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Abstract. Suppose that M2n is a cohomology CPn which admits an involution

fixing an orientable, codimension - 2 submanifold of degree d. If n is even, then d2

is an odd divisor of n! and, if n is odd, then d is an odd divisor of n!. For example,

if n = 2 or 4, then d = 1. Other examples are given of situations where d must be 1.

1. INTRODUCTION. A cohomology complex projective n-space is a smooth,

closed, orientable 2n-manifold, M2n, such that there is a class x ∈ H2(M ;Z) with

the property that H∗(M ;Z) = Z[x]/(xn+1). Suppose that i : K2n−2t ⊂ M2n is

the inclusion map of a closed, connected, orientable submanifold. It is possible to

associate with such a submanifold a nonnegative integer called the degree of the

submanifold.

Definition. If i : K2n−2t ⊂ M2n, then the degree of K2n−2t is the integer d defined

by the equation i∗(xn−t)[K] = d. The orientation of K2n−2t is chosen in such a

way that d is nonnegative.

It follows from Poincaré duality that the equation defining the degree holds if

and only if i∗[K] = dxt ∩ [M ]. This latter equation is sometimes used to define the

degree.

Let p be a prime number and let Gp denote the cyclic group of order p. Suppose

that M2n is a cohomology complex projective n-space which admits a smooth Gp
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action. The purpose of this paper is to attempt to answer the following question.

If F 2n−2t ⊂ M2n is orientable and fixed by a smooth Gp action, what can be said

about the degree of F 2n−2t? In this context, the degree is sometimes called the

defect of F 2n−2t ([8], p. 270). We will be especially interested in the case t = 1,

that is, Gp actions which fix a codimension-2 submanifold. If M2n admits a smooth

Gp action which fixes F 2n−2 and either n > 2 and p ≥ 2 or n = 2 and p > 2, then

the fixed point set of the action consists of F 2n−2 and an isolated point and F 2n−2

is a Z/pZ-cohomology CPn−1. If n = 2 and p = 2, then there are two possibilities

for the fixed point set. If M4 admits a smooth G2 action fixing F 2, then the fixed

point set is either F 2 and an isolated point and F 2 is a Z/2Z-cohomology CP 1 or

the fixed point set is equal to F 2 and F 2 is a Z/2Z-cohomology RP 2. ([5], pp.

378-383).

Definition. An action of Gp on M2n is called an action of Type II0 if the fixed point

set of the action consists of a codimension-2 component and an isolated point.

If M2n is a cohomology complex projective space and F 2n−2 ⊂ M2n is fixed by

a Gp action of Type II0, then F 2n−2 is orientable. This will be demonstrated in

Lemma 4.1. What is the degree of F 2n−2? If n = 3 and p ≥ 3, then the degree

of F 4 is 1 ([6], Theorem A(i)). There exists a constant which depends only on the

Pontrjagin class of M2n such that the degree of F 2n−2 is 1 if p is greater than this

constant ([8], Theorem A). If p = 3 and M2n is equal to CPn, complex projective

n-space, then the square of the degree of F 2n−2 is congruent to 1 mod 9 ([17],

Corollary D). These results motivate the following conjecture.

Conjecture. If M2n is a cohomology complex projective space and F 2n−2 ⊂ M2n

is fixed by a Gp action of Type II0, then the degree of F 2n−2 is 1.
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A fundamental theorem of Bredon states that if t is arbitrary and F 2n−2t ⊂ M2n

is an orientable submanifold of M2n which is fixed by a Gp action, then the degree

of F 2n−2t is not divisible by p ([5], pp. 378-383). There exist examples of actions

where F 2n−2t ⊂ M2n is fixed, t > 1, and the degree of F 2n−2t is not 1 ([7],

Theorem 7.4). In this paper, we contribute results which assert that the degree of a

submanifold fixed by a Type II0 action satisfies a restrictive numerical congruence

which in some cases forces it to be 1. The easiest result to state is our result in the

case when M2n is equal to CPn.

Theorem A. If p = 2 or n is odd, and F 2n−2 is a submanifold of CPn which is

fixed by a Gp action of Type II0, then the degree of F 2n−2 is 1.

The proof of Theorem A will be given in Section 4. Note that Theorem A

affirms the above conjecture in the special case M2n = CPn if p = 2 or n is odd. In

particular if n is arbitrary, then any codimension two submanifold of CPn which is

fixed by a Type II0 involution has degree 1. Involutions of Type II0 will be singled

out for special study throughout this paper.

