
ALGEBRAIC REALIZATION OF A4 AND A5 ACTIONS

Abstract. Let G be the tetrahedral rotation group A4 or the icosahe-
dral rotation group A5. Then every closed smooth G manifold M has
a strongly algebraic model. This means, there exists a nonsingular real
algebraic G variety X which is equivariantly diffeomorphic to M and all
G vector bundles over X are strongly algebraic.

1. Introduction

Suppose G is a compact Lie group and Ω is a real G module. A real alge-
braic G–variety X is a G invariant common set of zeros of a finite collection
of polynomials from Ω to R, see Definition 2.2 or [19]. We use the term
nonsingular with its classical meaning, see [43] or [6, Section 3.3]. If M is a
closed smooth G–manifold and X is a nonsingular real algebraic G–variety
that is equivariantly diffeomorphic to M , then we say that M is algebraically
realized and that X is an algebraic model of M . We call X a strongly alge-
braic model of M if, in addition, all G vector bundles over X are strongly
algebraic. This means that the bundles are classified, up to equivariant ho-
motopy, by entire rational maps to equivariant Grassmannians with their
canonical algebraic structure, see Section 2.4. Exisiting results motivate

Conjecture 1.1. [22, p. 32] Let G be a compact Lie group. Then every
closed smooth G–manifold has a strongly algebraic model.

Our main result adds support to the conjecture.

Theorem 1.2. Closed smooth A4 and A5 manifolds have strongly algebraic
models.

In the past, for every k ≥ 2, we constructed an algebraic model for a one
fixed point action of A5 on a homotopy sphere of dimension 12k and a fixed
point free algebraic action of A5 on a variety diffeomorphic to R12k, see [21].
The study was motivated by Kambayashi’s Linearity Conjecture [26]. See
also [4] and [31].

Nash [30] asked whether every closed smooth manifold has an algebraic
model, and this was confirmed by Tognoli [39]. Benedetti and Tognoli [5]
showed that every closed smooth manifold has a strongly algebraic model.
See also the work of Akbulut and King, [1] and [2].

We have confirmed Conjecture 1.1 in special cases. They include the
case where the action of the group is semi–free and the case where G is
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the product of an odd order group and a 2–torus [22, Theorem B]. The
conjecture holds when G is cyclic, see [23], [18], and [24] and when G = D2q

is dihedral and q is not divisible by 4 [16].
Blow–ups (see Section 2.7) and the following special case of Conjecture 1.1

for one isotropy type actions help in a stepwise proof of Theorem 1.2.

Proposition 1.3. Let G be a compact Lie group and M a closed smooth G
manifold so that (H) is the only isotropy type of the action. If every irre-
ducible representation of H is the restriction of an irreducible representation
of NGH, then M has a strongly algebraic model.

Restated as Proposition 3.3 we prove the result in Section 3. Without the
representation theoretic assumption Suh proved the assertion if the index
of H in G is odd [37] and we proved it if G is cyclic [23]. Our discourse
borrows from [11].

Under favorable circumstances a classical result of Stong [35, Lemma 13.3]
reduces the algebraic realization problem to a problem for 2–groups:

Proposition 1.4. Suppose G is a finite group and G2 its Sylow 2–subgroup.
Closed smooth G manifolds, all of whose isotropy groups are of 2 power
order, have strongly algebraic models if all closed smooth G2 manifolds have
strongly algebraic models.

We provide details in Section 2.9.

1.1. Program Map. In summary our program works as follows. Start with
a closed smooth G manifold M . Let H be a maximal isotropy group of the
action. Hope that MH is a strongly algebraic NGH manifold. Blow up
M along MH , and its translates, and hope that the blow–up eliminates the
isotropy type. Iterate this process hoping that eventually all isotropy groups
are of 2–power order. Finally, hope that G2 manifolds are strongly algebraic
(e.g., G2 is cyclic or a 2–torus). If you can do all of this, then the initial G
manifold has a strongly algebraic model.

