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Abstract. Suppose G is a finite cyclic group and M a closed smooth
G–manifold. We will show that there is a nonsingular real algebraic G–
variety X that is equivariantly diffeomorphic to M so that all G–vector
bundles over X are strongly algebraic.

1. Introduction

Throughout, G is a compact Lie group and Ω a real representation of G.
A real algebraic G–variety, see [10], is a G invariant set

X =
{
x ∈ Ω

∣∣ p1(x) = · · · = pn(x) = 0
}

that is the set of common zeros of a finite family of polynomials pj : Ω→ R,
1 ≤ j ≤ n. The term nonsingular is used with its classical meaning, see [29]
or [4, Section 3.3]. If M is a closed smooth G–manifold and X is a nonsingu-
lar real algebraic G–variety that is equivariantly diffeomorphic to M , then
we say that M is algebraically realized and that X is an algebraic model of
M . We call X a strongly algebraic model of M , if, in addition, all G–vector
bundles over X are strongly algebraic. This means that the bundles are
classified, up to equivariant homotopy, by entire rational maps to equivari-
ant Grassmannians with their canonical algebraic structure. Existing results
lead us to believe

Conjecture 1.1. [13, p. 32] Let G be a compact Lie group. Then every
closed smooth G–manifold has a strongly algebraic model.

Our principal result confirms the conjecture in a special case.

Theorem 1.2. Let G be a finite cyclic group. Then every closed smooth
G–manifold has a strongly algebraic model.

1.1. Short History. J. Nash [20] posed the algebraic realization problem
for closed smooth manifolds, and this problem has an affirmative answer,
see Tognoli [26] and Akbulut-King [1], [2]. For cyclic groups G we showed
that closed smooth G–manifolds are algebraically realized, see [11]. See [10]
for other results on the equivariant algebraic realization problem.
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The tangent bundle of a nonsingular real algebraic variety is strongly
algebraic, see [4, p. 260]. Then, instead of algebraically realizing a manifold
together with one specific bundle, it is natural to try and algebraically realize
the manifold with all of its bundles. That this is possible is Conjecture 1.1.
Benedetti and Tognoli [3] proved this conjecture in the case where G is
the trivial group. Conjecture 1.1 is true if G is a product of an odd order
group with a 2–torus, see [13, Theorem B]. This implies Theorem 1.2 in the
special case where G is a cyclic group whose order is twice an odd number.
Conjecture 1.1 is also true if G is a compact Lie group and the action on M
is semifree, see [13], or if G is cyclic and the action on the manifold has only
one isotropy type, see [14]. Hanson [15] proved a result like Theorem 1.2 for
Z4–manifolds with one vector bundle. For a more extensive history see [14].

1.2. Reduction. Blow-ups may be used to simplify the isotropy structure
of a G–manifold [28] and reduce the algebraic realization problem.

Definition 1.3. Suppose G is cyclic. We call a G–manifold M iso–special
if locally the action on M has one or two isotropy types. If, locally, the
action has isotropy groups K and H, with K ⊂ H, then we require that the
H–fixed set is of codimension 1 in the K–fixed set.

Definition 1.3 is a special case of Definition 4.2, where the acting group is
allowed to be finite abelian. Initially Wasserman [28] used the term simple
instead of iso–special that we use here. In Section 4 we will show:

Proposition 1.4. Let G be an abelian group and assume that all closed
smooth iso-special G–manifolds have strongly algebraic models. Then all
closed smooth G–manifolds have strongly algebraic models.

Reformulated in bordism theoretic terms as Proposition 5.1, we will prove:

Theorem 1.5. Let G be a cyclic group. Then every iso–special closed
smooth G–manifold has a strongly algebraic model.

With these two results at hand, we have a

Proof of Theorem 1.2. If G is cyclic, then Theorem 1.5 confirms the assump-
tions of Proposition 1.4, and with this Theorem 1.2 is proved. �

Generalizations of Theorem 1.5 will result in generalizations of Theo-
rem 1.2. The following result is not only a special case of Theorems 1.2 and
1.5, but also an essential ingredient in the proof of Theorem 1.5. Suh [25]
proved Theorem 1.6 if the isotropy groups are of odd index in G.

Theorem 1.6. [14] Suppose G is a cyclic group and M is a closed smooth
G–manifold, such that locally the action has only one isotropy type. Then
M has a strongly algebraic model.
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1.3. Organization of the Paper. In Section 2 we will recall basic defini-
tions and provide background material. In Section 3 we recall blow-ups and
in Section 4 we prove Proposition 1.4. With this the proof of our main result
has been reduced to the proof of Theorem 1.5. This assertion is reformulated
bordism theoretically as Theorem 5.1.

Throughout Section 5 we apply results from bordism theory to reduce
Theorem 5.1. We strip away inessential aspects to come to the core of
the problem. All steps, except the adjustment of the action on fibres in
Section 5.2, are routine equivariant bordism arguments. The reductions are
summarized in Section 5.9.

In the classical non–equivariant situation Tognoli reduced the algebraic re-
alization problem to a bordism problem [26]. Previously Milnor [18] had pro-
vided generators for unoriented bordism and their algebraic nature showed
that all closed smooth manifolds have algebraic models.

In Sections 6 and 7 we calculate invariants for the relevant subgroup of
the bordism group. In [9] we constructed algebraically realized generators
for the subgroup in a very special situation where G = H = Z4, K = Z2

and we have just one bundle. In Section 8 we employ various techniques
to deduce our general algebraic realization assertion form this very special
case.

The first named author would like to thank Michigan State University
and the Universität Bonn for their hospitality.

2. Basic Definitions and Background Material

2.1. Morphisms and Algebraic Models. Let X ⊆ Rm and Y ⊆ Rn
be varieties and h : X → Y . We call h regular if it extends to a map
P : Rm → Rn and each coordinate of P is polynomial:

Rm P−−−−→ Rn

⊆
x x⊆
X

h−−−−→ Y

We call h entire rational, if it extends to F = P/q, so that P is regular, and
q is a nowhere vanishing polynomial.

Let Y be a nonsingular real algebraic G–variety. We call h : X → Y
an algebraic map if X is a nonsingular real algebraic G–variety and h is
an equivariant entire rational map. Let f : M → Y be an equivariant
map from a closed smooth G–manifold M to Y . We call an algebraic map
(X,h) an algebraic model of (M,f) if there is an equivariant diffeomorphism
Φ : X →M , so that f ◦ Φ is equivariantly homotopic to h.

2.2. Grassmannians and vector bundles. Let Ω be a real G–module.
Denote the Grassmannian of real subspaces of Ω of dimension d by GR(Ω, d).
One may write down polynomial equations that describe GR(Ω, d) as a non-
singular real algebraic G–variety, see [4] or [10]. Pick a G–invariant inner



4 KARL HEINZ DOVERMANN AND ARTHUR G. WASSERMAN

product and an orthonormal basis for Ω. Identify a subspace V of Ω with
the matrix of the orthogonal projection onto V . If n = dim Ω and Mn×n

R is
the set of real n× n matrices, then

(2.1) GR(Ω, d) =
{
L ∈Mn×n

R | L2 = L, Lt = L, and traceL = d
}
.

The action of G on Ω sends subspaces to subspaces and induces an action
on GR(Ω, d). The action of G on projection operators is via conjugation.

There is a canonical bundle γR(Ω, d) over GR(Ω, d). Its total space is

(2.2) ER(Ω, d) = {(L, v) ∈ GR(Ω, d)× Ω | Lv = v} ,

and the map from ER(Ω, d) to GR(Ω, d) is projection on the first factor. The
action of G on GR(Ω, d) and on Ω combine to an action on ER(Ω, d), and
the projection is equivariant and regular.

For sufficiently large Ω, one may use GR(Ω, d) as a classifying space for
G–vector bundles over G–CW complexes, i.e., isomorphism classes of G–
vector bundles are in 1–1 correspondence with equivariant homotopy classes
of maps to GR(Ω, d). How large Ω needs to be, i.e., with which multiplicity
each irreducible representation χ of G needs to occur as a summand of Ω,
depends on the dimension of the base space for the bundle and its fibre. Still,
if Ω is a summand of Ω′ and Ω is sufficiently large for a specific situation,
then so is Ω′, see [27, §2]. In any specific situation we can assume Ω to be
of finite dimension. Eventually, in Sections 5.3 and 5.4, we will tailor Ω to
our needs.

Definition 2.1. A vector bundle is said to be strongly algebraic if its classi-
fying map is entire rational, up to homotopy. At times we identify bundles
with their classifying maps. Then strongly algebraic bundle just means ho-
motopic to an entire rational map.

To simultaniously classify a collection of k G–vector bundles of dimensions
d1, . . . , dk we set

(2.3) G = GR(Ω1, d1)× · · · ×GR(Ωk, dk)

Convention 2.2. We say that G is sufficiently large if each of its factors
GR(Ωj , dj) classifies G–vector bundles of dimension dj in a situation usually
understood from context.

Convention 2.3. At times Y is, in a natural way that is understood from
context, a direct limit of varieties Y1 ⊆ Y2 ⊆ Y3 ⊆ · · · . In this case we
call f : X → Y entire rational (algebraic) if it factors entire rationally
(algebraically) through some Yk.

Consider a closed smooth G–manifold M together with G–vector bun-
dles ξ1, . . . ξk over M . We say that (M, ξ1, . . . , ξk) has an algebraic model
if there exists a nonsingular real algebraic G–variety X and an equivariant
diffeomorphism Φ : X →M , so that Φ∗ξ1, . . . , Φ∗ξk are strongly algebraic.
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We call (X,Φ∗ξ1, . . . ,Φ
∗ξk) the algebraic model for (M, ξ1, . . . , ξk). Alter-

natively, we can ask for an algebraic model for a manifold together with a
map to a sufficiently large G as in (2.3).

2.3. Components of GR(Ω, d)L. In [10, §10] and [14] we analyzed the fixed
point structure of GR(Ω, d). Given a representation Ω of G and a represen-
tation V of L ⊆ G of dimension d, we define

(2.4) GR(Ω, V ) = {U ∈ GR(Ω, d) | U ∼=L V },
where ∼=L means isomorphic as representations of L. In [10, §10] we spelled
out polynomial equations that describe GR(Ω, V ) as a real algebraic variety.
There is a one–to–one correspondence between the representations of L that
are summands of ResL Ω and the components of GR(Ω, d)L.