The Atiyah-Singer g-Signature Theorem [1, 2] plays a large role in our proof of

Theorem A and the other results in this paper. In fact, it is suggested in the litera-

ture that Theorem A in the special case of involutions should follow from the signa-

ture theorem ([17],

p. 589). Our work also involves a formula of Hirzebruch which relates the g-

signature of an involution to the signature of the self-intersection of the fixed man-

ifold [9] and certain congruences for the signatures of self-intersections ([14], Theo-

rem 1.1). In order to state our next theorem, we need some technical preparation.

If M2n is a cohomology CPn, let K2n−2
x ⊂ M2n be a submanifold dual to x ∈
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H2(M ;Z), a generator of the cohomology algebra, and let K
(2)
x be the transverse

self-intersection of K2n−2
x with itself in M2n. The congruences in the next theorem

relate the degree of a submanifold of M2n fixed by a Gp action of Type II0 and the

signatures of Kx and K
(2)
x . If n is a positive integer, let f(n) be n! divided by a

maximal power of 2.

Theorem B. Suppose that M2n is a cohomology CPn. If M2n admits a Type II0

involution fixing a submanifold of degree d, then

±f(n) ≡

{
f(n)d2 SignK

(2)
x (mod2d2(1− d2)), n even,

f(n)d SignKx (mod d(1− d2)), n odd.

If n and p are both odd and M2n admits a Gp action of Type II0 fixing a submanifold

of degree d, then

f(n) ≡ f(n)d SignKx(mod d(1− d2)).

In order to enumerate some of the geometric consequences of Theorem B, we

introduce some notation. Let Dn,p be the set of positive integers d such that there

is a cohomology CPn with a Gp action of Type II0 which fixes a codimension-2

submanifold of degree d. It is easy to see that 1 ∈ Dn,p and we remarked above

that if d ∈ Dn,p, then d 6≡ 0(mod p). The conjecture stated above is the same as

the claim that Dn,p = {1}. Our next corollary follows immediately from Theorem

B.

Corollary C. If d ∈ Dn,2, then d2 divides f(n) if n is even and d divides f(n)

if n is odd. If n and p are both odd and d ∈ Dn,p, then d divides f(n) and so, in

particular, d is odd.

For example, if n = 2 or 4, then Dn,2 = {1}. Our next theorem collects some

results of this type. In some cases, it is possible to conclude that d is 1 if it is known
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that the cohomology CPn supporting the Gp action of Type II0 is a homotopy CPn.

Let D̃n,p be the set of positive integers d such that there is a smooth homotopy CPn

with a Gp action of Type II0 which fixes a codimension-2 submanifold of degree d.

Theorem D. If p ≥ 2 and n = 2 or 4, or if p ≥ 3 and n = 3, then Dn,p = {1}. If

p ≥ 2, then D̃5,p = {1}. If 2 ≤ n ≤ 6, then D̃n,2 = {1}.

In our next theorem, we apply Theorems B and D to study the Pontrjagin class

of a cohomology CP 4 with a Gp action of Type II0. IfM
6 is a cohomology CP 3 with

x ∈ H2(M ;Z) a generator of the cohomology algebra and M6 admits a Gp action

of Type II0, p ≥ 3, then the Pontrjagin class of M6 is given by p∗(M
6) = (1+ x2)4

([6], Theorem A(i)). If M6 is a homotopy CP 3 such that p∗(M
6) = (1+x2)4, then

M6 is diffeomorphic to CP 3 [15]. If n ≥ 3 and M2n is a homotopy CPn, then an

infinite number of Pontrjagin classes p∗(M
2n) are a priori possible ([11], Theorem

3.1). The phenomenon of the existence of an action of Type II0 restricting p∗(M
2n)

does not occur in every dimension n > 3 ([8], Theorem B), but it does occur in

dimension n = 4.

Theorem E. Suppose that M8 is a cohomology CP 4 and that x ∈ H2(M ;Z) is a

generator of the cohomology algebra. If p ≥ 2 and M8 admits a Gp action of Type

II0, then p∗(M
8) = (1 + x2)5.

There are infinitely many smooth homotopy CP 3 with no Type II0 involution

[19]. We contribute a theorem of this type for n = 4, 5, or 6. For technical reasons,

our result in the case n = 5 extends to n ≡ 1 (mod4).

