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Preface

Praise no day until evening, no wife before her cremation, no
sword till tested, no maid before marriage, no ice till crossed,
no ale till it’s drunk. – Viking proverb from Hávamál
Скоро сказка сказывается, да не скоро дело делается.
– Русская пословица

It being cold in New York, colder in British Columbia, and colder still
in Kazakhstan, the authors met in a series of seminars in Hawai‘i. The topic
was the connection between latticesLq(𝒦) of subquasivarieties of a quasiva-
riety 𝒦, and lattices Sp(L, 𝐻) of𝐻-closed algebraic subsets of an algebraic
lattice L with a monoid of operators 𝐻 . Our original intention was to pro-
duce a short memo describing this connection and some of its consequences.
The method involving 𝐻-closed algebraic subsets is a refinement of older
approaches, and gives new information about subquasivariety lattices, so the
reward seemed to justify the effort, besides providing an excuse to meet in a
warm clime.

Alas, the project got out of hand, continually raising more questions. We
started off with a short itinerary, but then followed where the road took us,
with some scenic stops along the way. We hope that you will enjoy the trip,
and be inspired to your own explorations.

По существу, научная работа в математике - коллек-
тивная работа. – Андрей Николаевич Колмогоров
Adventure is not in the guidebook and beauty is not on the
map. The best one can hope for is to be able to persuade some
people to do some traveling on their own. – Bjarni Jónsson

v





CHAPTER 1

Introduction

ИзШопенгауэра (пер. Страхова) я прочёл тожетолько
первую половину первой страницы (заплатив 3 руб.): но
на ней-то первою строкою и стоит это: «Мир есть
моё представление». — Вот это хорошо, — подумал я
по-обломовски. — «Представим», что дальше читать
очень трудно и вообще для меня, собственно, не нужно.
– Василий Розанов, Уединенное

An old problem of Birkhoff and Mal’cev asks for characterizations of
lattices of subvarieties and lattices of subquasivarieties. We focus here on
subquasivarieties. There are two parts to the question:

(1) describe properties that hold in subquasivariety lattices,
(2) represent lattices satisfying some given properties as subquasiva-

riety lattices.

The hope is that the twain will meet in the middle to yield a characterization.
This problem was tackled by Viktor Gorbunov and his Siberian school,

with much success. Progress up until 2004 is recorded in Gorbunov’s book
on quasivarieties [51] and the survey [1]. But more recent results have cast
the problem in a different light, so that it now seems appropriate to recon-
struct the situation from scratch.

The first part of this monograph (Chapters 1 and 2) develops the basic
theory of subquasivariety lattices in the very general context of implicational
classes of structures with operations and/or relations, in a language that may
or may not include equality. This version is based on results of the authors in
[19, 63, 91]; cf. Hoehnke [59]. The main result represents the lattice Lq(𝒦)
of subquasivarieties of a quasivariety 𝒦 as the lattice Sp(S, 𝐻) of𝐻-closed
algebraic subsets of an algebraic lattice S with a monoid 𝐻 of operators.

One can use the representation to find restrictions on the equational clo-
sure operator on a lattice of subquasivarieties Lq(𝒦), strengthening results
from [14, 16, 19]. The second part of the book (Chapters 3 and 4) discusses
some of these restrictions.
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2 1. INTRODUCTION

The third part (Chapters 5–8) presents a method that allows us to repre-
sent some pairs (L, 𝛾) consisting of a finite lattice and an equaclosure op-
erator on it as a lattice of subquasivarieties Lq(𝒦) and its equational clo-
sure operator. The method mimics [90] to initially obtain a representation
L ∼= Lq(𝒦0) with a quasivariety 𝒦0 in a language without equality, which
can sometimes be converted to a quasivariety𝒦1 in a language with equality.

A fourth and final part (Chapter 9) discusses representations of dually
algebraic distributive lattices.

Many aspects of quasivarieties are not covered in this book. The mono-
graph [62] focuses on locally finite quasivarieties, and its Appendix con-
tains a survey of manifold results on quasivarieties in general. The original
problem, raised independently by Birkhoff and Mal’cev, was to describe all
subquasivariety lattices. It has become increasingly clear, however, that sub-
quasivariety lattices have a rich inner structure; perhaps Anvar Nurakunov’s
description of them as “unreasonable" is closer to the mark [95]. In partic-
ular, small algebras can too easily generate a Q-universal quasivariety. It
is doubtful whether even the class of finite subquasivariety lattices admits
a tractable characterization. The complexity of subquasivariety lattices is
discussed in Section 1.5.

1.1. An overview

Our results on subquasivariety lattices include the following.
A complete lattice L is isomorphic to the lattice Lq(𝒦) of all subqua-

sivarieties of a quasivariety 𝒦 (in a language that may or may not contain
equality) if and only if L is isomorphic to the lattice Sp(S, 𝐻) of all 𝐻-
closed algebraic subsets of an algebraic lattice S, where 𝐻 is a monoid of
operators on S. (Theorems 2.36, 2.43, 2.54)

The representation of a subquasivariety lattice as Sp(S, 𝐻) yields new
restrictions on the equational closure operator on Lq(𝒦). (Theorems 3.14,
3.26, 3.32)

Let us consider pairs (L, 𝛾) consisting of a finite lattice and a weak
equaclosure operator on it, with the additional property that every join irre-
ducible element of L is the least element of its 𝛾-class.

(a) If such a pair (L, 𝛾) can be represented as (Sp(S, 𝐻),Γ), where S
is an algebraic lattice and Γ is the natural weak equaclosure oper-
ator on lattices of algebraic subsets, then we can take S = 𝛾𝑑(L).
(Theorem 5.13)

(b) If for such a pair the lattice 𝛾(L) of closed sets is a chain, then
(L, 𝛾) can be represented as (Sp(S, 𝐻),Γ). (Corollary 5.9)

(c) There is an algorithm to determine whether such a pair (L, 𝛾) can
be represented as (Sp(S, 𝐻),Γ). (Section 5.2)
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If S is an algebraic lattice, and𝐻 is a monoid of operators on S with the
property that, for every ℎ ∈ 𝐻 , ℎ(𝑥) = 1S only if 𝑥 = 1S, and 1S is compact,
then Sp(S, 𝐻) is isomorphic to Lq(𝒦) for a quasivariety of structures in a
language with equality. (Theorem 7.7)

If L is a complete lattice such that L ∼= Sp(S, 𝐻) for some algebraic
lattice S and monoid 𝐻 of operators on S, then the linear sum 1 + L is a
subquasivariety lattice: 1 + L ∼= Lq(𝒦) for a quasivariety with equality.
(Corollary 7.10)

Any distributive, dually algebraic lattice can be represented as Sp(S, 𝐻)
with S an algebraic lattice and 𝐻 a monoid of operators. (Theorem 9.1)

Combining the last two ideas yields the result that every dually alge-
braic, distributive lattice D, the lattice 1 +D is isomorphic to Lq(𝒦) for a
quasivariety of structures with equality. (Theorem 9.12)

If D is a distributive lattice that is both algebraic and dually algebraic,
and the least element ofD is dually compact, thenD can be represented as
Lq(𝒦) for some quasivariety 𝒦 with equality (Theorem 9.18).

A chainC is isomorphic to Lq(𝒦) for some quasivariety𝒦 of structures
with equality if and only if C is dually algebraic and has an atom. (Corol-
lary 9.27)

We have included many examples to illustrate the results, and encourage
the reader to construct her own.

1.2. Lattices, theories, and models

Let us remind the reader of some basic notions that we will use.
A complete lattice is an ordered set L in which every subset 𝐴 ⊆ 𝐿 has

a join (least upper bound), denoted
⋁︀
𝐴, and a meet (greatest lower bound),

denoted
⋀︀
𝐴. That is, there is an element 𝑚 =

⋁︀
𝐴 such that 𝑥 ≥ 𝑚 iff

𝑥 ≥ 𝑎 for all 𝑎 ∈ 𝐴, and dually for meets. Taking 𝐴 = 𝐿 or 𝐴 = ∅,
a complete lattice has a greatest element, denoted 1L, and a least element,
denoted 0L.

An element 𝑐 in a complete lattice is compact if whenever 𝑐 ≤ ⋁︀
𝐴 for

some 𝐴 ⊆ 𝐿, then 𝑐 ≤ ⋁︀
𝐹 for some finite subset 𝐹 ⊆ 𝐴. The lattice L is

algebraic if every element of 𝐿 is a join of compact elements, i.e., for every
𝑥 ∈ 𝐿 it holds that 𝑥 =

⋁︀{𝑐 ∈ 𝐿 : 𝑐 ≤ 𝑥 and 𝑐 is compact}.
Algebraic lattices have some strong structural properties.
∙ Every element of an algebraic lattice is a meet of completely meet
irreducible elements.
∙ An algebraic lattice is weakly atomic: if 𝑎 < 𝑏, then there exist 𝑐,
𝑑 such that 𝑎 ≤ 𝑐 ≺ 𝑑 ≤ 𝑏.
∙ An algebraic lattice is upper continuous: if𝐷 is an up-directed set
and 𝑎 ∈ 𝐿, then 𝑎 ∧⋁︀

𝐷 =
⋁︀
𝑑∈𝐷(𝑎 ∧ 𝑑).
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Good references include [30, 32, 56, 89]. Moreover, algebraic lattices play
a special role in universal algebra; see [30, 27, 55, 86]. But for us, they are
crucial because of the following very general theorem.

A collection of first-order sentences (in some fixed language) is a theory
if it is closed under deduction. The Compactness Theorem of logic says that
if a first-order sentence can be deduced from a collection 𝐴 of sentences,
then it can be deduced from a finite subset 𝐹 ⊆ 𝐴.

Theorem 1.1. Let 𝒰 be a first-order theory. The collection of all theories
𝒯 containing 𝒰 forms an algebraic lattice L(𝒰). The compact theories are
just the theories that are finitely based with respect to 𝒰 , i.e., generated by
𝒰 ∪ ℱ for some finite set of sentences ℱ .

We are generally concerned, not with all first-order theories, but all theo-
ries of a certain type: equational or quasi-equational theories. Each of these
forms a complete sublattice of L(𝒰), making them algebraic lattices in their
own right.

The models of a theory are all structures that satisfy every sentence in
the theory. Models are dual to theories: the more sentences in a theory, the
fewer models it has. Thus the lattice of all model classes will be dual to the
class of all theories of a given kind. In particular, for equational classes and
quasi-equational classes, the lattices Lv(𝒰) and Lq(𝒰) are dual to the cor-
responding lattices of theories. Thus Lv(𝒰) and Lq(𝒰) are dually algebraic
lattices.

The reader casting for a familiar example might remember that the lat-
tice of group varieties is dually isomorphic to the lattice of fully invariant
subgroups of a countably generated free group FG(𝜔). In the latter, fully
invariant subgroups correspond to sets of equations 𝑤 ≈ 1. These are the
equational theories of groups, and the fully invariant subgroups are a com-
plete sublattice of the lattice of normal subgroups of FG(𝜔), and that lattice
is algebraic. The lattice of group varieties is dually isomorphic to the lattice
of fully invariant subgroups, making Lv(𝒢) dually algebraic.

1.3. A review of classical subvariety lattices

While our main topic is quasivarieties, to help us set the stage let us
begin with a summary of varieties of algebras and their subvariety lattices.

A variety, or equational class, is the collection of all algebras of a fixed
type that satisfy some set of equations. For example, the variety𝒜 of abelian
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groups consists of all algebras with one binary operation, one unary opera-
tion, and one constant (nullary operation) satisfying the equations

𝑥(𝑦𝑧) ≈ (𝑥𝑦)𝑧

𝑥1 ≈ 𝑥

𝑥𝑥−1 ≈ 1

𝑥𝑦 ≈ 𝑦𝑥.

Birkhoff showed that a class𝒦 of similar algebras is a variety if and only if it
is closed under homomorphic images, subalgebras, and direct products [23],
in notation, HSP(𝒦) = 𝒦. More generally, if 𝒦 is not already a variety, the
least variety containing𝒦 isHSP(𝒦). The key step in Birkhoff’s argument is
the construction, for any variety𝒱 and set𝑋 , of the𝒱-free algebra generated
by 𝑋 , denoted F𝒱(𝑋).

When a variety𝒰 is contained in a variety𝒱 , we say that𝒰 is a subvariety
of 𝒱 , and write 𝒰 ≤ 𝒱 . For example, the variety 𝒜𝑛 of all abelian groups
of exponent 𝑛 is a subvariety of𝒜. The algebras in𝒜𝑛 satisfy the equations
for 𝒜, plus the additional equation

𝑥𝑛 ≈ 1.

The collection of all subvarieties of a variety 𝒱 , ordered by inclusion, forms
a dually algebraic, complete lattice denoted Lv(𝒱).

Corresponding to each variety 𝒱 is the set of all equations satisfied by
all the algebras in 𝒱 , called the equational theory of 𝒱 . For example, the
equational theory of abelian groups would contain all equations that are con-
sequences of the 4-equation basis, including things such as 𝑥𝑦2𝑧 ≈ 𝑦𝑧𝑦𝑥.

If we fix a variety 𝒱 , then the collection of all equational theories con-
taining the theory of 𝒱 , ordered by containment, forms an algebraic lattice
denoted by ETh(𝒱). Indeed, ETh(𝒱) is dually isomorphic to Lv(𝒱), since
more equations means fewer models. By the compactness theorem of logic,
equational theories that are finitely based relative to 𝒱 are the compact ele-
ments of ETh(𝒱). Dually then, varieties that are finitely based relative to 𝒱
are the dually compact members of Lv(𝒱).

A congruence relation 𝜙 on an algebra A is fully invariant if for every
endomorphism 𝜀 of A, and every pair 𝑎, 𝑏 ∈ 𝐴, we have that 𝑎𝜙 𝑏 implies
𝜀𝑎𝜙 𝜀𝑏. The fully invariant congruences ofA form a complete sublattice of
Con A, denoted FiCon A. As a complete sublattice of an algebraic lattice,
FiCon A is itself algebraic.

The connection between lattices of equational theories and fully invari-
ant congruences is that, for any variety 𝒱 , the lattice of theories ETh(𝒱)
is isomorphic to FiCon F𝒱(𝜔), where F𝒱(𝜔) is the countably generated
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𝒱-free algebra; see Theorem 2.54(1). This explains why ETh(𝒱) is alge-
braic and Lq(𝒱) is dually algebraic, besides giving us a concrete structure
for dealing with equational theories.

Only a few restrictions are known on lattices of subvarietiesLv(𝒱). They
are dually algebraic, and since the least element corresponds to the variety
𝑥 ≈ 𝑦, it is dually compact. Lampe proved that subvariety lattices satisfy a
form of join semidistributivity at 0, the so-called Zipper Condition [77]:

If 𝑎𝑖 ∨ 𝑐 = 𝑧 for all 𝑖 ∈ 𝐼 and
⋀︁
𝑖∈𝐼

𝑎𝑖 = 0, then 𝑐 = 𝑧.

A similar but stronger condition was found by Erné [40] and Tardos (in-
dependently), which was refined yet further by Lampe [78]. These results
show that the structure of lattices of subvarieties is quite constrained at the
bottom. On the other hand, Pigozzi and Tardos proved that every dually al-
gebraic lattice with a completely meet irreducible least element 0, that is,
every linear sum L = 1 + K with K dually algebraic, is isomorphic to a
lattice of subvarieties Lv(𝒱) [98]. This strengthens earlier results of Ježek
[64].

Nurakunov proved that a lattice is isomorphic to a lattice of subvarieties
if and only if it is dually isomorphic to congruence lattice of a monoid with a
right zero and two unary operations satisfying certain properties [94]. This
extends earlier work of McKenzie [85] and Newrly [93].

Traditionally, varieties are studied for algebras in a language that in-
cludes equality as the only relation. If we expand the language to include
other relations, so that the type may contain both operations and relations,
then the analogue of an equational class is a class of relational structures that
satisfy a set of atomic formulas, which could be of the form either 𝑠 ≈ 𝑡,
where 𝑠 and 𝑡 are terms, or 𝑅(u) for some relation symbol, where u is a 𝑘-
tuple of terms. In this case, 𝑥 ≈ 𝑦 need not be the least theory in the lattice
of atomic theories. Thus, for future consideration, we pose the following
problems.

(1) Describe lattices of atomic theories for relational structures in lan-
guages that include equality as a congruence relation.

(2) Describe lattices of atomic theories for relational structures in lan-
guages that may not include equality as a congruence relation.

Lattices of atomic theories for relational structures in languages that do not
include equality are the topic of Appendix A.2.

1.4. A review of classical subquasivariety lattices

Quasivarieties are usually studied for relational structures, which may
have both operations and relations. Thus a typical structure has the form
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S = ⟨𝑆,ℱ ,ℛ⟩whereℱ is a set of operations on 𝑆 andℛ is a set of relations
on 𝑆. It is traditional to assume that equality is in the language, in which
case we might as well assume that ≈ is one of the relations, and that it is
a congruence relation, i.e., reflexive, symmetric, transitive, and compatible
with each 𝑓 ∈ ℱ and each 𝑅 ∈ ℛ. Later, in Chapter 2, we will discard that
assumption.

Again, for structures, atomic formulas can be of the form either s ≈ t,
where 𝑠 and 𝑡 are terms, or 𝑅(u) for some relation symbol, where u is a
𝑘-tuple of terms.

A quasi-equation is a sentence of the form 𝛽1& · · ·& 𝛽𝑛−1 → 𝛽𝑛 with
each 𝛽𝑗 an atomic formula. We allow 𝑛 = 1, so that equations are quasi-
equations with the antecedent empty.

A quasivariety is the collection of all relational structures of a fixed type
that satisfy some set of quasi-equations. For example, to say that a group
has no element of order 5, you can use the quasi-equation

(𝜚) 𝑥5 ≈ 1→ 𝑥 ≈ 1.

The class of all algebras satisfying the group axioms, which are equations,
and the quasi-equation (𝜚) is a quasivariety.

The join semidistributive law for lattices is another familiar quasi-equation:

(SD∨) 𝑥 ∨ 𝑦 ≈ 𝑥 ∨ 𝑧 → 𝑥 ∨ 𝑦 ≈ 𝑥 ∨ (𝑦 ∧ 𝑧).
The quasivariety of join semidistributive lattices is determined by the lattice
axioms, which are equations, and (SD∨).

When the index set 𝐼 is finite and the constant 0 is in the language, the
Zipper Condition is a quasi-equation:

𝑥1 ∨ 𝑦 ≈ 𝑧& . . . &𝑥𝑛 ∨ 𝑦 ≈ 𝑧&𝑥1 ∧ . . . ∧ 𝑥𝑛 ≈ 0 → 𝑦 ≈ 𝑧.

The classic characterization of quasivarieties uses the class operators:
for a collection 𝒳 of structures of the same type,

∙ H(𝒳 ) denotes all homomorphic images of structures in 𝒳 ,
∙ S(𝒳 ) denotes all isomorphic copies of substructures of structures
in 𝒳 ,
∙ P(𝒳 ) denotes all direct products of structures in 𝒳 ,
∙ U(𝒳 ) denotes all ultraproducts of structures in 𝒳 ,
∙ R(𝒳 ) denotes all reduced products of structures in 𝒳 .

Note that P(𝒳 ) and R(𝒳 ) include the empty product, which is a 1-element
structure with all possible relations of the type holding. The classes H(𝒳 ),
S(𝒳 ), etc. are taken to be closed under isomorphism, by convention.

Theorem 1.2. The following are equivalent for a class𝒬 of structures of
the same type.
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(1) 𝒬 is a quasivariety.
(2) 𝒬 is closed under S, P and U.
(3) 𝒬 = SPU(𝒬).
(4) 𝒬 = SR(𝒬).

Let us denote the quasivariety generated by 𝒳 as Q(𝒳 ).

Corollary 1.3. If 𝒳 is a collection of structures of the same type, then

Q(𝒳 ) = SR(𝒳 ) = SPU(𝒳 ) .

Corollary 1.4. If 𝒳 is a finite set of finite structures, then Q(𝒳 ) =
SP(𝒳 ).

The second corollary is because any ultraproduct of a finite set of finite
structures is isomorphic to one of them.

Theorem 1.2 is Corollary 2.3.4 inGorbunov’s book [51], based onMal’cev
[82], and incorporating ideas of Łoś (see [28]), Mal’cev [81], Horn [60],
Chang and Morel [29] and Frayne, Morel and Scott [42, 43]. There is a
complete proof in Chapter V of Burris and Sankappanavar [27]; see The-
orem V.2.25. Note that the equality SR(𝒳 ) = SPU(𝒳 ) just reflects the
fact that any filter on a boolean algebra (in this case the boolean algebra 2𝐼 ,
where 𝐼 is the index set for a direct product) is an intersection of ultrafilters;
see Lemma 2.8 (1).

When a quasivariety 𝒬 is contained in a quasivariety 𝒦, we say that 𝒬
is a subquasivariety of𝒦, denoted𝒬 ≤ 𝒦. The collection of all subquasiva-
rieties of𝒦, ordered by inclusion, forms a dually algebraic, complete lattice
denoted Lq(𝒦). Our main goal in this book is to investigate subquasivariety
lattices.

Analogous to the correspondence between varieties and equational the-
ories, there is a duality between quasivarieties and implicational theories.
The implicational theory, or sometimes quasi-equational theory, of a qua-
sivariety 𝒦 consists of all quasi-equations satisfied by all the structures in
𝒦. This will include all consequences of the quasi-equations in a basis for
𝒦. For example, if a quasivariety of groups satisfies 𝑥5 ≈ 1→ 𝑥 ≈ 1, then
it also satisfies 𝑥10 ≈ 1→ 𝑥2 ≈ 1.

If we fix a quasivariety 𝒦, then the collection of all implicational theo-
ries containing the theory of𝒦, ordered by containment, forms an algebraic
lattice denoted by ITh(𝒦). As with varieties, the lattice of theories ITh(𝒦)
is dually isomorphic to Lq(𝒦).

Again, implicational theories that are finitely based relative to 𝒦 are the
compact elements of ITh(𝒦). Dually, quasivarieties that are finitely based
relative to 𝒦 are the dually compact members of Lq(𝒦).
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Being closed under substructures and direct products, quasivarieties have
free structures. That is, given a quasivariety 𝒦 and a set𝑋 , there is a struc-
ture F = F𝒦(𝑋) such that F ∈ 𝒦, F is generated by 𝑋 , and any map
ℎ0 : 𝑋 → 𝑆, where S is a structure in 𝒦, can be extended to a homomor-
phism.

But not every homomorphic image of a structure in a quasivariety𝒦 need
be in 𝒦; this applies to free structures are well. The set of all congruences
𝜃 on a structure 𝒮 such that S/𝜃 is in 𝒦 forms a complete meet subsemilat-
tice of Con S, denoted Con𝒦 S. Though Con𝒦 S need not be closed under
arbitrary joins in Con S, it is closed under directed joins, and hence is an
algebraic subset of Con S. That makes Con𝒦 S an algebraic lattice in its
own right.

The lattice Lq(𝒦) of subquasivarieties of 𝒦 is isomorphic to a lattice
Sp(S, 𝐻) of 𝐻-closed algebraic subsets, where S is an algebraic lattice and
𝐻 a monoid of operators on S (see Theorem 2.54(2)). Lattices of algebraic
subsets are described in Section 1.6. In this representation, S is the lattice
of𝒦-congruences of the countably generated𝒦-free structureCon𝒦 F𝒦(𝜔),
and the operators are induced by the endormorphisms of F𝒦(𝜔). Note that
each endomorphism 𝜀 of a free structureF𝒦(𝑋) is determined by the values
of 𝜀(𝑥) for 𝑥 ∈ 𝑋 , that is, a substitution of terms for variables. Moreover, the
correspondence between subquasivarieties and 𝐻-closed algebraic subsets
is such that a subquasivariety 𝒬 ≤ 𝒦 maps to the algebraic subset 𝑄 =
{𝜃 ∈ Con𝒦(F) : F/𝜃 ∈ 𝒬}.

Dually, the lattice ITh(𝒦) of implicational theories containing the the-
ory of 𝒦 is isomorphic to the congruence lattice of a semilattice with op-
erators, ITh(𝒦) ∼= Con(K,∨, 0, ̂︀𝐻) where K is the semilattice of compact
𝒦-congruences ofF𝒦(𝜔) and the mappings in ̂︀𝐻 are the restrictions of those
in 𝐻 to compact elements (see Theorem 2.36). Unfortunately, the implica-
tional theories are not congruence classes, but classes of another type of
relation called dongruences, as described in [19].

Summarizing, for any quasivariety 𝒦,

Lq(𝒦) ∼=𝑑 ITh(𝒦) ∼= Con(K,∨, 0, ̂︀𝐻) ∼=𝑑 Sp(S, 𝐻)

where S = Con𝒦(F𝒦(𝜔)), K is the semilattice of compact elements of
S, the operators in 𝐻 are induced by endomorphisms of S, and ̂︀𝐻 is their
restriction to K. The details will come in Chapter 2.

The use of operators in the above approach, based on Adaricheva and
Nation [19], refines the representation of Gorbunov and Tumanov for sub-
quasivariety lattices as Lq(𝒦) ∼= Sp(S, 𝜀) the lattice of 𝜀-closed algebraic
subsets for a distributive quasi-order 𝜀 [51, 53]. The operator restriction is
strictly stronger: if S is a finite meet semilattice with 1, then any sublattice
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of Sub(S,∧, 1) can be represented as Sub(S,∧, 1, 𝜀), but not necessarily as
Sub(S,∧, 1, 𝐻); see Section 4-3 of [21]. Nonetheless, we still occasionally
find it worthwhile to use distributive quasi-orders, as in Section 4.3.

Some of the basic structural properties of subquasivariety lattices are
consequences of the representation Lq(𝒦) ∼= Sp(S, 𝐻). In view of Theo-
rem 1.21, we have the following.

Theorem 1.5. For any quasivariety 𝒦, the lattice Lq(𝒦) is dually alge-
braic and join semidistributive.

It follows from the representation of subquasivariety lattices as Sp(S, 𝐻)
that Lq(𝒦) supports an equaclosure operator (see Chapter 3), but that is
backwards. We should beginwith the natural equaclosure operator onLq(𝒦).

Following Wiesław Dziobiak [38], for each subquasivariety𝒬 of a qua-
sivariety 𝒦, let

Γ(𝒬) = 𝒦 ∩HSP(𝒬) = 𝒦 ∩H(𝒬).
Clearly Γ is a closure operator on the lattice Lq(𝒦), assigning to each 𝒬 its
closure under homomorphic images that lie in 𝒦.

Since a structure in𝒬may have homomorphic images that are not in𝒦,
we should be careful in describing Γ(𝒬). A relative subvariety is a subclass
of𝒦 determined within𝒦 by a set of atomic formulas. The closure Γ(𝒬) =
𝒦 ∩ H(𝒬) of a subquasivariety is a relative subvariety of 𝒦; it need not be
a variety with respect to some larger quasivarietyℋ > 𝒦.

The gist of Chapter 3 is that the equaclosure operator Γ imposes strong
restrictions on what lattices can be lattices of subquasivarieties. We defer
the details and history until then.

The big difference between lattices of subquasivarieties Lq(𝒦) and lat-
tices of algebraic sets Sp(S, 𝐻), where S is any algebraic lattice, is the role
played by the variety 𝑥 ≈ 𝑦 of 1-element structures. In a language with re-
lation symbols, this need not be the least subquasivariety. The variety 𝑥 ≈ 𝑦
is, of course, dually compact, being finitely based.