We can decompose the components GR(Ω, d)L as products. Let E be an
index set for the irreducible representations αε of L, ε ∈ E . Express V as a
sum of multiples of irreducible representations V =

∑
aεαε, with ε ∈ E . Let

Ωε be the summand of Ω that restricts to a multiple of αε. Then

GR(Ω, V ) =
∏
ε∈E

GR(Ωε, aεαε).

Proposition 2.4. If G is abelian, L is a subgroup of G, and GR(Ω, d) is
as above, then the components of GR(Ω, d)L, as well as their factors, are
G–invariant.

More generally, let G = GR(Ω1, d1) × · · · × GR(Ωk, dk) be a product of
Grassmannians as in (2.3) and V1, . . . , Vk of representations of L with
dimVj = dj . Define coefficients ajε by writing each representation Vj as a
sum of multiple of the irreducible representations of L:

(2.5) Vj =
∑
ε∈E

ajεαε.

The collection of the Vj ’s determines a component F of GH :

(2.6) F =
k∏
j=1

GR(Ωj , Vj) =
k∏
j=1

∏
ε∈E

GR(Ωj,ε, ajεαε).

We will suppress the dependence of F on the coefficients ajε.

2.4. Background Material from the Literature. The results in this
section hold when G is a compact Lie group. The first one says that algebraic
realization problems reduce to bordism problems.

Theorem 2.5. [13, Theorem C] An equivariant map from a closed smooth
G–manifold to a nonsingular real algebraic G–variety has an algebraic model
if and only if its cobordism class has an algebraic representative.

The second result reduces the strong algebraic realization problem to one
for finite collections of bundles.
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Proposition 2.6. [13, Proposition 2.13] A closed smooth G–manifold M has
a strongly algebraic model if and only if, for any finite collection {ξ1, . . . , ξk}
of G–vector bundles over M , there is an algebraic model for (M, ξ1, . . . , ξk).

The proof of the proposition uses that the equivariant K-theory of M is
finitely generated as a module over the representation ring R(G), and that
one may apply the basic constructions of direct sum ⊕, tensor product ⊗,
and taking orthogonal complements ⊥ to strongly algebraic vector bundles
and obtain a strongly algebraic vector bundle as result.

Suppose that G is sufficiently large for manifolds of dimension m, see (2.3)
and Convention 2.2. In view of Proposition 2.6 we use a map χ : M → G so
that χ is the product of classifying maps for a set of bundles that generate
the equivariant K–theory of M and apply Theorem 2.5 to (M,χ). As a
consequence we find

Proposition 2.7. A closed smooth G–manifold M of dimension m has a
strongly algebraic model if for any sufficiently large G and any equivariant
map χ : M → G its bordism class [M,χ] ∈ NG

m(G) has an algebraic model.

We will occasionally refer to another useful observation:

Proposition 2.8. If M is the disjoint union of a finite number of closed
smooth G–manifolds and each of them has a strongly algebraic model, then
so does M .

For the next result, recall the construction of the projective bundle. Let
ξ = (E → B) be a G–vector bundle with classifying map β : B → GR(Ξ, k).
The total space of the associated projective bundle is:

(2.7) RP (ξ) =
{

(x, T ) ∈ B ×GR(Ξ, 1) | (Id−β(x))T = 0
}
.

At times we write RP (E) for RP (ξ). The definition of RP (ξ) is the
familiar one, with subspaces being replaced by orthogonal projection onto
these spaces. The equation (Id−β(x))T = 0 expresses that imβ(x) ⊇ imT .
In words, β(x) projects orthogonally onto a subspace of Ξ, and T projects
orthogonally onto a line that is contained in the subspace.

Proposition 2.9. [10, Proposition 5.2] If ξ is a strongly algebraic G–vector
bundle, then its projectivization RP (ξ) is a projective G–fibre bundle with
a real algebraic G-variety as total space and an entire rational projection.
If the base space B is nonsingular, then so is the total space RP (ξ) of the
bundle.

2.5. Adjustment tool. In [13, Section 4] we constructed a bundle that
will be instrumental in this paper. In Section 5, specifically in the proof of
Proposition 5.6, we use it to adjust fibres of bundles. As usual, G is a cyclic
group, H a subgroup, and K a subgroup of index 2 in H. Let ρ : E → B
be a G–vector bundle classified by β : B → GR(Ξ, k). Projection on the

second factor defines a map β̃ : RP (ρ) → GR(Ξ, 1). Use β̃ to pull back the
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canonical line bundle γR(Ξ, 1) over GR(Ξ, 1). Its total space is

Q(E) =
{

(x, T, v) ∈ B ×GR(Ξ, 1)× Ξ | (Id−β(x))T = 0 & Tv = v
}
.

The result is a G–line bundle

(2.8) L(ρ) = (Q(E)→ RP (E)).

Some readers will think of L(ρ) as the line bundle associated to the 2–fold
cover S(E)→ RP (E).

Lemma 2.10. [13, Lemma 4.1] If ρ is a strongly algebraic vector bundle,
then so is L(ρ). The fibre of L(ρ) over a point (x, T ) ∈ RP (Eρ) is

(2.9) L(ρ)(x,T ) = β̃(x, T ) = T ⊆ βx.

Proof. That L(ρ) is strongly algebraic is true by construction. The contain-
ment in (2.9) should be understood on the space level, namely that

T (Ξ) ⊆ βx(Ξ) = ρx,

and it holds by construction as well. �

Let M be an iso–special G–manifold with isotropy groups H and K.
Suppose that F is a union of componenets of MH that is G–invariant. We
let R denote the product bundle with R as fibre. We denote by R− the
nontrivial representation of real dimension 1. A generator of the group
acts by multiplication with −1. Denote the normal bundle of F in M by
ν = ν(F,M) and set ρ = R ⊕ ν. Consider the total space RP (Eρ) of the
associate projective bundle, see (2.7). Let L(ρ) be the line bundle that we
constructed in (2.8). Then

(1) RP (Eρ)
H = F0 t F∞ = {(b,R⊕ 0) | b ∈ F} t {(b, 0⊕ νb) | b ∈ F}

(2) L(ρ)|F0
= R

(3) the fibre of L(ρ) restricted over F∞ is the representation R− of H.

Observe that F is a manifold with only one isotropy type, so that The-
orem 1.6 tells us that F has an equivariant strongly algebraic model. Re-
placing F by its strongly algebraic model we may assume that ρ is strongly
algebraic. We deduce

Corollary 2.11. Let K ⊂ H ⊆ G, M , and F be as above. Then:

(1) There exists an iso–special nonsingular real algebraic G–variety P
with isotropy groups H and K and of the same dimension as M ,
so that PH = F0 t F∞ and F , F0 and F∞ are diffeomorphic. The
normal bundle of F in M can be identified with the one of F0 in P.

(2) There is a strongly algebraic equivariant line bundle L0 over P so
that the fibre over F0 is R whilst it is R− over F∞.

(3) If ξ1, . . . , ξk are G vector bundles over F , then there are strongly
algebraic G vector bundles ξ1, . . . ξk over P that are isomorphic to
ξ1, . . . , ξk when restricted over F = F0.
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(4) If χ : F → G is an entire rational equivariant map to a nonsingular
real algebraic G variety, then there is an entire rational equivariant
map χ : P→ G that is an algebraic model of χ when restricted over
F0.

(5) The data in (3) and (4) near F in M agree with those near F0 in P.

Proof. We replace F by an algebraic model F0 and ν by a strongly algebraic
bundle ν0. Set ρ0 = R⊕ν0. Let P be the total space of the projective bundle
of ρ0 and L0 = L(ρ0). With these choices the assertions of the corollary are
easy to verify. �

3. Projectivization and Blow-ups

Let G be a compact Lie group, M a closed smooth G–manifold, and N a
G–submanifold of M . We denote the blow–up of M along N by B(M,N).
The principal conclusion of this section is:

Proposition 3.1. If N and B(M,N) have strongly algebraic models, then
so does M .

We recall the construction of a blow–up. Let M be a closed smooth G–
manifold with a collection ξ1, . . . , ξk of G–vector bundles over it. Let N be
a G–invariant submanifold of M with normal bundle ν, and let R denote the
product bundle with fibre R. We may restrict ξ1, . . . ξk over N and then use
the projection RP (ν ⊕ R) → N to pull the bundles back over RP (ν ⊕ R).
The resulting bundles are called ξ1, . . . , ξk.

We may identify (M, ξ1, . . . , ξk) and (RP (ν⊕R), ξ1, . . . , ξk) along a neigh-
bourhood of N that is contained in M and in RP (ν ⊕ R). The result is
commonly called the blow-up of (M, ξ1, . . . , ξk) along N . It is denoted by
B((M, ξ1, . . . , ξk), N). By construction,

(3.1) B((M, ξ1, . . . , ξk), N) ∼ (M, ξ1, . . . , ξk) t (RP (ν ⊕ R), ξ1, . . . , ξk),

where ∼ indicates a cobordism.
We prepare the proof of our proposition with a lemma.

Lemma 3.2. Let B((M, ξ1, . . . , ξk), N) and N be as above. If N has a
strongly algebraic model, then there is an algebraic model for (M, ξ1, . . . , ξk)
if and only if there is an algebraic model for B((M, ξ1, . . . , ξk), N).

Proof of the lemma. Identify N with its strongly algebraic model. Propo-
sition 2.9 tells us that RP (ν ⊕ R) has an algebraic model and that the
projection map RP (ν ⊕ R) → N is entire rational. This means that the
bundles that we denoted by ξ1, . . . , ξk are strongly algebraic. With this,
the assertion of the proposition is a consequence of the cobordism relation
in (3.1) and Theorem 2.5. �

Proof of Proposition 3.1. Consider a collection ξ1, . . . , ξk of G–vector bun-
dles over M . Denote the corresponding collection of bundles over B(M,N)
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by ξ′1, . . . , ξ′k. According to our assumption, B(M,N) has a strongly alge-
braic model, and hence (B(M,N), ξ′1, . . . , ξ

′
k) has an algebraic model. Propo-

sition 3.2 tells us that (M, ξ1, . . . , ξk) has an algebraic model. The argument
works for every finite collection ξ1, . . . , ξk of G–vector bundles over M so
that our assertion follows from Proposition 2.6. �

For reference purposes we state:

Proposition 3.3. Let H be a subgroup of a cyclic group G. If there is a
one–dimensional nontrivial representation of H, then we denote it by R−
and its kernel by K.