Theorem F. The set of smooth manifolds in the homotopy type of CP 4 which

admit a Gp action of Type II0 for some prime p is finite. If n = 4 or n ≡ 1(mod4),

then there are infinitely many smooth manifolds in the homotopy type of CPn which
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do not admit a Gp action of Type II0 for any prime p. There are infinitely many

smooth manifolds in the homotopy type of CP 6 with no Type II0 involution.

This paper is organized as follows. Section 2 deals with the g-signature of an

involution. In Section 3, we give congruences for the signatures of self-intersections.

Section 4 contains the proofs of Theorems B, D, A and E, in that order. Theorem

F is proved in Section 5.

2. THE g-SIGNATURE OF AN INVOLUTION. Let M2n be an arbitrary,

smooth, closed, orientable 2n-manifold. Suppose that i : L2n−l ⊂ M2n is the

inclusion of a submanifold. If s is a nonnegative integer, then the s-fold self-

intersection of L in M is defined inductively: L(0) = M , L(1) = L, and if L(s) ⊂ M

and j : L(s) −→ M is transverse to L (after a small homotopy), then L(s+1) =

j−1(L). The dimension of L(s) is 2n− ls.

If g : M2n −→ M2n is an orientation preserving diffeomorphism of order p, let

Sign(g,M) be the g-signature of this action of the group Gp on M2n [1, 2]. Recall

that Sign(1,M) = SignM , the signature of M2n, and if λ = exp(2πi/p), then

Sign(g,M) ∈ Z+ 2Z[λ] ([3], Lemma 1). In particular, Sign(g,M) ∈ Z if p = 2. Let

Mg denote the fixed point set of the diffeomorphism g.

Theorem 2.1. (Hirzebruch [9]) If g : M2n −→ M2n is a smooth, orientation

preserving involution, then Sign(g,M) = Sign((Mg)(2)).

Theorem 2.1 is valid if the dimension of M is odd. In this case Sign(g,M) is

defined to be zero. This theorem appears in various places in the literature ([2],

Proposition (6.15), [10], p. 27).

Suppose that M2n is a cohomology CPn which admits a smooth, orientation

preserving involution g : M2n −→ M2n of Type II0 fixing a codimension-2 subman-
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ifold F . It follows that Mg is the union of F and an isolated point and that F is a

Z/2Z-cohomology CPn−1 ([5], p. 382). Note that (Mg)(2) = F (2). If n is odd, then

Sign(g,M) = 0 because Hn(M ;Z) = 0 and Sign(F (2)) = 0 because the dimension

of F (2) is 2(n − 2) which is congruent to 2 mod 4, and so Theorem 2.1 provides

no information in this case. We will see that the signature of F itself detects the

degree in the case n odd. If n is even, then Hn(M ;Z) = Z and SignM = ±1 and so

it is easy to see that Sign(g,M) = ±1. The next proposition follows immediately

from these remarks and Theorem 2.1.

Proposition 2.2. Suppose that n is even and that M2n is a cohomology CPn. If

M2n admits a smooth involution of Type II0 fixing a codimension-2 submanifold F ,

then Sign(F (2)) = ±1.

Proposition 2.2 shows that if we are to be able to decide which integers arise as

the degree of a fixed codimension-2 submanifold, it would be helpful to know how

the signature of the self-intersection of the submanifold with itself is related to the

degree. We do this in the next section in a general setting.

3. THE SIGNATURES OF SELF-INTERSECTIONS. If M2n is an ar-

bitrary smooth, closed, orientable 2n-manifold and K2n−2 ⊂ M2n is a closed, ori-

entable submanifold, letK(s) denote the s-fold self-intersection ofK inM as defined

in Section 2. The dimension of K(s) is 2(n− s). If K is dual to a cohomology class

y ∈ H2(M ;Z), that is, i∗[K] = y ∩ [M ], where i is the inclusion map, then we will

use the notation Ky. If d is a nonnegative integer, then SignK
(s)
dy and SignK

(s)
y

are related by a numerical congruence. This congruence will a principal theoretical

tool when we return to the special case of cohomology complex projective spaces

and Gp actions.
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Definition 3.1. If d is a nonnegative integer and z is a complex number, then the

function Td is defined by

Td(z) = [(1 + z)d − (1− z)d]/[(1 + z)d + (1− z)d].

Signature expansions and congruences are proved by analyzing the power series

of Td(z) and studying the coefficients of the powers of z as functions of d. Note

that Td is an odd function and so we expect only odd powers of z in its power

series. The next definition contains notation for the coefficients and certain sums

of products of the coefficients. We will see that the coefficients are polynomials in

d with rational coefficients. Let N be the set of nonnegative integers and Q the set

of rational numbers and let T
(i)
d (z) be the i-th derivative of Td(z).