Recall that a lattice is atomic if it has a least element 0 and for every
𝑥 > 0 there exists an atom 𝑎 such that 𝑥 ≥ 𝑎 ≻ 0. Gorbunov used the
quasivariety 𝑥 ≈ 𝑦 to prove that if the language of𝒦 has an equality relation,
then Lq(𝒦) is atomic [51]. This is Theorem 2.60 below.

The special role of 𝑥 ≈ 𝑦 is reflected in property (I8) of equaclosure
operators. Property (I8) holds for the natural equaclosure operator onLq(𝒦),
but need not hold for the natural weak equaclosure operator on Sp(S, 𝐻).
This is discussed in Section 3.1.

All of which raises the question: What would life be like without equal-
ity? And that is exactly where we are headed, starting in Chapter 2.
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As we proceed, it is useful to have a couple of sources of generic exam-
ples of subquasivariety lattices.

Theorem 1.6. (1) Every finite distributive lattice is isomorphic to Lq(𝒦)
for some quasivariety 𝒦.

(2) If S is a finite meet semilattice with 1, then the subalgebra lattice
Sub(S,∧, 1) is isomorphic to Lq(𝒦) for some quasivariety 𝒦.

Part (1) is due to Tumanov [111], while part (2) is from Gorbunov and
Tumanov [52]. The lattices in part (2) are atomistic (every element is a
join of atoms), and Section 2.7 gives a fuller version of what is known for
atomistic lattices.

In the course of our investigation, we will often deal with quasivarieties
generated by finitely many, finite structures. These quasivarieties are, of
course, locally finite. There are special methods for working with locally
finite quasivarieties, which are the topic of the book [62]. The Appendix of
[62] also contains a survey of results about quasivarieties of particular types
of algebras.

1.5. It’s complicated: the complexity of subquasivariety lattices

The original statement of the Birkhoff-Mal’cev problem: Characterize
lattices of subquasivarieties is too general to be practical. It is useful for
perspective to list variations of the problem. These necessarily involve one
or more parts of one of the following:

∙ a quasivariety 𝒦 of structures and the lattice of subquasivarieties
Lq(𝒦) and the natural equaclosure operator Γ on Lq(𝒦),
∙ an algebraic lattice S and a monoid 𝐻 of operators on S and the
lattice Sp(S, 𝐻) of𝐻-closed algebraic subsets of S and the natural
weak equaclosure operator Γ on Sp(S, 𝐻),
∙ a dually algebraic, join semidistributive latticeL and a (weak) equa-
closure operator 𝛾 on L.

These terms will be defined in the course of the book. Here are some possi-
ble versions of the Birkhoff-Mal’cev problem.

∙ Given a quasivariety 𝒦, find Lq(𝒦).
∙ Find lattice properties that hold in every subquasivariety lattice
Lq(𝒦).
∙ Find properties of Lq(𝒦) with restrictions on 𝒦, e.g., 𝒦 is locally
finite or 𝒦 is a quasivariety of algebras.
∙ Find lattice properties that hold in every lattice of algebraic subsets
Sp(S, 𝐻).
∙ Given a lattice L, when is L ∼= Lq(𝒦) for some quasivariety 𝒦?
∙ Given a lattice L, when is L ∼= Sp(S, 𝐻) for some S and 𝐻?
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∙ Given a lattice L with an equaclosure operator, when can (L, 𝛾) be
represented as (Lq(𝒦),Γ) for some quasivariety 𝒦?
∙ Given a latticeLwith aweak equaclosure operator, when can (L, 𝛾)
be represented as (Sp(S, 𝐻),Γ) for some S and 𝐻?
∙ Given a lattice L, when does it admit a (weak) equaclosure opera-
tor 𝛾?

In fact, none of these questions has a straightforward answer. The best we
can hope for is partial solutions, by putting extra restrictions on 𝒦 or L. In
the rest of this section, let us review some of the complications in character-
izing subquasivariety lattices.

A quasivariety𝒦 is said to be𝑄-universal if, for every quasivariety𝒬 of
finite type, Lq(𝒬) is a homomorphic image of a sublattice ofLq(𝒦). This no-
tion was introduced by Sapir [103], who showed that certain quasivarieties
of semigroups are𝑄-universal. Moreover, if𝒦 is a𝑄-universal quasivariety,
then

∙ |Lq(𝒦)| = 2ℵ0 ,
∙ the free lattice FL(𝜔) is a sublattice of Lq(𝒦), whence in particular
Lq(𝒦) satisfies no lattice identity.

It turns out that 𝑄-universal quasivarieties are ubiquitous. Various ways
to show that a given quasivariety is 𝑄-universal are in Adams and Dzio-
biak [3, 4], Gorbunov [51], and Sapir [103]. Every quasivariety 𝒦 that is
known to be 𝑄-universal has not only the free lattice, but its ideal lattice
ℐ(FL(𝜔)), as a sublattice of Lq(𝒦), and that property is sufficient to guaran-
tee 𝑄-universality [3]. For good discussions of 𝑄-universal quasivarieties,
see Adams and Dziobiak [6] or Adams et al. [1].

Let us look at some typical examples of subquasivariety lattices.
Bands. Bands are idempotent semigroups, satisfying 𝑥(𝑦𝑧) ≈ (𝑥𝑦)𝑧

and 𝑥2 ≈ 𝑥. Simple examples include the 2-element left-zero semigroup
L, satisfying 𝑥𝑦 ≈ 𝑥, the 2-element right-zero semigroup R, satisfying
𝑥𝑦 ≈ 𝑦, and the 2-element semilattice I, satisfying 𝑥𝑦 ≈ 𝑦𝑥. To each of L
andRwe can add a new zero element, formingL0 andR0. Note that I ≤ L0

and I ≤ R0. Normal bands are the subvariety, 𝒩 , of semigroups satisfying
𝑥𝑦𝑧𝑡 ≈ 𝑥𝑧𝑦𝑡. Shafaat [108] showed that the semigroups we have listed are
precisely all the quasicritical normal bands. Moreover, each of the bands L,
L0, I, R, R0 generates a quasivariety that is join prime in Lq(ℬ); see, e.g.,
Corollaries 2.33 and 3.5 of [62] for join prime locally finite quasivarieties.
Hence the lattice Lq(𝒩 ) of normal bands is a small distributive ideal of
Lq(ℬ), as shown in Figure 1.1.

But the variety of all bands is𝑄-universal (Adams and Dziobiak [5]), so
Lq(ℬ) has the cardinality of the continuum and satisfies no lattice identity.
In fact, the subvariety ℒ𝒩 of left normal bands defined by 𝑥𝑦𝑥𝑧 ≈ 𝑥𝑦𝑧,
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Q(L) Q(I) Q(R)

Q(L0)

𝒩

Q(R0)

ℬ

Figure 1.1. The lattice of subquasivarieties of bands. Here
ℬ denotes bands, 𝒩 normal bands. The variety ℬ is 𝑄-
universal, so Lq(ℬ) is uncountable and satisfies no lattice
identity. The ideal ↓𝒩 , though, is finite and distributive.

and the subvariety ℛ𝒩 of right normal bands defined by 𝑥𝑧𝑦𝑧 ≈ 𝑥𝑦𝑧, are
both in the interval [𝒩 ,ℬ] and 𝑄-universal [1].

Modular lattices. The variety of modular lattices exhibits similar be-
havior. Letℳ denote the variety of modular lattices. The lattices M𝑘 with
𝑘 atoms, andM3,3 andM+

3,3, are drawn in Figures 1.2 and 1.3, respectively.
Section 2.4 of [62] describes the ideal ↓ (Q(M+

3,3) ∨ Q(M𝜔)) of Lq(ℳ),
which is countable and distributive, containing only the subquasivarieties in-
dicated schematically in Figure 1.4. The argument is based on Jónsson [67]
and Grätzer [54].

On the other hand, Grätzer and Lakser showed that inLq(ℳ) the interval
[Q(M+

3,3),Q(M3,3)] contains 2ℵ0 subquasivarieties [57]. A refinement of
their proof shows that Q(M3,3) is 𝑄-universal, due to Adams and Dziobiak
[3, 37].

But there is another wrinkle: adding constants to the language changes
which subsets of a structure are substructures, and hence which classes of
structures are quasivarieties. Consider what happens when we enlarge the
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M𝑘

Figure 1.2. The latticeM𝑘 with 𝑘 atoms.

M3,3 M+
3,3

Figure 1.3. The lattices M3,3 andM+
3,3

type of lattices to include 0 and 1 as constants. If a variety𝒦 of (0, 1)-lattices
contains a finite simple nondistributive (0, 1)-lattice, then 𝒦 is 𝑄-universal
(Adams and Dziobiak [4]). In particular, M3, regarded as a (0, 1)-lattice,
generates a variety that is a 𝑄-universal quasivariety, whereas without the
constants Lq(V(M3)) is a 3-element chain.

Lattices. Turning to lattices in general, a different story emerges, with
lots of small distributive subquasivariety lattices. A quasivariety𝒬 is said to
be primitive if every subquasivariety 𝒦 ≤ 𝒬 is equational relative to 𝒬. As
we shall see, many small lattices generate a variety V(L) that is a primitive
quasivariety.

We begin with a general notion. A structureA is said to be weakly pro-
jective in a class 𝒦 if whenever A is a homomorphic image of a structure
B ∈ 𝒦, thenA embeds inB. The characterization of primitive, locally finite
quasivarieties is due to Gorbunov [49, 51] and Slavík [110], independently.

Theorem 1.7. A locally finite quasivariety 𝒬 of finite type is primitive if
and only if every finite𝒬-subdirectly irreducible structureA ∈ 𝒬 is weakly
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Q(M+
3,3)

𝒯

𝒟

Q(M3)

Q(M4)

Q(M5)

Q(M𝜔)

Q(M+
3,3) ∨Q(M𝜔)

Q(M3,3)

ℳ

Figure 1.4. The lattice Lq(ℳ) of quasivarieties of modular
lattices. Here 𝒯 denotes all 1-element lattices, 𝒟 denotes
distributive lattices. The interval [Q(M+

3,3),Q(M3,3)] con-
tains uncountably many subquasivarieties, while the ideal
↓(Q(M+

3,3)∨Q(M𝜔)) is countable and distributive as it con-
tains exactly those quasivarieties shown.

projective in𝒬fin, the class of finite structures in𝒬. Moreover, if 𝒬 is prim-
itive, Lq(𝒬) is distributive.

For lattices, we have two wonderful tools at our disposal. The first is
Jónsson’s Lemma: If L is a finite lattice, then the subdirectly irreducible
lattices inV(L) are contained inHS(L). Note that for lattices, or more gen-
erally any class of algebras with idempotent elements, V({L1, . . . ,L𝑚}) =
V(L1×· · ·×L𝑚). Thus every finitely generated lattice variety is generated
by a single lattice.
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The second tool is Whitman’s condition from the solution of the word
problem for free lattices [114]:

(𝑊 ) if 𝑠 =
𝑚⋀︁
𝑖=1

𝑠𝑖 ≤
𝑛⋁︁
𝑗=1

𝑡𝑗 = 𝑡, then either 𝑠𝑖 ≤ 𝑡 for some 𝑖,

or 𝑠 ≤ 𝑡𝑗 for some 𝑗.

Jónsson, McKenzie, and Kostinksy combined (𝑊 )with bounded homomor-
phisms to characterize finitely generated projective lattices; see Chapter II
of [45] for the arguments and discussion. Davey and Sands [33] added the
observation that for lattices with no infinite chains, all homomorphisms are
bounded, to yield: every finite lattice satisfying (𝑊 ) is projective in the class
of finite lattices. Thus we can apply Theorem 1.7 to obtain a sufficient crite-
rion for the variety generated by a finite lattice to be a primitive quasivariety.

Theorem 1.8. Assume thatL is a finite lattice with the property that every
subdirectly irreducible lattice in HS(L) satisfies Whitman’s condition (𝑊 ).
Then the varietyV(L) is a primitive quasivariety, i.e., every subquasivariety
is equational. Thus Lq(V(L)) is finite and distributive.

For modular lattices, Theorem 1.8 applies only to the lattices M𝑘 (in-
cluding by extension M𝜔), while M3,3 fails (𝑊 ). But many nonmodular
lattices have the property, for example, the pentagon N5 and all 16 lattices
that generate a cover of V(N5). Figure 1.5 indicates a couple of sequences
of lattices, all of which generate primitive varieties. Uncountably many such
sequences of primitive lattice varieties are constructed in Jipsen and Nation
[65]. They also found primitive varieties V(L) generated by lattices that fail
(𝑊 ).

The bottom of the lattice Lq(ℒ) of lattice varieties is very thin. There
is one atom (distributive lattices) and 2 varieties of height 2 (V(M3) and
V(N5)), 18 varieties of height 3, etc., until eventually the number of ele-
ments of a given height becomes infinite. For a recent summary, see Jipsen
and Rose [66]. The lattice Lq(V(L)) for a primitive lattice variety inherits
these restrictions: the variety 𝒟 of distributive lattices is the unique atom,
the second level contains V(M3) or V(N5) or both, and so forth. Note that
the third level has at most 17 varieties, not including V(𝑀3,3).

Varieties of 2-unary algebras versus 1-binary algebras. In the course
of writing [62], the authors decided to test the algorithms therein on the va-
riety 𝒯3 generated by a more-or-less randomly chosen 3-element, 2-unary
algebra T3. A familiar pattern emerged: a segment at the bottom of Lq(𝒯3)
contained quasivarieties with only finitelymany subquasivarieties, butQ(T3)
itself turned out to be 𝑄-universal. The proof again used the methods of
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N𝑘

J𝑘

Figure 1.5. LatticesN𝑘 and J𝑘 which generate primitive lat-
tice varieties.

Adams and Dziobiak [3]. A detailed analysis of Lq(𝒯3) is in Chapter 5 of
[62].

Algebras with at least one binary operation are a different matter. Recall
that a finite algebra A is quasiprimal if the ternary discriminator 𝑡(𝑥, 𝑦, 𝑧)
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is a term function on A, where

𝑡(𝑥, 𝑦, 𝑧) =

{︃
𝑧 if 𝑥 = 𝑦,

𝑥 otherwise.

The following theorem summarizes the situation.

Theorem 1.9. (1) Fix a type 𝜏 with a single operation symbol of arity
𝑘 > 1. As 𝑛 → ∞, the probability that a random algebra of type 𝜏 and
cardinality ≤ 𝑛 is quasiprimal goes to 1.

(2) Let 𝒞 = {A1, . . . ,A𝑛} be a finite collection of quasiprimal alge-
bras contained in a common arithmetical (congruence distributive and con-
gruence permutable) variety. Then the finite members of V(𝒞) are finite
direct products of subalgebras of A1, . . . ,A𝑛. Hence V(𝒞) = Q(𝒞), and
Lq(Q(𝒞)) = Lv(V(𝒞)) is a finite distributive lattice.

Part (1) is a renowned theorem of Murskiı̆ [87]. Part (2) is due to Keimel
and Werner [71], and Bulman-Fleming and Werner [26]. For the classical
theory of primal and quasiprimal algebras, we recommend the sections on
semisimple varieties and directly representable varieties in the textbooks by
Bergman [22] and Burris and Sankappanavar [27].

Note that adding constants to the language will not change the prop-
erty of whether a finite algebra is quasiprimal. But there are non-finitely-
generated varieties with a ternary discriminator term that are 𝑄-universal
as quasivarieties (Blanco, Campercholi, and Vaggione [24], see also Dzio-
biak [36]).

Shafaat showed that 2-element algebras generate quasivarieties with 2-
element subquasivariety lattices [109]. This is of course not true for re-
lational structures: even 1-element relational structures of finite type can
generate a quasivariety with a large (finite) subquasivariety lattice. Adams
and Dziobiak were the first to show that a 3-element algebra can generate a
𝑄-universal quasivariety [2].

Groups. Quasivarieties of abelian groups were first described by Vino-
gradov [112]. Every quasivariety of abelian groups is determined by the
prime-power or infinite cyclic groups it contains. For a quasivariety𝒬 ≤ 𝒜,
this is either

(1) {Z𝑞 : 𝑞 ∈ 𝑆} for a finite hereditary set 𝑆 of prime powers, or
(2) {Z} ∪ {Z𝑞 : 𝑞 ∈ 𝑇} for an arbitrary hereditary set 𝑇 of prime

powers,
where Z𝑞 denotes the cyclic group of order 𝑞. Consequently, Lq(𝒜) is a
distributive lattice of cardinality 2ℵ0 .

In contrast, Nurakunov has shown that the quasivariety generated by a
finite abelian group with an extra constant can be 𝑄-universal [96].
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We strongly suspect that the variety of all nilpotent groups of class 2 is
𝑄-universal, but don’t even know whether this is true for the variety of all
groups.

Thus far we have seen that subquasivariety lattices can range from being
tractable to complex, with the only surprise being how easy it is for the
quasivariety generated by a finite structure to be𝑄-universal. There are also
results which say directly that describing subquasivariety lattices is hard.

Kearnes and Nation showed that the class of lattices that can be embed-
ded into subquasivariety lattices is not first-order axiomatizable [70]. (The
result there is for lattices embeddable into congruence lattices of semilat-
tices, but in view of [19, 63] and Theorems 2.36 and 2.64, that is equivalent
to being embedded into the dual of some Lq(𝒦).)

A lattice L is called reasonable if the set of all finite sublattices of L
is decidable, i.e., if there is an algorithm deciding whether a finite lattice
is a sublattice of L. Lattices that are not reasonable are unreasonable. In
[95], Nurakunov showed that for any signature that contains at least one
non-constant operation, there is a quasivariety ℛ with this signature such
thatLq(ℛ) is unreasonable. The same result is true if “decidable” is replaced
by “computable” (recursively enumerable).

Schwidefsky relates unreasonableness to𝑄-universality by showing that
if a quasivariety 𝒦 of finite type satisfies a certain generalization of the
Adams-Dziobiak properties (P1)–(P4) for 𝑄-universality, then there is a
subquasivariety 𝒬 ≤ 𝒦 such that Lq(𝒬) is unreasonable [106]. But the
connection is in one direction only: Lutsak proved that for each nonconstant
finite signature there are continuum many quasivarieties of that signature
such that Lq(𝒦) is unreasonable, but 𝒦 is not 𝑄-universal [80].

Further undecidability results for quasivariety lattices are inKravchenko,
Nurakunov, and Schwidefsky [72, 73, 74, 75, 76].

We began this section by stating that the original statement of the Birkhoff-
Mal’cev problem is “too general to be practical.” Quixotic might be a more
apt description. This will not deter us from seeing what we can find!

1.6. A review of lattices of algebraic sets

Recall that a subset 𝑋 of an ordered set is up-directed if for every 𝑥,
𝑦 ∈ 𝑋 there exists 𝑧 ∈ 𝑋 such that 𝑧 ≥ 𝑥 and 𝑧 ≥ 𝑦. In a complete lattice,
a directed join is the join of a nonempty up-directed subset.

An algebraic subset of a complete lattice S is a subset closed under arbi-
trary meets (including

⋀︀
∅ = 1S) and nonempty directed joins. The inter-

section of a collection of algebraic subsets of S is again an algebraic subset,
so the set of all algebraic subsets of S forms a complete lattice, denoted
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Sp(S). Here we provide a brief summary of the properties of lattices of al-
gebraic subsets. A more thorough exposition is given in Section 4-1 of [21],
and further properties will be developed in the course of this book.

We are primarily interested in the case when S is algebraic, though for
some purposes upper continuity would suffice.

A fundamental fact is that an algebraic subset of an algebraic lattice is an
algebraic lattice in its own right. Even though we do not use the statement
directly, we include its proof, because it is classic, and because one of the
authors remembers having trouble with the exercise 50 years ago in graduate
school.

Theorem 1.10. If 𝐴 is an algebraic subset of an algebraic lattice S, then
𝐴 with the order inherited from S is an algebraic lattice.

Proof. Since 𝐴 is a complete meet subsemilattice of S, it is a complete
lattice. Joins in 𝐴 may be different, with in general

⋁︀
𝐴𝑋 ≥

⋁︀
S𝑋 for

𝑋 ⊆ 𝐴, but for directed sets they are the same.
For 𝑥 ∈ S, define 𝛼(𝑥) =

⋀︀
(↑𝑥∩𝐴), so that 𝑥 ≤ 𝛼(𝑥) ∈ 𝐴, and when

𝑎 ∈ 𝐴 we have 𝑥 ≤ 𝑎 iff 𝛼(𝑥) ≤ 𝛼(𝑎).
Let us show that if 𝑐 is compact in S, then 𝛼(𝑐) is compact in𝐴. Assume

𝛼(𝑐) ≤ ⋁︀
𝐴𝐵 for a subset 𝐵 ⊆ 𝐴. Then

𝑐 ≤ 𝛼(𝑐) ≤
⋁︁
𝐴

𝐵

=
⋁︁
𝐴

{
⋁︁
𝐴

𝐹 : 𝐹 ⊆ 𝐵 is finite}

=
⋁︁
S

{
⋁︁
𝐴

𝐹 : 𝐹 ⊆ 𝐵 is finite}

which implies that 𝑐 ≤ ⋁︀
𝐴𝐺 for some finite𝐺 ⊆ 𝐵, since 𝑐 is compact and

the right-hand side is directed. As 𝑐 ≤ ⋁︀
𝐴𝐺 ∈ 𝐴 we get 𝛼(𝑐) ≤ ⋁︀

𝐴𝐺,
and conclude that 𝛼(𝑐) is compact in 𝐴.

Let 𝑎 ∈ 𝐴. In S we have 𝑎 =
⋁︀

S{𝑐 ∈ 𝑆 : 𝑐 is compact and 𝑐 ≤
𝑎}. As 𝑐 ≤ 𝑎 implies 𝑐 ≤ 𝛼(𝑐) ≤ 𝑎, it follows that 𝑎 =

⋁︀
𝐴{𝛼(𝑐) :

𝑐 is compact and 𝑐 ≤ 𝑎}. Thus every 𝑎 ∈ 𝐴 is a join of elements compact
in 𝐴. �

Before adding operators, it is useful to write down the properties of
Sp(S), the lattice of algebraic subsets of an algebraic lattice S. These go
back to Gorbunov [50]; see also [11, 19].

Theorem 1.11. Let S be an algebraic lattice. The lattice Sp(S) is
(1) atomistic,
(2) dually algebraic,
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(3) join semidistributive,
(4) and it supports a weak equaclosure operator.

Item (1) reflects the fact that, in the absence of operators, {𝑎, 1} is an
algebraic set for any 𝑎 ∈ 𝑆. Properties (2)–(4) hold more generally for
Sp(S, 𝐻): (2) is proved in Theorem 2.71, (3) is a consequence of Theo-
rem 2.59 (the Jónsson-Kiefer Property), and (4) is Theorem 3.6. Still, these
properties do not totally characterize lattices of algebraic subsets, as evi-
denced by the following result of Gorbunov and Tumanov [52].

Theorem 1.12. A boolean lattice B is isomorphic to Sp(S) for an alge-
braic lattice S if and only if B ∼= 2𝜅 for some 𝜅 ≤ ℵ0.

Indeed, for 𝑘 finite, 2𝑘 is isomorphic to Sp(k+ 1) for a 𝑘 + 1-element
chain, while 2ℵ0 is isomorphic to Sp(𝜔 + 1). The proof that these are the
only boolean lattices Sp(S) is given with Theorem 9.29.

Now we turn our attention to algebraic lattices with operators. An op-
erator on an algebraic lattice is a map ℎ : 𝑆 → 𝑆 that preserves arbitrary
meets (including

⋀︀
∅ = 1S) and nonempty directed joins. (These are some-

times called continuous operators.) Clearly the composition of operators is
an operator, and so is the identity map.

If ℎ is an operator on S, an algebraic subset𝐴 ⊆ 𝑆 is said to be ℎ-closed
if ℎ(𝑎) ∈ 𝐴 for all 𝑎 ∈ 𝐴. Likewise, for a set𝐻 of operators, 𝐴 is said to be
𝐻-closed if it is ℎ-closed for every ℎ ∈ 𝐻 .

Lemma 1.13. Let 𝐻0 be a set of operators on a complete lattice S. Let
𝐻 be the monoid of operators generated by 𝐻0 under composition, with the
identity map. An algebraic subset 𝐴 ⊆ 𝑆 is 𝐻-closed if and only if it is
ℎ-closed for every ℎ ∈ 𝐻0.

Thuswe usually speak of amonoid𝐻 of operators onS, while in practice
it suffices to identify a set of operators𝐻0 that will generate the monoid𝐻 .
By convention, no operators means 𝐻0 = ∅, in which case 𝐻 consists of
only the identity map.

Likewise, define the meet of operators by (𝑔 ∧ ℎ)(𝑥) = 𝑔(𝑥) ∧ ℎ(𝑥).
Finite meets of operators are operators (but not necessarily infinite meets
nor directed joins), and if an algebraic subset 𝐴 is 𝐻0 closed, then it is 𝐻1

closed for the meet semilattice 𝐻1 generated by 𝐻0. We return to this topic
in Section 3.2.

If S is an algebraic lattice and 𝐻 a monoid of operators on S, then
Sp(S, 𝐻) denotes the lattice of all𝐻-closed algebraic subsets of S, i.e., alge-
braic subsets𝐴 ofS such that ℎ(𝑎) ∈ 𝐴 for all 𝑎 ∈ 𝐴 and ℎ ∈ 𝐻 . Clearly the
least𝐻-closed algebraic subset is the singleton {1}, and the largest one is all
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of 𝑆. Meets in the lattice Sp(S, 𝐻) are just set intersection:
⋀︀
𝑖𝑋𝑖 =

⋂︀
𝑖𝑋𝑖

for 𝐻-closed algebraic subsets.
We will see in Theorem 1.21 that Sp(S, 𝐻) is dually algebraic, join

semidistributive, and supports a weak equaclosure operator. It need not be
atomistic, as {1, 𝑎} may not be 𝐻-closed.

Note that if S is finite, then Sp(S, 𝐻) = Sub(S,∧, 1, 𝐻), the subalgebra
lattice of a meet semilattice with a largest element 1 (as a constant) and a set
of unary operations that preserve ∧ and 1.

Lattices of algebraic subsets are intimately related to congruence lattices
of semilattices. Freese and Nation [47] proved that for a finite semilatticeK
with 0 and 1 (which is therefore a lattice), Con(K,∨, 0) ∼=𝑑 Sub(K,∧, 1).
Fajtlowicz and J. Schmidt [41] gave the extension to the infinite case: If K
is a join semilattice with 0, then Con(K,∨, 0) ∼=𝑑 Sp(ℐ(K)). The lattice of
ideals ℐ(K) is just the algebraic lattice withK as its semilattice of compact
elements. The ideas involved here are implicit in E. T. Schmidt’s slightly
earlier work on congruence lattices [104, 105].

In view of the connection to subquasivariety lattices, we want an exten-
sion to congruence lattices of semilattices with operators, found in Hynd-
man, Nation, and Nishida [63]. LetK be a join semilattice with 0, and let𝐺
be a monoid of maps 𝑔 : 𝐾 → 𝐾 that preserve ∨ and 0, i.e., 0-semilattice
endomorphisms. Let S be the algebraic lattice ℐ(K) of (nonempty) ideals
of K. For each 𝑔 ∈ 𝐺 we can define an operator 𝑔 : 𝑆 → 𝑆, called the
adjoint of 𝑔, by

𝑔(𝐼) = {𝑘 ∈ 𝐾 : 𝑔(𝑘) ∈ 𝐼}
= 𝑔−1(𝐼)

for an ideal 𝐼 of K. A routine check shows that 𝑔 is indeed an operator.
Then, for the set of maps𝐺 = {𝑔 : 𝑔 ∈ 𝐺}, a more involved argument from
[63] yields

Con(K,∨, 0, 𝐺) ∼=𝑑 Sp(S, 𝐺).