The program works for A4 and A5, and we proved a theorem.

2. Notation, Definitions, and Background Material

2.1. The lattice of subgroups of A5. We denote the cyclic group of order
m by Cm, the dihedral group with 2m elements by D2m, and the tetrahedral
group by T = A4. The lattice of the subgroups of G = A5, up to conjugacy,
is as follows:
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{1}

C2

D4=C2 × C2

A4=T

A5=G

C3 C5

D6 D10

Proposition 2.1. The normalizers of the subgroups of G are as follows:

(1) NGT = T and NGD2m = D2m for m = 3, 5.
(2) NGD4 = T and NGD4/D4 = C3.
(3) NGCm = D2m and NGCm/Cm = C2.

2.2. Real representations. See [34, 15]. Let V be a R vector space and
EndR(V ) the group of linear maps from V to itself. The group structure
is given by composition. Contained in EndR(V ) we have the general lin-
ear group GLR(V ), the subgroup consisting of invertible endomorphisms.
To avoid complications of no concern to us, we assume that V is of finite
dimension. Then EndΛ(V ) is easily topologized.

A real representation of a group G is a pair (V, θ) consisting of a real
vector space V and a continous group homomorphism θ : G → GLR(V ).
The map θ induces a linear action Θ : G × V → V of G on V by setting
Θ(g, v) = θ(g)(v). Abusing language slightly, we also refer to (V,Θ) as a
representation. We may write gv instead of θ(g)(v) and V instead of (V, θ)
if θ is understood. We may assume (and we do so from now on) that the
action of G preserves the standard inner product on Rn. This leads to the
idea of orthogonal or Euclidean representations.

There is a natural concept of a subrepresentation and the direct sum of
representations. A representation (V, θ) is said to be irreducible if V does
not have any proper nontrivial G invariant subspace. Given an irreducible
representation α of G, its group of endomorphisms EndR(V ) is a division
ring (Schur’s Lemma). We denote it by Dα. It is either R, C, or H.

2.3. Real algebraic varieties and entire rational maps. Let G be a
compact Lie group and Ω an orthogonal representation of G.

Definition 2.2. A real algebraic G variety is a G–invariant, common set of
zeros of a finite set of polynomials p1,. . . , pm : Ω→ R:

V = {x ∈ Ω | p1(x) = · · · = pm(x) = 0}.



4 ALGEBRAIC REALIZATION OF A4 AND A5 ACTIONS

We use the Euclidean topology on varieties and the term ‘nonsingular’ with
its standard meaning [43]. The action of G on V is the restriction of the
action on Ω.

Let V ⊆ Rn and W ⊆ Rm be real algebraic varieties. A map f : V → W
is said to be regular if it extends to a map F : Rn → Rm such that each of
its coordinates Fi = δi ◦ F : Rn → R is a polynomial. Here δi : Rm → R
is the projection on the i–th coordinate. We say that f is entire rational if
there are regular maps p : Rn → Rm and q : Rn → R, such that f = p/q on
V and q does not vanish anywhere on V .

These concepts generalize naturally to the equivariant setting.

2.4. Grassmannians and classification of G vector bundles. Let Ξ be
an orthogonal representation of G. Then EndR(Ξ) is a real representation
of G with the action given by

G× EndR(Ξ)→ EndR(Ξ) with (g, L) 7→ gLg−1.

Let d be a natural number. We set

GR(Ξ, d) = {L ∈ EndR(Ξ) | L2 = L, L∗ = L, traceL = d}(2.1)

ER(Ξ, d) = {(L, u) ∈ EndR(Ξ)× Ξ | L ∈ GR(Ξ, d), Lu = u}(2.2)

γR(Ξ, d) = (p : ER(Ξ, d)→ GR(Ξ, d))(2.3)

Here L∗ denotes the adjoint of L. If Ξ is of dimension n and one chooses an
orthogonal basis of Ξ, then EndR(Ξ) is canonically identified with the set of
n×nmatrices, and L∗ = Lt. This description specifiesGR(Ξ, d) and ER(Ξ, d)
as real algebraic G–varieties. These varieties are nonsingular. The map in
(2.3) is projection on the first factor, and γR(Ξ, d) is an equivariant vector
bundle. Its base and total space are nonsingular real algebraic varieties, and
the projection map is regular, hence entire rational.