Definition 3.2. If k ∈ N, then the function rk : N −→ Q is defined by

(3.3) rk(d) = T
(2k+1)
d (0)/(2k + 1)!.

If k, s ∈ N, k, s ≥ 1, then the function Rk,s : N −→ Q is defined by

(3.4) Rk,s(d) =
∑

i1+i2+...+is=k

ri1(d)ri2(d) . . . ris(d).

The notation in formula (3.4) means that every possible choice of nonnegative

integers i1, i2, . . . , is with i1+ i2+ . . .+ is = k occurs, for example, Rk,1(d) = rk(d),

(3.5) Rk,2(d) = 2r0(d)rk(d) + 2r1(d)rk−1(d) + · · ·+ akr[k/2](d)rk−[k/2](d),

where ak = 1 if k is even and ak = 2 if k is odd.

Proposition 3.6 is the main result of this section. It is an improvement of Propo-

sition 3.8 in [14] because formula (3.9) is added. The only part of the proposition

which will be proved in this paper is formula (3.9). We will prove formula (3.9) after

stating the version of Proposition 3.6 which holds for homotopy complex projective

spaces.
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Proposition 3.6. Let K2n−2 ⊂ M2n be as above. If n− s is even and d ∈ N, then

(3.7) SignK
(s)
dy = ds SignK(s)

y +

(n−s)/2∑

k=1

Rk,s(d) SignK
(2k+s)
y ,

(3.8) f(n) SignK
(s)
dy ≡ f(n)ds SignK(s)

y (mod ds(1− d2)).

If n is even, s = 2 and d is odd, then

(3.9) f(n) SignK
(2)
dy ≡ f(n)d2 SignK(2)

y (mod 2d2(1− d2)).

If n is odd and s = 1 in formula (3.8), then we retrieve formula (1.1) of [13],

a congruence for the submanifold Kdy itself. If M2n is a cohomology CPn and

y = x ∈ H2(M ;Z) is the generator of the cohomology algebra, then (3.7) - (3.9)

express the signatures of the self-intersections of a codimension-2 submanifold of

degree d in terms of d and the signatures of the self-intersections of a submanifold

dual to the generator of the cohomology algebra. The sharper version of (3.8) in

the case n even, s = 2, and d odd, i.e. formula (3.9), will be especially useful in this

context. Corollary 3.10 contains the formulation of Proposition 3.6 in the special

case where M2n is a homotopy CPn.

Let M2n be a homotopy CPn, n ≥ 3, with splitting invariants (σ2, σ3,. . . , σn−1).

Recall that the splitting invariants are integers and mod2 integers which determine

the PL homeomorphism type of M2n [20] and that σk is sometimes written as s2k

([21],

p. 191). The splitting invariants with even subscript, σ2, σ4,. . . , σ2[(n−1)/2], are

integers which determine the Pontrjagin class of M2n ([11], Theorem 3.1) and sat-

isfy certain congruences if M2n is smooth ([11], Theorems 1.1- 1.3). The splitting

invariants with odd subscript are mod 2 integers. If x ∈ H2(M ;Z) is a generator
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of the cohomology algebra and n − s is even, then SignK
(s)
x = 1 + 8σn−s ([13], p.

593). We agree that σ0 = 0 because K
(n)
x is a single point in this case and hence

SignK
(n)
x = 1.

Corollary 3.10. Suppose that M2n is a homotopy CPn, n ≥ 3, with integral

splitting invariants σ2, σ4,. . . , σ2[(n−1)/2]. If n− s is even and d ∈ N, then

(3.11) SignK
(s)
dx = ds(1 + 8σn−s) +

(n−s)/2∑

k=1

Rk,s(d)(1 + 8σn−2k−s),

(3.12) f(n) SignK
(s)
dx ≡ f(n)ds(1 + 8σn−s)(mod ds(1− d2)).

If n is even, s = 2 and d is odd, then

(3.13) f(n) SignK
(2)
dx ≡ f(n)d2(1 + 8σn−2)(mod2d2(1− d2)).

We now turn to the proof of Proposition 3.6. Everything in the proposition is

contained in Proposition 2.8 of [14] except formula (3.9). Our method of attack

in [14] was to show that (3.8) followed from (3.7) and a lemma. We now state an

enhanced version of that lemma which we will use to prove formula (3.9).