(1) If R− does not occur in the normal fibre to any component of MH

in M , then B(M,MH)H = ∅.
(2) Otherwise B(M,MH)H 6= ∅, and the codimension of B(M,MH)H

in B(M,MH)K is 1.

4. Simplifying Isotropy Structures and the Proof of
Proposition 1.4

After giving the definition of being iso–special in the abelian group action
case, we will show how to simplify isotropy structures via blow-ups. As an
application we prove Proposition 1.4.

Proposition 4.1. Let G be a finite abelian group and M a closed smooth
G–manifold. There exists a finite sequence of equivariant blow-ups

(4.1) M0 = M, M1 = B(M0, A0), . . . , Mk = B(Mk−1, Ak−1)

so that Mk is iso–special. If G is cyclic, then the manifolds Ai may be chosen
to be iso–special, 0 ≤ i ≤ k − 1.

In the proposition we use the term iso–special for finite abelian group
actions that we still need to define:

Definition 4.2. [28] Let G be an abelian group, M a smooth G–manifold,
and M0 a component of M with principal isotropy group K ⊆ G. Let x
be a point in M0, H its isotropy group, and N the component of MH

0 that
contains x. We call the action on M iso–special (or simple in the language
of [28]) if, for every choice of M0 and x, H/K is a vector space over Z2, and
dimZ2 H/K = codim(N,M0).

Wasserman proved the first assertion of the Proposition 4.1, see [28].
Because it is quick and of importance to this paper, we will give a proof of
the proposition if G is cyclic.

Proof of Proposition 4.1 if G is cyclic. Being iso–special is a local property,
and it suffices to consider the case whereM consists of a singleG–component,
i.e., it consists of a component and its translates under the action of G. We
proceed by induction over isotropy types. Let H be an isotropy group for
the action on M , so that there is no isotropy group that properly contains
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H. Observe that all points in MH have isotropy type H. This means that
MH is iso–special.

Suppose that dimMH = dimM . Then M is iso–special, and the proof is
complete.

Otherwise, if dimMH < dimM , then MH will consist of components
MH

1 , . . . , MH
k , and dimMH

j < dimM for all 1 ≤ j ≤ k. Denote the blow-

up of M along MH by M = B(MH ,M). The components MH
j of MH give

rise to components M
H
j of M

H
. If the representation R− of H (defined

in Section 3) does not occur in the fibre of the normal bundle ν(MH
j ,M),

then the component MH
j will disappear in the blow–up (M

H
j = ∅), see

Proposition 3.3. If M
H

= ∅, then our inductive step is complete. We are
done with H and continue the proof with M instead of M .

Suppose, there are components MH
j of MH , so that the irreducible repre-

sentation R− of H does occur in the fibre of the normal bundle ν(MH
j ,M).

Then there is an index two subgroup K of H and codim(M
H
,M

K
) = 1,

and M
K

is iso–special. If dimM = dimMK , then M = MK , and M is
iso–special. In this case the proof is complete as well.

If dimM > dimMK , then we blow up M along the iso–special subman-

ifold M
K

to obtain M̂ = B(M,M
K

). Then M̂H = ∅ because there are no
lines that are fixed under the action of H in the fibre of the normal bundle
ν(M

K
,M). Our inductive step is complete, we are done with H, and we

continue the proof with M̂ instead of M .
This concludes the induction and completes the proof. �

We are ready for the proof of Proposition 1.4 that was stated in the
introduction.

Proof of Proposition 1.4. Consider a closed smooth G–manifold M of di-
mension m. Inductively, assume that all manifolds of dimension strictly less
than m have strongly algebraic models. If M is iso–special, then M has a
strongly algebraic model. If M is not iso–special, then there is a blow–up
sequence as in (4.1), so that Mk is iso–special, thus strongly algebraic. The
Ai, 0 ≤ i ≤ k − 1, are also strongly algebraic because they are of dimension
less than dimM . It follows from Proposition 3.1 that Mk−1, . . . , M1, and
M = M0 have strongly algebraic models. This proves our assertion. �

5. Bordism Theoretic Formulation and Reductions

It remains to prove Theorem 1.5, and the remainder of the paper is dedi-
cated to this. As a first step, in Proposition 5.1, we reformulate Theorem 1.5
bordism theoretically. Naturally, our focus is on iso–special manifolds with
two isotropy groups that we denote, as in Definition 1.3, by H and K. The
remainder of this section is a string of reductions that lead to a computable
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assertion that we deal with in later sections. Impatient readers may go
straight to the summary of the reductions in Section 5.9.

Let S(G) be the set of all subgroups of G and H ⊆ S(G). We say that
a G–manifold M is of type H if the isotropy groups Gx belong to H for all
x ∈ M . If we insist that the domains of representatives of bordism classes
in NG

r (Z), as well as bordisms in between them, are of type H, then we
express this by writing NG

r [H](Z). We are concerned with the case where
H = {H,K}. We add a subscript c and write NG

r,c[{H,K}](Z) to indicate
that the codimension of the H–fixed point set in the K–fixed point set is
one. For a pair (H,K) of subsets of S(G) there is a relative bordism group.
The one of interest to us is NG

r,c[{H,K}, {K}](Z). All of these bordism
groups are in the spirit of [7, 24, 17]. We make use of Convention 2.3.

Proposition 5.1. Let G, H, and K be as before. Let G be as in (2.3)
and sufficiently large. Then all classses in NG

r,c[{H,K}](G) have algebraic
representatives.

Proof of Theorem 1.5. We like to show that iso–special G–manifolds have
strongly algebraic models. According to Proposition 2.8, we may assume
thatM consists of a single G–component, i.e., M is the union of a component
of M together with its translates under the action of G. Being iso–special,
M will have one or two isotropy groups.

If M has one isotropy type, then M has a strongly algebraic model ac-
cording to Theorem 1.6, and our proof is complete.

Suppose that M is iso–special and of dimension m, and that we have the
isotropy types H and K, where K ⊂ H is of index 2. Let G be as above
and χ : M → G any equivariant map. According to Proposition 5.1, the
bordism class of (M,χ) in NG

m,c[{H,K}](G) has an algebraic representative.
Proposition 2.7 implies that M has a strongly algebraic model. So, our proof
is complete in this second case as well. �

5.1. First Reduction: Restrict and Break Up the Codomain G.
Recall that the components of GK are G–invariant, see Proposition 2.4. We
deduce Proposition 5.1 from

Proposition 5.2. Let G, H, and K be as before. Let G be as in (2.3) and
sufficiently large and let F be a component of GK . In the Conner–Floyd
sequence

(5.1) NG
r,c[{H,K}](F)

j−−−−→ NG
r,c[{H,K}, {K}](F)

∂−−−−→ NG
r−1[{K}](F)

the elements in the kernel of ∂ are images of algebraically represented classes
in NG

r,c[{H,K}](F).

Deduce Prop. 5.1 from Prop. 5.2. In the long exact Conner–Floyd sequence

· · · −→ NG
r [{K}](G)

i−→ NG
r,c[{H,K}](G)

j−→NG
r,c[{H,K}, {K}](G)

∂−→ NG
r−1[{K}](G) −→ · · ·

(5.2)
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we may replace G by GK and then break it up as direct sum of sequences

(5.3) NG
r,c[{H,K}](F)

j−−−−→ NG
r,c[{H,K}, {K}](F)

∂−−−−→ NG
r−1[{K}](F)

with one summand for each component component F of GK . Making use of
the conclusion of Proposition 5.2, we deduce that in (5.2) elements in the
kernel of ∂ are images of algebraically represented classes inNG

r,c[{H,K}](G),
which we assume for the remainder of the argument.

If A ∈ NG
r,c[{H,K}](G), then j(A) ∈ ker(∂). According to Proposition 5.2

there exists an algebraically represented class B in NG
r,c[{H,K}](G) so that

j(A) = j(B). Due to the exactness of the sequence in (5.2), there is a
class C ∈ NG

r [{K}](G) so that i(C) = A + B. The class C, as well as i(C),
is represented by a map so that all points in its domain have isotropy type
K. According to Theorem 1.6, C can be algebraically represented. Algebraic
representability is compatible with sums (disjoint union), and it follows that
A = B + i(C) has an algebraic representative. �

5.2. Second Reduction: Pick one component F of GH ∩F. We reduce
Proposition 5.2 further. We need some setup. Let K ⊂ H ⊆ G be as before.

Definition 5.3. Given two irreducible representations α and β of H, we say
that α ∼K β if ResK α ∼= ResK β, i.e., restricted to K the representations
are isomorphic.

Convention 5.4. We pick one irreducible representation of H from each
∼K equivalence class and call it preferred. From the class {R,R−} we pick
R. We apply the adjective “preferred” to representations if they are sums
of preferred irreducible representations, and to bundles if their fibres are
preferred representations. If V is a preferred representation of H, then we
call GR(Ω, V ) preferred. This idea generalizes to components of GH , which
are products of spaces of the form GR(Ω, V ), see (2.6).

We summarize some elementary properties for future reference:

Proposition 5.5. Let K ⊂ H ⊆ G be as before. Then

(1) Each component F of GK contains exactly one preferred component F
of GH , or equivalently, exactly one component of F∩GH is preferred.

(2) Let α and β be irreducible representations of H, such that α ∼K β,
and let R− be the nontrivial irreducible representation of H. Then
either α ∼= β or α ∼= β ⊗ R−.

(3) Preferred representations of H are restrictions of representations of
G and S1.

(4) If F is decomposed as in (2.6), then F has a decomposition

F =
k∏
j=1

∏
ε∈E

GR(Ωj,ε, ajε ResK αε).

(5) NG
r,c[{H,K}, {K}](F ∩GH) ∼= NG

r,c[{H,K}, {K}](F).
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Proof. The second to last item follows because F is assumed to be preferred.
That makes the indexing sets for the irreducible representation the same.