Proposition 2.3. The variety GR(Ξ, d) is the Grassmannian consisting of
real subspaces of Ξ of dimension d.

Proof. A proof is given in [6, §3.4]. There is a bijection between subspaces of
Ξ and orthogonal projections. To a projection one associates its image. �

We may take larger and larger representations Ξ of G and form a direct
limit. We call Ξ a universe if it contains each irreducible representation
of G an infinite number of times. At the same time, we can take direct
limits of GR(Ξ, d), ER(Ξ, d) and γR(Ξ, d). If Ξ is a universe, then GR(Ξ, d)
is a classifying space for G vector bundles over nice space, like finite G CW
complexes. There is a 1− 1 correspondence between isomorphism classes of
real G vector bundles over X and equivariant homotopy classes from X to
GR(Ξ, d). The non–equivariant proof in [29, §5] generalizes easily. See also
[32, §2] and [40].
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For the purpose of classifying a finite collection of equivariant vector bun-
dles we make use of a product of such Grassmannians:

(2.4) G = GR(Ξ1, d1)× · · · ×GR(Ξk, dk).

Convention 2.4. We will say that G is sufficiently large if, dependent on
the context, k is as large as needed and each irreducible representation of
G occurs as often as needed, though finitely often, as a summand of Ξj ,
1 ≤ j ≤ k. The factors GR(Ξ, d), as well as G, are then nonsingular real
algebraic G varieties.

2.5. Strongly algebraic vector bundles. In our setting the preferred
concept of a vector bundle is the one of a strongly algebraic vector bundle.

Definition 2.5. A strongly algebraic G vector bundle over a real algebraic
G variety is a bundle whose classifying map to GR(Ξ, d) is equivariantly
homotopic to an entire rational map. Occasionally, we think of G vector
bundles as equivariant maps to a Grassmannian GR(Ξ, d). Then we need to
allow stabilization of Ξ.

2.6. Results from the literature. We will use:

Proposition 2.6. [22, Proposition 2.13] Let G be a compact Lie group and
M a closed smooth G–manifold. Suppose that for every finite collection of
G vector bundles over M there is an algebraic model X, such that each
bundle in this collection, pulled back over X, is strongly algebraic. Then M
has an algebraic model over which all G vector bundles are strongly algebraic.

Convention 2.7. Suppose Y is a nonsingular real algebraic G variety. It
is convenient to call µ : X → Y an algebraic map if X is a nonsingular
real algebraic G variety and µ is entire rational. Suppose M is a closed
smooth G manifold and f : M → Y is equivariant. We call an algebraic
map µ : X → Y an algebraic model of f : M → Y if there is an equivariant
diffeomorphism Φ : M → X so that f is equivariantly homotopic to µ ◦ Φ.

Theorem 2.8. [22, Theorem C] Let G be a compact Lie group. An equi-
variant map from a closed smooth G manifold to a nonsingular real algebraic
G–variety has an algebraic model if and only if its cobordism class has an
algebraic representative.

We use N to denote unoriented bordism. If G is a compact Lie group,
then NG denotes unoriented equivariant bordism. If Z is a G spaces then
NG(Z) denotes unoriented bordism classes of equivariant maps to Z. As in
[13] or [35, 36] we can impose specific properties and restrictions. Let S(G)
be the set of subgroups of G and H ⊆ S(G). We say that a G manifold M
is of type H if the isotropy group Gx belongs to H for all x ∈ M . If we
insist that the domains of representatives of bordism classes in NG

∗ (Z), as
well as the bordisms between them, are of type H, then we write NG

∗ [H](Z).
With this our strongly algebraic realization problem reduces to a bordism
problem:
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Theorem 2.9. Every closed smooth G manifold of type H and dimension m
has a strongly algebraic model if for all G as in 2.4 every class in NG

m [H](G)
has an algebraic representative.