Looking ahead to Chapter 6, it is also possible to start on the other side.
Let S be an algebraic lattice with a monoid of operators 𝐻 . Let K be its
semilattice of compact elements, so that S ∼= ℐ(K). For each ℎ ∈ 𝐻 , define
the adjoint ℎ′ : 𝑆 → 𝑆 by

ℎ′(𝑠) =
⋀︁
{𝑥 ∈ 𝑆 : ℎ(𝑥) ≥ 𝑠}.

It turns out that each ℎ′ maps𝐾 to𝐾, preserving finite joins and 0. Setting
𝐻 ′ = {ℎ′ : ℎ ∈ 𝐻}, we have

Con(K,∨, 0, 𝐻 ′) ∼=𝑑 Sp(S, 𝐻).

We refer the reader to [63] for the detailed proofs.
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For future reference, let us summarize the preceding discussion.

Theorem 1.14. (1) Given a join semilattice with operators (S,∨, 0, 𝐺),
for 𝐺 as above,

Con(K,∨, 0, 𝐺) ∼=𝑑 Sp(ℐ(K), 𝐺).

(2) Given an algebraic lattice S with a monoid 𝐻 of operators, and K
its semilattice of compact elements, for 𝐻 ′ as above

Con(K,∨, 0, 𝐻 ′) ∼=𝑑 Sp(S, 𝐻).

A complete lattice L is upper continuous if whenever 𝑥 ∈ 𝐿 and {𝑑𝑖 :
𝑖 ∈ 𝐼} is an up-directed set in 𝐿, then 𝑥 ∧ ⋁︀

𝑖 𝑑𝑖 =
⋁︀
𝑖(𝑥 ∧ 𝑑𝑖). Algebraic

lattices are upper continuous, and many facts about algebraic subsets of al-
gebraic lattices can be extended to the case when S is just upper continuous,
including the following one. Gorbunov showed that finite joins in Sp(S, 𝐻)
have a simple description [50].

Theorem 1.15. If S is a complete, upper continuous lattice, and the sets
𝑋1, . . . , 𝑋𝑛 are in Sp(S, 𝐻), then

𝑋1 ∨ · · · ∨𝑋𝑛 = {𝑥1 ∧ · · · ∧ 𝑥𝑛 : 𝑥𝑗 ∈ 𝑋𝑗 for 1 ≤ 𝑗 ≤ 𝑛},
This is important for us, so let us include the proof, following Lemma 4-

1.12 of [21].

Proof. Let us show that if 𝑋 , 𝑌 are 𝐻-closed algebraic subsets of S,
then 𝑋 ∨ 𝑌 = {𝑥 ∧ 𝑦 : 𝑥 ∈ 𝑋, 𝑦 ∈ 𝑌 }. Indeed, since 1 ∈ 𝑋 ∩ 𝑌 , we have
𝑋 , 𝑌 ⊆ 𝑆𝑋𝑌 = {𝑥 ∧ 𝑦 : 𝑥 ∈ 𝑋, 𝑦 ∈ 𝑌 }, and hence 𝑆𝑋𝑌 ⊆ 𝑋 ∨ 𝑌 . It
remains to show that 𝑆𝑋𝑌 is an𝐻-closed algebraic subset. Obviously, 𝑆𝑋𝑌
is closed with respect to

⋀︀
and operators ℎ ∈ 𝐻 .

So consider an up-directed subset 𝑑𝑖 ∈ 𝑆𝑋𝑌 , 𝑖 ∈ 𝐼 . Then each 𝑑𝑖 =
𝑥′𝑖 ∧ 𝑦′𝑖 for some 𝑥′𝑖 ∈ 𝑋 , 𝑦′𝑖 ∈ 𝑌 . The sets {𝑥′𝑖 : 𝑖 ∈ 𝐼} and {𝑦′𝑖 : 𝑖 ∈ 𝐼}
need not be directed. To fix this, define 𝑥𝑖 =

⋀︀{𝑥 ∈ 𝑋 : 𝑑𝑖 ≤ 𝑥} and
𝑦𝑖 =

⋀︀{𝑦 ∈ 𝑌 : 𝑑𝑖 ≤ 𝑦}. Then 𝑥𝑖 ∈ 𝑋 , 𝑦𝑖 ∈ 𝑌 and 𝑑𝑖 = 𝑥𝑖 ∧ 𝑦𝑖. Besides,
{𝑥𝑖 : 𝑖 ∈ 𝐼} is up-directed in 𝑋 , whence 𝑥 =

⋁︀
𝐼 𝑥𝑖 is in 𝑋 . Similarly,

𝑦 =
⋁︀
𝐼 𝑦𝑖 ∈ 𝑌 . Due to the upper-continuity of S, one has

𝑥 ∧ 𝑦 = 𝑥 ∧
⋁︁
𝐼

𝑦𝑖 =
⋁︁
𝐼

(𝑥 ∧ 𝑦𝑖) =
⋁︁
𝑖∈𝐼

(
⋁︁
𝑗∈𝐼

𝑥𝑗 ∧ 𝑦𝑖) =
⋁︁
𝑖∈𝐼

⋁︁
𝑗∈𝐼

𝑥𝑗 ∧ 𝑦𝑖 .

Note that 𝑑𝑖 ≤ 𝑑𝑘 implies 𝑥𝑖 ≤ 𝑥𝑘 and 𝑦𝑖 ≤ 𝑦𝑘. Hence for every pair 𝑥𝑗 ∧ 𝑦𝑖
and 𝑥𝑝 ∧ 𝑦𝑞 one can find 𝑘 ∈ 𝐼 such that 𝑥𝑘 ∧ 𝑦𝑘 ≥ (𝑥𝑖 ∧ 𝑦𝑗), (𝑥𝑝 ∧ 𝑦𝑞), so
that 𝑥 ∧ 𝑦 =

⋁︀
𝑘∈𝐼 𝑥𝑘 ∧ 𝑦𝑘 =

⋁︀
𝑘∈𝐼 𝑑𝑘. Thus 𝑆𝑋𝑌 is an 𝐻-closed algebraic

subset of S. �
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Arbitrary joins in Sp(S, 𝐻) can be treated as a special case of a more
general problem: Given a subset𝑋 ⊆ 𝑆, there is a least𝐻-closed algebraic
subset Ag(𝑋) containing𝑋 . Describe it. For then the join is determined as⋁︀
𝑖𝑋𝑖 = Ag(

⋃︀
𝑖𝑋𝑖). The description of Ag(𝑋) is based on arguments in

Gorbunov [51].
Let us introduce some operator notation. For a subset 𝑋 ⊆ 𝑆,
∙ D(𝑋) is the set of all joins of nonempty directed subsets of 𝑋 ,
∙ M(𝑋) is the set of all meets of subsets of𝑋 , including

⋀︀
∅ = 1S,

∙ O(𝑋) is the set of all elements ℎ(𝑥) with ℎ ∈ 𝐻 , 𝑥 ∈ 𝑋 .

Theorem 1.16. Let S be an algebraic lattice with a monoid𝐻 of opera-
tors, and let 𝑋 ⊆ 𝑆. In Sp(S, 𝐻),

Ag(𝑋) = DMO(𝑋).

That is, the least𝐻-closed algebraic subset of S containing𝑋 is obtained by
applying to𝑋 first the operators of 𝐻 , then arbitrary meets, then non-empty
directed joins.

Again, this is crucial for our work, so we include the proof in a series of
lemmas, following closely the proof of Theorem 4-1.22 in [21].

Now, if S is not algebraic, it may happen that D2(𝑋) ⊃ D(𝑋) prop-
erly, andMD(𝑋) ̸⊆ DM(𝑋), so that finding the 𝐻-closed algebraic subset
Ag(𝑋) generated by 𝑋 requires a transfinite recursion. We want to show
that, when S is algebraic, the process terminates with Ag(𝑋) = DMO(𝑋).

Since the operators in𝐻 preserve arbitrary meets and directed joins, the
first observation is obvious.

Lemma 1.17. OM(𝑋) ⊆MO(𝑋) and OD(𝑋) ⊆ DO(𝑋).

The next inclusion requires more work.

Lemma 1.18. [12] If S is algebraic, thenMD(𝑋) ⊆ DM(𝑋).

Proof. Let𝑚 ∈MD(𝑋), so that𝑚 =
⋀︀
𝑖∈𝐼 𝑠𝑖 where each 𝑠𝑖 =

⋁︀
𝑗∈𝐽𝑖 𝑑𝑖𝑗

is a directed join and each 𝑑𝑖𝑗 ∈ 𝑋 .
For each choice function 𝜙 ∈ ∏︀

𝑖 𝐽𝑖, let 𝑡𝜙 =
⋀︀
𝑖 𝑑𝑖𝜙(𝑖). The claim is

that
⋀︀
𝑖 𝑠𝑖 =

⋁︀
𝜙 𝑡𝜙. Since the 𝑡𝜙’s form a directed set, this will show that

𝑚 ∈ DM(𝑋).
Clearly

⋀︀
𝑖 𝑠𝑖 ≥

⋁︀
𝜙 𝑡𝜙. For the reverse inclusion, let 𝑐 ≤

⋀︀
𝑖 𝑠𝑖 be com-

pact. Then for each 𝑖 ∈ 𝐼 we have 𝑐 ≤ 𝑠𝑖, and hence for each 𝑖 there exists
𝑗 ∈ 𝐽𝑖 such that 𝑐 ≤ 𝑑𝑖𝑗 by compactness. Let 𝜓(𝑖) be chosen as one such 𝑗.
Then 𝑐 ≤ 𝑑𝑖𝜓(𝑖) for all 𝑖, so that 𝑐 ≤ 𝑡𝜓. The reverse inclusion follows. �

Lemma 1.19. If S is algebraic and the subset𝑋 ⊆ 𝑆 satisfiesM(𝑋) =
𝑋 , then D2(𝑋) = D(𝑋).
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Proof. For each 𝑠 ∈ 𝑆, define 𝜒(𝑠) =
⋀︀{𝑥 ∈ 𝑋 : 𝑥 ≥ 𝑠}. As usual,

this is an order-preserving map with the properties 𝑠 ≤ 𝜒(𝑠) ∈ 𝑋 , and for
𝑥 ∈ 𝑋 we have 𝑠 ≤ 𝑥 iff 𝜒(𝑠) ≤ 𝑥.

Now consider an element 𝑚 ∈ D2(𝑋). Then we can write 𝑚 =
⋁︀
𝑖 𝑡𝑖,

with each 𝑡𝑖 =
⋁︀
𝑗 𝑥𝑖𝑗 , where both are up-directed joins and each 𝑥𝑖𝑗 ∈ 𝑋 .

Let K denote the semilattice of compact elements of S, and consider any
𝑐 ∈ 𝐾 with 𝑐 ≤ 𝑚. By compactness, we have 𝑐 ≤ 𝑡𝑖0 for some 𝑖0, and again
𝑐 ≤ 𝑥𝑖0𝑗0 for some 𝑗0, whence 𝜒(𝑐) ≤ 𝑥𝑖0𝑗0 ≤ 𝑡𝑖0 ≤ 𝑚.

Let 𝐾(𝑚) = {𝑐 ∈ 𝐾 : 𝑐 ≤ 𝑚}. Then we have 𝑚 =
⋁︀
𝐾(𝑚) ≤⋁︀

𝑐∈𝐾(𝑚) 𝜒(𝑐) ≤ 𝑚, and {𝜒(𝑐) : 𝑐 ∈ 𝐾(𝑚)} is an up-directed subset of 𝑋 .
Thus𝑚 ∈ D(𝑋), as desired. �

Combining the three previous lemmas, we see that DMO(𝑋) is closed
under the operators of 𝐻 , arbitrary meets, and non-empty directed joins. It
follows that Ag(𝑋) = DMO(𝑋), thus proving Theorem 1.16.

We will return to discussing the closure operator DMO in Section 3.2.
In the meantime, let us make some useful observations.

∙ Every 𝐻-closed algebraic subset 𝐴 of S has a least element. We
will typically denote the least element of 𝐴 by 𝑎0, using the lower
case of the same letter.
∙ If 𝑎0 is the least element of 𝐴 and ℎ ∈ 𝐻 , then ℎ(𝑎0) ≥ 𝑎0.
∙ The least 𝐻-closed algebraic subset containing 𝑎0 is DMO(𝑎0).

One more observation is applied often.

Corollary 1.20. If 𝐴𝑖 (𝑖 ∈ 𝐼) are𝐻-closed algebraic subsets, and 𝑎𝑖0 is
the least element of each 𝐴𝑖, then the least element of

⋁︀
𝑖𝐴𝑖 is

⋀︀
𝑖 𝑎𝑖0.

Next we record the analogue of Theorem 1.11 when operators are in-
cluded.

Theorem 1.21. Let S be an algebraic lattice and 𝐻 a monoid of opera-
tors on S. The lattice Sp(S, 𝐻) is

(1) dually algebraic,
(2) join semidistributive,
(3) and it supports a weak equaclosure operator.

Indeed, let K denote the join semilattice of compact elements of S,
and let 𝐻 ′ be the monoid of adjoints of maps in 𝐻 . By Theorem 1.14(2),
Sp(S, 𝐻) is dually isomorphic to the congruence lattice Con(K,∨, 0, 𝐻 ′).
Since congruence lattices of semilattices are meet semidistributive (Papert
[97]), and all congruence lattices are algebraic, the first two statements fol-
low.

However, it is also enlightening to prove (1) and (2) directly. In Sec-
tion 2.6, we derive the join semidistributivity of Sp(S, 𝐻) as a consequence
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of the Jónsson-Kiefer Property, and in Section 2.8 we prove its dual alge-
braicity by identifying the dually compact elements (Theorem 2.71).

There is a natural weak equaclosure operator on Sp(S, 𝐻), and that is the
subject of Chapter 3. The closure operator involves fully invariant elements,
so let us discuss those next.

1.7. Fully invariant elements

Let S be an algebraic lattice with a monoid of operators𝐻 . We say that
an element 𝑥 ∈ 𝑆 is fully invariant if ℎ(𝑥) ≥ 𝑥 for all ℎ ∈ 𝐻 . Let Fi(S)
denote the set of all fully invariant elements of S.

Theorem 1.22. If S is an algebraic lattice with operators, then Fi(S) is
a complete sublattice of S. Hence Fi(S) is itself an algebraic lattice.

Proof. First, note that 0S and 1S are fully invariant.
Consider a subset {𝑥𝑖 : 𝑖 ∈ 𝐼} ⊆ Fi(S). For any operator ℎ ∈ 𝐻 , we

have ℎ(
⋁︀
𝑥𝑖) ≥ ℎ(𝑥𝑖) ≥ 𝑥𝑖 for all 𝑖 ∈ 𝐼 , whence ℎ(

⋁︀
𝑖 𝑥𝑖) ≥

⋁︀
𝑖 𝑥𝑖 and⋁︀

𝑖 𝑥𝑖 is fully invariant. On the other hand, ℎ(
⋀︀
𝑖 𝑥𝑖) =

⋀︀
𝑖 ℎ(𝑥𝑖) ≥

⋀︀
𝑖 𝑥𝑖

since ℎ preserves arbitrary meets, so
⋀︀
𝑖 𝑥𝑖 is also fully invariant. �

In general, Fi(S) need not be 𝐻-closed. Rather, the relevant fact is the
following observation.

Lemma 1.23. The filter ↑𝑥 of S is 𝐻-closed if and only if 𝑥 ∈ Fi(S).

For each 𝑠 ∈ 𝑆, let 𝜑(𝑠) = ⋀︀
(↑𝑠∩Fi(S)), so that 𝜑(𝑠) is the least fully

invariant element above 𝑠. As usual,
(1) 𝑠 ≤ 𝜑(𝑠);
(2) if 𝑥 ∈ Fi(S), then 𝑥 ≥ 𝑠 iff 𝑥 ≥ 𝜑(𝑠);
(3) 𝜑(

⋁︀
𝑗 𝑠𝑗) =

⋁︀
𝑗 𝜑(𝑠𝑗).

These notions will play a recurring role in our study.

1.8. Finite lower bounded lattices

In this section, we review the basic theory of finite lower bounded lat-
tices. Our interest stems from Theorem 1.25 below: If 𝒦 is a locally finite
quasivariety of finite type with only finitely many subquasivarieties, then
Lq(𝒦) is a finite lower bounded lattice. For a quasivariety 𝒬 that is not
locally finite, Lq(𝒬) can be finite without being lower bounded; see Sec-
tion 8.1.

Our review of lower bounded lattices is taken from Chapter II of [45],
which is based on work of Day [34], Jónsson [69], and McKenzie [84]. A
version of this summary also appears in Section 4.2 of Hyndman and Nation
[62].
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We begin by considering lower boundedness for finitely generated lat-
tices. A lattice homomorphism ℎ : K → L is a lower bounded homomor-
phism if for every element 𝑎 ∈ 𝐿, the inverse image ℎ−1(↑ 𝑎) = {𝑤 ∈ 𝐾 :
ℎ(𝑤) ≥ 𝑎} is either empty or has a least element. A finitely generated lattice
L is a lower bounded lattice if it is a lower bounded homomorphic image
of a finitely generated free lattice, i.e., if there is a surjective lower bounded
homomorphism ℎ : FL(𝑋)� L for some finite set𝑋 . Lower bounded lat-
tices initially arose in the context of sublattices of free lattices and projective
lattices.

For an element 𝑐 and a finite subset 𝐴 of a lattice L, we say that 𝐴 is
a join cover of 𝑐 if 𝑐 ≤ ⋁︀

𝐴. The join cover is nontrivial if 𝑐 � 𝑎 for all
𝑎 ∈ 𝐴. Recall that for subsets𝐴,𝐵 of L, we say that𝐵 refines𝐴 if for every
𝑏 ∈ 𝐵 there exists 𝑎 ∈ 𝐴with 𝑏 ≤ 𝑎. This is written𝐵 ≪ 𝐴. The join cover
𝑐 ≤ ⋁︀

𝐴 is minimal if whenever 𝑐 ≤ ⋁︀
𝐵 and 𝐵 ≪ 𝐴, then 𝐴 ⊆ 𝐵. Thus

a minimal join cover consists of an antichain of join irreducible elements,
such that no element of 𝐴 can be omitted or replaced by a set of smaller
elements.

Every element in a finite join semidistributive lattice has a canonical
join representation, that is, a join representation 𝑎 =

⋁︀
𝐶 which is minimal

in the above sense: whenever 𝑎 =
⋁︀
𝐷, then 𝐶 ≪ 𝐷. Finite lower bounded

lattices are join semidistributive, so this applies to them.
We say that a lattice L has the minimal join cover refinement property if

for every 𝑎 ∈ 𝐿, there are only finitely many minimal join covers of 𝑎 in L,
and every nontrivial join cover of 𝑎 refines to one of these minimal ones. Of
course, every finite lattice has the minimal join cover refinement property.

Let D0(L) be the set of all join prime elements of L, i.e., the set of all
elements that have no nontrivial join cover. Given D𝑘(L), define D𝑘+1(L)
to be the set of all 𝑝 ∈ 𝐿 such that every nontrivial join cover of 𝑝 refines
to a join cover contained in D𝑘(L), i.e., 𝑝 ≤

⋁︀
𝐶 nontrivially implies there

exists 𝐵 ≪ 𝐶 with 𝑝 ≤ ⋁︀
𝐵 and 𝐵 ⊆ D𝑘(L). Note that if 𝑝 ∈ 𝐴 where

𝐴 ⊆ 𝐿 has the minimal join cover refinement property, then 𝑝 ∈ D𝑘+1(L) if
and only if every minimal nontrivial join cover of 𝑝 is contained in D𝑘(L).

Clearly D𝑘(L) ⊆ D𝑘+1(L) for all 𝑘 ∈ 𝜔. Let D(L) =
⋃︀
𝑘∈𝜔 D𝑘(L).

The basic theorem on lower bounded lattices can be stated thusly.

Theorem 1.24. For a finitely generated latticeL, the following are equiv-
alent.

(1) L is a lower bounded lattice, i.e., there is a surjective lower bounded
homomorphism ℎ : FL(𝑋)� L for some finite set 𝑋 .

(2) For every finitely generated lattice K, every homomorphism ℎ :
K→ L is lower bounded.

(3) D(L) = L.
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Moreover, if L satisfies these properties then it is join semidistributive and
L has the minimal join cover refinement property.

Examples of lower bounded lattices include any finitely generated sub-
lattice of a free lattice [69], and the subalgebra lattice of any finite semilattice
[9, 46]. For an extension of lower boundedness to lattices that may not be
finitely generated, see Adaricheva and Gorbunov [17].

With these tools in hand, we return to lattices of subquasivarieties. The
restriction to locally finite quasivarieties of finite type brings a strong restric-
tion, due to Adaricheva, Dziobiak, and Gorbunov [14], based on Adaricheva
[9].

Theorem 1.25. Let 𝒦 be a locally finite quasivariety of finite type. If
Lq(𝒦) is finite, then it is a lower bounded lattice.

This theorem is generalized in Theorem 4.7 of [62]: If 𝒦 is a locally
finite quasivariety of finite type, then Lq(𝒦) is a fermentable lattice (see
below). On the other hand, there are finite lower bounded lattices that do
not support any equaclosure operator, e.g., those in Figure 4.4. A lattice that
does not support an equaclosure operator cannot be represented as Lq(𝒬)
for any quasivariety 𝒬.

A lattice is fermentable if it is
⋁︀
-generated by some set 𝐴 of join irre-

ducible elements, that is, every element is a (possibly infinite) join of mem-
bers of 𝐴, such that

(a) 𝐴 has the minimal join cover refinement property,
(b) 𝐴 ⊆ D(L).

These lattices were introduced in Wehrung [113], generalizing Pudlák and
Tůma [99]. For finite lattices, fermentable and lower bounded coincide.



CHAPTER 2

Varieties and quasivarieties in general languages

Ecrire, c’est un façon de parle sans être interrompu. – Jules
Renard
Кто знает, куда смотреть, рано или поздно увидит то,
что хочет увидеть. – Борис Акунин, Кладбищенские
истории

In this chapter we will develop the fundamental notions of varieties and
quasivarieties, starting near the beginning (just past set theory). The key idea
is to link logical theories (equational theories or implicational theories) with
models (varieties or quasivarieties). The tools are well-established: homo-
morphisms, subalgebras, direct products, ultraproducts, Galois connections,
as discussed in the first chapter. It is not surprising that these tools are robust,
and work in a more general setting than the classical 20th century algebra in
which they arose. If at times the details seem unfamiliar, remember Bjarni
Jónsson’s dictum, that you see most clearly from a general perspective.

2.1. Basic universal algebra

Let us review the basic concepts of universal algebra in a general setting.
We consider structures in a language (type) that contains a setℱ of function
symbols, constants (regarded as nullary functions), and a set ℛ of relation
symbols. The type also contains a function that assigns an arity to each
function or relation symbol. Both ℱ and ℛ are allowed to be empty. The
type may or may not contain an equality relation ≈.

A particular structure A = ⟨𝐴,ℱA,ℛA⟩ has a carrier set 𝐴, functions
𝑓A for 𝑓 ∈ ℱ , and relations 𝑅A for 𝑅 ∈ ℛ.

In the background is a universal quasivariety 𝒰 within which we work.
Examples include the following.

∙ 𝒰 is all structures of the given type, with no laws.
∙ 𝒰 is sets with a binary relation≈, and laws stating that≈ is reflex-
ive, symmetric and transitive.
∙ 𝒰 is all groups, with the group laws and laws stating that ≈ is a
congruence relation.

29
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∙ 𝒰 could be sets with binary relations ≈𝜀 for all real 𝜀 > 0 that
model the relations in ametric spacewhere𝑥 ≈𝜀 𝑦means 𝑑(𝑥, 𝑦) <
𝜀. Thus each≈𝜀 would be reflexive and symmetric, but transitivity
would be replaced by laws of the form

𝑥 ≈𝜀1 𝑦 & 𝑦 ≈𝜀2 𝑧 → 𝑥 ≈𝜀1+𝜀2 𝑧 .

The language and the underlying quasivariety 𝒰 are part of the specification
of any quasivariety𝒬. Sometimes these may be implicitly known, for exam-
ple as when discussing quasivarieties of groups or lattices, but as a general
rule they should be included in the description of 𝒬.

Important notice: Whenwe speak of a languagewith equality, wemean
that there is a binary relation symbol that, per the laws of the base quasivari-
ety 𝒰 , acts as an equivalence relation and preserves operations and relations.
The mere presence of the symbol ≈, or which symbol is used to denote
equality, is of course irrelevant.

We maintain the traditional distinction between functions and relations
on a structure. Functions are operations on a structure, defined on some 𝐴𝑘
and taking values in 𝐴. Relations are predicates, expressing what you can
say in the language about a structure.

Let 𝑓 ∈ ℱ be a function symbol of arity 𝑘 ≥ 0, and letA be a structure
of the type. The function 𝑓A realizing 𝑓 in A is a subset 𝑓A ⊆ 𝐴𝑘+1 such
that

(1) for every a ∈ 𝐴𝑘 there exists 𝑏 ∈ 𝐴 such that (a, 𝑏) ∈ 𝑓A,
(2) if (a, 𝑏) ∈ 𝑓A and (a, 𝑐) ∈ 𝑓A, then 𝑏 = 𝑐.

Note that the “=” in (2) is in the meta-language, and so it is allowed. The
definition means that functions are everywhere defined on 𝐴𝑘 and have a
unique last entry. (Let us save the option to include partial function for an-
other day.)

Let𝑅 ∈ ℛ be a relation symbol of arity 𝑘 ≥ 0. The relation𝑅A realizing
𝑅 in A is a subset 𝑅A ⊆ 𝐴𝑘. Of course, if 𝑅A is just an arbitrary subset of
𝐴𝑘, thenA need not satisfy the laws of our base quasivariety𝒰 . For example,
if 𝒰 has an equality relation≈, then≈A should be reflexive, symmetric, and
transitive. When A ∈ 𝒰 , that is, A satisfies the laws of 𝒰 , we call A a 𝒰-
structure.

The terms in a set 𝑋 of variables are defined recursively:
(1) each 𝑥 ∈ 𝑋 is a term,
(2) if 𝑓 ∈ ℱ is a 𝑘-ary function symbol and 𝑡1, . . . , 𝑡𝑘 are terms, then

𝑓(𝑡1, . . . , 𝑡𝑘) is a term,
(3) only symbol strings obtained by (1) and (2) are terms.
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Only variables and function symbols are used to generate terms. The con-
stants of the language are terms, even if 𝑋 is empty. Two terms are equal if
and only if they are identical.

An atomic formula is a symbol string𝑅(𝑡1, . . . , 𝑡𝑘)where𝑅 ∈ ℛ is a 𝑘-
ary relation symbol and 𝑡1, . . . , 𝑡𝑘 are terms. Note that only relation symbols
applied to terms are used to form atomic formulas, and these are the basic
statements we can make about structures of the type. The case 𝑘 = 0 is
allowed. As usual, atomic formulas can be combined using quantifiers and
logical connectives to make sentences.

For emphasis, if equality is not in the language, then 𝑠 ≈ 𝑡 is not an
atomic formula.