Lemma 3.14. The functions rk(d), k ∈ N, are polynomial functions in d such

that r0(d) = d, and, if k ≥ 1, then rk(d) = d(1 − d2)qk(d
2), where qk(d

2) is a

rational polynomial in d2 such that f(2k + 1)qk(d
2) is a polynomial in d2 with

integer coefficients. If k, s ≥ 1, then

(3.15) f(2k + 1)rk(d) ≡ 0 (modd(1− d2)),

(3.16) f(2k + s)Rk,s(d) ≡ 0 (mod ds(1− d2)).
10



If s = 2 and k or d is odd, then

(3.17) f(2k + 2)Rk,2(d) ≡ 0 (mod2d2(1− d2)).

Proof. The statements in Lemma 3.14 and formula (3.15) are contained in Propo-

sition 2.2 of [13]. Formula (3.16) is established in the proof of Proposition 2.8 of

[14]. To see that formula (3.17) holds, note that it follows that the extra factor

of 2 is present in the modulus if k is odd by formula (3.5). If k is even and d is

odd, then it follows from (3.15) that f(k + 1)2rk/2(d)
2 ≡ 0(mod d2(1 − d2)2) ≡

0(mod2d2(1 − d2)). Therefore, formula (3.17) for k even and d odd follows from

(3.5) since f(k + 1)2 divides f(2k + 2).

We are ready to complete the proof of Proposition 3.6. As we remarked above,

we need only establish (3.9). Formula (3.9) follows by multiplying both sides of

(3.7) in the case s = 2, n even, by f(n) and then invoking (3.17) which holds since

we assume that d is odd in (3.9).

We record some properties of the polynomials rk(d) and qk(d
2) which are dis-

cussed in [13] and [14]. If k ≥ 1, then

(3.18)

rk(d) =

(
d

2k + 1

)
−rk−1(d)

(
d
2

)
−rk−2(d)

(
d
4

)
−· · ·−r1(d)

(
d

2k − 2

)
−d

(
d
2k

)
.

This recursion formula can be used together with Lemma 3.14 to produce the

polynomials qk(d
2).

11



TABLE 3.19

k qk(d
2)

1 1/3
2 (3− 2d2)/15
3 (45− 53d2 + 17d4)/315
4 (315− 503d2 + 295d4 − 62d6)/2835
5 (14175− 27702d2 + 22568d4 − 8848d6 + 1382d8)/155925

4. Gp ACTIONS OF TYPE II0. The purpose of this section is to list some

properties of Type II0 actions and then prove Theorem B. The proofs of Theorems

D, A, and E, in that order, will follow after some corollaries and propositions.

Suppose that M2n is a cohomology CPn and that x ∈ H2(M ;Z) is a generator of

the cohomology algebra. If M2n admits a Gp action of Type II0 fixing F 2n−2, let

i : F 2n−2 ⊂ M2n be the inclusion map and put x̂ = i∗(x).

Lemma 4.1. Suppose that M2n is a cohomology CPn. If M2n admits a Gp action

of Type II0 fixing F 2n−2, then F 2n−2 is orientable and H∗(F ;Z)/torsion contains

the truncated polynomial algebra Z[x̂]/(x̂n). If n is odd, then SignF 2n−2 = ±1 and

the orientation of F 2n−2 may be chosen so that SignF 2n−2 = +1 and the degree of

F 2n−2 is positive.

Proof. If p is odd, then F 2n−2 is orientable ([5], p. 175). If p = 2, then F 2n−2 is a

Z/2Z-cohomology CPn−1 ([5], p. 383). In particular, H1(F ;Z/2Z) = 0 and hence

the first Stiefel-Whitney class of F 2n−2 is zero and so F 2n−2 is orientable. Let d

be the degree of F 2n−2. The group H∗(F ;Z)/torsion contains Z[x̂]/(x̂n) because

x̂n−1[F ] = d and d is not zero. It follows from this containment, the fact that F 2n−2

is a Z/pZ-cohomology CPn−1 ([5], pp. 378-383), together with Poincaré duality

and the universal coefficient theorem that if n is odd, then Hn−1(F ;Z)/torsion
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= Z. If α is a generator of this group, then the intersection matrix of F 2n−2 has

the single entry α2[F ]. Let x̂
1

2
(n−1) = Aα for some A ∈ Z. Since

d = x̂n−1[F ] = A2α2[F ] 6= 0,

we have α2[F ] 6= 0. Therefore, if n is odd, then SignF 2n−2 = ±1 and the orientation

which produces a plus sign also produces a positive d.