2.7. Blow–ups. Let G be a compact Lie group, M a closed smooth G
manifold, and N a G submanifold of M with normal bundle ν = ν(N,M).
Let R be the product bundle with fibre R. Taking projective spaces of the
fibres we obtain a projective bundle RP (ν ⊕ R). We may identify M and
RP (ν⊕R) along a neighborhood of N that is contained in M and RP (ν⊕R).
The result is commonly called the blow–up of M along N , see [25, pp. 175–
176] and [35, p.41]. We denote it by B(M,N). By construction B(M,N) is
equivariantly cobordant to M t RP (ν ⊕ R). In [24] we proved

Proposition 2.10. If N and B(M,N) have strongly algebraic models, then
so does M .

The blow–up process has been used in many instances [19, 22, 24, 41] to
simplify isotropy structures, up to bordism, and bordism calculations. We
will make extensive use of the proposition.

2.8. Isotropy types and induction. Suppose G acts on M and H = Gx
is the isotropy group of the action at a point x ∈ M . The isotropy groups
of a continuous action on a Hausdorff space will be closed subgroups and
Ggx = gHg−1 for all g ∈ G. If H is a subgroup of G, then we denote by
(H) the set of all subgroups of G that are conjugate to H. The action of the
group G on M is said to be of isotropy type (H) if Gx ∈ (H) for all x ∈M ,
see [9, p. 42].

Suppose G is a group and H a subgroup. If we are given a G space or a
G equivariant map, we can restrict the action (ResHG ) and obtain H data.

Given an H space or an H equivariant map we can apply indiction (IndGH)
to obtain G data. In this section we will conclude:

Theorem 2.11. Suppose G is a compact Lie group and H a closed subgroup.
If X is a strongly algebraic model of an H manifold M , then IndGH X is a
strongly algebraic model of the G manifold IndGHM .

To follow up with definitions, let X be an N space and f : X → Y an N
equivariant map. Then we define

(2.5) IndGH := G×H X and IndGH(f) : IndGH X → IndGH Y.

Elements of G ×N X are equivalence classes [g, x] of pairs (g, x) ∈ G × X
where (gh, x) ∼ (g, hx) for all h ∈ N . The group G acts on G ×N X by
left multiplication on the first factor. The formula for the induced map is
IndGN (f)[g, x] = [g, f(x)]. The constructions ResHG and IndGH are functorial.

Suppose Y is a G space. Then we have the following variant of induction:

(2.6) indGH(f) : IndGH X → Y where indGH(f)[g, x] = gf(x).

Actually, we have a natural projection q : G ×H Y → G ×G Y ≈ Y and
indGN (f) = (q ◦ IndGN )(f).
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If X is a smooth H manifold, then IndGH X is a smooth G manifold [9].
If G is a compact Lie group and H is a closed subgroup of finite index, we
showed in [19, Section 3] that the process can be applied in the real algebraic
setting. More generally, see [38, Corollary 1.4], [20, Corollary 7.3], [42], and
[22, Proposition 2.8]:

Theorem 2.12. Suppose G is a compact Lie group, H a closed subgroup,
and X a real algebraic H variety. Then G×H X has the structure of a real
algebraic G variety and the stucture is uniquely determined by the structure
of X as a real algebraic H variety. If X is nonsingular, then so is G×H X.

If f : X → Y is an H equivariant entire rational map between H varieties
then IndGH(f) : IndGH X → IndGH Y is a G equivariant entire rational map
between G varieties. If Y is a real algebraic G variety, then indGH(f) :
IndGH X → Y is entire rational.