The last item follows because bordism classes are represented by maps
f : U → F and one may suppose that U contracts equivariantly to UH , and
that f factors, up to equivariant homotopy, through a map to F ∩GH . �

The key result to help us with the reduction of this subsection is:

Proposition 5.6. Let F be the preferred component of GH contained in
F ∩GH . Then there is a retraction

s : NG
r,c[{H,K}, {K}](F ∩GH)→ NG

r,c[{H,K}, {K}](F)

and elements in the kernel of (s − Id) are images, under j, of algebraically
represented classes in NG

r,c[{H,K}](F). In addition, the following diagram
commutes:

NG
r,c[{H,K}](F)

j−−−−→ NG
r,c[{H,K}, {K}](F ∩GH)

∂−−−−→ NG
r−1[{K}](F)

s

y y=

NG
r,c[{H,K}, {K}](F)

∂−−−−→ NG
r−1[{K}](F).

We will prove Proposition 5.6 momentarily. First let us state what Propo-
sition 5.2 and with this Proposition 5.1 reduce to:

Proposition 5.7. Let G, H, and K be as before. Let G be as in (2.3)
and sufficiently large. Let F be a component of GK and F the preferred
component of F ∩GH . Then elements in the kernel of

NG
r,c[{H,K}, {K}](F)

∂−−−−→ NG
r−1[{K}](F)

are images, under the map s ◦ j, of algebraically represented classes in
NG
r,c[{H,K}](F).

Deduce Proposition 5.1 from Proposition 5.7. We show that Proposition 5.7
implies Proposition 5.2, which in turn implies Proposition 5.1.

Suppose A ∈ NG
r,c[{H,K}, {K}](F∩GH) and ∂(A) = 0. Then, according

to Proposition 5.7, s(A) is the image of an algebraically represented class
in NG

r,c[{H,K}](F) and so is A. That is what we were supposed to show to
prove Proposition 5.2. �

Proof of Proposition 5.6. Let f : M → F∩GH be a representative of a class
in NG

r,c[{H,K}, {K}](F ∩ GH). Pick one G–component F of MH , i.e., a

component of MH together with its translates under the action of G. Let
U be an equivariant tubular neighourhood of F , so U retracts equivariantly
to F . With the domain understood from context, we denote the restriction
of f by f|. It is worth observing that f| : U → F ∩ GH factors, up to

equivariant homotopy, through one component F′ ⊂ F ∩ GH . We also note
that one representative in the bordism class of f : M → F ∩ GH is a finite
sum (disjoint union) of such maps f| : U → F ∩GH .
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Applying Corollary 2.11 (with matching notation) provides us with a map
χ : P → G (which factors through G ∩ F) whose properties are spelled out
in the corollary. In particular, P is a nonsingular real algebraic G variety
and χ is entire rational. The projection π : P → F0 is entire rational. By
construction PH = F0tF∞, where F0 is a strongly algebraic model of F and
F0 = F∞. That F has a strongly algebraic model follows from [14] because
all points of F have the same isotropy type. Think of f as the classifying
map of bundles ξ1, . . . , ξk. Restricted over F0 these bundles are strongly
algebraic, and they pull back to strongly algebraic bundles π∗(ξj) over P.

Let L0 = L(R⊕ ν0) be the line bundle over P from (2.8), where ν0 is the
normal bundle of F = F0 in U . Decompose each ξj , restricted over F , as
a sum of bundles ξj,ε where ε ranges over the irreducible representations of
H. Set

ξj,ε =

{
π∗(ξj,ε) if ε is preferred

π∗(ξj,ε)⊗ L0 if ε is not preferred
and ξj =

⊕
ε

ξj,ε.

The bundles ξj will be strongly algebraic over P, because the bundles
ξj,ε, π

∗(ξj,ε), and L0 are strongly algebraic, and so are the sum and tensor
product of strongly algebraic bundles, see [13, Proposition 2.11].

Let fP : P→ F∩GH be the product of the classifying maps for ξ1, . . . , ξk.
It is an algebraic map. Restricted over F∞ ⊂ P the bundles are preferred
and the image of fP is in F if we restrict the domain to F∞.

Finally, identify (M,f) and (P, fP) along a tubular neighbourhood around
F in M and F0 in P, and call the result f ′ : M ′ → F ∩ GH . What-
ever else may have happened in the process, now the bundles over the G–
component F∞ that replaces F have preferred fibres. The difference between
(M,f) and (M ′, f ′) is (P, fP), which is algebraic and represents a class in
NG
r,c[{H,K}](F).
Repeat this process for each G–component of the H fixed point set where

the bundles do not have preferred fibres yet.
There is no guarantee that our construction induces a map of bordism

classes. This can be remedied. Given α ∈ NG
r,c[{H,K}, {K}](F ∩ GH), we

pick one representative in this bordism class, say f : M → F ∩ GH . Apply
above procedure repeatedly until the fibres of all bundles are adjusted to be
preferred. Call the result f ′ : M ′ → F. Then we set s(α) to be the class of
f ′ : M ′ → F.

Being selective in the choice of representatives, we can make sure that
s is a homomorphism. The assertion that s is a retraction, i.e., the iden-
tity on the summand NG

r,c[{H,K}, {K}](F), is true by choice. We simply
do not apply any of the above adjustments to the part of a map where
the bundle fibre over a component of the H–fixed set is already preferred.
Finally, we asserted that the diagram in the statement of the proposition
is commutative. This holds because ∂ restricts maps to the boundary and
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our modification of the map is near the H–fixed set and with this in the
interior. �

5.3. Third Reduction: Easier Classifying Spaces. As before, H is
cyclic, K is an index 2 subgroup of H, and H is a subgroup of the cyclic
group G. We think of G as a subgroup of S1 = S(C).

Convention 5.8. We extend preferred irreducible representations of H to
irreducible representations α̃ of G and even S1 = S(C):

• If α is of complex type, then a generator h ofH acts by multiplication
with hj 6= ±1 for some natural number j. Letting any g ∈ S1 act by
multiplication with gj defines an irreducible representation α̃ of S1

that extends α.
• If α is of real type and preferred (see Convention 5.4), then α is the

trivial representation. We let α̃ be the trivial representation of G.

The following observation will be relevant.

Proposition 5.9. Let M be a compact G–manifold, ξ a G–vector bundle
over M , α a preferred irreducible representation of H, and α̃ the extension
of α to S1 as in Convention 5.8. Assume that for every x ∈M its isotropy
group Gx is a subgroup of H, and that (for a fixed integer a) the fibre Fx of
ξ over x is the restriction to Gx of aα̃. Then, for a sufficiently large value
of m, ξ is classified by a map to the Grassmannian GR(α̃m, aα) (see (2.4)).

Proof. For any x ∈ M there is a neighbourhood U , so that U ∩ gU = ∅
whenever g /∈ Gx and ξ|U is Gx–equivariantly isomorphic to U × α. The
local trivialization of ξ over U extends to a G–equivariant trivialization
φ : ξ|GU → GU × α̃. The techniques used in the proof of Lemma 5.3 of [19]
lead to a G–equivariant map

φ̂ : E(ξ) −→ aα̃⊕ · · · ⊕ aα̃︸ ︷︷ ︸
t

that is fibrewise linear and injective. The map µ : M → GR(α̃ta, aα) defined

by setting µ(b) = φ̂(Fb(ξ)) ∈ GR(α̃ta, aα) classifies ξ. Phrased differently,
the map µ pulls back the canonical bundle γR(α̃ta, aα) over GR(α̃ta, aα) (see
(2.2)) to a bundle over M that is equivariantly isomorphic to ξ. �

In Proposition 5.7 we refer to a component F of GK and the preferred
component F of F∩GH . In (2.6) we described F as a product of Grassman-
nians GR(Ωj,ε, ajεαε). There is a corresponding product decomposition of

F; the factors are of the form GR(Ωj,ε, ajε ResK αε), see Proposition 5.5. Let
α̃ε be the representation of S1 chosen in Convention 5.8. Then we set

(5.4) F0 =
k∏
j=1

∏
ε∈E

GR(α̃ε
∞, ajεαε) & F0 =

k∏
j=1

∏
ε∈E

GR(α̃ε
∞, ajε ResK αε).

By construction
F0 ⊆ F and F0 ⊆ F.
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We will show that Proposition 5.7 follows from its cousin where F and F
are replaced by F0 and F0.

Proposition 5.10. Let G, H, and K be as before. Let G be as in (2.3)
and sufficiently large. Let F be a component of GK and F the preferred
component of F ∩GH , and F0 and F0 as just defined. Then elements in the
kernel of

NG
r,c[{H,K}, {K}](F0)

∂−−−−→ NG
r−1[{K}](F0)

are images, under the map s ◦ j, of algebraically represented classes in
NG
r,c[{H,K}](F0).

Deduce Proposition 5.7 from Proposition 5.10. Let f : M → F be a repre-
sentative of a bordism class in NG

r,c[{H,K}, {K}](F). For right now, use a
single factor GR(Ωj,ε, aj,εαε) with ε ∈ E as codomain of the map f . This
means that f classifies a bundle, call it ξ, whose fibre is a multiple of one
irreducible representation αε of H. In Convention 5.8 we picked one irre-
ducible representation α̃ε of S1 that restricts of αε. Proposition 5.9 tells us
that f factors through GR(α̃∞ε , aεαε).

The argument generalizes to the case where the codomain of f is a product
of spaces GR(Ωj,ε, aj,εαε) where ε ∈ E and 1 ≤ j ≤ k. Applying the same
kind of argument to bordisms, we deduce that the inclusion F0 ↪→ F induces
an isomorphism in bordism:

NG
r,c[{H,K}, {K}](F0)

∼=−−−−→ NG
r,c[{H,K}, {K}](F).

The same ideas imply that the inclusion F0 ↪→ F induces an isomorphism

NG
r−1[{K}](F0)

∼=−−−−→ NG
r−1[{K}](F).

The equivalence of Propositions 5.7 and 5.10 follows. �

In this paper we use G, F and F for the single purpose of classifying
collections of bundles, and the latter ones only for collections of bundles
over spaces that satisfy additional assumptions on the isotropy groups of
their points. Based on the equivalence of Propositions 5.7 and 5.10 we
make, without loss of generality the simplifying

Assumption 5.11. In (2.6) we assume that the representation Ωj,ε are
multiples of the representations α̃ε (see Convention 5.8) and with that

F0 = F and F0 = F.

5.4. Action on F = F0 and on F = F0. We analyze the action of G
and S1, defined in Section 2.2, on the Grassmannians GR(α̃ta, aα) and
GR(α̃ta, aResK α). We will need one distinction.