The next proposition is a restatement of Theorem B. If M2n is a cohomology

CPn, then we denote byK2n−2
x a submanifold dual to a generator of the cohomology

algebra x ∈ H2(M ;Z).

Proposition 4.2. Suppose that M2n is a cohomology CPn. If M2n admits a Type

II0 involution fixing a submanifold of degree d, then

(4.3) ±f(n) ≡

{
f(n)d2 SignK

(2)
x (mod2d2(1− d2)), n even,

f(n)d SignKx (mod d(1− d2)), n odd.

If n and p are both odd and M2n admits a Gp action of Type II0 fixing a submanifold

of degree d, then

(4.4) f(n) ≡ f(n)d SignKx(mod d(1− d2)).

Proof. Suppose that F 2n−2 ⊂ M2n is fixed by a Type II0 involution and that the

degree of F 2n−2 is d. Formula (4.3) in the case n even follows immediately from

formula (3.9), which holds since d is odd, together with the fact that SignF (2) = ±1

proved in Proposition 2.2. Formula (4.3) in the case n odd follows from formula

(3.8) in the case n odd and s = 1 since there is an orientation of F 2n−2 such

that SignF = +1 and d > 0 by Lemma 4.1. Note that because of this choice of

orientation, we may take the plus sign in (4.3) if n is odd. Formula (4.4) follows

from formula (3.8), n odd and s = 1, and Lemma 4.1.
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Corollary 4.5. If d ∈ Dn,2, then d2 divides f(n) if n is even and d divides f(n)

if n is odd. In particular, if n = 2 or 4, then Dn,2 = {1}. If n and p are both odd

and d ∈ Dn,p, then d divides f(n) and so, in particular, d is odd.

Proof. The assertions in this corollary follow immediately from formulas (4.3) and

(4.4).

Note that Corollary 4.5 contains Corollary C. We now state the version of Propo-

sition 4.2 which holds for a homotopy CPn.

Proposition 4.6. Suppose that M2n is a homotopy CPn with integral splitting

invariants σ2, σ4,. . . , σ2[(n−1)/2]. If M2n admits a Type II0 involution fixing a

submanifold of degree d, then

(4.7) f(n) ≡

{
f(n)d2(1 + 8σn−2) (mod2d2(1− d2)), n even,

f(n)d(1 + 8σn−1) (mod d(1− d2)), n odd.

If n and p are both odd and M2n admits a Gp action of Type II0 fixing a submanifold

of degree d, then

(4.8) f(n) ≡ f(n)d(1 + 8σn−1)(mod d(1− d2)).

Proof. Formulas (4.7) and (4.8) follow immediately from (4.3) and (4.4) because

if M2n is a homotopy CPn, then SignK
(2)
x = 1 + 8σn−2, n even, and SignKx =

1 + 8σn−1, n odd. We may take the plus sign in (4.3) for n even as well as odd

because 1+d2 6≡ 0(mod8) and so (4.7) could not hold with f(n) replaced by −f(n)

on the left hand side of the equation.

Corollary 4.9. Let d ∈ D̃n,2. If n is even, then d2 divides f(n). If n is odd,

then d divides f(n) and d ≡ 1(mod 8). If n and p are both odd and d ∈ D̃n,p, then

d ≡ 1(mod8) and d divides f(n). If n = 3 or 5, then D̃n,p = {1}.
14



Proof. The assertions in this corollary follow immediately from formulas (4.7) and

(4.8) and the fact that f(3) and f(5) have no divisors congruent to 1modulo 8

except 1.

Proof of Theorem D. The fact that D2,2 = {1} is in Corollary 4.5 and D2,p = {1},

p ≥ 3, is in the literature ([6], p. 202). The statement D3,p = {1}, p ≥ 3, is in

Theorem A(i) of [6] and D4,p = {1}, p ≥ 2, follows from Corollary 4.5 (p = 2) and

results in the literature ([14], Theorem 1.7 (p = 3), [6], Theorem A(ii) (p > 3)).

Corollary 4.9 contains the fact that if n = 3 or 5 and p ≥ 2, then D̃n,p = {1}. The

statement D̃6,2 = {1} is the only result in the case p = 2 to be verified. If d ∈ D̃6,2,

then it follows from Corollary 4.9 that d = 1 or 3. The splitting invariant σ4 of a

smooth homotopy CP 6 is necessarily even ([11], Theorem 1.3) and so formula (4.7)

in the case n = 6 implies that 1− d2 is divisible by 16 and so d = 1.