Induction can be applied to vector bundles. Let ξ be an H vector bundle
of dimension d over X. Let Ξ0 be a large representation of H. We assume,
without loss of generality, that Ξ0 is the restriction of a representation Ξ ofG.
Note that ResGH GR(Ξ, d) = GR(Ξ0, d). Classify ξ by an H equivariant map

χ : X → GR(Ξ0, d). We define the induced bundle IndGH ξ over IndGH X to be
the bundle classified by indGH(χ). If ξ is a strongly algebraic N vector bundle
over the real algebraic N variety X, then IndGH ξ is a strongly algebraic G
vector bundle over the G variety IndGH X.

Proof of Theorem 2.11. The first part of Theorem 2.12 tells us that if X is
an algebraic model of M , then IndGH X is an algebraic model of IndGHM .

Let ξ be a G vector bundle over IndGH X. By construction X ⊆ IndGH X,
and ξ restricts to an H vector bundle ξ0 = ξ|X over X. By assumption ξ0 is a

strongly algebraic H vector bundle. It follows that ξ = IndGH ξ0 is a strongly
algebraic G vector bundle over IndGH X. As this procedure works for any G
vector bundle over IndGH X we see that IndGH X is a strongly algebraic model
of IndGHM . �

The following special case enters our construction repeatedly. Supppose a
compact Lie group G acts smoothly on a manifold M and the only isotropy
type is (H), then

(2.7) M = G×NGH MH .

This is a smooth version of an observation of Borel, see [8, Chapter XII] and
[9, p. 89].

2.9. Proof of Proposition 1.4. We would like to apply a result of Stong
[35, Lemma 13.3]. The setup is as follows. We are given a group G and a
subgroup H. We are given a family F of subgroups of G and a subfamily
F′ of F. We can restrict actions of G to actions of H and we can induce
H actions to G actions (see (2.6)). Intersecting the groups in F with H
gives us the family FH . There is a map j that makes (FH ,F

′
H) conjugation
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invariant and then embeds it into (F,F′), see page 27 of [35]. As domain
for the bordism groups Stong has a pair (X,A). We get by with a single
space G, which will be the space in (2.4). The assertion of Stong’s lemma
is that, under appropriate assumptions, the composition of restriction and
induction

(2.8) NG
∗ [F,F′](G)

ResHG−−−−→ NH
∗ [FH ,F

′
H ](G)

j◦indGH−−−−→ NG
∗ [F,F′](G)

is the identity.
Our choice is that H = G2 is the Sylow 2–subgroup of G, F = S(H)•

is the set of all subgroups of H and their conjugates, and F′ = ∅. The
conclusion is that

j ◦ indGH : NH
∗ [FH ](G) −→ NG

∗ [F](G)

is surjective. If classes in NH
∗ [S(H)](G) have algebraic representatives, then

so do classes in NG
∗ [F](G), see Theorem 2.12. This completes the proof of

Proposition 1.4.
We like to verify that with our choices the assumptions of Lemma 13.3

in [35] hold. Stong’s first assumption is that H is of odd index in G. This
holds because H = G2 is the Sylow 2–subgroup of G. The group u2(H) is
defined on page 24 of [35]. It is generated by elements in H of odd order. In
our siituation u2(H) is trivial, and so is the collection C of all conjugates of
u2(H). Stong requires F′ ⊂ F to be quasi–equivalent with respect to C, see
[35, p. 16f]. By definition C is conjugation invariant. The second property
calls for K,K ′ ∈ C with K 6= K ′, which do not exist in our situation. Finally,
if L ∈ F \ F′, then there must be a K ∈ C with K ⊂ L. The group K = {1}
will do.

3. Proof of Proposition 1.3

The following proposition addresses the algebraic realization problem
without bundles.

Proposition 3.1. Let G be a compact Lie group. If G acts smoothly on a
closed manifold M with a single isotropy type (H), then M has an algebraic
model.