Definition 5.12. The essential representation α of a cyclic group H has C
as its underlying space, and a generator h of H acts by multiplication with√
−1 on it. All other irreducible representations are called inessential.
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Remark 5.13. If α is the essential representation, then α ∼= α⊗R−, so that
the ∼K equivalence class (see Definition 5.3) of the essential representation
has only one element. The essential representation is also the unique irre-
ducible representation of complex type that breaks up into a sum of two
real irreducible representations upon restriction to K. This fact is the root
of the problems in this paper.

Proposition 5.14. Suppose that α is a preferred irreducible representation
of H and α̃ is the chosen (see Convention 5.8) irreducible representation of
S1 that extends α.

(1) If α is an inessential irreducible representation of H, then

GR(α̃∞, aα) = GR(α̃∞, aResK α) ' BΛ(a),

where Λ = O or Λ = U , depending on whether α (and α̃) is of real
or complex type. The induced action of S1 on both spaces is trivial.

(2) If α is the essential irreducible representation of H, then

GR(α̃∞, aα) ' BU(a) ⊆ GR(α̃∞, aResK α) ' BO(2a)

and

GR(α̃∞, aResK α)H = GR(α̃∞, aResK α)S
1

= GR(α̃∞, aα).

Proof. We discuss the second case. The first case is similar, easier, and left
to the reader. By definition GR(α̃∞, aα) consists of subspaces of α̃∞ that
are isomorphic to aα as representations of H. By construction a generator
of H acts by multiplication with i =

√
−1, and every complex subspace of

α̃∞ of complex dimension a will be H-equivariantly isomorphic to aα. This
means that (making use of the notation in (2.1)) that

GR(α̃∞, aα) = GC(C∞, a) ' BU(a).

The action of a generator of K ⊂ H is by multiplication with −1, so that
every real subspace of R∞ and of dimension 2a belongs to GR(α̃∞, aResK α).
Hence

GR(α̃∞, aResK α) = GR(R∞, 2a) ' BO(2a),

and our assertion is proved. �

In our ongoing discussion we have a component F of GK and the preferred
component F of GH ∩ F. In (2.6) we factored F. We arrange the factors
in blocks, the essential one Fe and an inessential one Fi, and we integrate
Assumption 5.11 without carrying the subscript 0 along:

(5.5) F = Fe × Fi =

k∏
j=1

GR(α̃e
∞, aj,eαe)×

k∏
j=1

∏
ε∈Ei

GR(α̃ε
∞, aj,εαε).

Being cute about our notation, we used e as index for the essential irreducible
representation of H. We denoted the index set for the inessential irreducible



18 KARL HEINZ DOVERMANN AND ARTHUR G. WASSERMAN

representations of H by E i. There is a factorization F = Fe × Fi that
corresponds to the one of F (see Proposition 5.5):

(5.6) F =

k∏
j=1

GR(α̃e
∞, aj,e ResK αe)×

k∏
j=1

∏
ε∈Ei

GR((α̃ε
∞, aj,ε ResK αε).

Proposition 5.14 tells us about the G and S1 action on these spaces. We
still make Assumption 5.11 without indicating it notationally.

(5.7) Fi = Fi = (Fi)G = (Fi)S
1

& Fe = (Fe)G = (Fe)S
1
.

Proposition 5.14 tells us that

(5.8) Fi =
k∏
j=1

∏
ε∈E

BΛ(aj,ε) and Fe =
k∏
j=1

BU(aj,e) ⊆ Fe =

k∏
j=1

BO(2aj,e).

where Λ = O or Λ = U , depending on whether αε is of real or complex type.
Based on its explicit description of the action of the group on the Grass-

mannian via matrix conjugation, see Section 2.2, we observe that

Proposition 5.15. The action Θ : S1 × Fe → Fe is a regular map.

5.5. Fourth Reduction: An Isomorphism. To further reduce our prob-
lem, we define a map

L : NG
r,c[{H,K}, {K}](F) −→ NG

r−1[{K}](F).

The domain of f : M → F, representing a class A ∈ NG
r,c[{H,K}, {K}](F),

may be restricted to the closed G invariant unit disk bundle in a tubular
neighbourhood ν = ν(MH ,M) of the H–fixed point set. The restriction of
f to its unit sphere bundle f| : S(ν)→ F is a representative of L(A). Later
in this subsection we will prove

Proposition 5.16. The map L is an isomorphism.

Proof. Before the statement of the proposition we defined L on representa-
tives of bordism classes. It is easy to see that L defines a map of bordism
classes and that it is homomorphism.

We construct the inverse of L. The domain of a representative f : N → F
of a class in NG

r−1[{K}](F) has a free involution, the action of H/K = Z2.
Because H acts trivially on the codomain F of f , we see that f factors
through N/Z2 and extends to a map Fπ over the mapping cylinder Mπ of
the quotient map π : N → N/Z2. As representative of L−1[f : N → F] we
use the class of Fπ : Mπ → F.

Let ν be a line bundle over B and π : S(ν)→ B the associated unit sphere
bundle. Denote the mapping cylinder of π by Mπ. Then D(ν) = Mπ, and it
follows that the constructions for L and L−1 are inverses of each other. �
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Instead of studying the kernel of the map ∂ in Proposition 5.10 we may
study the kernel of the map in the bottom row of the commutative diagram:

(5.9)

NG
∗,c[{H,K}, {K}](F)

∂−−−−→ NG
∗−1[{K}](F)

L

y∼= y=

NG
∗−1[{K}](F)

∂−−−−→ NG
∗−1[{K}](F)

We retained the name of the map, but by construction it is really the map
induced by the inclusion F ↪→ F. We combine this idea with the next
reduction in Section 5.6.

5.6. Fifth Reduction: Make it Nonequivariant. Set D = G/K. We
add two rows at the bottom of the diagram in (5.9):

(5.10)

NG
∗−1[{K}](F)

∂−−−−→ NG
∗−1[{K}](F)

=

y y=

NG/K
∗−1 [free](F)

∂−−−−→ NG/K
∗−1 [free](F)

b

y∼= ∼=
yb

N∗−1(ED ×D F)
∂−−−−→ N∗−1(ED ×D F)

Going from the first to the second row in (5.10), we divide out the ineffective
part of the action, and we do not introduce any notation for this step. The
passage from the second to the third line is the application of the Borel
construction.

Our next proposition is equivalent to Proposition 5.10, due to the isomor-
phisms in (5.9) and (5.10).

Proposition 5.17. Let G, H, and K be as before. Let G be as in (2.3)
and sufficiently large. Let F be a component of GK and F the preferred
component of F ∩GH . Then elements in the kernel of

(5.11) Nr−1(ED ×D F)
∂−−−−→ Nr−1(ED ×D F)

are images, under the map b ◦ L ◦ s ◦ j, of algebraically represented classes
in NG

r,c[{H,K}](F).

The inclusion F ↪→ F induces a geometric map ED ×D F → ED ×D F,
which then induces the map ∂ in (5.11) of the bordism groups. We continue
to call this map ∂ to remind us of its origin.

5.7. Sixth Reduction: Split off Inessential Part. The inessential factor
will have no bearing on our argument and we will be able to split it off, see
(5.13). We will make use of

Proposition 5.18. Bordism classes in N∗(Fi) have algebraic representa-
tives.
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Proof. According to classical results, BO(a) has totally algebraic homology.
Given a class x ∈ Hn(BO(a),Z2) there is a non-singular subvariety X of
BO(a) = GR(R∞, a), a union of Schubert cells, whose fundamental class
is x. A similar argument shows that BU(a) has totally algebraic homology.
As a product of BO(a)’s and BU(a)’s (see (5.8)), Fi has totally algebraic
homology. According to the classical theory, classes in N∗ are algebraically
represented. It follows that classes in N∗(Fi) ∼= N∗ ⊗ H∗(Fi,Z2) are alge-
braically represented. �

As a final bordism theoretic reduction we show that our next proposition
implies Proposition 5.17, and with this Proposition 5.1

Proposition 5.19. Let G, H, K, D = G/K, and G be as in Proposi-
tion 5.10. Let Fe be the essential factor of a component of GK , and Fe the
essential factor of the preferred component of GH ∩ Fe. Then elements in
the kernel of

(5.12) Nr−1(ED ×D Fe)
∂e−−−−→ Nr−1(ED ×D Fe)

are images of algebraically represented classes in NG
r,c[{H,K}](Fe) under the

map b ◦ L ◦ s ◦ j.

Deduce Proposition 5.17 from Proposition 5.19. We compare the kernels of
∂ in (5.11) and ∂e in (5.12). In a moment we will show that

(5.13) ker ∂ ∼= N∗(Fi)⊗N∗ ker ∂e.

Let us apply the formula first. In Proposition 5.18 we noted that classes in
N∗(Fi) have algebraic representatives. Multiplication (cartesian product) is
compatible with algebraic representation. Thus, if we can lift back classes
in ker ∂e to algebraically represented ones, then we can lift back classes
in ker ∂ to algebraically represented ones. Hence Proposition 5.19 implies
Proposition 5.17. �

Proof of (5.13). We have an equivariant commutative diagram

(5.14)

Fe
ι−−−−→ F = Fi × Fe

π−−−−→ Fe

φe
y φ=

yId×φe
yφe

Fe
ι−−−−→ F = Fi × Fe

π−−−−→ Fe

where

(5.15) φe : Fe ↪→ Fe and φ : F ↪→ F

are the inclusions. The action on Fi = Fi is trivial (see (5.7)), and with
some choice of base point x0 we set ι(y) = (x0, y). We apply the Borel
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construction to all data in (5.14) to find the commutative diagram

ED ×D Fe −−−−→ Fi × (ED ×D Fe) = ED ×D F −−−−→ ED ×D Fe

Φe
y Φ =

yId×Φe
yΦe

ED ×D Fe −−−−→ Fi × (ED ×D Fe) = ED ×D F −−−−→ ED ×D Fe

The horizontal compositions in both diagrams are the identity. We denote
by Φ the map obtained from φ by applying the Borel construction. Making
use of this fact we find a commutative diagram in bordism:

(5.16)

N∗(Fi)⊗N∗ N∗(ED ×D Fe)
∼=−−−−→ N∗(ED ×D F)yId⊗∂e ∂=

yΦ∗

N∗(Fi)⊗N∗ N∗(ED ×D Fe)
∼=−−−−→ N∗(ED ×D F).