The term structureW(𝑋) generated by a set𝑋 is the set of all terms in
𝑋 , with the obvious operations and all relations empty. The term structure
is also known as the word structure or absolutely free structure. Again, the
term structure need not be in our base quasivariety 𝒰 . For example, if 𝒰
has an equality relation, then to obtain the free 𝒰-structure we would need
to add at least all relations 𝑡 ≈ 𝑡 with 𝑡 a term. (More on free structures in
Section 2.2.)

2.1.1. Substructures and direct products. In this general setting, noth-
ing changes about substructures. Thus a substructure ofA = ⟨𝐴,ℱA,ℛA⟩
is a structure S = ⟨𝑆,ℱS,ℛS⟩ where

∙ 𝑆 ⊆ 𝐴,
∙ 𝑆 is a subuniverse with respect to the operations, i.e., s ∈ 𝑆𝑘 im-
plies 𝑓A(s) ∈ 𝑆 for each operation symbol, whence we can define
𝑓S = 𝑓A ∩ 𝑆𝑘+1,
∙ S has the induced relations, i.e., for each relation symbol, 𝑅S =
𝑅A ∩ 𝑆𝑚 where𝑚 is the arity of 𝑅.

If there are no constants (nullary functions) in the language, we allow 𝑆 =
∅, though strictly speaking the empty set is only a subuniverse. For a class𝒳
of similar structures, S(𝒳 ) denotes the class of all substructures of structures
in 𝒳 .

It is convenient to have the notion of an embedding, which again is un-
changed. An embedding of a structure A into B is a map 𝑖 : A → B such
that

∙ 𝑖 is one-to-one,
∙ 𝑖𝑓A(𝑎1, . . . , 𝑎𝑘) = 𝑓B(𝑖𝑎1, . . . , 𝑖𝑎𝑘) for each function symbol,
∙ 𝑅B(𝑖𝑎1, . . . , 𝑖𝑎𝑚) holds iff𝑅A(𝑎1, . . . , 𝑎𝑚) holds, for each relation
symbol.

Of course, inclusion is an embedding, and an embedding just says thatA is
isomorphic to the substructure 𝑖(A) ⊆ B. We writeA ≤ B to indicate that



32 2. VARIETIES AND QUASIVARIETIES IN GENERAL LANGUAGES

A is a substructure of B, or more generally, that there is an embedding of
A into B.

Likewise, direct products are unchanged. For a set of similar structures
A𝑖 (𝑖 ∈ 𝐼), the direct product structure P =

∏︀
𝑖∈𝐼 A𝑖 has the carrier set∏︀

𝑖∈𝐼 𝐴𝑖, its operations are componentwise, and a relation 𝑅P(a) holds in
P if and only if 𝑅A𝑖(a)𝑖 holds for every 𝑖 ∈ 𝐼 .

Note that the empty product
∏︀
∅ is a 1-element structure with all possi-

ble relations of the type holding. The empty product is in every quasivariety.
The class of all direct products of structures in 𝒳 is denoted P(𝒳 ).

2.1.2. Congruence lattices from the beginning. Our thinking on ho-
momorphisms and congruences must be generalized. As this is somewhat
unfamiliar territory, we go slowly.

LetA andB be structures of the same type. A homomorphism ℎ : A→
B is a map such that ℎ(𝑓A) ⊆ 𝑓B for every function 𝑓 and ℎ(𝑅A) ⊆ 𝑅B

for every relation 𝑅 in the type. The kernel of a homomorphism, kerℎ,
is a function on the relation symbols of the type to subsets of 𝐴𝑘 for the
appropriate 𝑘 (the arity of 𝑅) given by

kerℎ(𝑅) = ℎ−1(𝑅B)

= {a ∈ 𝐴𝑘 : ℎ(a) ∈ 𝑅B}.
The homomorphism requirement is that 𝑓A ⊆ ℎ−1(𝑓B) and𝑅A ⊆ kerℎ(𝑅)
for functions 𝑓 and relations 𝑅.

If ℎ : A → B is a homomorphism, then the image ℎ(A) is the set
ℎ(𝐴) = {ℎ(𝑎) : 𝑎 ∈ 𝐴} endowed with the functions and relations of B,
restricted to ℎ(𝐴). Clearly the image ℎ(A) is a substructure of B. There is
an analogue of the First Isomorphism Theorem (Theorem 2.18 below), but
we do not yet have the terminology to express it properly.

Example 2.1.

Suppose 𝒰 consists of sets with a single equivalence relation 𝐸 which
is regarded as equality. Consider the structure M = ⟨𝑀,𝐸M⟩ where𝑀 =
{𝑚,𝑛, 𝑙} and 𝐸M = {𝑚𝑚,𝑛𝑛, 𝑙𝑙}, and the structure T with 𝑇 = {𝑥, 𝑦}
and 𝐸T = {𝑥𝑥, 𝑦𝑦}. Let 𝑔 : M � T be such that 𝑔(𝑚) = 𝑥, 𝑔(𝑛) = 𝑥,
and 𝑔(𝑙) = 𝑦. Then ker 𝑔(𝐸) = {𝑚𝑚,𝑚𝑛, 𝑛𝑚, 𝑛𝑛, 𝑙𝑙}, and since 𝐸M ⊆
ker 𝑔(𝐸), the map 𝑔 is a homomorphism. (Here, 𝑥𝑦 denotes an ordered pair.)

Let 𝐴 be any set, and let ℛ be the set of all function symbols in a lan-
guage. A precongruence on 𝐴 is a map 𝜙 of ℛ into

⋃︀
𝑘≥0𝐴

𝑘 such that
𝜙(𝑅) ⊆ 𝐴𝑘, where 𝑘 is the arity of 𝑅, for each relation symbol 𝑅. Clearly
precongruences just depend on the set, the relation symbols of the type, and
their arities: they tell you only what sort of things congruences will be. But
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they are ordered pointwise by inclusion: 𝜙 ≤ 𝜓 when 𝜙(𝑅) ⊆ 𝜓(𝑅) for
every 𝑅. It is easy to see that with this order, the set of all precongruences
on 𝐴 forms a (distributive) algebraic lattice Precon 𝐴, and this gives us a
starting point.

A congruence on a structureA = ⟨𝐴,ℱ ,ℛ⟩ is a precongruence 𝜃 on 𝐴
such that 𝑅A ⊆ 𝜃(𝑅) for every symbol 𝑅. Thus the kernel of a homomor-
phism is a congruence, and the intersection of any set of congruences onA
is a congruence. There is a least congruence Δ which has Δ(𝑅) = 𝑅A for
all 𝑅, while the greatest congruence∇ has∇(𝑅) = 𝐴𝑘 (with the appropri-
ate 𝑘) for all 𝑅. The set of all congruences on A, ordered by inclusion, is
just the filter ↑Δ in Precon 𝐴. Thus it is an algebraic (but still distributive)
lattice, which we denote by Con A.

Given a congruence 𝜃 on a structureA, we can form the factor structure
A/𝜃 = ⟨𝐴,𝐹A, 𝜃⟩ by extending each 𝑅A to 𝜃(𝑅). The identity map is a
homomorphism fromA toA/𝜃.

Example 2.2.

Let us illustrate these notions with the structure M from Example 2.1.
Recall that the language has a single binary relation 𝐸, andM = ⟨𝑀,𝐸M⟩
with 𝑀 = {𝑚,𝑛, 𝑙} and 𝐸M = {𝑚𝑚,𝑛𝑛, 𝑙𝑙}. There are 29 precongru-
ences, as for a precongruence 𝜙(𝐸) can be any subset of𝑀 ×𝑀 . Of those,
26 are congruences, for a congruence 𝜙(𝐸) must contain {𝑚𝑚,𝑛𝑛, 𝑙𝑙}. Of
course, ker 𝑔 from Example 2.1 is one of those congruences. The factor
structureM/ker 𝑔 is the set𝑀 with the relations of ker 𝑔, explicitly,

M/ker 𝑔 = ⟨{𝑚,𝑛, 𝑙}, 𝜅⟩ where 𝜅(𝐸) = {𝑚𝑚,𝑚𝑛, 𝑛𝑚, 𝑛𝑛, 𝑙𝑙}.

But remember we are working in an underlying quasivariety 𝒰 , and not
every factor structure will satisfy the quasi-identities of 𝒰 . For a quasivari-
ety 𝒦, we say that 𝜃 is a 𝒦-congruence ifA/𝜃 satisfies the laws of 𝒦.

Example 2.3.

In Example 2.1, the underlying quasivariety𝒰 was equivalence relations.
There are only 5 equivalence relations on a 3-element set, so of the 64 con-
gruence relations onM, only 5 are 𝒰-congruences. These are of course the
ones we are interested in. You can form the factor structureM/𝜃 for the re-
maining 59 congruences (you can’t even do that for most precongruences),
and 𝜃(𝐸) will be reflexive, but either not symmetric or not transitive, so not
an equivalence relation.

Example 2.4.

Suppose that for some reason we are working in the quasivariety 𝒦2 of
groups satisfying 𝑥2 ≈ 1 → 𝑥 ≈ 1. Any free group F = FG(𝑋) is in this
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quasivariety. Restricting our attention to normal group congruences, we see
that a factor group F/N is in 𝒦2 iff it has no element of order 2. So some
group congruences are 𝒦2-congruences, and some are not.

This example can be extended to give the quasivariety of all aperiodic
groups.

As the preceding examples illustrate, 𝒰-congruences are our real con-
cern. For a structureA in a quasivariety 𝒰 , let Con𝒰 A denote the lattice of
all 𝒰-congruences on A, with the inherited order for congruences: 𝜙 ≤ 𝜓
when 𝜙(𝑅) ⊆ 𝜓(𝑅) for every 𝑅. We want to show that Con𝒰 A is an al-
gebraic lattice by proving that is it an algebraic subset of Con A, invoking
Theorem 1.10. Thus we need to show that the 𝒰-congruences on A are
closed under arbitrary intersections and nonempty directed joins.

Theorem 2.5. For any 𝒰-structureA, Con𝒰 A is an algebraic lattice.

This will be a consequence of the next two main theorems, which in-
terpret subdirect products and reduced products in Con𝒰 A (Theorems 2.7
and 2.9, respectively).

Note that, as long asA ∈ 𝒰 , we have that Δ and∇ are 𝒰-congruences.
Also, if ℎ : A → B is a homomorphism and A, B ∈ 𝒰 , then kerℎ is
a 𝒰-congruence. If 𝒦 ≤ 𝒰 , where 𝒰 is our base quasivariety, then every
𝒦-congruence is a 𝒰-congruence.

An atomic formula can be written in the form

𝛼 = 𝑅(𝑡1(𝑥1, . . . , 𝑥𝑛), . . . , 𝑡𝑘(𝑥1, . . . , 𝑥𝑛)).

In the ensuing analysis, it will be useful to have a compact notation that
emphasizes this form. Let us write 𝛼 = 𝑅(𝑡(x)), or when there may be
more than one, 𝛼𝑗 = 𝑅𝑗(𝑡𝑗(x)).

Implicit in this discussion is the notion of when a structure satisfies a
quasi-equation. Let 𝛽1, . . . , 𝛽𝑛, 𝛼 be atomic formulas in a language ℒ with
variables from a set 𝑋 , say 𝛽𝑗 = 𝑅𝑗(𝑡𝑗(x)) and 𝛼 = 𝑅𝑛+1(𝑡𝑛+1(x)). We
allow 𝑛 = 0. Consider the quasi-equation

(♦) 𝛽1& . . . & 𝛽𝑛 → 𝛼

i.e.,
𝑅1(𝑡1(x))& . . . &𝑅𝑛(𝑡𝑛(x))→ 𝑅𝑛+1(𝑡𝑛+1(x)) .

We say that a structureA in the type ofℒ satisfies (♦) if and only if the quasi-
equation holds for every substitution 𝜎 : 𝑋 → 𝐴, i.e., either 𝑅𝑗(𝑡𝑗(𝜎(x)))
is false for some 𝑗 ≤ 𝑛, or 𝑅𝑛+1(𝑡𝑛+1(𝜎(x))) is true.

Lemma 2.6. If 𝜙𝑖 (𝑖 ∈ 𝐼) are 𝒰-congruences on a structure A, then⋂︀
𝑖 𝜙𝑖 is a 𝒰-congruence.



2.1. BASIC UNIVERSAL ALGEBRA 35

Proof. Let Φ =
⋂︀
𝑖 𝜙𝑖, that is, Φ(𝑅) =

⋂︀
𝑖 𝜙𝑖(𝑅) for each relation sym-

bol 𝑅. Consider a quasi-equation (♦) that holds in 𝒰 . For the hypotheses
to hold in A/Φ for a given substitution x ↦→ a means that 𝑡𝑗(a𝑗) ∈ Φ(𝑅𝑗)
for 1 ≤ 𝑗 ≤ 𝑛. (As usual, we allow 𝑛 = 0.) By the definition of Φ, for
every 𝑖 ∈ 𝐼 we have 𝑡𝑗(a𝑗) ∈ 𝜙𝑗(𝑅𝑗). Since each 𝜙𝑖 is a 𝒰-congruence, that
implies 𝑡𝑛+1(a) ∈ 𝜙𝑖(𝑅𝑛+1) for every 𝑖, whence 𝑡𝑛+1(a) ∈ Φ(𝑅𝑛+1). Thus
Φ is a 𝒰-congruence. �

Theorem 2.7. Let A be a 𝒰-structure and let 𝜙𝑖 (𝑖 ∈ 𝐼) be in Con𝒰 A.
Then the factor structure A/(

⋂︀
𝑖 𝜙𝑖) is isomorphic to a substructure of the

direct product
∏︀

𝑖A/𝜙𝑖.

Although equimorphism (defined below) would suffice for our purposes,
we actually get isomorphism, which is stronger, in Theorem 2.7.

Proof. As observed earlier, (
⋂︀
𝑖 𝜙𝑖)(𝑅) =

⋂︀
𝑖(𝜙𝑖(𝑅)) for any relation

symbol 𝑅. We want to show that there is a one-to-one map 𝑔 from A to a
substructure ̂︀A of the product

∏︀
𝑖A/𝜙𝑖 such that for any 𝑎1, . . . , 𝑎𝑚 ∈ 𝐴

and𝑚-ary relation symbol 𝑅, the tuple (𝑎1, . . . , 𝑎𝑚) is in (
⋂︀
𝑖 𝜙𝑖)(𝑅) if and

only if (𝑔(𝑎1), . . . , 𝑔(𝑎𝑚)) is in 𝑅
̂︀A.

Now in a direct product B =
∏︀

𝑖B𝑖, for vectors b1, . . . ,b𝑚 ∈ 𝐵, the
relation 𝑅B(b1, . . . ,b𝑚) holds, that is, (b1, . . . ,b𝑚) ∈ 𝑅B if and only if
(b1𝑖, . . . ,b𝑚𝑖) ∈ 𝑅B𝑖 for all 𝑖. For a substructure ̂︀B ≤ B, the relation
𝑅

̂︀B is 𝑅B ∩ ̂︀𝐵𝑚. In our case, B𝑖 = A/𝜙𝑖, which has the carrier set 𝐴,
the operations of A, and relations 𝜙𝑖(𝑅). Thus B =

∏︀
𝑖A/𝜙𝑖 has the car-

rier set 𝐴𝐼 , its operations componentwise, and 𝑅B(a1, . . . , a𝑚) holding iff
(a1𝑖, . . . , a𝑚𝑖) ∈ 𝜙𝑖(𝑅) for all 𝑖.

Let ̂︀A be the substructure of
∏︀

𝑖A/𝜙𝑖 consisting of all constant vectors
a for 𝑎 ∈ 𝐴. Naturally, the map 𝑔 : A → ̂︀A via (𝑔(𝑎))𝑖 = 𝑎 for all 𝑖 is
a bijection. Moreover, (𝑔(𝑎1), . . . , 𝑔(𝑎𝑚)) ∈ 𝑅

̂︀A holds iff (𝑎1, . . . , 𝑎𝑚) ∈
𝜙𝑖(𝑅) for all 𝑖, or equivalently, (𝑎1, . . . , 𝑎𝑚) ∈

⋂︀
𝑖(𝜙𝑖(𝑅)), as desired. �

Theorem 2.7 justifies the natural definition of subdirectly irreducible:
a structure A in a quasivariety 𝒦 is 𝒦-subdirectly irreducible if the least
congruence ΔA is completely meet irreducible in Con𝒦 A. This of course
implies that there is a 𝒦-congruence 𝜇 that covers ΔA, with the property
that 𝜙 > ΔA iff 𝜙 ≥ 𝜇.

To show thatCon𝒦 A is closed under directed joins, we will use reduced
products. These can be naturally translated into the general setting of a lan-
guage that may not include equality.

Let A𝑖 (𝑖 ∈ 𝐼) be similar structures, and let 𝐹 be a nonempty, proper
filter on 𝐼 . That is, 𝐹 is a collection of subsets 𝑋 ⊆ 𝐼 such that
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∙ 𝐼 ∈ 𝐹 and ∅ /∈ 𝐹 ,
∙ 𝑋 , 𝑌 ∈ 𝐹 implies 𝑋 ∩ 𝑌 ∈ 𝐹 ,
∙ if 𝑋 ∈ 𝐹 and 𝑋 ⊆ 𝑍, then 𝑍 ∈ 𝐹 .

The congruence ≈𝐹 on
∏︀

𝑖∈𝐼 A𝑖 is defined so that, for each relation symbol
𝑅, we have (a1, . . . , a𝑘) ∈≈𝐹 (𝑅) if and only if {𝑖 ∈ 𝐼 : (𝑎1𝑖, . . . , 𝑎𝑘𝑖) ∈
𝑅A𝑖} ∈ 𝐹 . The factor algebra

∏︀
A𝑖/ ≈𝐹 is then the reduced product of

the A𝑖’s modulo 𝐹 . When 𝐹 = {𝐼} this becomes just the direct product∏︀
𝑖∈𝐼 A𝑖. (If ∅ ∈ 𝐹 were allowed, we would get the trivial structure, but

that is already in every quasivariety as
∏︀
∅.)

The class of all reduced products of structures in 𝒳 is denoted R(𝒳 ). In
the special case when 𝐹 is an ultrafilter (maximal proper filter), the reduced
product is known as an ultraproduct. The class operator for ultraproducts
will be denoted U(𝒳 ). (In the literature, Pu(𝒳 ) is often used for ultraprod-
ucts.)

The next grand lemma records four fundamental facts about reduced
products. It is based on Frayne, Morel and Scott [42] and Łoś (see [28]).
The history is included in [42, 43], and again we refer the reader to Chap-
ter V of Burris and Sankappanavar [27].

Lemma 2.8. Let A𝑖 (𝑖 ∈ 𝐼) be a set of similar structures in a quasivari-
ety 𝒰 .

(1) Every nonempty filter on 𝐼 is an intersection of ultrafilters.
(2) If 𝐹 =

⋂︀
𝑗∈𝐽 𝑈𝑗 in the lattice of filters on 𝐼 , then in Con𝒰

∏︀
𝑖A𝑖

we have ≈𝐹 =
⋂︀
𝑗∈𝐽 ≈𝑈𝑗

for the corresponding congruences.
(3) Hence if 𝐹 =

⋂︀
𝑗∈𝐽 𝑈𝑗 in the lattice of filters on 𝐼 , then

∏︀
𝑖A𝑖/≈𝐹

is a subdirect product of the structures
∏︀

𝑖A𝑖/≈𝑈𝑗
over 𝑗 ∈ 𝐽 .

(4) If 𝐹 is a filter, any quasi-equation satisfied by all A𝑖 also holds in
the reduced product

∏︀
𝑖A𝑖/≈𝐹 .

(5) If 𝑈 is an ultrafilter, any first order sentence that holds in everyA𝑖

also holds in the ultraproduct
∏︀

𝑖A𝑖/≈𝑈 .

Proof. (1) Let 𝐹 be a filter in any boolean algebra B (in our case, the
boolean algebra 2𝐼 of subsets of 𝐼). Consider any 𝑏 /∈ 𝐹 . By Zorn’s Lemma,
we can find a filter 𝑀 ⊇ 𝐹 that is maximal with respect to the property
𝑏 /∈ 𝑀 . We claim that for any 𝑐 ∈ 𝐵, either 𝑐 or its complement 𝑐 is in𝑀 .
For suppose neither 𝑐 nor 𝑐 is in 𝑀 . By the maximality of 𝑀 , 𝑏 is in the
filter generated by 𝑐 and𝑀 , so that 𝑏 ≥ 𝑐∧𝑚1 for some𝑚1 ∈𝑀 . Likewise
𝑏 ≥ 𝑐 ∧ 𝑚2 for some 𝑚2 ∈ 𝑀 . Let 𝑚 = 𝑚1 ∧ 𝑚2, which is again in 𝑀 .
Then 𝑏 ≥ (𝑐 ∧𝑚) ∨ (𝑐 ∧𝑚) = (𝑐 ∨ 𝑐) ∧𝑚 = 1 ∧𝑚 = 𝑚, whence 𝑏 ∈𝑀 ,
a contradiction. We conclude that for every 𝑐 ∈ 𝐵, either 𝑐 or 𝑐 is in 𝑀 ,
which makes𝑀 an ultrafilter.
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If we denote the ultrafilter thus obtained as𝑀𝑏, then𝑀𝑏 ⊇ 𝐹 for every
𝑏 /∈ 𝐹 , and thus 𝐹 =

⋂︀
𝑏/∈𝐹 𝑀𝑏, as desired.

(2) This is immediate from the definitions, and of course applies to the
intersections from (1).

(3) Apply Theorem 2.7 to (2).
(4) Consider a quasi-equation

𝑅1(𝑡1(x))& . . . &𝑅𝑛(𝑡𝑛(x))→ 𝑅𝑛+1(𝑡𝑛+1(x))

that holds in every A𝑖. For the hypotheses to hold in
∏︀

A𝑖/≈𝐹 for a given
substitution 𝜎 : 𝑋 → ∏︀

𝐴𝑖 means that for each 𝑗 ≤ 𝑛, the set of indices
𝐵𝑗 = {𝑖 ∈ 𝐼 : 𝑡𝑗(𝜎(x)) ∈ 𝑅A𝑖

𝑗 } is in the filter𝐹 . But then𝐵 = 𝐵1∩· · ·∩𝐵𝑛

is in 𝐹 . For an index 𝑖 ∈ 𝐵, all the hypotheses 𝑅A𝑖(𝑡𝑗(𝜎(x))) hold, and
since each A𝑖 satisfies our quasi-equation, 𝑅A𝑖

𝑛+1(𝑡𝑛+1(𝜎(x))) holds. Thus
𝐵 ⊆ {𝑖 ∈ 𝐼 : 𝑡𝑛+1(𝜎(x)) ∈ 𝑅A𝑖

𝑛+1}, whence the latter set is in 𝐹 . Since
this is true for every substitution, our quasi-equation holds in the reduced
product

∏︀
A𝑖/≈𝐹 .

(5) is the statement of the Łoś Theorem. Its proof is similar to that of (4),
but requires a good deal more care with the details, and will be omitted. The
crucial difference is that for a sentence 𝜙(x) and an instance a ∈ (

∏︀
𝐴𝑖)

𝑘,
exactly one of 𝐵 = {𝑖 ∈ 𝐼 : 𝜙(a) holds} or its complement 𝐵 = {𝑖 ∈ 𝐼 :
¬𝜙(a) holds} is in the ultrafilter 𝑈 . �

Now let us explain the connection between directed joins and reduced
products, thereby completing the proof of Theorem 2.5 that Con𝒰 A is an
algebraic lattice.

Theorem 2.9. LetA be a𝒰-structure and let𝜙𝑖 (𝑖 ∈ 𝐼) be an up-directed
set of 𝒰-congruences. Then there exist a filter 𝐹 on 𝐼 and a substructure
A* ≤ A𝐼 such that A/

⋁︀
𝑖 𝜙𝑖 is isomorphic toA*/≈𝐹 .

Proof. Let Q = A𝐼 , and let A* be the substructure of Q consisting of
all constant vectors a for 𝑎 ∈ 𝐴. Again, ℎ : A → A* via (ℎ(𝑎))𝑖 = 𝑎 for
all 𝑖 is a bijection. To simplify notation, order the index set 𝐼 by 𝑖 ≤ 𝑗 iff
𝜙𝑖 ≤ 𝜙𝑗 .

Define a filter on the subsets of 𝐼 by 𝐹 = {𝑋 ⊆ 𝐼 : ↑ 𝑖0 ⊆ 𝑋 for some
𝑖0 ∈ 𝐼}. Routine arguments using directedness confirm that 𝐹 is a fil-
ter. Thus we can define the reduced product: for a1, . . . , a𝑚 ∈ Q, set
(a1, . . . , a𝑚) ∈ ≈𝐹 (𝑅) if and only if {𝑖 ∈ 𝐼 : (a1𝑖, . . . , a𝑚𝑖) ∈ 𝜙𝑖(𝑅)}
is in 𝐹 .

Next, we claim that because the set of congruences 𝜙𝑖 (𝑖 ∈ 𝐼) is up-
directed,

⋁︀
𝑖 𝜙𝑖 =

⋃︀
𝑖 𝜙𝑖 in Con𝒰 A. That is, if we put Φ to be the congru-

ence such that (𝑎1, . . . , 𝑎𝑚) ∈ Φ(𝑅) if and only if (𝑎1, . . . , 𝑎𝑚) ∈ 𝜙𝑖0(𝑅)
for some 𝑖0, then Φ is the least 𝒰-congruence on A that contains every 𝜙𝑖.
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Clearly Φ is the least congruence that contains every 𝜙𝑖; it remains to show
that Φ is a 𝒰-congruence.

But it is apparent from the definitions that (𝑎1, . . . , 𝑎𝑚) ∈ Φ(𝑅) iff
(ℎ(𝑎1), . . . , ℎ(𝑎𝑚)) ∈ ≈𝐹 (𝑅). Thus A/Φ is isomorphic to A*/≈𝐹 . Since
every 𝜙𝑖 is a 𝒰-congruence, eachA/𝜙𝑖 is in 𝒰 , so that

∏︀
𝑖A/𝜙𝑖 is in 𝒰 . Ap-

plying Lemma 2.8(3), we know that
∏︀
(A/𝜙𝑖)/≈𝐹 is in 𝒰 . Then A*/≈𝐹

is a substructure of that, so it is also in 𝒰 . Finally, A/Φ is isomorphic to
A*/ ≈𝐹 , so Φ =

⋁︀
𝑖 𝜙𝑖 is a 𝒰-congruence. (Compare the proof of Theo-

rem 2.47). �

In contrast, Viktor Gorbunov’s treatment of directed joins in his book
[51] used the direct limit of a system of structures and homomorphisms.
See Section 1.2.5 of [51].

Now that we have the desired lattice Con𝒰 A, the Second Isomorphism
Theorem generalizes straightforwardly.

Theorem 2.10. If A ∈ 𝒰 and 𝜃 ∈ Con𝒰 A, then Con𝒰(A/𝜃) is isomor-
phic to the filter ↑𝜃 in Con𝒰 A.

In the rest of this section we use free structures F𝒰(𝑋). Section 2.2
gives a more thorough development of free structures, culminating in Theo-
rem 2.27. For present purposes, we need only know that our base quasivari-
ety 𝒰 has free structures, and that they have the universal mapping property:
for any structureB ∈ 𝒰 , any map ℎ0 : 𝑋 → B extends to a homomorphism
ℎ : F𝒰(𝑋)→ B.