Proof. The action of NH on the H fixed point set MH induces a free action
of NH/H on it. According to [19], there is an algebraic model for the free
NH/H manifold MH . This means that there is an algebraic model for the
NH manifold MH as well.

Induction provides an algebraic model for IndGNHM
H = G×NHMH , see

[20, 38], and there is a natural equivariant diffeomorphism G×NHMH →M ,
see (2.7). Hence the G manifold M has an algebraic model. �

Remark 3.2. Under the assumptions of the proposition we have shown in
[22] that the free NH/H manifold MH has a strongly algebraic model. We
do not know that the NH manifold MH has a strongly algebraic model.
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The desired conclusion (previously Proposition 1.3) of this section is:

Proposition 3.3. Let G be a compact Lie group and M a closed smooth G
manifold. Suppose that G acts smoothly on M with a single isotropy type
(H) and that every irreducible representation of H is the restriction of an
irreducible representation of NGH. Then M has a strongly algebraic model.

There are two extreme cases. If the action is trivial (H = G) the assertion
of Proposition 3.3 follows from results of Segal [32]. Strictly speaking, we
need a result on vector bundles instead of Segal’s result about K–theory.
We also need the real case. Segal only mentions it after treating the complex
case, see [32, p. 134]. We will provide details as part of our proof.

At the other extreme, the action is free (H = 1). In this case we proved
Proposition 3.3 in [22, Theorem B (2)]. It is tempting to use a result of
Atiyah, see [3, p. 36]. There is a 1–1 correspondence between equivariant
vector bundles over M and nonequivariant bundles over M/G via the pull
back construction. The problem is, the algebraic and geometric quotients
may not agree [20], the geometric quotient map is not entire rational, and
we would not have an argument.

We review known results before we extend them. Let Λ be R, C, or H.
Let G be a compact Lie group. We adopt the standard notion of equivariant
Λ vector bundles [3, 32]. For a G space X we denote the isomorphism classes
of Λ–G vector bundles over X by VectΛ

G(X).
Suppose we are given a complex representation α of G and a complex

vector bundle ξ over X. Denote the product bundle with fibre α by α. Set

(3.1) µ(α, ξ) = α⊗C ξ.

Denote the complex equivariant K–theory of X by KG(X) and the com-
plex representation ring of G by R(G). A classical result asserts (see [32,
Proposition (2.2)]

Proposition 3.4. If X is a trivial G space the natural map

(3.2) µ : R(G)⊗K(X)→ KG(X)

is an isomorphism of rings.

Let IrrC(G) be the set irreducible representations of G. Then the map in
Proposition 3.4 is induced by

(3.3) µ : IrrC(G)×VectC(X)→ VectCG(X).

We will be concerned with the real situation. Denote the set of real
irreducible representations by IrrR(G). We decompose IrrR(G) into a disjoint
union of sets IrrR(G,Λ), where Λ is R, C, or H and α ∈ IrrR(G,Λ) if the
division ring associated with α is Λ, i.e., Dα = Λ (see Section 2.2). Given a
pair (α, ξ) ∈ IrrR(G,Λ)×VectΛ(X) we assign to it a real vector bundle

(3.4) µ(α, ξ) = α⊗Λ ξ.
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This construction results in a map

(3.5) µ :
⊔
Λ

[
IrrR(G,Λ)×VectΛ(X)

]
→ VectRG(X).

Let RR(G,Λ) denote the free abelian group generated by IrrR(G,Λ). De-
note real K–theory by KO and symplectic K–theory (for quaternion bundles)
by KSp. Segal states (see [32, p. 134]):

Proposition 3.5. If G acts trivially on X, then the map

RR(G,R)⊗KO(X)⊕RR(G,C)⊗K(X)⊕RR(G,H)⊗KSp(X)→ KOG(X)

induced by µ is an isomorphism.