We will now use Proposition 4.6 to show that if a homotopy CPn admits a

Type II0 involution fixing a submanifold of degree d, then d = 1 if and only if the

top integral splitting invariant vanishes. This result will be used in the proof of

Theorem A.

Proposition 4.10. Suppose that M2n is a homotopy CPn with integral splitting

invariants σ2, σ4,. . . , σ2[(n−1)/2]. If M2n admits a Type II0 involution fixing a

submanifold of degree d, then d = 1 if and only if σ2[(n−1)/2] = 0. If n is odd and

M2n admits a Gp action of Type II0 fixing a submanifold of degree d, then d = 1 if

and only if σn−1 = 0.

Proof. Suppose that M2n admits a Type II0 involution fixing a submanifold of

degree d. If d = 1, it follows from (4.7) that σ2[(n−1)/2] = 0. Suppose that

σ2[(n−1)/2] = 0. If n is even, this assumption and (4.7) imply that there is an
15



integer m such that f(n)(1 − d2) = 2md2(1 − d2). If d 6= 1, then we obtain a

contradiction to the fact that f(n) is odd by dividing, and so d = 1. If n is odd,

then there is an integer m such that f(n)(1− d) = md(1− d2) by (4.7). If d 6= 1,

we obtain a contradiction to the fact that f(n) is odd by dividing by 1− d, and so

d = 1. The assertion in the last sentence in the case p odd is proved in the same

way using formula (4.8).

Proof of Theorem A. The assertions made in Theorem A follow immediately from

Theorem D if n = 2 and if n ≥ 3 from Proposition 4.10 since every splitting

invariant of CPn is zero ([11], p. 257).

We remark that Theorem A for n ≥ 3 is valid if CPn is replaced by a homotopy

CPn such that the total Pontrjagin class is (1+x2)n+1 where x is a generator of the

cohomology algebra because every integral splitting invariant of such a homotopy

CPn is zero [20]. Our next step is a proposition which will be used in the proof of

Theorem E. The structure of the proof of Theorem E will be the same as the proof

of Theorem D, that is some results from the literature and others from this paper.

Proposition 4.11. Suppose that M8 is a cohomology CP 4 and that x ∈ H2(M ;Z)

is a generator of the cohomology algebra. If p = 2 or 3 and M8 admits a Gp action

of Type II0, then p∗(M
8) = (1 + x2)5.

Proof. If d is the degree of the fixed submanifold, then it follows from Theorem D

that d = 1. This implies that SignK
(2)
x = 1. This fact in the case p = 2 follows from

formula (4.3) and, in the case p = 3, from formula (5.2) of [14]. Since d = 1, K
(2)
x

is dual to x2, and if ν is the normal bundle of j : K
(2)
x ⊂ M8, then p1(ν) = 2j∗x2

([19], p. 252). It follows from these facts and the Hirzebruch Index Theorem ([18],

p. 224) applied to K
(2)
x that p1(M

8) = 5x2. It follows now from the Hirzebruch
16



Index Theorem applied to M8 that p2(M
8) = 10x4.

Proof of Theorem E. The assertion made in Theorem E follows from Proposition

4.11 for p = 2 or 3 and results in the literature about the case p > 3 ([6], Theorem

A(ii)).

Proposition 4.2 gives some information about the degree of a submanifold fixed

by a Gp action of Type II0 if either p = 2 or n and p are both odd. If n is even and

p is odd, the methods of this section fail. There is a congruence similar to (4.3)

- (4.4) in an appropriate ring of algebraic integers in the case n even and p odd

([14], Theorem 4.2). Berend and Katz have defined concentrated cyclic actions [4].

The eigenvalues of a concentrated action lie is small range in comparison with other

invariants ([4], p. 666). Formula (4.3) holds for n even and p odd if the action is

concentrated ([4], Theorem 4.21).

5. SMOOTH MANIFOLDS IN THE HOMOTOPY TYPE OF CPn

WITHOUT Gp ACTIONS OF TYPE II0. We remarked above that the inte-

gral splitting invariants of a smooth homotopy CPn must satisfy certain numerical

congruences. It is clear from Proposition 4.6 that the integral splitting invariants

are related to the existence of Gp actions of Type II0. In this section we will see

that in some cases, the integral splitting invariants may be so chosen that the exis-

tence of a Gp action of Type II0 is precluded and smoothability is guaranteed. In

particular, we prove Theorem F.

