones, or cheating.

Problem Worth Score

1 10

2 10

3 14

4 20

5 16

6 5

7 12

8 12

Total 99



1.(10) Show for all natural numbers n that

n∑
k=1

(2k − 1) = 1 + 3 + · · ·+ (2n− 1) = n2.

2.(10) Prove Euclid’s theorem: If a prime divides a product of two natural numbers, then it divides one of
them.
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3.(14) Let P (x) and Q(x) be propositional functions. The question is whether(
(∀x)[P (x) =⇒ Q(x)]

)
⇐⇒

(
(∀x)P (x) =⇒ (∀x)Q(x)

)
.

You can study the validity of the assertion using a truth table. There are only a few cases that you need
to consider. Q(x) being true or false.
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4.(20) Let X be a set and R a relation on X. Define R to be the reverse relation, so that (x, y) ∈ R if and only
if (y, x) ∈ R.

(a) What does it mean that R is a strict partial order on X.

(b) Show that R is a strict partial order if R is.

(c) Let X = {1, 2, . . . , 12} and define R by strict divisibility. Sketch (X,R) and (X,R).

(d) Distinguish (X,R) and (X,R) or show that they are (essentially) the same, in the sense that there
is an order preserving bijection between them.
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5.(16) Let f : X → Y be a map, and f̌ : P(Y )→ P(X) be the map defined by f̌(B) = {x ∈ X | f(x) ∈ B} for
any subset B of Y . Prove or disprove: If f is surjective, then

(a) f̌ is surjective.

(b) f̌ is injective.
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6.(5) Let X be a set and R a relation on X. What does it mean that R is an equivalence relation. Spell out
the precise meaning of the terms that you are using.

7.(12) Define a relation R on the integers Z saying that (m,n) ∈ R if m2 ≡ n2 mod 7.

(a) Show that R is an equivalence relation.

(b) Identify the equivalence classes of R.
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8.(12) Let X be a set and P(X) its power set. Explain what it means that the cardinality of P(X) is strictly
larger that the cardinality of X, and prove it.
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