The proofs of Proposition 3.4 and 3.5 proceed by finding an inverse η to
the construction of µ. Let ξ be a G vector bundle over a space X with
trivial action of G and α an irreducible representation of G. We write ξα
for its α–isotypical component, that is the largest equivariant subbundle of
ξ whose fibres are multiples of α.

Suppose V is a representation of G, α is an irreducible representation of
G and HomG(α, V ) is the Dα vector space of G equivariant homomorphisms
from α to V . The α–isotypical component of V is Vα = α⊗Dα HomG(α, V ).
The isotypical decomposition of V is

(3.6) V ∼=
⊕

α∈IrrR(G)

α⊗Dα HomG(α, V ).

The construction is a continuous functor of vector spaces, see [29, §3], and
can be applied to equivariant vector bundles yielding an isotypical decom-
position of a G vector bundle:

(3.7) ξ ∼=
⊕

α∈IrrR(G)

α⊗Dα HomG(α, ξ)

The construction η, that induces the inverse to µ in Propositions 3.4 and
3.5, assigns to a G vector bundle ξ a collection of pairs

(3.8) η(ξ) =
{

(α,HomG(α, ξ))
}

These pairs are elements in the disjoint union in (3.5).
The functorial construction in (3.7) yields:

Proposition 3.6. Let N be a compact Lie group and H E N a normal
subgroup. Let Y be a N space so that Ny = H for all y ∈ Y and ξ a N
vector bundle over Y . Suppose that all irreducible representations of H are
restrictions of irreducible representations of N . Then

(3.9) ξ ∼=
⊕

α∈IrrR(H)

α̂⊗Dα HomH(α̂, ξ)

where α ranges over the irreducible representations of H and α̂ is a repre-
sentation of N that restricts to α.



ALGEBRAIC REALIZATION OF A4 AND A5 ACTIONS 11

Proof. The bundle ξ decomposes into a direct sum of its isotypical compo-
nents ξα and we have an isomorphism

Φ : α̂⊗Dα HomH(α̂, ξ)→ ξα

by setting Φ(v ⊗ f) = f(v). The action of N on α̂ ⊗Dα HomH(α̂, ξ) is
diagonal, g(v ⊗ f) = (gv) ⊗ (gf). The action of N on HomH(α̂, ξ) is via
conjugation, (gf)(v) = gf(g−1v). With these definitions it follows that Φ is
equivariant.

It follows from (3.6) that Φ is an isomorphism fibrewise. This implies
that Φ is an isomorphism. �

The assumption that irreducible representations of H are restrictions of
irreducible representations of N is essential, and only satisfied under favor-
able circumstances. It is one of the delicate points in [11] that is studied in
[12].

Remark 3.7. The conceptual importance of (3.7) and (3.9) is that the sum-
mands of ξ are products. The first factor is a product Dα–line bundle. The
second factor HomH(α̂, ξ) is a Dα vector bundle.

Proof of Proposition 3.3. The induction functor preserves the property of
being strongly algebraic, see Theorem 2.11. Hence Proposition 3.3 is equiv-
alent to its special case where G = NGH and M = MH .

Recall that WH = NH/H acts freely on MH . In [22] we proved that
under this assumption the WH–manifold has a strongly algebraic model X.
All real WH bundles over X are classified by maps that are WH equivari-
antly homotopic to entire rational maps. A review of the proof in [22] show
that there is an algebraic model X for MH so that all real, complex, and
quaternion bundles over X are strongly algebraic. Denote the diffeomor-
phism by Φ : X →MH .

The Dα–bundles Φ∗(HomH(α̂, ξ)) will be strongly algebraic, as well as the
product bundle α̂, and their tensor product α̂ ⊗Dα Φ∗(HomH(α̂, ξ)). The
direct sum of strongly algebraic bundles is strongly algebraic [22], hence any
bundle ξ over MH pulls back to a strongly algebraic bundle over X. Thus
MH as well as M has a strongly algebraic model. �

4. Proof of Theorem 1.2 for G = A5

We use blow–ups to reduce the until Proposition 1.4 completes the argu-
ment. Suppose A5 acts smoothly on the closed manifold M .