2.1.3. Equimorphism. We will use a slightly weaker notion to replace
isomorphism. Structures S and T are said to be equimorphic, written S ≡
T, if there exist a nonempty set 𝑋 and surjective homomorphisms 𝑓 :
F𝒰(𝑋)� S and 𝑔 : F𝒰(𝑋)� T such that ker 𝑓 = ker 𝑔. In this case, we
say that S ≡ T using 𝑋 .

Lemma 2.11. If S ≡ T using 𝑋 , and 𝑌 ⊇ 𝑋 , then S ≡ T using 𝑌 .

Proof. We are given 𝑓 : F𝒰(𝑋)� S and 𝑔 : F𝒰(𝑋)� Twith ker 𝑓 =

ker 𝑔. Choose 𝑥0 ∈ 𝑋 , which by assumption is nonempty. Let 𝑓 : F𝒰(𝑌 )�
S be the homomorphism such that 𝑓(𝑥) = 𝑓(𝑥) for 𝑥 ∈ 𝑋 , and 𝑓(𝑦) =
𝑓(𝑥0) for 𝑦 ∈ 𝑌 ∖ 𝑋 . Similarly define 𝑔 : F𝒰(𝑌 ) � T extending 𝑔, and
check that ker 𝑓 = ker 𝑔. �

Since every structure M ∈ 𝒰 is a homomorphic image of F𝒰(𝑋) for a
sufficiently large set 𝑋 , we have the following useful observation.

Lemma 2.12. Structures S and T in 𝒰 are equimorphic if and only if
there exist a structure M ∈ 𝒰 and surjective homomorphisms 𝑓 : M � S
and 𝑔 : M� T with ker 𝑓 = ker 𝑔.
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F :

G :

𝑃 𝑃 𝑃

𝑃

Figure 2.1. The 1-generated𝒲-free structure F is equimor-
phic to the 2-element structureG.

Example 2.13.

Return to the setting of Example 2.1, where 𝒰 comprises sets with a
single equivalence relation 𝐸. Consider S = {𝑎, 𝑏, 𝑐} with the relation
𝐸S = {𝑎𝑎, 𝑎𝑏, 𝑏𝑎, 𝑏𝑏, 𝑐𝑐} and T = {𝑥, 𝑦} with 𝐸T = {𝑥𝑥, 𝑦𝑦}. From
above, Zeus can see that the former consists of 3 elements with 𝑎 and 𝑏
treated as equal, but from a perspective within the language we see only a
2-element set.

Formally, we can consider the structure (M, 𝐸M) of Example 2.1 with
the homomorphism 𝑔 : M � T given there. Similarly, the map 𝑓 :
M � S such that 𝑓(𝑚) = 𝑎, 𝑓(𝑛) = 𝑏, 𝑓(𝑙) = 𝑐 is a homomorphism
with ker 𝑓(𝐸) = {𝑚𝑚,𝑚𝑛, 𝑛𝑚, 𝑛𝑛, 𝑙𝑙} = ker 𝑔(𝐸). Thus S ≡ T by
Lemma 2.12.

Example 2.14.

As an extreme situation, suppose 𝒰 has no relations, but possibly has
functions. Then any two 𝒰-algebras are equimorphic, since the kernel of
any homomorphism is empty. But of course, in this language there are also
no atomic formulas, and hence only one quasivariety/variety consisting of
all the 𝒰-structures.

Example 2.15.

Looking ahead to Section 2.5.2, consider the variety𝒲 of structures in
a language with one unary function 𝑓 , one unary predicate 𝑃 , and satisfying
the law 𝑃 (𝑓(𝑥)) ↔ 𝑃 (𝑓 2(𝑥)). Figure 2.1 shows the𝒲-free structure on 1
generatorF, and a 2-element structureG. These two are equimorphic, since
the identity map 𝑖 : F → F and the natural map 𝑔 : F → G have the same
kernel, with the predicate 𝑃 assigned to every element 𝑓𝑘(𝑥) with 𝑘 > 0,
and not 𝑃 (𝑥) for the generator.

Also note that any two 𝒲-structures satisfying ∀𝑥𝑃 (𝑥) are equimor-
phic. Indeed, this observation applies to the trivial quasivariety for any type
of structure.



40 2. VARIETIES AND QUASIVARIETIES IN GENERAL LANGUAGES

As usual, two structures are isomorphic, denoted S ∼= T, if there exist
mutually inverse homomorphisms ℎ : S→ T and 𝑘 : T→ S. First we note
that equimorphism really does generalize isomorphism.

Lemma 2.16. (1) If S ∼= T, then S ≡ T.
(2) If the language contains equality as a congruence relation, then equimor-

phism and isomorphism coincide, i.e., S ≡ T if and only if S ∼= T.

The structures in Example 2.13 show that, without equality, wemay have
S ≡ T while S ̸∼= T.

Theorem 2.17. Equimorphism is an equivalence relation.

Proof. We must show transitivity. Assume S ≡ T ≡ U so that by
Lemma 2.11, for sufficiently large 𝑋 , there are homomorphisms

𝑓 : F𝒰(𝑋)� S

𝑔1 : F𝒰(𝑋)� T

𝑔2 : F𝒰(𝑋)� T

ℎ : F𝒰(𝑋)� U

with ker 𝑓 = ker 𝑔1 and ker 𝑔2 = kerℎ.
Define an endomorphism 𝜀 : F𝒰(𝑋)→ F𝒰(𝑋) thusly: for each 𝑥 ∈ 𝑋 ,

choose 𝜀(𝑥) ∈ 𝑔−1
2 (𝑔1(𝑥)), and extend the map to an endomorphism. This

is possible because 𝑔2 is surjective and F is free. This makes 𝑔2𝜀 = 𝑔1.
Similarly define 𝜂 so that 𝑔1𝜂 = 𝑔2. Combining, 𝑔1 = 𝑔2𝜀 = 𝑔1𝜂𝜀. Likewise
𝑔2 = 𝑔2𝜀𝜂.

Let 𝑌 be the union of two disjoint copies of𝑋 , say 𝑌 = 𝑋 ∪̇ 𝑞(𝑋) for a
bijection 𝑞. Define homomorphisms 𝑓 ′ : F𝒰(𝑌 )� S and ℎ′ : F𝒰(𝑌 )� U
by extending the following maps for 𝑦 ∈ 𝑌 :

𝑓 ′(𝑦) =

{︃
𝑓(𝑦) if 𝑦 ∈ 𝑋
𝑓𝜂(𝑥) if 𝑦 = 𝑞𝑥 ∈ 𝑞(𝑋)

ℎ′(𝑦) =

{︃
ℎ𝜀(𝑦) if 𝑦 ∈ 𝑋
ℎ(𝑥) if 𝑦 = 𝑞𝑥 ∈ 𝑞(𝑋)

.

We want to show that ker 𝑓 ′ = kerℎ′.
Accordingly, let 𝑅 be an 𝑚-ary relation symbol of the type, and let

𝑤1, . . . , 𝑤𝑚 ∈ 𝐹𝒰(𝑌 ). Without loss of generality, we may assume that
the variables of 𝑤1, . . . , 𝑤𝑚 are 𝑥1, . . . , 𝑥𝑛, 𝑞𝑥1, . . . , 𝑞𝑥𝑛, so that each 𝑤𝑗 =
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[𝑤𝑗(𝑥1, . . . , 𝑥𝑛, 𝑞𝑥1, . . . , 𝑞𝑥𝑛)]. Note that
𝑓 ′[𝑤𝑗(𝑥1, . . . , 𝑥𝑛, 𝑞𝑥1, . . . , 𝑞𝑥𝑛)]

= 𝑤𝑗(𝑓
′(𝑥1), . . . , 𝑓

′(𝑥𝑛), 𝑓
′(𝑞𝑥1), . . . , 𝑓

′(𝑞𝑥𝑛))

= 𝑤𝑗(𝑓(𝑥1), . . . , 𝑓(𝑥𝑛), 𝑓𝜂(𝑥1), . . . , 𝑓𝜂(𝑥𝑛))

and
ℎ′[𝑤𝑗(𝑥1, . . . , 𝑥𝑛, 𝑞𝑥1, . . . , 𝑞𝑥𝑛)]

= 𝑤𝑗(ℎ
′(𝑥1), . . . , ℎ

′(𝑥𝑛), ℎ
′(𝑞𝑥1), . . . , ℎ

′(𝑞𝑥𝑛))

= 𝑤𝑗(ℎ𝜀(𝑥1), . . . , ℎ𝜀(𝑥𝑛), ℎ(𝑥1), . . . , ℎ(𝑥𝑛)) .

Now we calculate:
(𝑤1 . . . , 𝑤𝑚) ∈ ker 𝑓 ′(𝑅) i.e., (𝑓 ′𝑤1, . . . , 𝑓

′𝑤𝑚) ∈ 𝑅S,

iff
(𝑤1(𝑓(𝑥1), . . . , 𝑓(𝑥𝑛), 𝑓𝜂(𝑥1), . . . , 𝑓𝜂(𝑥𝑛)), . . . ) ∈ 𝑅S

iff
(𝑤1(𝑥1, . . . , 𝑥𝑛, 𝜂𝑥1, . . . , 𝜂𝑥𝑛), . . . ) ∈ ker 𝑓(𝑅)

= ker 𝑔1(𝑅) = ker 𝑔2𝜀(𝑅)

iff
(𝑤1(𝜀𝑥1, . . . , 𝜀𝑥𝑛, 𝜀𝜂𝑥1, . . . , 𝜀𝜂𝑥𝑛), . . . ) ∈ ker 𝑔2(𝑅)

iff
(𝑤1(𝜀𝑥1, . . . , 𝜀𝑥𝑛,𝑥1, . . . , 𝑥𝑛), . . .) ∈ ker 𝑔2(𝑅)

since 𝑔2𝜀𝜂 = 𝑔2,

iff
(𝑤1(𝜀𝑥1, . . . , 𝜀𝑥𝑛,𝑥1, . . . , 𝑥𝑛), . . .) ∈ kerℎ(𝑅)

iff
(𝑤1(ℎ𝜀𝑥1, . . . , ℎ𝜀𝑥𝑛,ℎ𝑥1, . . . , ℎ𝑥𝑛), . . .) ∈ 𝑅U

iff
(ℎ′𝑤1, . . . , ℎ

′𝑤𝑚) ∈ 𝑅U, i.e., (𝑤1, . . . , 𝑤𝑚) ∈ kerℎ′.

We conclude that ker 𝑓 ′ = kerℎ′, whence S ≡ U, as desired. �

Let Eq denote the equimorphism class operator, i.e., Eq(𝒳 ) is the col-
lection of all structures S such that S ≡ T for some T ∈ 𝒳 .

Finally, we get to the analogue of the First Isomorphism Theorem.

Theorem 2.18. If ℎ : S→ T is a homomorphism, then ℎ(S) ≡ S/ kerℎ.

This is an immediate consequence of Lemma 2.12, withM = S.
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Example 2.19.

For a simple example, consider structures in a language with one unary
predicate 𝑃 only. Let S = {𝑥, 𝑦}with 𝑃S = ∅, and letT = {𝑧}with 𝑃T =
{𝑧}, so that T is a singleton with 𝑃𝑧 holding. The unique homomorphism
ℎ : S → T has kerℎ(𝑃 ) = {𝑥, 𝑦}, so that S/ kerℎ is a 2-element set with
𝑃𝑥 and𝑃𝑦 holding. The structures ℎ(S) = T andS/ kerℎ are equimorphic,
but certainly not isomorphic.

Theorem 2.20. If S andT are 𝒰-structures with S ≡ T, thenCon𝒰 S ∼=
Con𝒰 T.

Proof. Since S ≡ T, there exist a structure M ∈ 𝒰 and surjective ho-
momorphisms 𝑓 : M � S and 𝑔 : M � T with ker 𝑓 = ker 𝑔. By
Theorem 2.10, using the principal filters in Con𝒰 M,

Con𝒰 S ∼= ↑ker 𝑓 = ↑ker 𝑔 ∼= Con𝒰 T.

�

Now, using equimorphism, we can formulate a proper version of subdi-
rect products. Let us assemble all the ingredients that need to be combined.

∙ If S ≡ T, then Con𝒰 S ∼= Con𝒰 T. (Theorem 2.20)
∙ If S ≤ ∏︀

𝑖T𝑖, then the projection maps 𝜋𝑖 are homomorphisms
and

⋂︀
𝑖 ker𝜋𝑖 = Δ.

∙ If ℎ : S→ T, then ℎ(S) ≡ S/ kerℎ. (Theorem 2.18)
∙ If Δ =

⋂︀
𝑖 𝜙𝑖 in Con𝒰 S, then S is isomorphic to a subalgebra of∏︀

𝑖 S/𝜙𝑖 with the projections surjective. (Theorem 2.7)
Thus we get:

Theorem 2.21. A structure S is equimorphic to a subdirect product of
structures T𝑖 (𝑖 ∈ 𝐼) if and only if there exist congruences 𝜅𝑖 (𝑖 ∈ 𝐼) in
Con𝒰 S such that S/𝜅𝑖 ≡ T𝑖 and

⋂︀
𝑖 𝜅𝑖 = Δ.

For the proof, just follow the bullets in order.

2.2. Freedom’s just another word

Since it will come up in the following discussion, we take this opportunity
to remind the reader that when we speak of a language with equality, we
mean that there is a binary relation symbol that, per the laws of the base
quasivariety 𝒰 , acts as an equivalence relation and preserves operations
and relations. The mere presence of the symbol ≈, or which symbol is used
to denote equality, is irrelevant.

Let 𝒦 be any class of structures of the same type, and let 𝑋 be a set. A
structure S is said to be 𝒦-freely generated by 𝑋 if
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(1) S ∈ 𝒦,
(2) S is generated by 𝑋 , and
(3) for any structure B ∈ 𝒦, any map ℎ0 : 𝑋 → 𝐵 extends to a

homomorphism ℎ : S→ B.
Of course, since 𝑋 generates S, there is at most one way to extend ℎ0 from
𝑋 to 𝑆, viz., recursively using the functions in the type. That is, ℎ : S→ B
can only be an extension of ℎ0 : 𝑋 → 𝐵 if

ℎ(𝑥) = ℎ0(𝑥) for 𝑥 ∈ 𝑋,
ℎ(𝑓S(𝑢1, . . . , 𝑢𝑘)) = 𝑓B(ℎ(𝑢1), . . . , ℎ(𝑢𝑘))

for a basic function 𝑓 and 𝑢1, . . . , 𝑢𝑘 ∈ 𝑆, and this only works when the
second clause is well-defined, i.e., 𝑓S(𝑢1, . . . , 𝑢𝑘) = 𝑓S(𝑣1, . . . , 𝑣𝑘) implies
𝑓B(ℎ(𝑢1), . . . , ℎ(𝑢𝑘)) = 𝑓B(ℎ(𝑣1), . . . , ℎ(𝑣𝑘)).

First, let us show that a structure S satisfying (2) and (3) exists; for va-
rieties and quasivarieties, S will also be in 𝒦.

Theorem 2.22. For any class𝒦 of structures and set𝑋 , there is a struc-
ture S satisfying properties (2) and (3).

Proof. Let W(𝑋) be the term structure (absolutely free structure) on
𝑋 in the type. Any map ℎ0 : 𝑋 → 𝐵 extends to a homomorphism ℎ̂ :
W(𝑋)→ B as usual:

ℎ̂(𝑥) = ℎ0(𝑥) for 𝑥 ∈ 𝑋,
ℎ̂(𝑓(𝑢1, . . . , 𝑢𝑘)) = 𝑓B(ℎ̂(𝑢1), . . . , ℎ̂(𝑢𝑘))

for a basic function 𝑓 and terms 𝑢1, . . . , 𝑢𝑘. This is well-defined because
terms are equal only if they are identical.

In ConW(𝑋), let𝐻 be the set of all congruences 𝜃 such that 𝜃 = kerℎ
for some homomorphism ℎ : W(𝑋)→ B and some B ∈ 𝒦. Let 𝜂 =

⋂︀
𝐻

and let S = W(𝑋)/𝜂.
Now consider any structureB ∈ 𝒦 and map ℎ0 : 𝑋 → 𝐵. AsW(𝑋) is

absolutely free and generated by𝑋 , there is an extension ℎ1 : W(𝑋)→ B.
We want to factor ℎ1, as illustrated in Figure 2.2.

There is the natural map 𝑘 : W(𝑋) →W(𝑋)/𝜂, which is the identity
on𝑊 (𝑋) and adds the relations of 𝜂.

By construction 𝜂 ≤ kerℎ1, so there is a homomorphism ℓ : S =
W(𝑋)/𝜂 →W(𝑋)/ kerℎ1, which again is the identity on𝑊 (𝑋) and just
adds the relations of kerℎ1(𝑅) to 𝜂(𝑅), for every relation symbol 𝑅.

Then there is the natural map 𝑚 : W(𝑋)/ kerℎ1 → B with 𝑚(𝑥) =
ℎ1(𝑥) = ℎ0(𝑥) for all 𝑥 ∈ 𝑋 .

Now 𝑚ℓ𝑘(𝑥) = ℎ1(𝑥) for every 𝑥 ∈ 𝑋 , and 𝑋 generates W(𝑋),
so for every term 𝑡 we have 𝑚ℓ𝑘(𝑡) = ℎ1(𝑡). Moreover, by construction
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ker(𝑚ℓ𝑘)(𝑅) = kerℎ1(𝑅) for every 𝑅, whence ker(𝑚ℓ𝑘) = kerℎ1. The
desired map for property (3) is𝑚ℓ : S→ B. �

Of course, Theorem 2.22 is just Birhkoff’s standard construction of a
𝒦-free algebra [23], adapted to a slightly more general setting. Lemma 2.6
shows that if 𝒦 is a quasivariety, then S ∈ 𝒦. In that case, we denote the
structure 𝒦-freely generated by 𝑋 as F𝒦(𝑋).

W(𝑋) W(𝑋)/𝜂 𝑊 (𝑋)/ kerℎ1 B

ℎ1

𝑘 ℓ 𝑚

Figure 2.2. Maps in the proof of Theorem 2.22. Here ℎ1 =
𝑚ℓ𝑘 with 𝑘 : 𝑥 ↦→ 𝑥, ℓ : 𝑥 ↦→ 𝑥, and 𝑚 : 𝑥 ↦→ ℎ1(𝑥) =
ℎ0(𝑥) for each 𝑥 ∈ 𝑋 . Thus 𝑚ℓ : S = W(𝑋)/𝜂 → B with
𝑚ℓ(𝑥) = ℎ0(𝑥) for all 𝑥 ∈ 𝑋 .

Aside. The case𝑋 = ∅ can be handled thusly. If the language contains
constants (nullary functions), then define F𝒰(∅) to be a structure generated
by the constants, subject only to the laws of 𝒰 . If the language has no con-
stants, the simplest convention is to leave F𝒰(∅) undefined.

At the other extreme, if 𝒰 satisfies 𝑥 ≈ 𝑦, then the free structure F𝒰(𝑋)
still contains at least |𝑋| elements, but the relation 𝑠 ≈ 𝑡 holds for all pairs
of terms. Thus F𝒰(𝑋) and a 1-element structure are equimorphic, though
not usually isomorphic.

Perhapsmore relevant is Example 2.15, where we have a structureG that
is equimorphic to a free structure F𝒲(1), butG is not free; see Figure 2.1.

So now we appear to have a problem. The characterizations of quasi-
varieties and varieties (Theorems 2.47 and 2.53 below) include closure un-
der equimorphism, and 𝒦-free structures should depend only on the variety
generated by a class 𝒦. But the universal mapping property (3) depends on
equality “=” in the meta-language. We will spend the rest of this section
unraveling the conundrum.

Suppose we are given
∙ a set 𝑋 ,
∙ structures S and B of the same type,
∙ an inclusion 𝑋 ⊆ 𝑆 such that 𝑋 generates S,
∙ a map ℎ0 : 𝑋 → B.
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There is a natural (surjective) homomorphism 𝑠 : W(𝑋) → S from the
term structure to S, so that S ≡W(𝑋)/ ker 𝑠 by Theorem 2.18.

Now ℎ0 extends to a homomorphism ℎ̂ : W(𝑋)→ B as usual. In order
for ℎ̂ to induce a well-defined map ℎ : 𝑆 → 𝐵, it is required that for all pairs
of terms 𝑢, 𝑣 we have

(𝜇1) 𝑠(𝑢) = 𝑠(𝑣) =⇒ ℎ̂(𝑢) = ℎ̂(𝑣).

If (𝜇1) holds, then the extended map ℎ will be a homomorphism if
(𝜇2) 𝑠(u) ∈ 𝑅S =⇒ ℎ̂(u) ∈ 𝑅B

for each relation symbol in the type and vector of terms u = (𝑢1, . . . , 𝑢𝑘). If
equality≈ is in the type, then (𝜇1) is a special case of (𝜇2), and the condition
can be written as

(𝜇3) ker 𝑠 ≤ ker ℎ̂.

If equality is not in the type, then (𝜇1) must be regarded as a statement in the
meta-language, and we need both (𝜇1) and (𝜇2) in order for ℎ0 to be extended
to a homomorphism ℎ from S to B. However, note that (𝜇1) holds trivially
when S is the absolutely free structure W(𝑋), since terms are equal only
when they are identical. For all practical purposes, (𝜇1) is trivial when S is
the 𝒰-free structure F𝒰(𝑋), since any two terms that evaluate the same in
F𝒰(𝑋) will evaluate the same in any 𝒰-structure.

Let us write 𝜇(𝑋,S,B, ℎ0) if𝑋 generates S and ℎ0 : 𝑋 → B is extend-
able to a homomorphism. The discussion above can be summarized thusly.

Theorem 2.23. Let S and B be structures of the same type, with S gen-
erated by a set 𝑋 . Let ℎ0 : 𝑋 → B. Define the natural map extending ℎ0
to the term structure, ℎ̂ : W(𝑋) → B. Then 𝜇(𝑋,S,B, ℎ0) holds if and
only if conditions (𝜇1) and (𝜇2) are satisfied. If the language contains an
equality relation, this is equivalent to (𝜇3).

As an example of the above considerations, the reason you cannot extend
most maps from a free abelian groupF𝒜(𝑋) to a nonabelian groupB is that
there will be terms 𝑢, 𝑣 in the word algebra W(𝑋) such that (𝑢𝑣, 𝑣𝑢) ∈
≈F𝒜(𝑋) while (𝑢𝑣, 𝑣𝑢) /∈≈B.

Having dealt with specific cases of extension, let us return to classes
and free structures. Without fear of confusion, for a class 𝒦 let us write
𝜇(𝑋,S,𝒦) if 𝜇(𝑋,S,B, ℎ0) holds for allB ∈ 𝒦 and all maps ℎ0 : 𝑋 → B.

Lemma 2.24. If 𝒦 is a class of structures and 𝜇(𝑋,S,𝒦) holds, then
𝜇(𝑋,S,HSP(𝒦)) holds.

Indeed, it is easy to check that if 𝜇(𝑋,S,𝒦) holds and C is in H(𝒦)
or S(𝒦) or P(𝒦), then 𝜇(𝑋,S,C, ℎ0) holds for all ℎ0. Then combine the
operators in the usual order.
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Unfortunately, Lemma 2.24 does not extend to equimorphism. In lan-
guages without equality, this is a problem. So some adjustments will be
required.

Example 2.25.

Let 𝒦 consist of 1-unary algebras in a language with no relations. As
in Example 2.14, any two algebras in 𝒦 are equimorphic. Take S = B to
be a 1-element algebra with 𝑓𝑥 = 𝑥, and take C to be the countable chain
𝑥, 𝑓𝑥, 𝑓 2𝑥, · · · . Then B ≡ C and 𝜇(𝑋,S,B) holds with 𝑋 = {𝑥}. But
there is no homomorphism ℎ : S→ C, so 𝜇(𝑋,S,C) fails.

Oneway to look at the example is this: S is𝒦-free for the class𝒦 = I(B)
of one-element structures (where I denotes isomorphism), but not free for
the “variety” EqHSP(B) of structures that satisfy the same atomic formulas
as B, which in this case is all 1-unary structures (since there are no predi-
cates, and hence no atomic formulas, in the language!).

Indeed, the construction from the proof of Theorem 2.22 does respect
equimorphism. The key lemma is the following.

Lemma 2.26. Let 𝜙 be a congruence on the word algebra W(𝑋), and
let B,C be structures in the type. If 𝜇(𝑋,W(𝑋)/𝜙,B) holds andB ≡ C,
then 𝜇(𝑋,W(𝑋)/𝜙,C) holds.

Proof. Let us dissect the hypotheses of the lemma. The assumption
𝜇(𝑋,W(𝑋)/𝜙,B) means that any map 𝑘0 : 𝑋 → 𝐵 can be extended
to a homomorphism 𝑘 : W(𝑋) → B with ker 𝑘 ≥ 𝜙, that is, t ∈ 𝜙(𝑅)
implies 𝑅B(t) for any relation symbol 𝑅. The conditionB ≡ Cmeans that
for some set 𝑌 there are surjective homomorphisms 𝑓 : W(𝑌 ) � B and
𝑔 : W(𝑌 ) � C with ker 𝑓 = ker 𝑔, that is, 𝑅B(𝑓(t)) holds iff 𝑅C(𝑔(t))
holds.

Now let ℎ0 : 𝑋 → 𝐶. This map extends to a homomorphism ℎ̂ :

W(𝑋) → C. We want to show that 𝜙 ≤ ker ℎ̂. Since 𝑔 is surjective, it
has a right inverse map 𝑟𝑔 : 𝐶 → 𝑊 (𝑌 ), which need not be a homomor-
phism. Let 𝑘0 : 𝑋 → 𝐵 be defined by 𝑘0 = 𝑓𝑟𝑔ℎ0. By the first assumption,
𝑘0 extends to a homomorphism 𝑘 : W(𝑋) → B. Moreover, 𝑘 factors as
𝑘 = 𝑓 ℓ̂, where ℓ̂ extends 𝑟𝑔ℎ0 : 𝑊 (𝑋)→ 𝑊 (𝑌 ). See Figure 2.3.

Consider a vector t ∈ 𝜙(𝑅). Since 𝜙 ≤ ker 𝑘, we have 𝑘(t) ∈ 𝑅B,
which can be written as 𝑓 ℓ̂(t) ∈ 𝑅B. Since ker 𝑓 = ker 𝑔, this implies
𝑔ℓ̂(t) ∈ 𝑅C. But on the set 𝑋 of generators, 𝑔ℓ̂(𝑥) = 𝑔𝑟𝑔ℎ0(𝑥) = ℎ0(𝑥),
so that 𝑔ℓ̂ = ℎ̂, and we conclude that ℎ̂(t) ∈ 𝑅C. Thus 𝜙 ≤ ker ℎ̂, as
desired. �



2.3. THEORIES 47

𝑊 (𝑋)

𝐶

𝑊 (𝑌 )

𝐵

𝑟𝑔

ℎ0

𝑔

𝑓

Figure 2.3. Maps in the proof of Lemma 2.26

This shows that the standard construction of free structures, starting with
the term structure and factoring by the intersection of all congruences whose
factor is in S(𝒦), works and produces a structure that is free for the variety
generated by 𝒦 (in view of Theorems 2.7 and 2.53); the S is required be-
cause homomorphisms into a structure in 𝒦 need not be surjective.

Theorem 2.27. Let 𝒦 be a class of structures of the same type, and let
𝑋 be a set. In the congruence lattice ConW(𝑋), let

Φ =
⋂︁
{𝜙 : W(𝑋)/𝜙 ∈ S(𝒦)}.

