
MATH 421, Fall ’15
Final

Name:

INSTRUCTIONS: Write legibly. Indicate your answer clearly. Show all work;
explain your answers. Answers with work not shown might be worth zero points.

Problem Worth Score

1 65

2 15

3 40

4 50

Total 170

1.(65) Introduce in detail (but without proofs) the definition of the fundamental group π1(X,x0) of a space X
with preferred base point x0. More specifically:

1. What are the elements of π1(X,x0)?

2. What is the group operation on π1(X,x0)?

3. What do you need to verify to show π1(X,x0) is a group?

4. Sketch the verification of one of the group properties.

5. If X is path connected and x0 and x1 are points in X, what is the relation between π1(X,x0) and
π1(X,x1)?

6. List a few spaces with their fundamental group.

7. Suppose x0 is a base point of X and y0 is a base point of Y . Prove that

π1(X × Y, (x0, x0)) ∼= π1(X,x0)× π1(X,x0)

8. Give an example of a space with a non–abelian fundamental group. Include a reasonably detailled
argument that shows that the fundamental group is not abelian.

2.(15) State the Borsuk–Ulam Theorem and use it to prove that at any time, there are two points on Earth
that are opposite to each other and they have the same temperature and barometric pressure.

3.(40) Suppose p : E → B is a continuous space. Let e0 be a point in E and b0 = p(e0).

1. Define what it means that p : E → B is a covering space.

2. State (without proof) the path lifitng property of p : E → B. Make sure to include the definition
of what a lifting is.

3. We say that a covering space p′ : E′ → B is universal if E′ is simply connected. If p′ : E′ → B is
universal, E is path connected and p : E → B is any covering space, show that there is exactly one
map φ : E′ → E, so that p′ = φ ◦ p.

4. (Extra credit for the remaining parts of the problem) Set g = cos
(
2π
5

)
+ i sin

(
2π
5

)
. So, g is a unit

complex number and g5 = 1. Define an equivalence relation on S3 = S(C2), the unit sphere in C2

by setting (z1, z2) ∼ (gkz1, g
2kz2) for k = 0, 1, 2, 3, or 4. Let L be the set of equivalence classes,

L = S3/ ∼. Show that the orbit map p : S3 → L is a covering map.

5. Using that S3 is simply connected, determine π1(L, b) for any base point b in L.

4.(50) The topic of this problem is the classification of closed surfaces.

1. Define the concept of a surface! What does it mean that it is closed?

2. List, up to homeomorphism, all of the closed surfaces.

3. Which invariants do you use to distinguish the surfaces.

4. What distinguishes the torus from the Klein bottle.

5. Show that the connected sum of two projective spaces is homeomorphic to the Klein bottle.

6. Outline the strategy for the classification of surfaces.