The tensor products are over the Z2–algebra N∗. The horizontal isomor-
phisms are the naturally induced Künneth maps, see [7, Section 19]. The
second vertical map is the map in (5.11). At the same time it is the map
induced by Φ. The map ∂e is as in (5.12) and can be understood as a map
in the bordism sequence of the pair ED ×D (Fe,Fe). It is induced by Φe.

Recall that N∗(Fi) = N∗(Fi). Then Φ = Id×Φe. The formula in (5.13) is
an immediate consequence. �

5.8. Seventh Reduction: Passage to Homology. Next we reduce our
problem to a homology problem. There is a commutative diagram

(5.17)

N∗(ED ×D Fe)
∂e−−−−→ N∗(ED ×D Fe)

µ

y yµ
H∗(ED ×D Fe,Z2)

Φe∗−−−−→ H∗(ED ×D Fe,Z2)

where

(5.18) Φe = Id×Dφe : ED ×D Fe → ED ×D Fe

is induced by the inclusion φe : Fe ↪→ Fe. The vertical maps µ in (5.17) are
Thom homomorphisms. They are functorial epimorphisms, see [7, p.14].

We deduce Proposition 5.19, and with this Proposition 5.1 from its ho-
mological variant:

Proposition 5.20. Let G, H, K, D = G/K, as well as Fe and Fe be as in
Proposition 5.19. Then elements in the kernel of

Φe
∗ : H∗(ED ×D Fe,Z2) −→ H∗(ED ×D Fe,Z2)

are images of algebraically represented classes in NG
r,c[{H,K}](Fe) under the

map µ ◦ b ◦ L ◦ s ◦ j.
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Deduce Proposition 5.19 from Proposition 5.20. After some choices we can
find right inverses η for the Thom maps µ in (5.17), so that the following
diagram commutes:

(5.19)

N∗(ED ×D Fe)
∂e−−−−→ N∗(ED ×D Fe)

η

x xη
H∗(ED ×D Fe,Z2)

Φe∗−−−−→ H∗(ED ×D Fe,Z2)

The vertical maps are isomorphisms after tensoring with N∗, and η maps
N∗ ⊗ ker(Φe

∗) isomorphically to the kernel of ∂e. According to the classical
theory, elements in N∗ are algebraically realized. Algebraic realization is
compatible with tensor products (cartesian product geometrically). Hence,
if we can lift back classes in the kernel of Φe

∗ to algebraically realized maps,
then we can do so with elements in the kernel of ∂e. This means that
Proposition 5.20 implies Proposition 5.19. �

5.9. Work left after Reductions. Omitting all of the details along the
way, we restate which assertion Proposition 5.1 has been reduced to.

Consider a k–tuple A = (a1, . . . , ak) of natural numbers. We set

(5.20) FeA = BU(a1)× · · · ×BU(ak) and FeA = BO(2a1)× · · · ×BO(2ak).

We have an action of D := G/K on FeA. A generator h of D acts as
an involution, and FeA is the fixed point set of this action. The inclusion

φ : FeA ↪→ FeA induces a homomorphism

(5.21) Φ∗ : H∗(ED ×D FeA,Z2)→ H∗(ED ×D FeA,Z2).

We will describe a homomorphism

(5.22) ΨA : NG
r,c[{H,K}](FeA)→ Hr−1(ED ×D FeA,Z2).

Represent a class α ∈ NG
r,c[{H,K}](FeA) by a map f : M → FeA. Points in

M have isotropy type H or K, and MH is of codimension one in M = MK .
Let U denote a G–invariant tubular neighbourhood of MH in MK . Think of
U as the unit disk bundle in the normal bundle ν(MH ,M), and denote the
unit sphere bundle by S(U). Observe that D acts freely on S(U). Classify
the orbit map S(U)→ S(U)/D by a map χ : S(U)/D → BD and cover χ by
a map χ̃ : S(U)→ ED. Observe that f|U , the restriction of f to U , factors
(up to homotopy) through FeA. This means that we obtain an induced map
χ̃×D f|S(U) : S(U)/D → ED ×D FeA. Apply the Thom map to it and set:

ΨA(α) := (χ̃×D f|S(U))∗[S(U)/D] ∈ H∗(ED ×D Fe,Z2).

For a restricted domain, this map ΨA is the composition of the maps that
we constructed in this section, see Proposition 5.20:

(5.23) ΨA = µ ◦ b ◦ L ◦ s ◦ j
Making use of the summary notation in (5.20) and (5.23) we can refor-

mulate Proposition 5.20:
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Theorem 5.21. Suppose A is as above and β ∈ ker Φ∗. Then β = ΨA(α)
for some algebraically represented class α ∈ NG

r,c[{H,K}](FeA).

Deduce Proposition 5.1 from Theorem 5.21. In (5.14) we provided the de-
scription of the essential factors Fe and Fe in (5.8) and in classical terms.
For the appropriate k–tuple A of dimensions, the spaces Fe and Fe in Propo-
sition 5.20 agree with FeA and FeA in (5.20). The definition of the map ΨA in
the setup for the theorem summarizes the reductive steps in the section, see
(5.23). Hence Proposition 5.20 follows from Theorem 5.21, which in turn
implies Proposition 5.1. �

6. Homology and Cohomology of Cyclic Groups

We will make use of some classical results. In [22], Serre credits unnamed
sources with:

(6.1) H∗(BD,Z2) ∼=


Z2 if |D| is odd,

Z2[x] if |D| is twice an odd number,

Z2[x, y]/〈x2 = 0〉 if 4 divides |D|.

Here x stands for a class in grading 1 and y for one in grading 2. We mention
a few more facts that we need.

Proposition 6.1. Suppose D is cyclic of even order. The following hold:

(1) There is a unique nonzero class ξ(i) ∈ H i(BD,Z2) for every i ≥ 0.

(2) H2m(D)
x∪−→ H2m+1(D) is an isomorphism.

(3) An inclusion Z2 ↪→ D induces an isomorphism

H2m(D,Z2)→ H2m(Z2,Z2).

Proof. The description of H∗(BD,Z2) in (6.1) is as an algebra, and the first
two observations are immediate consequences. To see the third assertion
one observes that the nonzero class in H2m(D,Z2) restricts to the nonzero
class in H2m(Z2,Z2), see [22] or [16, p.103]. �

Remark 6.2. If the order of D is divisible by 4, then the relation between
even and odd dimensional classes is as follows, see [22] or [16, 3.4.7 LEMMA].
Consider the diagram for the principal D–bundle classified by the map in
the bottom row:

(6.2)

Z̃2r
κ̃2r−−−−→ EDyπ yπC

Z2r
κ2r−−−−→ BD.
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View D as a subgroup of S1. To the diagram in (6.2) we associate a diagram,
which classifies the principal D–bundle in its first column:

(6.3)

Z̃2r+1 = S1 ×Z2 Z̃2r
κ̃2r+1−−−−→ EDyπ yπC

Z2r+1 = S1/D × Z2r
κ2r+1−−−−→ BD.

The action of S1 on ED induces an action of S1/D on BD, and the bundle
is classified by

(6.4) κ2r+1 : (S1/D)× Z2r → BsD where κ2r+1(t, x) = t κ2r(x).

Definition 6.3. Given a class ω ∈ H2k(BD,Z2), we represent it by a map
as in the bottom row of (6.2), i.e., (κ2r)∗[Z2r] = ω. Then we set Ξ(ω) =
(κ2r+1)∗[Z2r+1], where κ2r+1 : Z2r+1 → BD is as in the bottom row of (6.3).
This defined a map

(6.5) Ξ : H2r(BD,Z2) −→ H2r+1(BD,Z2).

Note, as generators are mapped to generators, Ξ defines an isomorphism.

7. Cohomology computation

As input for the proof of Proposition 5.20 we compute the cokernel of the
map

Φ∗ : H∗(ED ×D Fe,Z2) −→ H∗(ED ×D Fe,Z2).

We recall the relevant data. In (5.14) we set

(7.1) Fe = BU(a1)× · · · ×BU(ak) & Fe = BO(2a1)× · · · ×BO(2ak).

On Fe we have an action of an even order cyclic group D so that Fe
D

= Fe.
The case when D is of odd order does not concern us right now. We denoted

the inclusion by φ : Fe = Fe
D
↪→ Fe. After the application of the Borel

construction we obtain

(7.2) Φ = Id×Dφ : EC ×D Fe → ED ×D Fe.

To unclutter our notation, we dropped the ‘e’ from the subscript of the
multiplicities, writing ai instead of ai,e. We are only dealing with the essen-

tial factors Fe and Fe. Similarly, we write φ instead of φe and Φ instead of
Φe.

According to the Künneth formula and the computation of the cohomol-
ogy of BU(a) (see [5]) applied to each factor of Fe, and with Z2–coefficients
throughout,

(7.3)

H∗(ED ×D Fe) ∼= H∗(BD)⊗H∗(Fe)
∼= H∗(BD)⊗H∗(BU(a1))⊗ · · · ⊗H∗(BU(ak))

∼= H∗(BD)⊗ Z2[{cj,i | 1 ≤ j ≤ k, 1 ≤ i ≤ aj}],
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where cj,i denotes the i–th Chern class modulo 2 for the j–th factor BU(aj)
of Fe.

Theorem 7.1. With the notation set up so far:

(7.4) coker Φ∗ = H∗(BD,Z2)⊗ Z2[{cj,i | 1 ≤ j ≤ k, 1 ≤ i ≤ aj}]
Z2[{c2

j,i | 1 ≤ j ≤ k, 1 ≤ i ≤ aj}]
.

Remark 7.2. This description of coker Φ∗ is as a Z2 vector space. As a Z2

vector space basis we can, and often will, take the set of monomials of the
following kind. The first factor is a homogeneous nonzero class in H∗(BD)
(see Proposition 6.1). The other factors are powers of the cj,i for 1 ≤ j ≤ k
and 1 ≤ i ≤ aj so that at least one exponent is odd.

Proof of Theorem 7.1. In [14] we calculated H∗(ED ×D Fe,Z2) using the
Leray–Serre spectral sequence of the fibration

(7.5) Fe → ED ×D Fe → BD

The E2–term is (note the overline in reference to Fe)

E
∗,∗
2 = H∗(BD,Z2)⊗H∗(Fe,Z2).