Then W(𝑋)/Φ is 𝒱-freely generated by 𝑋 , where 𝒱 = EqHSP(𝒦).
When𝒦 is a subquasivariety of our base quasivariety𝒰 , thenW(𝑋)/𝜙 ∈

𝒦 impliesW(𝑋)/𝜙 ∈ 𝒰 , so that⋂︁
{𝜙 : W(𝑋)/𝜙 ∈ 𝒰} ≤

⋂︁
{𝜙 : W(𝑋)/𝜙 ∈ 𝒦}.

Thus the term structureW(𝑋) in the construction could be replaced by the
𝒰-free structure F𝒰(𝑋), and in practice this is what we often do.

2.3. Theories

Fix a type of structure and a countable set of variables 𝑋 . Fix the base
quasivariety 𝒰 . Using the function symbols, form the term structureW(𝑋)
and the free structure F𝒰(𝑋). Theories should be defined using terms from
W(𝑋), but again it sometimes simplifies notation to use the free structure
F𝒰(𝑋). Throughout this section, we denote the universe of F𝒰(𝑋) by 𝐹 ,
and the universe of W(𝑋) by𝑊 .

An atomic formula is a statement of the form 𝑅(s) with 𝑅 a relation
symbol and s ∈ 𝐹 𝑘 (or 𝑊 𝑘). An implication is a statement of the form
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𝛽1& · · ·& 𝛽𝑛−1 → 𝛽𝑛 with each 𝛽𝑗 an atomic formula. We allow 𝑛 = 1, in
which case the implication is just an atomic formula.

At this point, we need to recall what it means for a structure to satisfy a
quasi-equation. Let the quasi-equation in question be

(𝛽) 𝑅1(s1)& . . . &𝑅𝑛−1(s𝑛−1)→ 𝑅𝑛(s𝑛).

A structure T satisfies (𝛽) if for every homomorphism ℎ : W(𝑋)→ T we
have that𝑅T

𝑖 (ℎ(s𝑖)) for all 𝑖 < 𝑛 implies𝑅T
𝑛 (ℎ(s𝑛)). That is,T satisfies (𝛽)

if s𝑛 ∈ kerℎ(𝑅𝑛) whenever s𝑖 ∈ kerℎ(𝑅𝑖) for all 𝑖 < 𝑛. In terms of factor
structures, this means that for 𝜙 a congruence, the structure T/𝜙 satisfies
(𝛽) when for every homomorphism ℎ : W(𝑋) → T, if ℎ(s𝑖) ∈ 𝜙(𝑅𝑖) for
all 𝑖 < 𝑛, then ℎ(s𝑛) ∈ 𝜙(𝑅𝑛).

An endomorphism of a structure A is a homomorphism ℎ : A → A.
The endomorphisms of a structure form amonoid under composition, which
we usually denote by ℰA, or when the context is clear, just ℰ .

Note that the endomorphisms of a free structure F = F𝒰(𝑋) are deter-
mined by their values on the generators. Thus an endomorphism of a free
structure is just a homomorphism 𝜀 : F → F that extends a substitution
𝜀0 : 𝑋 → 𝐹 of terms for variables.

The endomorphism monoid ℰ of a structure A acts on Con𝒰 A in the
following way. For 𝜀 ∈ ℰ , 𝜙 ∈ Con𝒰 A, and a relation symbol 𝑅,

(𝜀*(𝜙))(𝑅) = 𝜀−1(𝜙(𝑅))

= {t ∈ 𝐴𝑘 : 𝜀(t) ∈ 𝜙(𝑅)}.
Thus t ∈ (𝜀*(𝜙))(𝑅) if and only if 𝜀(t) ∈ 𝜙(𝑅).

Lemma 2.28. LetA be a structure in𝒰 and 𝜀, 𝜂, 𝜅 endomorphisms of A.
(1) If 𝜙 is a 𝒰-congruence, then 𝜀*𝜙 is a 𝒰-congruence.
(2) (𝜂𝜅)* = 𝜅*𝜂*.
(3) The operator 𝜀* on Con𝒰 A preserves the largest congruence ∇,

arbitrary meets, and nonempty directed joins.

Proof. Parts (2) and (3) are straightforward calculations, but (1) requires
a little care.

Consider a quasi-equation (𝛽) : 𝑅1(s1)& . . . &𝑅𝑛−1(s𝑛−1)→ 𝑅𝑛(s𝑛)
that holds in 𝒰 . Let ℎ : W(𝑋) → A where 𝑋 contains all the variables
occurring in (𝛽). Given thatA/𝜙 satisfies (𝛽), we want to show thatA/𝜀*𝜙
satisfies (𝛽).

So assume ℎ(s𝑖) ∈ (𝜀*𝜙)(𝑅𝑖) for all 𝑖 < 𝑛. Then 𝜀ℎ(s𝑖) ∈ 𝜙(𝑅𝑖) for
𝑖 < 𝑛. Since 𝜀ℎ : W(𝑋)→ A is also a homomorphism and A/𝜙 satisfies
(𝛽), we conclude that 𝜀ℎ(s𝑛) ∈ 𝜙(𝑅𝑛). Thence ℎ(s𝑛) ∈ (𝜀*𝜙)(𝑅𝑛), as
desired. �
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Let ℰ* = {𝜀* : 𝜀 ∈ ℰ}. Given a groupoid T = ⟨𝑇, ·⟩, the opposite
groupoid is Topp = ⟨𝑇, ⋆⟩ where 𝑠 ⋆ 𝑡 = 𝑡 · 𝑠. Part (2) of Lemma 2.28 says
that ℰ* is a homomorphic image of ℰopp.

2.3.1. Atomic theories. An atomic theory, relative to a quasivariety 𝒰 ,
is a 𝒰-congruence 𝜃 on the free structure F𝒰(𝑋) such that s ∈ 𝜃(𝑅) implies
𝜀(s) ∈ 𝜃(𝑅) for every relation symbol 𝑅, endomorphism 𝜀, and s ∈ 𝐹 𝑘.

An atomic theory is the natural generalization of an equational theory.
As a congruence, 𝜃 is a map on relation symbols, but we can also think of
the corresponding set of atomic formulas:

𝜃 = {𝑅(ŝ) : s ∈ 𝜃(𝑅)}
where ŝ denotes a tuple of terms that evaluate to s under the natural map
W(𝑋) → F𝒰(𝑋). Then we say that a structure T satisfies 𝜃 if T sat-
isfies 𝑅(ŝ) for every atomic formula in 𝜃, i.e., for every homomorphism
ℎ : W(𝑋)→ T we have ℎ(ŝ𝑛) ∈ 𝑅T.

The next lemma characterizes atomic theories.
Lemma 2.29. Let 𝜃 be a 𝒰-congruence on F𝒰(𝑋). Let 𝜀 an endomor-

phism and s ∈ 𝐹 𝑘. The following are equivalent.
(1) s ∈ 𝜃(𝑅) implies 𝜀(s) ∈ 𝜃(𝑅) for all relation symbols 𝑅.
(2) 𝜀*(𝜃) ≥ 𝜃.

The proof just applies the definitions.
A 𝒰-congruence 𝜃 on a structureA is fully invariant if 𝜀*(𝜃) ≥ 𝜃 for all

endomorphisms 𝜀 ofA. As a consequence of Lemma 2.29, a fully invariant
𝒰-congruence 𝜃 on a free structureF𝒰(𝑋) defines an atomic theory relative
to 𝒰 .

Theorem 2.30. Let A be a structure in 𝒰 . The set of fully invariant 𝒰-
congruences is a complete sublattice of Con𝒰 A.

Proof. Let 𝜃𝑖 (𝑖 ∈ 𝐼) be fully invariant congruences, and let 𝜀 be an endo-
morphism. Then 𝜀*(

⋀︀
𝜃𝑖) =

⋀︀
𝜀*(𝜃𝑖) ≥

⋀︀
𝜃𝑖. Also 𝜀*(

⋁︀
𝜃𝑖) ≥ 𝜀*(𝜃𝑖) ≥ 𝜃𝑖

for all 𝑖, whence 𝜀*(
⋁︀
𝜃𝑖) ≥

⋁︀
𝜃𝑖, as desired. �

Corollary 2.31. Let 𝜃 be a fully invariant 𝒰-congruence onF = F𝒰(𝑋).
If 𝜙 is a 𝒰-congruence, then F/𝜙 satisfies 𝜃 if and only if 𝜙 ≥ 𝜃.

Proof. This is a situation where it is convenient to suppress the natural
homomorphism 𝑓 : W(𝑋) → F𝒰(𝑋) and think of terms as elements of
𝐹 . Certainly if 𝜙 � 𝜃, i.e., there exist s ∈ 𝐹 𝑘 and a relation 𝑅 such that
s ∈ 𝜃(𝑅) but s /∈ 𝜙(𝑅), so that F/𝜙 does not satisfy 𝜃 as witnessed by the
atomic formula 𝑅(s).

Conversely, assume that 𝜙 ≥ 𝜃, and let 𝜀 be an endomorphism of F. For
any pair with s ∈ 𝜃(𝑅), we also have 𝜀(s) ∈ 𝜃(𝑅), since 𝜃 is fully invariant.
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Thence we get 𝜀(𝑠) ∈ 𝜙(𝑅), so that F/𝜙 satisfies 𝑅(s) whenever s ∈ 𝜃(𝑅),
i.e, F/𝜙 satisfies 𝜃. �

A structure S is said to be relatively freely generated by 𝑋 if it is 𝒦-
freely generated by𝑋 for some class 𝒦. The next result shows in detail that
a 𝒰-congruence 𝜃 on F is fully invariant if and only if F/𝜃 is relatively free.

Theorem 2.32. The following are equivalent for a 𝒰-congruence 𝜃 on a
free structure F = F𝒰(𝑋).

(1) F/𝜃 is 𝒦1-freely generated by 𝑋 for some class 𝒦1.
(2) F/𝜃 is 𝒦2-freely generated by 𝑋 for 𝒦2 = {F/𝜃}.
(3) F/𝜃 is 𝒦3-freely generated by 𝑋 for 𝒦3 = EqHSP(F/𝜃).
(4) F/𝜃 is 𝒦4-freely generated by 𝑋 for 𝒦4 = {F/𝜙 : 𝜙 ≥ 𝜃}.
(5) 𝜃 is a fully invariant 𝒰-congruence.

Proof. Lemmas 2.24 and 2.26 combine to show that (2) and (3) are
equivalent, while (4) is just a lattice interpretation of (3) using Theorem 2.27.
So it suffices to prove the equivalence of (1), (2) and (5). Of course, (2) im-
plies (1).

Assuming (1), let us show that (5) holds. Since F/𝜃 is 𝒦1-freely gen-
erated by 𝑋 , in particular F/𝜃 ∈ 𝒦1. An endomorphism 𝜀 of F is deter-
mined by its values on the generators, i.e., {𝜀𝑥 : 𝑥 ∈ 𝑋}. The correspond-
ing map on F/𝜃, viz., 𝜀0(𝑥) = 𝜀𝑥/𝜃, can be extended to a homomorphism
𝜀 : F/𝜃 → F/𝜃. It is of course the same map 𝜀 on the elements, but with
the relations required to contain 𝜃(𝑅) for each 𝑅. Thus we have ker 𝜀 ≥ 𝜃.
In other words, t ∈ 𝜃(𝑅) implies 𝜀(t) ∈ 𝜃(𝑅), whence 𝜃 ≤ 𝜀*(𝜃), making
𝜃 fully invariant.

This same calculation in reverse shows that (5) implies (2). �

Corollary 2.33. The latticeLv(𝒰) of relative varieties of 𝒰 is isomorphic
to the lattice of ℰ*-closed principal filters of Con𝒰 F𝒰(𝜔), ordered by set
containment. These are each of the form ↑𝜃 for a fully invariant congruence.

Larger congruences determine smaller filters, yielding the standard state-
ment.

Corollary 2.34. For a variety 𝒱 , the lattice Lv(𝒱) is dually isomorphic to
the lattice of fully invariant congruences of F𝒱(𝜔). Thus Lv(𝒱) is a dually
algebraic lattice.

2.3.2. Implicational theories. If 𝛼1, . . . , 𝛼𝑛−1 and 𝛽 are atomic for-
mulas and 𝐴 = {𝛼1, . . . , 𝛼𝑛−1}, then 𝐴 → 𝛽 denotes the implication
𝛼1& . . . &𝛼𝑛−1 → 𝛽. As usual, we allow 𝐴 to be empty.

A collection 𝒯 of implications is an implicational theory if it has the
following properties.
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(1) For each finite set 𝐵 of atomic formulas, 𝐵 → 𝛽 is in 𝒯 for every
𝛽 ∈ 𝐵.

(2) If 𝐴 → 𝛽 is in 𝒯 for all 𝛽 ∈ 𝐵, and 𝐵 → 𝛾 is in 𝒯 , then 𝐴 → 𝛾
is in 𝒯 .

(3) If 𝐴→ 𝛽 is in 𝒯 and 𝜀 is an endomorphism of F𝒰(𝜔), then 𝜀𝐴→
𝜀𝛽 is in 𝒯 .

The set of all implicational theories containing a given theory 𝒰 forms
a complete lattice ITh(𝒰). Theorem 2.36 below shows that ITh(𝒰) is an
algebraic lattice.

It is useful to introduce some shorthand notation. For atomic formulas
𝑅1(s1), . . . , 𝑅𝑛(s𝑛), an endomorphism 𝜀, and a congruence 𝜃:

∙ 𝛽𝑖 stands for 𝑅𝑖(s𝑖), that is, s𝑖 ∈ 𝑅𝑖.
∙ 𝜀𝛽𝑖 stands for 𝑅𝑖(𝜀s𝑖), that is, 𝜀s𝑖 ∈ 𝑅𝑖.
∙ 𝛽𝑖(𝜃) means s𝑖 ∈ 𝜃(𝑅𝑖).
∙ 𝜀𝛽𝑖(𝜃) means 𝜀s𝑖 ∈ 𝜃(𝑅𝑖).
∙ ⟨𝛽1, . . . , 𝛽𝑛⟩ is short for 𝛽1& · · · & 𝛽𝑛−1 → 𝛽𝑛.
∙ ⟨𝛽1, . . . , 𝛽𝑛⟩(𝜃) is short for 𝛽1(𝜃)& · · · & 𝛽𝑛−1(𝜃)→ 𝛽𝑛(𝜃).

In this terminology,F𝒰(𝑋)/𝜃 satisfies ⟨𝛽1, . . . , 𝛽𝑛⟩ if ⟨𝜀𝛽1, . . . , 𝜀𝛽𝑛⟩(𝜃)
holds for all endomorphisms 𝜀. In an abuse of notation, we write 𝜃 |=
⟨𝛽1, . . . , 𝛽𝑛⟩ to denote this.

Let A be a 𝒰-structure, 𝑅 an 𝑛-ary relation symbol in the language of
𝒰 , and a ∈ 𝐴𝑛. The principal congruence generated by 𝑅(a) is the least
𝒰-congruence containing 𝑅(a), i.e.,

Cg(𝑅(a)) =
⋂︁
{𝜃 ∈ Con𝒰 A : a ∈ 𝜃(𝑅)}.

Clearly this generalizes the standard notion for pairs and equality. In particu-
lar, every 𝒰-congruence is the join of the principal congruences it contains,
and a 𝒰-congruence is compact if and only if it is a join of finitely many
principal congruences.

With the notation in place, we can state some elementary equivalences.

Corollary 2.35. Let 𝛽1, . . . , 𝛽𝑛 be atomic formulas in the language of
𝒰 . Let 𝜃 be in Con𝒰 F𝒰(𝑋), and let 𝜀 be an endomorphism of F𝒰(𝑋). The
following are equivalent (to 𝜃 |= ⟨𝛽1, . . . , 𝛽𝑛⟩).

(1) ⟨𝜀𝛽1, . . . , 𝜀𝛽𝑛⟩(𝜃) holds.
(2) ⟨𝛽1, . . . , 𝛽𝑛⟩(𝜀*𝜃) holds.
(3) 𝜃 ≥ Cg(𝜀𝛽1) ∨ · · · ∨ Cg(𝜀𝛽𝑛−1) implies 𝜃 ≥ Cg(𝜀𝛽𝑛).
(4) 𝜀*𝜃 ≥ Cg(𝛽1) ∨ · · · ∨ Cg(𝛽𝑛−1) implies 𝜀*𝜃 ≥ Cg(𝛽𝑛).
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Let ℬ denote the set of all formal implications ⟨𝛽1, . . . , 𝛽𝑛⟩. Define a
relation 𝐺 ⊆ Con𝒰 F𝒰(𝜔)× ℬ thusly:
(𝜃, ⟨𝛽1, . . . , 𝛽𝑛⟩) ∈ 𝐺 if F/𝜃 satisfies ⟨𝛽1, . . . , 𝛽𝑛⟩

i.e., ⟨𝛽1, . . . , 𝛽𝑛⟩(𝜀*𝜃) holds for all endomorphisms 𝜀.
In shorthand, (𝜃, 𝛽) ∈ 𝐺 iff 𝜃 |= 𝛽. The relation 𝐺 determines a Galois
correspondence, and the basic result just characterizes the closed sets.

Theorem 2.36. The closed sets for the Galois correspondence deter-
mined by 𝐺 are described as follows.

(1) The closed sets on the left are the ℰ*-closed algebraic subsets of
Con𝒰 F𝒰(𝜔).

(2) The closed sets on the right are implicational theories containing
the theory of 𝒰 .

Hence Lq(𝒰) ∼= Sp(Con𝒰 F𝒰(𝜔), ℰ*), since both are dually isomorphic to
the lattice of implicational theories ITh(𝒰).

Example 2.37.

An example before the proof might help. Let the type of 𝒰 be 1-unary
algebras with a binary predicate ≈ for equality. Take the base quasivari-
ety 𝒰 to be the one stating that ≈ is a congruence relation, i.e., reflexive,
symmetric, transitive, compatible with the operation. For convenience let
𝑋 be a countably infinite set and F = F𝒰(𝑋). Let us start with the identity
𝛽0 : 𝑓𝑥 ≈ 𝑥, a member the right-hand side ℬ.

A congruence 𝜃 ∈ ConF satisfies 𝑓𝑥 ≈ 𝑥 if and only if (𝑢, 𝑓𝑢) ∈ 𝜃 for
all 𝑢 ∈ 𝐹 . The congruence

𝜙 = {(𝑢, 𝑓𝑘𝑢) : 𝑢 ∈ 𝐹, 𝑘 ≥ 0}
is the least such congruence; it is ℰ*-closed, and indeed fully invariant. The
ℰ*-closed algebraic subset referred to in part (1) of Theorem 2.36 is ↑𝜙.

The implicational theory determined by 𝛽0 contains not only all equa-
tions 𝑢 ≈ 𝑓𝑢 consisting of pairs from 𝜙, but other implications that are
consequences of these, such as 𝑓𝑥 ≈ 𝑓𝑦 → 𝑥 ≈ 𝑦. The collection of all
these is the theory referred to in part (2).

Proof. As always for Galois connections, to describe closed sets it suf-
fices to consider the closures of singletons and take intersections.

Fix an implication 𝛽 = ⟨𝛽1, . . . , 𝛽𝑛) and let
𝜆(𝛽) = {𝜃 ∈ Con𝒰 F : 𝜃 |= 𝛽}.

The claim is that 𝜆(𝛽) is an ℰ*-closed algebraic subset. Closure of 𝜆(𝛽)
under arbitrary intersections is clear, and closure under ℰ* is built into the
definition.
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For directed joins, we argue as in the proof of Theorem 2.9. Let 𝜃𝑗
(𝑗 ∈ 𝐽) be a nonempty directed subset of 𝜆(𝛽). Then Θ =

⋃︀
𝑗∈𝐽 𝜃𝑗 satis-

fies 𝛽1& · · · & 𝛽𝑛−1 → 𝛽𝑛 (using the directedness) and is a 𝒰-congruence
(since 𝒰 is a quasivariety, by the same argument). Hence Θ =

⋁︀
𝑗∈𝐽 𝜃𝑗 and

Θ ∈ 𝜆(𝛽). Hence 𝜆(𝛽) is closed under directed joins.
For the second part, fix 𝜃 ∈ Con𝒰 F and let

𝜌(𝜃) = {𝛽 ∈ ℬ : 𝜃 |= 𝛽}.
The claim is that 𝜌(𝜃) is an implicational theory. Checking the definition,
items (1) and (2) are straightforward, though the notation is unwieldy for
(2). Item (3) uses Corollary 2.35.

Initially the maps 𝜌 and 𝜆 are defined for elements. Extend the domains
to subsets, so that for 𝐴 ⊆ Con𝒰 F and 𝐵 ⊆ ℬ,

𝜌(𝐴) =
⋂︁
𝜃∈𝐴

𝜌(𝜃)

𝜆(𝐵) =
⋀︁
𝛽∈𝐵

𝜆(𝛽).

First, let us prove that if 𝐴 is an ℰ*-closed algebraic subset of Con𝒰 F,
then 𝜆𝜌(𝐴) = 𝐴 (i.e., 𝜆𝜌(𝐴) ⊆ 𝐴), and if 𝒯 is an implicational theory, then
𝜌𝜆(𝒯 ) = 𝒯 (i.e., 𝜌𝜆(𝒯 ) ⊆ 𝒯 ).

Let 𝐴 be an ℰ*-closed algebraic subset of Con𝒰 F. Then
𝜌(𝐴) = {𝛽 ∈ ℬ : 𝜃 |= 𝛽 for all 𝜃 ∈ 𝐴}
𝜆𝜌(𝐴) = {𝜙 ∈ Con𝒰 F : 𝜙 |= 𝛽 for all 𝛽 ∈ 𝜌(𝐴)}.

We want to show that 𝜆𝜌(𝐴) ⊆ 𝐴, i.e., if 𝜙 |= 𝛽 whenever 𝜃 |= 𝛽 for all
𝜃 ∈ 𝐴, then 𝜙 ∈ 𝐴.

For any 𝜁 ∈ Con𝒰 F, define 𝛼(𝜁) =
⋀︀{𝜃 ∈ 𝐴 : 𝜃 ≥ 𝜁} which is

the least member of 𝐴 above 𝜁 . Assume 𝜙 /∈ 𝐴, so that 𝛼0 = 𝛼(𝜙) > 𝜙.
As a matter of notation, for an atomic formula 𝛾, let 𝛾 denote the principal
congruence Cg(𝛾) in Con𝒰 F. Since 𝛼0 > 𝜙, we can choose a principal
𝒰-congruence 𝛾0 that is below 𝛼0 but not below 𝜙.

Let𝐾 denote the set of compact 𝒰-congruences below 𝜙. For each 𝜅 ∈
𝐾 we have 𝜅 ≤ 𝛼(𝜅) ≤ 𝛼0. Moreover, 𝛼(𝐾) is a directed subset of𝐴. Thus
𝜙 ≤ ⋁︀

𝛼(𝐾) ∈ 𝐴, whence
⋁︀
𝛼(𝐾) = 𝛼0. In particular,

⋁︀
𝛼(𝐾) ≥ 𝛾0

which is compact, so 𝛼(𝜅0) ≥ 𝛾0 for some 𝜅0 ∈ 𝐾.
Write 𝜅0 as a join of principal 𝒰-congruences 𝜅0 = 𝛾1 ∨ · · · ∨ 𝛾𝑚, and

consider ⟨𝛾1, . . . , 𝛾𝑚, 𝛾0⟩. (Note: 𝜅0 = Δ with 𝑚 = 0 is allowed.) We
claim that every 𝜃 ∈ 𝐴 satisfies ⟨𝛾1, . . . , 𝛾𝑚, 𝛾0⟩. For if 𝜃 ∈ 𝐴, then for each
endomorphism 𝜀*𝜃 ∈ 𝐴. So if 𝜀*𝜃 ≥ 𝛾1∨ · · · ∨𝛾𝑚, then 𝜀*𝜃 ≥ 𝛼(𝜅0) ≥ 𝛾0.

On the other hand, 𝜙 ≥ 𝛾1 ∨ · · · ∨ 𝛾𝑚 but 𝜙 � 𝛾0, so 𝜙 fails the impli-
cation. Thus 𝜙 /∈ 𝜆𝜌(𝐴), as desired.
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It remains to show that if 𝒯 is an implicational theory, then 𝜌𝜆(𝒯 ) ⊆ 𝒯 .
The next lemma is useful.

Lemma 2.38. A set 𝒯 of formal implications is an implicational theory
with respect to 𝒰 if and only if

(0) the theory of 𝒰 is contained in 𝒯 ,
(1) ⟨𝛽, 𝛾⟩ ∈ 𝒯 whenever 𝛽 ≥ 𝛾,
(2) if ⟨𝛽1, . . . , 𝛽𝑚⟩ ∈ 𝒯 and 𝛾1 ∨ · · · ∨ 𝛾𝑛−1 ≥ 𝛽1 ∨ · · · ∨ 𝛽𝑚−1 and

𝛽𝑛 ≥ 𝛾𝑛, then ⟨𝛾1, . . . 𝛾𝑛⟩ ∈ 𝒯 ,
(3) if ⟨𝛽1, . . . , 𝛽𝑚⟩ ∈ 𝒯 then ⟨𝜀𝛽1, . . . , 𝜀𝛽𝑚⟩ ∈ 𝒯 for every endomor-

phism 𝜀.

Proof. This is the 𝒰-congruence interpretation of the definition. But see
the discussion after the end of the proof of Theorem 2.36. �

Now, to complete the proof of Theorem 2.36, let 𝒯 be an implicational
theory. We want to show that 𝜌𝜆(𝒯 ) ⊆ 𝒯 , i.e., that 𝛾 /∈ 𝒯 implies 𝛾 /∈
𝜌𝜆(𝒯 ). Consider an implication 𝛾 = ⟨𝛾1, . . . , 𝛾𝑛⟩ that is not in 𝒯 . We want
to find 𝜃 ∈ Con𝒰 F such that 𝜃 |= 𝛽 for all 𝛽 ∈ 𝒯 but 𝛾(𝜃) does not hold,
i.e., 𝜃 ≥ 𝛾1 ∨ · · · ∨ 𝛾𝑛−1 while 𝜃 � 𝛾𝑛.

So we can ask: what does 𝜃 ≥ 𝛾1 ∨ · · · ∨ 𝛾𝑛−1 imply under 𝒯 ?
Let 𝛿 =

⋁︀{𝛿 : ⟨𝛾1, . . . , 𝛾𝑛−1, 𝛿⟩ ∈ 𝒯 }. Note that 𝛿 ≥ 𝛾1 ∨ · · · ∨ 𝛾𝑛−1 by
Lemma 2.38(1). If perchance 𝛿 ≥ 𝛾𝑛, then by the compactness of 𝛾𝑛 we have
𝛿1 ∨ · · · ∨ 𝛿𝑘 ≥ 𝛾𝑛 for some finite subset. But then ⟨𝛾1, . . . , 𝛾𝑛−1, 𝛿𝑗⟩ ∈ 𝒯
for all 𝑗, and ⟨𝛿1, . . . , 𝛿𝑘, 𝛾𝑛⟩ ∈ 𝒯 (in fact it is in the theory of 𝒰), whence
⟨𝛾1, . . . , 𝛾𝑛−1, 𝛾𝑛⟩ ∈ 𝒯 by Lemma 2.38(2), a contradiction. So 𝛿 � 𝛾𝑛, and
𝜃 = 𝛿 witnesses that 𝛾 /∈ 𝜌𝜆(𝒯 ), since 𝛿 ≥ 𝛾1∨· · ·∨𝛾𝑛−1 while 𝛿 � 𝛾𝑛. �

Discussion: The description of implicational theories in Lemma 2.38 is
a variation on the Don relation from [19]. Let K = ⟨𝐾,∨,Δ, ̂︀ℰ⟩ be the
semilattice with operators of compact 𝒰-congruences of the free structure
F. Because [19] uses the join semilattice with operators K, the monoid of
operators ̂︀ℰ on K induced by endomorphisms is not ℰ*; the connection is
explained in [63]. A binary relation 𝜏 onK is a dongruence if

(1) 𝛾 ≥ 𝛿 implies 𝜏(𝛾, 𝛿),
(2) 𝜏(𝛾, 𝛿) implies 𝜏(𝛾 ∨ 𝛽, 𝛿 ∨ 𝛽),
(3) 𝜏(𝛾, 𝛿) implies 𝜏(𝜀𝛾, 𝜀𝛿) for all 𝜀.