Step 1 (Eliminate the A5 fixed point set): We blow up M along MG

and denote the result by M1 = B(M,MG). Let x ∈ MG and νx(MG,M)
the fibre of the normal bundle of MG in M at x. It has no G invari-
ant line, as otherwise G would have a normal index 2 subgroup. Hence
RP (νx(MG,M)⊕R) has a single G fixed point and the blow–up along MG

gets rid of the G fixed point set. In other words, MG
1 = ∅.
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According to Proposition 3.3, MG has a strongly algebraic model and
Proposition 2.10 implies that M has a strongly algebraic model if M1 does.
We reduced the proof of Theorem 1.2 to the case where the G fixed point
set is empty.

Step 2 (Eliminate the C5 fixed point set): Set M
(C5)
1 = GMC5

1 . It is the
C5 fixed point set of M1 together with its translates under the action of G.
In the absence of a G fixed set M (C5) is a G invariant submanifold of M1.

We blow up M1 along M
(C5)
1 . Set M2 = B(M1,M

(C5)
1 ). The fibre νx of

ν(M
(C5)
1 ,M1) at any point x ∈M (C5)

1 is a representation of C5 and does not
contain a C5 invariant real line. Hence RP (νx⊕R) has a single fixed point.
The blow–up gets rid of the C5 fixed point set, and its translates. In other
words, MC5

2 = MD10
2 = ∅.

The action of A5 on M1 restricts to a D10 action on MC5 . In [16] we

showed that MC5
1 with its D10 action has a strongly algebraic model. We

apply (2.7) to see that

M
(C5)
1 = IndGD10

MC5
1 = A5 ×D10 M

C5
1 .

Proposition 2.11 tells us that M
(C5)
1 has a strongly algebraic model as an

A5 manifold. Proposition 2.7 tells us that M1 (as well as M) has a strongly
algebraic model if M2 does. We reduced the proof of Theorem 1.2 to the
case where the G, C5 and D10 fixed point sets are empty.

Step 3 (Eliminate the C3 fixed point set): This step is equal to Step 2. We

blow up M2 along M
(C3)
2 and set M3 = B(M2,M

(C3)
2 ). By now we reduced

the proof of Theorem 1.2 to the case where the G, C5, D10, C3 and D6 fixed
point sets are empty.

Step 4 (Eliminate the T = A4 fixed point set): The normalizer of T in

G is T itself and M
(T )
3 = GMT

3 is a G invariant submanifold of M3. Set

M4 = B(M3,M
(T )
3 ). Let ν = ν(M3,M

T
3 ) be the normal bundle of MT

3 in
M3. At any given point x ∈MT

3 the action of T on νx does not leave a real
line invariant, as A4 = T does not have an index 2 normal subgroup. Thus
RP (νx ⊕ R) has a single fixed point. The blow–up eliminates the T fixed
point set, as well as its translates under the action of G.

Observe that the NT = T manifold MT
3 has a strongly algebraic model

because the group action is trivial [22, Theorem B]. It follows from Theo-

rem 2.12 and (2.7) that the G manifold M
(T )
3 = G ×T MT

3 has a strongly
algebraic model. As we blew up along a manifold with a strongly algebraic
model, M3 has a strongly algebraic model if M4 does.

By now we reduced the proof of Theorem 1.2 to the case where the
only isotropy groups of the action are of 2 power order. According to
Proposition 1.4, the A5 manifold M4 has a strongly algebraic model if the
K = Z2 × Z2 = (A5)2 manifold ResKG M4 has such a model. The latter is
true due to [22, Theorem B]. We have shown that the G = A5 manifold M
has a strongly algebraic model, and our proof is complete.
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5. Proof of Theorem 1.2 for G = A4

The proof of Theorem 1.2 for G = A4 is just like the one when G = A5,
only a few steps are omitted.
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