The transgression and the differential at the E2–level are nontrivial.
Let us look at the second factor first. We have a subring

(7.6) Z2[{w2
j,2i | 1 ≤ j ≤ k, 1 ≤ i ≤ aj}] ⊆ H∗(Fe).

The wj,2i are the Stiefel–Whitney classes of the real classifying bundles γ
2aj
R

over BO(2aj). By definition, γ
2aj
R pulls back to the complex classifying

bundle γ
aj
C over BU(aj). With Z2 coefficients we have φ∗(wj,2i) = cj,i.

For the purpose of calculating the cokernel of Φ∗ it is convenient to com-
pare spectral sequences. In addition to the fibration in (7.5) we consider the
fibration

(7.7) Fe → ED ×D Fe = BD × Fe → BD.

The E2–term of its Leray–Serre spectral sequence is

E∗,∗2 = H∗(BD,Z2)⊗H∗(Fe,Z2).

The fibration is a product, so that the spectral sequence collapses at the
E2–level.

On the E2–level the inclusion induces the map

E2 = H∗(BD,Z2)⊗H∗(Fe,Z2)
1⊗φ∗←−−−− E2 = H∗(BD,Z2)⊗H∗(Fe,Z2).

There is a nonzero class ζ(i) ∈ H i(BD,Z2) in each degree i (see (6.1)).

There is a differential ∇ on H∗(Fe,Z2), and dp,q2 : E
p,q
2 → E

p+2,q−1
2 is given

by

dp,q2 (ζ(i) ⊗ u) = ζ(i+2) ⊗∇u.
One may conclude from [8, Corollary 1.2] that

(7.8) ∇u = 0 =⇒ φ∗(u) ∈ Z2[{c2
j,i | 1 ≤ j ≤ k, 1 ≤ i ≤ aj}]



26 KARL HEINZ DOVERMANN AND ARTHUR G. WASSERMAN

Having the identity on the first factor of the E2–term of the spectral
sequence, we conclude that

(7.9) im Φ∗ = H∗(BD,Z2)⊗ Z2[{c2
j,i | 1 ≤ j ≤ k, 1 ≤ i ≤ aj}].

The asserted formula for the cokernel of Φ∗ in (7.4) is an immediate conse-
quence. �

8. Proof of Theorem 5.21, Proposition 5.1 and Theorem 1.2

In this section we prove Proposition 5.20 and Theorem 5.21. They are
the same modulo the adjustment in notation in (5.20) and (5.23). As we
have shown earlier in the paper, Proposition 5.1 follows from either one,
and so does Theorem 1.2. Recall that we have groups G ⊇ H ⊃ K, that we
assumed that [H : K] = 2, and that we set D = G/K. It helps to keep the
following diagram in mind:

NG
r,c[{H,K}](FeA)

j−−−−→ NG
r,c[{H,K}, {K}](FeA)

∂−−−−→ NG
r−1,c[{K}](FeA)

µ◦b◦L◦s
y y

Hr−1(ED ×D FeA)
Φe∗−−−−→ Hr−1(ED ×D FeA)

As always, homology is taken with Z2 coefficients. The assertion is that
elements in the kernel of Φe

∗ are images of algebraically represented classes
in NG

r,c[{H,K}](FeA) under the map ΨA = µ ◦ b ◦ L ◦ s ◦ j. We discuss basic
cases and build on them to get the general result.

8.1. Suppose that K is of odd order. In this case 4 does not divide the
order of H and there are no essential representations, see Definition 5.12.
Thus Fe = Fe = point in Proposition 5.20, and the kernel of Φe

∗ is trivial.
The actual work for this case has been done earlier. In (5.13) the sec-

ond factor in the tensor product simplifies: ker ∂ = N∗(Fi)⊗N∗(BD). The
elements in N∗(Fi) are algebraically represented, see Proposition 5.18. Rep-
resenting the classes inN∗(BD) is a presentation problem for manifolds only,
no bundles are involved, and this was solved in [11]. Actually, Kosniowski
spells out bordism generators for this situation that are easily seen to be
algebraic, see [16].

8.2. Suppose G = H = Z4, K = Z2, and A = (a). The condition that
the length of A is one says that we are dealing with one bundle only, see
(5.20). This special case of our result was solved in [15] and reworked in
[9]. The assertion that Proposition 5.20 holds under these assumptions is
the key conclusion of [9].

Let us be more specific. Observe that D ∼= Z2, so that the cohomology
ring of BD is H∗(BD,Z2) ∼= Z2[w1]. Let Qm be the set of monomials
q of degree m in the first Stiefel–Whitney class w1 and the mod 2 Chern
classes c1, . . . , ca so that at least one of the Chern classes has an odd
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exponent. In [9, Section 8] we constructed algebraically represented classes
Λq ∈ NG

m+1,c[{H,K}](BO(2a)) and proved:

Theorem 8.1. The matrix (〈q′,ΨA(Λq)〉)q′,q∈Qm is nonsingular. In partic-
ular, {ΨA(Λq) | q ∈ Qm} forms a basis of ker Φe

∗ ⊂ Hm(EZ2×Z2BU(a),Z2).

The maps Φ∗ and ΨA are as in (5.21) and (5.22). In [9] we defined an
ordering on Qm, and if we use the elements of Qm in this order to label the
rows and columns of the matrix (〈q′,ΨA(Λq)〉)q′,q∈Qm , then the matrix turns
out to be triangular with 1’s along the diagonal. The indexing of the Λ’s in
[9] is more elaborate to reflect details of their construction.

8.3. Suppose G = H = Z4 and K = Z2. As before D = G/K = Z2.
Compared to the previous case, we now allow A = (a1, . . . , ak) to be of
length greater than one. We need some preparation.

Recall that BU(a) has totally algebraic homology. For any homogeneous
class p ∈ H∗(BU(a),Z2) we have a nonsingular real algebraic variety X,
called a Schubert cycle. The inclusion f : X → BU(a) is entire rational,
and f∗[X] = p.

Let Pm be the set of monomials in the mod 2 Chern classes ci, 1 ≤ i ≤ a,
of degree m. They form a Z2 vector space basis of Hm(BU(a)). Making use
of duality, even if it is not natural, we see

Proposition 8.2. There are classes Ξp ∈ Nm(BU(a)), for p ∈ Pm, repre-
sented by algebraic maps fp : Xp → BU(a) so that (〈p′, (fp)∗[Xp]〉) = δp′,p
for all p′ ∈ Pm.

In Theorem 7.1 we gave a desciption of coker Φ∗. Let (coker Φ∗)m be the
subspace of all elements of coker Φ∗ of total grading m. In Remark 7.2 we
spelled out a convenient Z2 vector space basis for it. Let us denote it by Bm.
Under our current assumptions on D, monomials in H∗(BD) are powers of
the first Stiefel–Whitney class w1. The elements of Bm are then monomials
of total degree m in w1 and cj,i, for 1 ≤ j ≤ k and 1 ≤ i ≤ aj , so that at
least one of the cj,i has an odd exponent. We partition the basis Bm:

Definition 8.3. For 1 ≤ s ≤ k, let Bm,s be the subset of Bm consisting of
those monomials in w1 and the cj,i, so that all cj,i have even exponents for
j < s and some cs,i has an odd exponent.

To each element in r ∈ Bm we associate an algebraically represented class
in NG

m+1,c[{H,K}](FeA). Suppose r belongs to Bm,1. Then it is of the form
r = wα1 q1p2 · · · pk. Here q1 is a monomial in the c1,i, where 1 ≤ i ≤ a1, with
at least one odd exponent. The pj for 2 ≤ j ≤ k are monomials in the cj,i
where 1 ≤ i ≤ aj . Then we set

(8.1) Γr = Λwα1 q1 × Ξp2 × · · · × Ξpk .

We explain the terms. If we abbreviate q̃ := wα1 q1, then Λq̃ is as in
the setup for Theorem 8.1. We denote an algebraic representative of this
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bordism class by

(8.2) gq̃ : Mq̃ −→ BO(2a1).

The factors Ξpj are as in Theorem 8.2, and a representative of the class Γr
in (8.1) is given by:

gq̃ × fp2 × · × fpk : Mq̃ ×Xp2 × · ×Xpk → BO(2a1)×BU(a2)× · ×BU(ak).

The codomain of the map is a subset of (see (5.14))

BO(2a1)×BO(2a2)× · ×BO(2ak) = FeA,

and we spelled out a representative of a class in NG
m+1,c[{H,K}](FeA). If

r ∈ Bm,j for some value j 6= 1, then the definition of Γr is similar. The only
difference is that we have a factor Λq̃ = Λwα1 qj which occurs in position j
instead of position 1. We can now extend Theorem 8.1

Theorem 8.4. The matrix (〈r′,ΨA(Γr)〉)r′,r∈Bm is nonsingular. In partic-
ular, {ΨA(Γr) | r ∈ Bm} forms a basis of ker Φe

∗ ⊂ Hm(ED ×D FeA,Z2).

Proof. We group the elements of the index set Bm according to the partition
Bm,j in blocks with increasing value of j. The row index r′ specifies the
cohomology class r′ and the column index r specifies the bordism class Γr.
The matrix M = (〈r′,ΨA(Γr)〉)r′,r∈Bm decomposes into blocks in accordance
with the partition of Bm.

Along the diagonal of M we have blocks Ms,s = (〈r′,ΨA(Γr)〉)r′,r∈Bm,s .
The proof of the theorem is complete once we show:

(1) The entries above the diagonal blocks are zero.
(2) The diagonal blocks Ms,s are nonsingular.

We show (1). Suppose r′ ∈ Bm,s′ and r ∈ Bm,s where s > s′. The
element of M in position (r′, r) is 〈r′,ΨA(Γr)〉, and it is a typical element
in a block above the diagonal. Then

r′ = wα
′

1 p
′
1 · · · q′s′ · · · p′k & r = wα1 p1 · · · qs · · · pk,

where qs is a monomial in the mod 2 Chern classes cs,i, 1 ≤ i ≤ as, so that
some cs,i has an odd exponent, while in pj for j < s all cj,i, 1 ≤ i ≤ aj , occur
with even exponent. Also, q′s′ is a monomial in the mod 2 Chern classes cs′,i,
where 1 ≤ i ≤ as′ , and one of them has an odd exponent.