Think 𝜏(𝛾, 𝛿) means 𝛾 ≥ 𝛿mod 𝜏 . Dongruences correspond to implica-
tional theories. In [19] it is shown that Don𝒰(F, ̂︀ℰ) ∼= Con𝒰(F, ̂︀ℰ), and
in [63] it is shown that this is dually isomorphic to Sp(ℐ(K), ℰ*). So the
preceding proof is a reprise.

We can now describe Lq(𝒦) via implicational theories for several 𝒦.



2.3. THEORIES 55

Example 2.39.

For the quasivariety 𝒦1 with one unary relation 𝐴 and no equality, the
lattice of subquasivarieties is a 3-element chain: ⟨𝐴𝑥⟩, ⟨𝐴𝑥 → 𝐴𝑦⟩, and
𝒦1.

Example 2.40.

For the quasivariety ℛ1 with one unary relation 𝐴 and ≈, the lattice of
subquasivarieties is given in Figure 2.4, from [62].

⟨H0⟩

⟨H2⟩ = ⟨𝐴𝑥⟩ ⟨H1⟩ = ⟨𝑥 ≈ 𝑦⟩

⟨H4⟩ = ⟨𝐴𝑥→ 𝑥 ≈ 𝑦⟩

⟨𝐴𝑥→ 𝐴𝑦⟩ ⟨H3⟩ = ⟨𝐴𝑥&𝐴𝑦 → 𝑥 ≈ 𝑦⟩

ℛ1

Figure 2.4. Quasivariety lattice Lq(ℛ1)

Example 2.41.

For the quasivariety𝒦2 with one unary relation𝐴, a constant 𝑒 such that
𝐴𝑒 holds (as a law of𝒦2), and no equality, the lattice of subquasivarieties is
a 2-element chain: ⟨𝐴𝑥⟩ and 𝒦2.

Example 2.42.

Now add ≈ to the relations of 𝒦2 to form ℰ1. There are four subquasi-
varieties, ordered as 2 × 2, which are ⟨𝑥 ≈ 𝑒⟩, ⟨𝐴𝑥⟩, ⟨𝐴𝑥 → 𝑥 ≈ 𝑒⟩, and
ℰ1.

2.3.3. The converse. Theorem 2.36 says that a lattice of implicational
theories ITh(𝒦) is dually isomorphic to a lattice Sp(L, 𝐻) of𝐻-closed alge-
braic subsets of an algebraic lattice with operators. A model-theoretic form
of the same result is Theorem 2.54 below. It is reasonable then to ask about
the converse: Is every lattice Sp(L, 𝐻) isomorphic to a lattice of implica-
tional theories? The answer is YES, by means of a construction in [90].
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Theorem 2.43. Let L be an algebraic lattice with a monoid of opera-
tors 𝐻 . Then there exists an implicational theory 𝒦 (in a language with-
out equality) such that Sp(L, 𝐻) is dually isomorphic to ITh(𝒦). Thus
Sp(L, 𝐻) ∼= Lq(𝒦).

While we will not repeat the proof here, we will use the construction
from [90] in Chapter 7, which is perhaps the best way to understand it any-
way. Theorem 2.60 and Example 2.61 show that the converse is not true if
we insist upon equality as a relation.

2.4. Models

In order to talk about varieties and quasivarieties as classes of structures,
we need to adapt the terminology to a general setting, so as to include lan-
guages that may not have equality.

Recall that for an implication 𝛽 = ⟨𝛽1, . . . , 𝛽𝑚⟩, we say that a structure
S satisfies 𝛽, and write S |= 𝛽, if for every homomorphism ℎ : F𝒰(𝜔)→ S
we have kerℎ ∈ 𝜆(𝛽), where 𝜆(𝛽) is as in the proof of Theorem 2.36:

𝜆(𝛽) = {𝜃 ∈ Con𝒰 F : 𝜃 |= 𝛽}.
That is, in the notation of page 51,S |= 𝛽 if and only if ⟨𝜀𝛽1, . . . , 𝜀𝛽𝑚⟩(kerℎ)
holds for every endomorphism 𝜀 ofF𝒰(𝜔) and homomorphismℎ : F𝒰(𝜔)→
S.

If 𝑇 ⊆ ℬ is a set of implications, we say that a structure S is a model of
𝑇 if S |= 𝛽 for every 𝛽 ∈ 𝑇 , i.e., kerℎ ∈ ⋂︀

𝛽∈𝑇 𝜆(𝛽).

Lemma 2.44. The following are equivalent.
(1) kerℎ ∈ 𝜆(𝑇 ) for every ℎ : F𝒰(𝑛)→ S and all finite 𝑛.
(2) kerℎ ∈ 𝜆(𝑇 ) for every ℎ : F𝒰(𝜔)→ S.
(3) kerℎ ∈ 𝜆(𝑇 ) for every ℎ : F𝒰(𝜅)→ S for 𝜅 arbitrarily large.

Our task in this section is to extend the standard description of varieties
and quasivarieties. Recall that Eq denotes the equimorphism class operator,
i.e., Eq(𝒳 ) is the collection of all structures S such that S ≡ T for some
T ∈ 𝒳 .

In languages with equality we often omit the isomorphism operator I,
implicitly assuming that model classes are closed under isomorphism, writ-
ing for example SPU(𝒳 ) rather than ISPU(𝒳 ). Likewise, later on we may
sometimes omit the equimorphism operatorEq and assume thatmodel classes
are closed under equimorphism.

Theorem 2.45. If S ≡ T and 𝛽 ∈ ℬ, then S |= 𝛽 if and only if T |= 𝛽.

Proof. Assume S ≡ T with surjective homomorphisms 𝑓 : F𝒰(𝑋) �
S and 𝑔 : F𝒰(𝑋) � T and ker 𝑓 = ker 𝑔. Consider an implication
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𝛽 = ⟨𝛽1, . . . , 𝛽𝑛⟩. By Lemma 2.11 we may assume that 𝑋 contains all
the variables in 𝛽. Now S satisfies 𝛽 if and only if for every endomorphism
𝜀 of F𝒰(𝑋) and s ∈ 𝐹 𝑘, 𝛽𝑖(𝜀s) ∈ ker 𝑓 for all 𝑖 < 𝑛 implies 𝛽𝑛(𝜀s) ∈ ker 𝑓
(cf. Corollary 2.35). Since ker 𝑓 = ker 𝑔, S satisfies 𝛽 if and only if T
satisfies 𝛽. �

Recall thatH denotes homomorphic images, S denotes substructures, R
denotes reduced products (which includes direct products P).

Lemma 2.46. The class operators satisfy the following inclusions.
(1) HEq(𝒳 ) ⊆ EqH(𝒳 )
(2) SEq(𝒳 ) ⊆ EqS(𝒳 )
(3) REq(𝒳 ) ⊆ EqR(𝒳 )

The reverse inclusions may also be true, but these are the directions we
want.

Proof. In each case below we assume that S ≡ T is witnessed by a
structure M and surjective homomorphisms 𝑓 : M � S and 𝑔 : M � T
with ker 𝑓 = ker 𝑔.

(1) Assume thatA ∈ HEq(𝒳 ), whichmeans that there existS ≡ T ∈ 𝒳
and a surjective homomorphism ℎ : S � A. Then ℎ𝑓 : M � A, and
since ker 𝑔 ≤ kerℎ𝑓 , there exists 𝑘 : T � A such that 𝑘𝑔 = ℎ𝑓 . So
A ∈ H(𝒳 ) ⊆ EqH(𝒳 ).

(2) Assume thatA ∈ SEq(𝒳 ), which means that there exist S ≡ T ∈ 𝒳
and A ≤ S. Take N = 𝑓−1(A), so that N ≤M, and let B = 𝑔(N). Then
we have B ≤ T, and 𝑓 |N : N � A and 𝑔|N : N � B and ker 𝑓 |N =
ker 𝑔|N. HenceA ≡ B ≤ T, so that A ∈ EqS(𝒳 ).

(3) Assume thatA ∈ REq(𝒳 ), which means that there exist S𝑖 ≡ T𝑖 ∈
𝒳 for 𝑖 ∈ 𝐼 , and a filter 𝐺 on 𝐼 , such thatA =

∏︀
S𝑖/≈𝐺. Let

B =
∏︁

T𝑖/≈𝐺 M =
∏︁

M𝑖

𝑓 =
∏︁

𝑓𝑖 𝑔 =
∏︁

𝑔𝑖

Let 𝛾 :
∏︀

S𝑖 →
∏︀

S𝑖/≈𝐺 and 𝛾′ :
∏︀

T𝑖 →
∏︀

T𝑖/≈𝐺 be the canonical
maps. Then

∙ B ∈ R(𝒳 ),
∙ 𝛾𝑓 : M� A,
∙ 𝛾′𝑔 : M� B,
∙ ker 𝛾𝑓 = ker 𝛾′𝑔,

whenceA ≡ B ∈ R(𝒳 ). We conclude thatA ∈ EqR(𝒳 ), as desired. �
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This brings us to the basic results on quasivarieties and varieties. We
begin with quasivarieties. Recall from the proof of Theorem 2.36 that for a
subset 𝐴 ⊆ Con𝒰 F,

𝜌(𝐴) = {𝛽 : 𝜃 |= 𝛽 for all 𝜃 ∈ 𝐴}.
Also remember fromLemma 2.8(3) that every reduced product is a subdirect
product of ultraproducts, while direct products are type of reduced product,
which allows us to state the next theorem using either EqSR or EqSPU,
equivalently.

Theorem 2.47. Let 𝑇 ⊆ ℬ be a set of implications, and let 𝒦 denote the
class of all models of 𝑇 . Then 𝒦 is closed under equimorphism, substruc-
tures and reduced products, so that EqSR(𝒦) = EqSPU(𝒦) = 𝒦.

Conversely, assume thatℳ is a class of 𝒰-structures which is closed
under equimorphism, substructures, and reduced products (or equivalently,
equimorphism, substructures, direct products, and ultraproducts). Let

𝐴 = {𝜃 ∈ Con𝒰 F(𝜔) : F/𝜃 ∈ℳ}.
Then 𝐴 is an ℰ*-closed algebraic subset of Con𝒰 F, and henceℳ is the set
of all models of 𝜌(𝐴).

Proof. For the first part, let us check reduced products. Assume that
S𝑖 (𝑖 ∈ 𝐼) are in 𝒦, let 𝐺 be a filter on 𝐼 , and let 𝛽 ∈ 𝑇 . To say that
𝛽1(𝜀s)& · · · & 𝛽𝑛−1(𝜀s) holds in F/ ≈𝐺 means that for all 𝑗 < 𝑛 the set
𝐻𝑗 = {𝑖 ∈ 𝐼 : (𝜀s)𝑖 ∈ 𝑅S𝑖

𝑗 } is in 𝐺. Then 𝐻 =
⋂︀
𝑗<𝑛𝐻𝑗 is in 𝐺 and

(𝜀s)𝑖 ∈ 𝑅S𝑖
𝑗 for all 𝑗 < 𝑛 and 𝑖 ∈ 𝐻 . Since each S𝑖 satisfies 𝛽, we conclude

that (𝜀s)𝑖 ∈ 𝑅S𝑖
𝑛 for all 𝑖 ∈ 𝐻 , wherefore 𝛽𝑛(𝜀s) holds in F/≈𝐺.

Closure under equimorphism is the second statement of Theorem 2.17.
Substructure closure is clear, and that the trivial structure is in 𝒦.

For the converse, the closure of 𝐴 under intersections follows from the
closure ofℳ under subdirect products. (Note that the empty direct product
is by definition inℳ.)

Given a directed set {𝜙𝑖 : 𝑖 ∈ 𝐼} of 𝒰-congruences on 𝐴, let Φ =⋃︀
𝑖∈𝐼 𝜙𝑖. Thus for any relation symbol𝑅 in the type of 𝒰 (including possibly
≈) and any t ∈ 𝐹 𝑘 of the appropriate arity, t ∈ Φ(𝑅) if and only if there
exists 𝑖0 ∈ 𝐼 such that t ∈ 𝜙𝑖0(𝑅). Then Φ is a congruence (contains the
relations 𝑅F); we must show that it is in 𝐴.

Consider
∏︀

𝑖∈𝐼 F/𝜙𝑖, recalling that F/𝜙𝑖 is inℳ for all 𝑖. For a subset
𝑋 ⊆ 𝐼 , let 𝑋 be in the set 𝐺 if there exists 𝑖0 such that 𝑋 ⊇ {𝑖 ∈ 𝐼 : 𝜙𝑖 ≥
𝜙𝑖0}. By the directedness of the set of congruences, the set 𝐺 is a filter,
so we can form the reduced product

∏︀
𝑖∈𝐼(F/𝜙𝑖)/ ≈𝐺. There is a natural

embedding ℎ : F → ∏︀
𝑖∈𝐼(F/𝜙𝑖)/ ≈𝐺, and kerℎ = Φ by the remarks in
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the preceding paragraph. Thus 𝐹/Φ is a substructure of a reduced product
of structures inℳ. This implies F/Φ is inℳ, whence Φ ∈ 𝐴, as desired.

It remains to show that 𝐴 is ℰ*-closed. We are given thatℳ is closed
under Eq, S and R. We want to show that if 𝜃 ∈ 𝐴, i.e., F/𝜃 ∈ ℳ, and
𝜀 ∈ EndF, then F/𝜀*𝜃 ∈ ℳ, so that 𝜀*𝜃 ∈ 𝐴. Recall that, for a relation
symbol 𝑅, 𝜀*𝜃(𝑅) = {t ∈ 𝐹 𝑘 : 𝜀t ∈ 𝜃(𝑅)}, whence t ∈ 𝜀*𝜃(𝑅) iff
𝜀t ∈ 𝜃(𝑅). Claim:

(i) 𝜀(F)/𝜃|𝜀(F) ≤ F/𝜃,
(ii) F/𝜀*𝜃 ≡ 𝜀(F)/𝜃|𝜀(F).

The identity mapping provides the embedding for (i), along with the defini-
tion of the induced relations on a substructure.

For (ii), let 𝑓 : F� F/𝜀*𝜃 be the natural homomorphism (which is the
identity on the elements but expands the relations). For any relation symbol,
ker 𝑓(𝑅) = {t ∈ 𝐹 𝑘 : 𝜀t ∈ 𝜃(𝑅)}, by definition. On the other hand, we
have the natural map 𝑓 : F � F/𝜃 and 𝜀 : F → F. Let 𝑔 = ℎ𝜀, so
that 𝑔 : F � 𝜀(F)/𝜃|𝜀(F) with exactly the same kernel as 𝑓 . The fact that
ker 𝑓 = ker 𝑔 witnesses (ii). �

Corollary 2.48. Let𝒳𝑖 (𝑖 ∈ 𝐼) be collections of structures, all of the same
similarity type. Then the quasivariety generated by

⋃︀
𝑖∈𝐼 𝒳𝑖 isEqSR(

⋃︀
𝑖𝒳𝑖) =

EqSPU(
⋃︀
𝑖𝒳𝑖).

In particular, if 𝑄𝑖 (𝑖 ∈ 𝐼) are subquasivarieties of a quasivariety 𝒦,
then in Lq(𝒦) we have

⋁︀
𝑖∈𝐼 𝒬𝑖 = EqSR(

⋃︀
𝑖∈𝐼 𝒬𝑖) = EqSPU(

⋃︀
𝑖∈𝐼 𝒬𝑖).

Since a structure which is an ultraproduct of structures from the union of
finitely many sets, 𝒳1∪· · ·∪𝒳𝑛, is in fact inU(𝒳𝑗) for some 𝑗, the situation
simplifies when there are only finitely many classes.

Corollary 2.49. Let𝒳1, . . . ,𝒳𝑛 be finitely many collections of structures,
all of the same similarity type. Then the quasivariety generated by the union
𝒳1 ∪ · · · ∪ 𝒳𝑛 is given by EqSP(𝒳1 ∪ · · · ∪ 𝒳𝑛).

In particular, if 𝒬1 ∪ · · · ∪ 𝒬𝑛 are subquasivarieties of a quasivariety
𝒦, then in Lq(𝒦) we have 𝒬1 ∨ . . . ∨𝒬𝑛 = EqSP(𝒬1 ∪ · · · ∪ 𝒬𝑛).

We can describe finite joins of quasivarieties a bit more explicitly. Let
𝒦 be a quasivariety and S ∈ 𝒦. For any subquasivariety 𝒬 ≤ 𝒦, there is a
least congruence 𝜃 on S such that S/𝜃 ∈ 𝒬, viz.,

𝜌𝒬 =
⋀︁
{𝜙 ∈ Con𝒦 S : S/𝜙 ∈ 𝒬}.

In [62] this is called the reflection congruence of S into 𝒬. Familiar exam-
ples include the commutator subgroup of a group or the least distributive
congruence on a lattice, determined by its prime ideals. Note that every
𝒬-congruence is above 𝜌𝒬, but not every congruence above 𝜌𝒬 need be a
𝒬-congruence unless 𝒬 is equational relative to 𝒦.
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Let us note some elementary properties of reflection congruences, from
Lemma 2.17 of [62].

Lemma 2.50. Let S be a structure in a quasivariety 𝒦. Reflection con-
gruences in Con𝒦 S satisfy the following.

(1) If 𝒬 ≤ ℛ, then 𝜌𝒬 ≥ 𝜌ℛ.
(2) 𝜌𝒬∨ℛ = 𝜌𝒬 ∧ 𝜌ℛ.
(3) If 𝜌𝒬𝑖

= 𝜃 for all 𝑖 ∈ 𝐼 , then 𝜌⋀︀𝒬𝑖
= 𝜃.

The lemma in [62] assumes that S is finite and gives slightly stronger
properties. Item (2) is a consequence of the next theorem.

Theorem 2.51. The following are equivalent for a structure S in a qua-
sivariety 𝒦 and subquasivarieties 𝒬1, . . . ,𝒬𝑛 ≤ 𝒦.

(1) S ∈ 𝒬1 ∨ . . . ∨𝒬𝑛
(2) S ∈ EqSP(𝒬1 ∪ · · · ∪ 𝒬𝑛)
(3) There exist congruences 𝜅1, . . . , 𝜅𝑛 ∈ Con𝒦 S such thatS/𝜅𝑖 ∈ 𝒬𝑖

for all 𝑖 and 𝜅1 ∧ . . . ∧ 𝜅𝑛 = Δ.
(4) 𝜌𝒬1 ∧ . . . ∧ 𝜌𝒬𝑛 = Δ in Con𝒦 S

Proof. The equivalence of (1) and (2) is Corollary 2.49, while (3) im-
plies (2) by Theorem 2.21. If (2) holds, then Δ =

⋀︀
𝑗∈𝐽 𝜃𝑗 say, with each

S/𝜃𝑗 in some 𝒬𝑖, again by Theorem 2.21. To get (3), put 𝜅𝑖 =
⋀︀{𝜃𝑗 :

S/𝜃𝑗 ∈ 𝒬𝑖}. Clearly (4) implies (3), and (3) implies (4) since 𝜌𝒬𝑖
≤ 𝜅𝑖 for

all 𝑖. �

Example 2.52.

To see that Theorem 2.51 does not extend to infinite joins, let 𝑝 be a prime
number and consider the cyclic groups Z𝑝𝑘 (𝑘 ≥ 1) and the quasicyclic
group Z𝑝∞ . For each 𝑘 ≥ 1, let𝒬𝑘 = Q(Z𝑝𝑘). It is not hard to see that Z𝑝∞
is in

⋁︀
𝑘≥1𝒬𝑘. But the subgroups of Z𝑝∞ are all finite and cyclic, and every

nontrivial factor group is isomorphic to the whole group Z𝑝∞ . Thus there
are no proper congruences of Z𝑝∞ with Z𝑝∞/𝜅 ∈ 𝒬𝑘 for any 𝑘 ≥ 1, so that
the analogue of (3) fails.

Likewise, corresponding to Theorem 2.47, there is an extension for gen-
eral structures of Birkhoff’s theorem characterizing varieties.

Theorem 2.53. Let 𝑇 be a set of atomic formulas, and let 𝒦 denote the
class of all models of 𝑇 . Then 𝒦 is closed under equimorphism, homomor-
phic images, substructures, and direct products, so that EqHSP(𝒦) = 𝒦.

Conversely, assume thatℳ is a class of 𝒰-structures which is closed
under equimorphism, homomorphic images, substructures, and direct prod-
ucts. Let

𝐺 = {𝜃 ∈ Con𝒰 F(𝜔) : F/𝜃 ∈ℳ}.
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Then 𝐺 is a principal filter ↑𝜙 of Con𝒰 F with 𝜙 fully invariant. Henceℳ
is the set of all models of 𝜌(𝐺).

Proof. The first statement is clear.
For the second statement, the closure ofℳ under S and P implies that

𝐺 has a least element, say 𝜙. Closure ofℳ under H ensures that ↑𝜙 ⊆ 𝐺.
The argument from the last part of the proof of Theorem 2.47 shows that 𝜙
is fully invariant. �

Putting all this together yields our basic result, generalizing Hoehnke
[59] and Adaricheva and Nation [19].

Theorem 2.54. Let 𝒰 be a quasivariety, and let F be the countably gen-
erated free 𝒰-structure, ℰ its endomorphism monoid.

(1) Lv(𝒰) is isomorphic to the lattice of fully invariant (ℰ*-closed)
principal filters of Con𝒰 F, ordered by set containment.

(2) Lq(𝒰) is isomorphic to Sp(Con𝒰 F, ℰ*).
Corollary 2.55. For any quasivariety 𝒰 , the lattices Lv(𝒰) and Lq(𝒰)

are dually algebraic.
For Lv(𝒰) we appeal to Corollary 2.30, while 𝑆𝑝(L, 𝐻) is dually iso-

morphic to the congruence lattice of a semilattice with operators when L is
algebraic ([63], but related facts were known in antiquity).

Note: These are not the standard versions of the model theorem for im-
plicational classes and atomic classes in languages without equality. The
following version is Theorem 9 from Dellunde and Jansana [35]. It uses the
expansion and contraction class operators, Ex and C.

A homomorphism ℎ : M → N is strict provided a ∈ 𝑅M iff ℎ(a) ∈
𝑅N for every a ∈ 𝑀𝑘 and 𝑘-ary relation symbol 𝑅. For a class 𝒦, let
M ∈ Ex(𝒦) if there is a surjective strict homomorphism ℎ : M→ N with
N ∈ 𝒦, and let N ∈ C(𝒦) if there is a surjective strict homomorphism
ℎ : M→ N withM ∈ 𝒦.

Theorem 2.56. A class 𝒬 is a quasivariety, i.e., the class of all models
of an implicational theory, if and only if it is closed under the class oper-
ators Ex, C, S, P, U. The smallest quasivariety containing a class 𝒦 is
ExCSPU(𝒦).

It is not hard to see that this characterization is equivalent to our formu-
lation using equimorphism.

2.5. Two quasivarieties without equality

It is useful to pause at this point to see a couple of examples of how one
works in a quasivariety without equality, using the generalized notions of
congruences and equimorphism.
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𝒯 : 𝑥𝐸 𝑦

ℰ : 𝑥𝐸 𝑦 & 𝑦 𝐸 𝑧 → 𝑥𝐸 𝑧

𝒫

U :
1 2 3

T :
1 2

Figure 2.5. The lattice Lq(𝒫) of subquasivarieties of pre-
quivalences (structures with a reflexive, symmetric, binary
relation). The structures T and U are quasicritical, with
ℰ = Q(T) and 𝒫 = Q(U). Red curves indicate the equa-
tional closure operator; see Section 3.1.

2.5.1. Quasivarieties of prequivalences. Chapter 2 discusses quasiva-
rieties in languages without equality. One option is to have nothing by way
of equality; another is to have a multitude of equivalence relations ≈𝑘 with
no least one. What if we have just one relation, which is reflexive and sym-
metric, but not necessarily transitive?

A prequivalence structure is a structure S = ⟨𝑆,𝐸⟩ with no functions,
and one binary relation that is reflexive and symmetric. The class of all pre-
quivalence structures forms a quasivariety𝒫 . Figure 2.5 shows the lattice of
subquasivarieties of 𝒫 . In 𝒯 the relation 𝑥𝐸 𝑦 holds for all pairs; in ℰ , the
relation is transitive and hence an equivalence relation; while𝒫 is the quasi-
variety of all prequivalence structures. We will prove this in Theorem 2.57.

Prequivalences provide an exercise in adapting the methods for locally
finite varieties in the book [62] to the no-equality situation. One thing dif-
ferent here is that a structure could be equimorphic to a proper substructure.

Recall that a finite structure is quasicritical if it is not in the quasiva-
riety generated by its proper substructures. More generally, a structure T
is quasicritical if T is finitely generated and Q(T)-subdirectly irreducible.
The importance of quasicritical structures is easy to see. In general, a sub-
quasivariety lattice Lq(𝒰) is dually algebraic, which implies that every sub-
quasivariety 𝒬 ≤ 𝒰 is a join of completely join irreducible quasivarieties.
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When 𝒰 is locally finite and of finite type, completely join irreducible sub-
quasivarieties of 𝒰 are precisely those generated by a single quasicritical
structure. This is Theorem 7.4 below. For a more complete discussion of
quasicriticality, see Section 7.4 and Appendix A.3, also Section 2.1 of [62].

Let us consider some small prequivalence structures.
∙ The 1-element structure 1 generates the quasivariety 𝑥𝐸 𝑦.
∙ The 2-element structure {1, 2} with 1𝐸 2 is equimorphic to 1.
∙ The 2-element structure T on {1, 2} with 𝐸 = {(1, 1), (2, 2)},
which is F𝒫(2), generates ℰ .
∙ The 3-element structureU on {1, 2, 3}with 1𝐸 2𝐸 3, but not 1𝐸 3,
is the smallest structure that is a prequivalence but not transitive,
and it generates 𝒫 .

That gives us the 1-element structure, plus the 2 quasicritical structures in
Figure 2.5. But how to see that there are no more quasicritical prequiva-
lences?

To avoid abuse of notation, letΔS denote the least congruence of a struc-
ture S, so thatΔS(𝐸) = 𝐸S, the relation on S. If S has congruences 𝜓𝑖 with⋀︀
𝜓𝑖 = ΔS and each S/𝜓𝑖 equimorphic to a proper substructure of S, then

it is not quasicritical, by Theorem 2.7.

Theorem 2.57. Every prequivalence structure is either equimorphic to
1 or a subdirect product of factors equimorphic to T and/orU.