Proposition 5.1. The set of smooth manifolds in the homotopy type of CP 4 which

admit a Gp action of Type II0 is finite. There are infinitely many smooth manifolds

in the homotopy type of CP 4 which do not admit a Gp action of Type II0 for any

prime p. There are infinitely many smooth manifolds in the homotopy type of CP 6

17



with no Type II0 involution.

Proof. It follows from Theorem D and Proposition 4.10 that if M8 is a homotopy

CP 4 with a Gp action of Type II0, then σ2 = 0. It follows from the work of Sullivan

that at most finitely many diffeomorphism types in a homotopy type have the same

Pontrjagin class [20]. There are infinitely many smooth homotopy CP 4 such that

σ2 6= 0 ([11], Theorem 1.1) and so each such smooth homotopy CP 4 fails to admit a

Gp action of Type II0 for any prime p. It follows from Theorem D and Proposition

4.10 that ifM12 is a smooth homotopy CP 6 with a Type II0 involution, then σ4 = 0.

There are infinitely many smooth homotopy CP 6 such that σ4 6= 0 ([11], Theorem

1.3) and so each such smooth homotopy CP 6 fails to admit a Type II0 involution.

Proposition 5.1 contains the statements in Theorem F about dimensions n = 4

or 6. The statement about the case n ≡ 1(mod4) requires a different argument. If

u is a positive integer, let ν2(u) be the exponent of 2 in the prime decomposition

of u. If n is a positive integer, let

(5.2) E(n) =

{
max{ν2(m

2 − 1) : m2 divides f(n)}, n even,

max{ν2(m− 1) : m divides f(n)}, n odd.

Lemma 5.3. If M2n is a homotopy CPn such that σ2[(n−1)/2] is a nonzero multiple

of 2E(n)−2, then M2n does not admit a Type II0 involution. If n is odd and M2n is

a homotopy CPn such that σn−1 is a nonzero mulitple of 2E(n)−2, then M2n does

not admit a Gp action of Type II0 for any prime p.

Proof. Suppose that M2n does admit a Type II0 involution and that σ2[(n−1)/2]

is a nonzero multiple of 2E(n)−2. Let d be the degree of the fixed manifold. We

know that d > 1 by Proposition 4.10. We will show that no such value of d

can satisfy (4.7). If n is even, let e = ν2(d
2 − 1). It follows from Corollary 4.9
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that 3 ≤ e ≤ E(n). Formula (4.7) implies that there is an integer q such that

f(n)(1−d2) = 8d2f(n)σn−2+2qd2(1−d2). This is a contradiction since our choice

of σn−2 implies that the left side of the equation is divisible by 2e but not divisible

by 2e+1 while the right side of the equation is divisible by 2e+1. If n is odd, let

e = ν2(d − 1). It follows from Corollary 4.9 that 3 ≤ e ≤ E(n). Formula (4.7)

implies that there is an integer s such that f(n)(1− d) = 8df(n)σn−1 + sd(1− d2)

and so our choice of σn−1 leads to the same contradiction that was obtained in the

case n even. The assertion in the second sentence in the proposition in the case p

odd follows in the same way from formula (4.8).

Proof of Theorem F. Proposition 5.1 contains the statements in Theorem F in the

cases n = 4 or 6. It follows from the second sentence in Lemma 5.3 that the proof

of Theorem F will be complete if we can establish that for every n ≡ 1(mod4) there

are infinitely many smooth homotopy CPn such that σn−1 is a nonzero multiple of

2E(n)−2.

If i is a positive integer, let Bi denote the ith Bernoulli number ([18], p. 281)

and let mi = 22i−2(22i−1−1) num(Bi/4i). (The first three values of mi are m1 = 1,

m2 = 28, and m3 = 496 ([18], p. 285).) If i is even and m ≡ 0(mod2mi), then

there is a smooth homotopy CP 2i+1 such that σ2j = 0, for 1 ≤ j ≤ i − 1, and

σ2i = m ([12], Theorem 6.1).

We are now ready to complete the proof of Theorem F. If n ≡ 1(mod4), let

n = 2i + 1. Let t be a positive integer such that ν2(t) ≥ E(2i+ 1) − (2i+ 1) and

let M4i+2 be a smooth homotopy CP 2i+1 such that σ2i = 2tmi. It follows from

Lemma 5.3 that M4i+2 does not admit a Gp action of Type II0 for any prime p.

There are clearly infinitely many such smooth manifolds M4i+2.
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