By construction Γr is a product with one factor for each t between 1 and
k, and the map Ξps′ = (fps′ : Xps′ → BU(as′)) from Proposition 8.2 is its
s′–th factor. Hence 〈r′,ΨA(Γr)〉 is a product, and the s′–th factor is〈

q′s′ , (fps′ )∗[Xps′ ]
〉

= δqs′ ,ps′ = 0.

The first equal sign follows from Proposition 8.2. The second one follows as
qs′ 6= ps′ . At least one of the mod 2 Chern classes in q′s′ occurs with an odd
exponent, while they all occur with even powers in ps′ .
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We verify (2). Let us look at a block Ms,s. Suppose that r, r′ ∈ Bm,s.
Decomposed as products we have

r′ = wα
′

1 p
′
1 · · · q′s · · · p′k & r = wα1 p1 · · · qs · · · pk,

The element of M in position (r′, r) is〈
r′,ΨA(Γr)

〉
=
〈
wα
′

1 q
′
s,Ψ(as)(Λwα1 qs)

〉
·
∏〈

p′j , (fpj )∗[Xpj ]
〉
.

The product ranges over 1 ≤ j ≤ k, excluding the index j = s. Propo-
sition 8.2 computes the factors under the product sign for us. The factor
indexed by j equals 1 if and only if p′j = pj .

With this, we have broken up Ms,s into smaller blocks, one block for each
choice of pj , for 1 ≤ j ≤ k and j 6= s. We pair the pj ’s with p′j = pj ,
for 1 ≤ j ≤ k and j 6= s. The matrix Ms,s is nonsingular if and only if
each of the smaller blocks is nonsingular. Each of the smaller blocks is of

the form (
〈
wα
′

1 q
′
s,Ψ(as)(Λwα1 qs)

〉
)
wα
′

1 q′s,w
α
1 qs∈Qn

, and with this a matrix as in

Theorem 8.1. The A in Theorem 8.1 corresponds to the length 1 sequence
(as) in our current situation. The degree n of the monomials wα

′
1 qs′ and

wα1 qs are determined by the total degree m that is given, and the degrees
of the pj , for 1 ≤ j ≤ k and j 6= s. Theorem 8.1 tells us that the smaller
blocks are nonsingular, hence the blocks Ms,s are nonsingular. This is what
we need to show to verify (2). �

8.4. Suppose G = H = Z2m and K = Z2m−1 where m ≥ 3. There is
a subgroup L of index 2 in K which acts trivially on all spaces and fibres
of bundles (encoded in Fe). Set G′ = G/L, H ′ = H/L and K ′ = K/L.
Dividing out the ineffective action of L induces vertical isomorphisms in
the following commutative diagram. Homology is understood to be with
Z2–coefficients throughout.

NG
∗,c[{H,K}](Fe)

Ψ−−−−→ H∗(ED ×D Fe)
Φ∗−−−−→ H∗(ED ×D Fe)

∼=
y ∼=

y ∼=
y

NG′
∗,c [{H ′,K ′}](Fe)

Ψ′−−−−→ H∗(ED
′ ×D′ Fe)

Φ′∗−−−−→ H∗(ED
′ ×D′ Fe)

The problem for G, H, and K is the same as the one for G′ = G/L,
H ′ = H/L and K ′ = K/L. Note that K ′ = Z2 and H ′ = Z4. The group
D′ = G′/K ′ is still D. We get from the first to the second row of the
diagram by dividing out the ineffective action of L. Conversely, we get from
the second to the first row by extending an action ineffectively.

Extending actions ineffectively, going from the second to the first row
in the diagram, preserves being algebraic. Hence elements in ker(Φ∗) lift
back to algebraically represented classes in NG

∗,c[{H,K}](Fe). The proof of
Proposition 5.20 is also complete in this case.
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8.5. Suppose G = Z2n, H = Z2m and K = Z2m−1 where n > m ≥ 2.
Dividing out the ineffective part of the action as in the previous case, we
may assume that m = 2, and with this H = Z4 and K = Z2. We have an
embedding Z2 ↪→ D = G/K. Consider the following diagram:

NG
∗,c[{H,K}](Fe)

ΨD−−−−→ H∗−1(ED ×D Fe)
ΦD∗−−−−→ H∗−1(ED ×D Fe)xIndGH

xρ x
NH
∗,c[{H,K}](Fe)

Ψ2−−−−→ H∗−1(EZ2 ×Z2 F
e)

Φ2∗−−−−→ H∗−1(EZ2 ×Z2 F
e).

If f : M → Fe represents a class in NG
∗,c[{H,K}](Fe), then IndGH of it is

IndGH f : G×H M → Fe, where (IndGH f)[g, x] = gf(x).

The two other vertical maps are geometrically induced. The action of Z2

on ED is the restriction of the action of D, and dividing out the action
of a larger group induces the quotient map EZ2 ×Z2 F

e → ED ×D Fe and
EZ2 ×Z2 F

e → ED ×D Fe, respectively. With these definitions the diagram
commutes.

According to the previous case, we know that elements in the kernel of
Φ2∗ lift back to algebraically represented classes in NH

∗,c[{H,K}](Fe). Our
task is to show that elements in the kernel of ΦD∗ lift back to algebraically
represented classes in NG

∗,c[{H,K}](Fe). We distinguish the even and odd
dimensional case.

8.5.1. Case ∗ = 2m+1. Then H2m(BD,Z2)→ H2m(BZ2,Z2) is an isomor-
phism (see Proposition 6.1) and the induced map coker(Φ∗D) → coker(Φ∗2)
is an isomorphism (see (7.4)). The commutativity of the diagram implies
that ρ maps ker(Φ2,∗) to ker(ΦD,∗). Having the same dimension as a vector
space over Z2 in each degree, it follows that ρ restricts to an isomorphism

ρ| : ker(Φ2,∗)
∼=−→ ker(ΦD,∗).

Suppose β ∈ ker(ΦD,∗). We know that there is an algebraically repre-

sented class Λ ∈ NH
∗,c[{H,K}](Fe), so that Ψ2(Λ) = (ρ|)

−1(β). The com-

mutativity of the diagram implies that ΨD(IndGH Λ) = β, and IndGH Λ is an
algebraically represented class in NG

∗,c[{H,K}](Fe), see [10, Proposition 3.1].
This concludes our argument in case ∗ = 2m+ 1.

8.5.2. Case ∗ = 2m. We prepare the second case with a construction. Let
us consider a G equivariant function f : M → Fe that represents a class
Λ ∈ NG

∗,c[{H,K}](Fe). We write Ξ(Λ) for the class represented by:

(8.3) f̃ : S1 ×H M → Fe where f̃ [z, x] = zf(x).

The action of S1 on Fe stems from Proposition 5.15. This construction
defines an N∗–module homomorphism

(8.4) Ξ : NG
∗,c[{H,K}](Fe) −→ NG

∗+1,c[{H,K}](Fe).
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Lemma 8.5. If Λ is algebraically represented, then so is Ξ(Λ).

Proof. If M is a nonsingular real algebraic variety, then so is the balanced
product S1 ×H M , see [21] or [12, Section 3]. If f is entire rational, then

so is f̃ . To see the latter, one uses that the action of S1 on Fe is regular
(as observed in Proposition 5.15) and the universal mapping property of the
algebraic quotient, see [12, Section 3]. Taken together, if (M,f) is algebraic,

then so is (S1×HM, f̃). If Λ is algebraically represented, then so is Ξ(Λ). �

We turn our attention to the proof of Proposition 5.20 in case ∗ = 2m.
Consider the diagram

NG
2m,c[{H,K}](Fe)

Ψ2−−−−→ H2m−1(BD × Fe)
Φ2−−−−→ H2m−1(ED ×D Fe)

Ξ

x Ξ′
x∼=

NG
2m−1,c[{H,K}](Fe)

Ψ1−−−−→ H2m−2(BD × Fe)
Φ1−−−−→ H2m−2(ED ×D Fe)

The first vertical map Ξ has been defined above. The second map vertical
map in the diagram is obtained from the map Ξ in Definition 6.3 applied to
the first factor, and to distinguish it we denote it by Ξ′. Tracing through
the definitions we see that the first square commutes. Clearly, Φ2 ◦Ψ2 = 0.
Elements in the kernel of Φ1 are images of classes in NG

2m−1,c[{H,K}](Fe),
and we deduce that Ξ restricts to a map

(8.5) Ξ′| : ker(Φ1)→ ker(Φ2).

As Ξ′ is an isomorphism (Note after Definition 6.3), hence injective, we
deduce that Ξ′| is injective. According to Theorem 7.1, coker Φ∗1

∼= coker Φ∗2.

In every grading, ker(Φ1) and ker(Φ2) have the same dimension, and Ξ′| is

an isomorphism.
For every β ∈ ker(Φ2), by the previous case, there is an algebraically

represented class Λ ∈ NG
2m−1,c[{H,K}](Fe) such that Ψ1(Λ) = (Ξ′|)

−1(β).

Commutativity of the diagram implies that Ψ2(Ξ(Λ)) = β and Lemmma 8.5
tells us that Ξ(Λ) has algebraic representatives. This is all we needed to
show.

8.6. The general case. Finally we consider the case in which G is an
arbitrary cyclic group. As always, H and K are subgroups of G so that
[H : K] = 2. Without loss of generality we assume, and explain soon:

• The order of H is divisible by 4.
• The maximal subgroup Godd of G of odd order acts freely.

Let us set G = G′×Godd with G′ = Z2n , H = Z2m ⊂ G′ and K = Z2m−1 .
Induction provides us with a homomorphism

IndGG′ : NG′
∗,c [{H,K}](Fe)→ NG

∗,c[{H,K}](Fe).

This map is onto, see [23], and it sends algebraically represented classes
to algebraically represented ones, see [13]. According to the previous case,
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classes in NG′
∗,c [{H,K}](Fe) are algebraically represented, and it follows that

classes in NG
∗,c[{H,K}](Fe) are algebraically represented. This is what we

wanted to show, and our proof of Proposition 5.20 is complete.

Remark 8.6 (Explanation of additional assumptions). We previously proved
Proposition 5.20 in case 4 does not divide the order of H.

If there is a subgroup T ⊂ Godd that acts trivially, then we can divide out
the action of T . If Proposition 5.20 holds for G/T , then it holds for G. The
assumption that H and K are the only isotropy groups implies that once we
divide out the odd part of the kernel of the action, the remaining odd order
elements act freely.
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