Proof. Let S = ⟨𝑆,𝐸S⟩ be a prequivalence structure with 𝐸S ̸= 𝑆2.
For each connected component 𝐶 of S, let 𝜙𝐶 be the congruence such

that (𝑥, 𝑦) ∈ 𝜙𝐶(𝐸) if and only if either 𝑥, 𝑦 are both in 𝐶 or neither is.
Clearly𝐸S ⊆ 𝜙𝐶(𝐸), and ifS hasmore than 1 component, thenS/𝜙𝐶 ≡ T,
which is a substructure of S. If every component of S has all its elements
𝐸-related, then

⋂︀
𝜙𝐶 = ΔS and we are done.

So assume that S has a component 𝐶0 that is not equimorphic to 1. Note
that this makesU a substructure ofS. For each pair 𝑎, 𝑏 ∈ 𝑆 such that 𝑎 and 𝑏
are in the same component but (𝑎, 𝑏) /∈ 𝐸S, let𝜓𝑎𝑏(𝐸) = 𝑆2∖{(𝑎, 𝑏), (𝑏, 𝑎)}.
Then S/𝜓𝑎𝑏 is equimorphic toU.

Finally,
⋂︀

𝒞 𝜙𝐶 ∩
⋂︀

(𝑎,𝑏)/∈𝐸S 𝜓𝑎𝑏 = 𝐸S. Thus every structure in 𝒫 is a
subdirect product of substructures that are equimorphic to 1, T or U. �

As a sidelight, we can relate Theorem 2.57 to Theorem 2.54, that Lq(𝒫)
is isomorphic to the lattice of ℰ*-closed subsets of Con F𝒫(𝜔), where ℰ*
is the monoid of operators induced by the endomorphisms of F𝒫(𝜔). Since
there are no operations or further axioms, any reflexive, symmetric relation
on𝜔 is a congruence, and anymap ℎ : 𝜔 → 𝜔 is an endomorphism (since the
relation is empty on the free structure). The algebraic subset corresponding
to ℰ consists of all equivalence relations on 𝜔, as expected.
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R : 𝑎 𝑏 𝑐
𝑃

Con𝒲 R

Δ

𝛼 𝛽

∇

Figure 2.6. A small𝒲-structure and its congruence lattice.
The congruences are given by Δ(𝑃 ) = {𝑐}, 𝛼(𝑃 ) = {𝑎, 𝑐},
𝛽(𝑃 ) = {𝑏, 𝑐},∇(𝑃 ) = {𝑎, 𝑏, 𝑐}.

2.5.2. Another good example. Let us consider the variety𝒲 of struc-
tures in a language with one unary function 𝑓 , one unary predicate 𝑃 , and
satisfying the law 𝑃 (𝑓(𝑥)) ↔ 𝑃 (𝑓 2(𝑥)). Our goal is to find the lattice of
subquasivarieties Lq(𝒲). This exercise will illustrate how one uses congru-
ences and equimorphism in languages without equality.

Now the laws of𝒲 do not - indeed cannot - say that 𝑓 2(𝑥) ≈ 𝑓(𝑥); see
Example 2.15. But they do say that we cannot distinguish between 𝑓(𝑥) and
𝑓 2(𝑥), because the only available predicate either holds for both or neither.
Thus it suffices to consider models where 𝑓(𝑥) = 𝑓 2(𝑥), because every
structure in𝒲 is equimorphic to one of those. Moreover, we easily see that
any two structures satisfying ∀𝑥𝑃 (𝑥) are equimorphic, since the kernel of
the homomorphism from any sufficiently large free structure just adds the
predicate 𝑃 to every element.

For an example of how to compute a congruence lattices, consider the
structureR of Figure 2.6. The predicate 𝑃 (𝑐) holds inR; congruences can
add 𝑃 (𝑎) or 𝑃 (𝑏) or both.

A second problem in determining quasicritical structures is that it is pos-
sible to have a proper substructure S < T with S equimorphic toT. In Fig-
ure 2.7, the identity map onT and the map ℎ : T→ Swith ℎ(𝑎) = ℎ(𝑐) = 𝑐
and ℎ(𝑏) = 𝑏 have the same kernel.

It is now a straightforward exercise to find all the quasicritical structures
in 𝒲 . These are given in Figure 2.8, along with the trivial structure U
which is in every subquasivariety. In fact, all the quasicritical structures are
simple: if we use the simplifying assumption that 𝑓 2(𝑥) = 𝑓(𝑥), then in a
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T : 𝑎
𝑃

𝑏 𝑐
𝑃

S : 𝑏 𝑐
𝑃

Figure 2.7. S ≡ T even though S < T. Red (solid) nodes
indicate the predicate 𝑃 .

U : (trivial structure)

V :

X :

Y :

Z :

Q :

Figure 2.8. Quasicritical 𝒲-structures. Red (solid) nodes
indicate the predicate 𝑃 .

quasicritical structure there is only one element without the predicate 𝑃 , and
the unique nontrivial congruence adds that element to 𝑃 . The reader must
check that for structures not in Figure 2.8, either the structure is equimorphic
to a proper substructure (likeT in Figure 2.7), or it is a subdirect product of
images that are equimorphic to proper substructures (likeR in Figure 2.6).

Note that V ≤ X and V ≤ Y ≤ Q. Also, the fact that the quasicritical
algebras in𝒲 are simple makes the quasivarieties they generate join prime
in Lq(𝒲). Combining these observations allows us to draw Lq(𝒲), as is
done in Figure 2.9.

The easy way to identify the meet irreducible subquasivarieties of𝒲 is
to write down all the quasi-equations in at most 2 variables, and then see
which quasicritical structures satisfy which quasi-equations. Here are the
nontrivial quasi-equations of𝒲:

(1) 𝑃 (𝑥) (the least quasivariety, not meet irreducible)
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U, (1)

V Z, (2)

X Y

Q
(3) (5)

(4) (6)

𝒲

Figure 2.9. Lq(𝒲). Join irreducible subquasivarieties are
labeled by a generating quasi-critical structure, and meet ir-
reducible ones by the numbered laws in the text.

(2) 𝑃 (𝑓(𝑥))
(3) 𝑃 (𝑥)→ 𝑃 (𝑓(𝑥))
(4) 𝑃 (𝑓(𝑥))→ 𝑃 (𝑥)
(5) 𝑃 (𝑓(𝑥))→ 𝑃 (𝑓(𝑦))
(6) 𝑃 (𝑥)&𝑃 (𝑓(𝑦))→ 𝑃 (𝑓(𝑥))

For example, only U and Z satisfy 𝑃 (𝑓(𝑥)).
Note that the only “equational” subquasivarieties (i.e., relative subvari-

eties) of𝒲 are ⟨𝑃 (𝑥)⟩ = Q(U), ⟨𝑃 (𝑓(𝑥))⟩ = Q(Z), and𝒲 itself.

2.6. Basic properties of subquasivariety lattices

Now let us return to the general consequences of the analysis leading up
to Theorem 2.54. This section and the next are modified from Sections A.3
and A.5 of the Appendix of [62].

The congruence lattice of a semilattice is meet semidistributive and alge-
braic [97]. So the fact that a subquasivariety lattice Lq(𝒦) is dually isomor-
phic to the congruence lattice of a semilattice with operators immediately
implies that Lq(𝒦) is dually algebraic and join semidistributive, i.e., satisfies

(SD∨) 𝑥 ∨ 𝑦 ≈ 𝑥 ∨ 𝑧 → 𝑥 ∨ 𝑦 ≈ 𝑥 ∨ (𝑦 ∧ 𝑧).
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Indeed, since being dually algebraic implies lower continuity, Lq(𝒦) satis-
fies the more general join semidistributive law

𝑢 ≈ 𝑥 ∨ 𝑧𝑖 for all 𝑖 ∈ 𝐼 implies 𝑢 ≈ 𝑥 ∨
⋀︁
𝑖∈𝐼

𝑧𝑖.

A complete lattice K has the Jónsson-Kiefer Property if every element
𝑎 ∈ 𝐾 is the join of elements that are (finitely) join prime in the ideal ↓ 𝑎.
This property holds in all finite join semidistributive lattices [68].

An easy argument shows that in any complete lattice, the Jónsson-Kiefer
Property implies join semidistributivity. On the other hand, there is a dually
algebraic, join semidistributive lattice that has no join prime elements [18].
Thus the Jónsson-Kiefer Property is strictly stronger than join semidistribu-
tivity.

Gorbunov showed that the property holds in lattices of subquasivarieties
[50].

Corollary 2.58. For any quasivariety𝒬, the latticeLq(𝒬) has the Jónsson-
Kiefer Property.

This is a consequence of Theorem 2.54(2) and the next result.

Theorem 2.59. If S is an algebraic lattice and𝐻 a monoid of operators
on S, then Sp(S, 𝐻) has the Jónsson-Kiefer Property.

The proof of Theorem 2.59 is given in the Appendix of the monograph
[62]. For the sake of completeness we include it here.

Proof. Consider a lattice Sp(S, 𝐻) with S an algebraic lattice and 𝐻 a
set of operators. Recall from Theorem 1.15 that the join of finitely many
algebraic subsets in the lattice Sp(S, 𝐻) is given by

𝑋1 ∨ · · · ∨𝑋𝑛 = {𝑥1 ∧ · · · ∧ 𝑥𝑛 : 𝑥𝑗 ∈ 𝑋𝑗 for 1 ≤ 𝑗 ≤ 𝑛}.
Hence if 𝑞 ∈ 𝑆 is meet irreducible, then 𝑞 ∈ 𝑋1∨· · ·∨𝑋𝑛 implies 𝑞 ∈ 𝑋𝑗 for
some 𝑗. Therefore the𝐻-closed algebraic subset generated by 𝑞 is join prime
in Sp(S, 𝐻). But every element of an algebraic lattice is ameet of completely
meet irreducible elements. Thus the join of all the join prime algebraic sets
in Sp(S, 𝐻) is S itself. Finally, an algebraic subset of an algebraic lattice is
itself an algebraic lattice. Relativizing the argument to a principal ideal ↓𝐴
in Sp(S, 𝐻) gives the statement in the property. �

For a more complete discussion of the Jónsson-Kiefer property, see [18].
In particular, a straightforward modification of the proof of Theorem 17
there yields that if a dually algebraic lattice L admits a preclop with the
property that CJI(L) ⊆ 𝜏(L), then L has the Jónsson-Kiefer Property. See
also Section 5.3.
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On the other hand, other notions of join semidistributivity that play a
role (at 0) in lattices of subvarieties are automatic for subquasivariety lat-
tices. Dual *-distributivity is a strengthening of the Zipper Condition (Erné
[40]). Wehrung [113], refining arguments from [40] and Reinhold [100],
showed that a complete lattice is dually *-distributive if and only if it is
lower continuous and join semidistributive, which subquasivariety lattices
are. The proofs are routine once you formulate the correct statement, and
we refer the reader to the references for details.

Recall that a lattice is atomic if it has a least element 0 and for every
𝑥 > 0 there exists an atom 𝑎 such that 𝑥 ≥ 𝑎 ≻ 0. Gorbunov’s argument
that Lq(𝒰) is atomic [51] uses the special quasivariety 𝑥 ≈ 𝑦, and need not
apply to implicational theories without equality.

Theorem 2.60. If the quasivariety𝒦 has an equality relation, thenLq(𝒦)
is atomic.

Proof. Let 𝒯 denote the least subquasivariety of𝒦, and let 𝒯 < 𝒬 ≤ 𝒦.
If it happens that𝒬∩⟨𝑥 ≈ 𝑦⟩ = 𝒯 (including the case when 𝒯 = ⟨𝑥 ≈ 𝑦⟩),
then since ⟨𝑥 ≈ 𝑦⟩ is finitely based and hence dually compact, there is a
quasivariety ℋ such that 𝒯 ≺ ℋ ≤ 𝒬. For we can use Zorn’s Lemma to
find a quasivariety that is minimal with respect toℋ ≤ 𝒬 butℋ � ⟨𝑥 ≈ 𝑦⟩,
and that will be an atom.

On the other hand, if 𝒯 < 𝒬 ∩ ⟨𝑥 ≈ 𝑦⟩, then 𝒬 contains a 1-element
structure S in which not all the relations of the language of 𝒦 hold. Letting
T0 denote the 1-element structure in which all the relations hold, we see that
{S,T0} is a subquasivariety of 𝒬 (it is closed under S, P, U) which is of
course an atom of Lq(𝒦). �

Example 2.61.

We note that a lattice Sp(L, 𝐻) of 𝐻-closed algebraic sets need not be
atomic. Here is an example from [19]. LetΩ be𝜔+1with the single operator
ℎ such that ℎ(𝑘) = 𝑘 + 1 for 𝑘 < 𝜔 and ℎ(𝜔) = 𝜔. Then Sp(Ω, {ℎ}) ∼=
(𝜔 + 1)𝑑, which is not atomic. However, by Theorem 2.43, this lattice can
be represented as Lq(𝒰) for an implicational theory without equality.

2.7. Atomistic and finite distributive subquasivariety lattices

There are partial converses to Theorem 2.54 from [19, 90]. The first is
just a restatement of Theorem 2.43.

Theorem 2.62. For every algebraic lattice with operators ⟨S, 𝐻⟩, there
is a quasivariety 𝒰 without equality such that Sp(S, 𝐻) ∼= Lq(𝒰).

Theorem 2.63. Let S be an algebraic lattice with 1S compact, and let
𝐺 be a group of operators on S such that every element of 𝐺 fixes both 0S
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and 1S. Then there is a quasivariety 𝒬 with equality such that Sp(S, 𝐺) ∼=
Lq(𝒬).

Recall that a complete lattice is atomistic if every element is a join of
atoms. Note that any lattice Sp(S) (with no operators) is atomistic. Two
basic results apply to atomistic subquasivariety lattices. The first is a classic
result of Gorbunov and Tumanov [52].

Theorem 2.64. The following are equivalent for a dually algebraic lat-
tice L.

(1) L ∼= Sp(S) for some algebraic lattice S.
(2) L ∼= Lq(𝒦) for some quasivariety 𝒦 of one-element relational

structures.

Any quasivariety 𝒦 of relational structures in a language with equality
has a subquasivariety 𝒩 consisting of its 1-element members, and Theo-
rem 2.64 tells us about the principal ideal ↓𝒩 in Lq(𝒦). This is reflected in
property (I8) of the definition of an equaclosure operator; see Section 3.1.
That being the case, it behooves us to sketch the proof.

Let𝒦 be a quasivariety of 1-element structures. This implies that equal-
ity is in the language and 𝒦 satisfies 𝑥 ≈ 𝑦 (otherwise we could do an ex-
pansion). Moreover, we can ignore the operations of 𝒦, and we may as well
assume that the relations of𝒦 are unary. These relations serve as unary pred-
icates which either hold, or don’t hold, in a structure in 𝒦. Quasi-equations
in these predicates determine the subquasivarieties of 𝒦.

Both types of lattices under consideration are atomistic. In Sp(S), for
any 𝑥 ̸= 1 in 𝑆, the set {1, 𝑥} is an atom. In Lq(𝒦) where𝒦 satisfies 𝑥 ≈ 𝑦,
if we let U denote the 1-element structure in which all relations hold, then
for any A ̸= U in 𝒦, the set {U,A} is closed under SPU, and hence an
atom. (Of course, these statements would not be true if S had operators,
or if 𝒦 had structures with more than 1 element.) Clearly, every element
of the respective lattices is a join of the atoms just described, making them
atomistic.

By Theorem 2.36, we have Lq(𝒦) ∼= Sp(Con𝒦 F𝒦(𝜔), ℰ*). But now
F𝒦(𝜔) is equimorphic to a 1-element structure, which has no proper endo-
morphisms! (It can, however, have lots of 𝒦-congruences due to the rela-
tions in the language.) Thus Lq(𝒦) ∼= Sp(Con𝒦 F𝒦(𝜔)), showing that (2)
implies (1).

If that seems a bit sneaky, well, it is, and a direct proof indicates how we
should go about proving the other direction. Starting with L = Lq(𝒦), we
identify 𝑆 as the set of “equational" subquasivarieties of 𝒦, that is, the set
of relative subvarieties of 𝒦. (This is a bit of a misnomer in the context of
1-element structures. Each 𝒱 ∈ 𝑆 is determined by a collection of atomic
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formulas. To call them “atomic" subquasivarieties would be an even worse
abuse of terminology.) Ordering 𝑆 by reverse inclusion yields an algebraic
lattice S. There are two ways of looking at S:

∙ S is the companion lattice 𝛾𝑑(L) from Section 3.3, and it is alge-
braic by Corollary 3.22
∙ S is the lattice ETh(𝒦) of “equational theories" (really atomic the-
ories) contained in the theory of𝒦, and is algebraic for that reason.

Recall that ETh(𝒦) ∼= FiCon𝒦 F𝒦(𝜔). Again because there are no proper
endomorphisms, every 𝒦-congruence is fully invariant, whence we have
FiCon𝒦 F𝒦(𝜔) = Con𝒦 F𝒦(𝜔). Therefore

Lq(𝒦) ∼= Sp(Con𝒦 F𝒦(𝜔)) ∼= Sp(FiCon𝒦 F𝒦(𝜔)) ∼= Sp(ETh(𝒦)) = Sp(S).

Moreover, an inclusion 𝒰 ≤ ⋁︀𝒱𝑗 in Lq(𝒦), involving members of 𝑆, trans-
lates into 𝒰 ≥ ⋀︀𝒱𝑗 in ETh(𝒦), which in the simplest case says that the
quasi-equation &𝑗𝑉𝑗(𝑥) → 𝑈(𝑥) holds in 𝒦 for certain predicates. The
work required to show directly that L ∼= Sp(S), without invoking Theo-
rem 2.36, just duplicates the proof of the theorem for this special case.

But in view of the preceding analysis, starting with an algebraic lattice
S, we can see how to construct a quasivariety𝒦 of 1-element structures such
that Lq(𝒦) ∼= Sp(S). Let T denote the semilattice of compact elements of
S. For each non-zero 𝑎 ∈ 𝑇 , the language of 𝒦 should contain a unary
predicate 𝐴𝑥. The laws of 𝒦 should be, in addition to 𝑥 ≈ 𝑦,

(1) 𝐵𝑥→ 𝐴𝑥 whenever 𝑎 ≤ 𝑏 in T,
(2) &𝑗𝐵𝑗𝑥→ 𝐴𝑥 whenever 𝑎 ≤ ⋁︀

𝑗 𝑏𝑗 in 𝒯 .
These laws make ETh(𝒦) ∼= S, so we can argue as above that Lq(𝒦) ∼=
Sp(S). Thus (1) implies (2) in Theorem 2.64.

The second important result for atomistic subquasivariety lattices is a
nice variation on this theme, which assumes that L is also algebraic, and
includes finite atomistic lattices. It is due to Adaricheva, Dziobiak, and Gor-
bunov [14].

Theorem 2.65. Let L be an algebraic, atomistic lattice. The following
are equivalent.

(1) L ∼= Lq(𝒦) for some quasivariety 𝒦 with equality.
(2) L ∼= Lq(𝒰) for a quasivariety 𝒰 of one-element structures (with

equality in the language and 𝒰 satisfying 𝑥 ≈ 𝑦.)
(3) L ∼= Sp(S) for some algebraic lattice S satisfying the descending

chain condition and in which the join of every infinite ascending
chain is 1.

(4) L is a dually algebraic lattice that supports an equaclosure opera-
tor.
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It is not knownwhether the equivalence of parts (1), (2), and (4) of Theo-
rem 2.65 can be extended to atomistic, dually algebraic lattices. The version
for finite atomistic lattices is Theorem 4.11.

By direct construction, Tumanov [111] represented finite distributive lat-
tices as lattices of subquasivarieties; see also [63].

Theorem 2.66. Every finite distributive lattice is isomorphic to Lq(𝒦)
for some quasivariety 𝒦.

In Chapter 9 we will show that every distributive dually algebraic lattice
can be represented as Sp(S, 𝐻)withS an algebraic lattice and𝐻 amonoid of
operators (Theorem 9.1). Moreover, if a distributive lattice is both algebraic
and dually algebraic, and its least element is dually compact, then it can
be represented as Lq(𝒦) for some quasivariety 𝒦 (Theorem 9.18). On the
other hand, we have already seen that the dually algebraic, distributive lattice
(𝜔+1)𝑑 is not isomorphic to any subquasivariety latticeLq(𝒦)with equality,
since it is not atomic (Example 2.61).

Figure 2.10. The near-leaf lattice, which is isomorphic to
Lq(𝒦) for a quasivariety 𝒦 with equality, but not to Lq(𝒬)
for any locally finite quasivariety 𝒬 of finite type.

Other constructions yield representations of some particular lattices. The
near-leaf lattice in Figure 2.10 is isomorphic to Lq(𝒦) for a quasivariety 𝒦
with equality constructed in [19], but it is not lower bounded since it contains
the lattice Co(4) of convex subsets of a 4-element chain. Hence L ̸∼= Lq(𝒬)
for any locally finite quasivariety 𝒬 of finite type. Later, in Subsection 8.1,
we will show that the leaf lattice 1 + Co(4) of Figure 8.1 is also repre-
sentable as Lq(𝒦) for a quasivariety with equality, and again 𝒦 cannot be
locally finite since the leaf lattice is not lower bounded.
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2.8. The lattice Sp(S, 𝐻) is dually algebraic

While we can show that Sp(S, 𝐻) is dually algebraic whenever S is alge-
braic by translating from congruence lattices of semilattices with operators,
it is instructive to do so directly. For compact elements 𝑐, 𝑑 ∈ 𝑆 let

[𝑐→ 𝑑] = {𝑥 ∈ 𝑆 : 𝑐 ≤ ℎ(𝑥) implies 𝑑 ≤ ℎ(𝑥) for all ℎ ∈ 𝐻}.
Here we assume that the identity map is in the monoid 𝐻 .

Note that [𝑐 → 𝑑] = [𝑐 → 𝑐 ∨ 𝑑], so without loss of generality we can
take 𝑐 ≤ 𝑑.

Lemma 2.67. If 𝑐, 𝑑 are compact elements in an algebraic lattice S with
a monoid of operators 𝐻 , then [𝑐 → 𝑑] is in Sp(S, 𝐻), i.e., [𝑐 → 𝑑] is an
𝐻-closed algebraic subset of S.

Proof. Let us first show that [𝑐→ 𝑑] is a dually compact𝐻-closed subset
when 𝑐, 𝑑 are compact; it then follows from general principles that finite
meets of these are so. It is straightforward that the set [𝑐 → 𝑑] is closed
under arbitrary meets and the operators of 𝐻 .

Suppose {𝑒𝑗 : 𝑗 ∈ 𝐽} is a nonempty directed set with each 𝑒𝑗 ∈ [𝑐→ 𝑑],
and let ℎ ∈ 𝐻 . Then {ℎ(𝑒𝑗) : 𝑗 ∈ 𝐽} is also directed. If 𝑐 ≤ ⋁︀

𝑗 ℎ(𝑒𝑗), then
by the compactness of 𝑐 we have 𝑐 ≤ ℎ(𝑒𝑗0) for some 𝑗0. As 𝑒𝑗0 ∈ [𝑐 → 𝑑]
this implies 𝑑 ≤ ℎ(𝑒𝑗0) ≤

⋁︀
𝑗 ℎ(𝑒𝑗). Thus [𝑐 → 𝑑] is closed under directed

joins. �

Now for 𝑥 ∈ 𝑆 and 𝐴 ∈ Sp(S, 𝐻), let 𝛼(𝑥) =
⋀︀
(↑ 𝑥 ∩ 𝐴), which is

the least element of 𝐴 above 𝑥. A routine argument shows that 𝛼 preserves
directed joins, as follows. Let𝐷 be an up-directed set in S and let 𝑥 =

⋁︀
𝐷.

Then 𝑥 =
⋁︀
𝐷 ≤ ⋁︀

𝑑∈𝐷 𝛼(𝑑) ∈ 𝐴, whence 𝛼(𝑥) ≤
⋁︀
𝑑∈𝐷 𝛼(𝑑), while the

reverse inclusion is obvious.
Note that if 𝑥, 𝑦 ∈ 𝑆 and there is some element 𝑎 ∈ 𝐴 with 𝑎 ≥ 𝑥 and

𝑎 � 𝑦, then 𝛼(𝑥) � 𝑦. We use this observation several times, for different
choices of 𝐴.

Lemma 2.68. If 𝑐, 𝑑 are compact in S, then [𝑐 → 𝑑] is dually compact
in Sp(S, 𝐻).

Proof. Let 𝐵𝑘 (𝑘 ∈ 𝐾) be a collection of𝐻-closed algebraic subsets of
S. Suppose that for every finite subset 𝐹 ⊆ 𝐾 we have

⋂︀
𝑘∈𝐹 𝐵𝑘 ̸⊆ [𝑐→ 𝑑]

. For each finite 𝐹 ⊆ 𝐾, let𝐴𝐹 =
⋂︀
𝑘∈𝐹 𝐵𝑘, which is an𝐻-closed algebraic

subset. For 𝑥 ∈ 𝑆, define 𝛼𝐹 (𝑥) =
⋀︀
(↑𝑥 ∩ 𝐴𝐹 ). By assumption, each 𝐴𝐹

contains an element that is above 𝑐 and not above 𝑑. Hence each 𝛼𝐹 (𝑐) � 𝑑.
Note that 𝐹 ⊆ 𝐺 implies 𝐴𝐹 ⊇ 𝐴𝐺, whence 𝛼𝐹 (𝑐) ≤ 𝛼𝐺(𝑐). Thus the

set of elements 𝛼𝐹 (𝑐) form an up-directed set in S. Let 𝑧 =
⋁︀
𝐹 𝛼𝐹 (𝑐). For



2.8. THE LATTICE Sp(S, 𝐻) IS DUALLY ALGEBRAIC 73

any fixed finite 𝐺 ⊆ 𝐾, {𝛼𝐹 (𝑐) : 𝐹 ⊇ 𝐺} is a directed subset of 𝐴𝐺, so
𝑧 =

⋁︁
𝐹

𝛼𝐹 (𝑐) =
⋁︁
𝐹⊇𝐺

𝛼𝐹 (𝑐)

is in 𝐴𝐺. Therefore, letting 𝐺 vary over finite subsets, 𝑧 ∈ ⋂︀
𝐺𝐴𝐺 =⋂︀

𝑘∈𝐾 𝐵𝑘.
But 𝑐 ≤ 𝑧, while by compactness 𝑑 � 𝑧, because 𝑑 ≤ ⋁︀

𝐹 𝛼𝐹 (𝑐) would
imply 𝑑 ≤ 𝛼𝐺(𝑐) for some 𝐺, a contradiction. Hence 𝑧 ∈ ⋂︀

𝑘∈𝐾 𝐵𝑘 ∖ [𝑐 →
𝑑], so that

⋂︀
𝑘∈𝐾 𝐵𝑘 ̸⊆ [𝑐 → 𝑑]. Thus we have shown that [𝑐 → 𝑑] satisfies

the contrapositive of the definition of dual compactness. �

Lemma 2.69. Let S be an algebraic lattice and𝐻 a monoid of operators
on S. For any 𝐻-closed algebraic subset 𝐴 of S,

𝐴 =
⋂︁
{ [𝑐→ 𝑑] : 𝑐, 𝑑 are compact in S and 𝐴 ⊆ [𝑐→ 𝑑] }.

Proof. Consider any 𝐴 ∈ Sp(S, 𝐻). Let us show that there are compact
elements such that 𝐴 =

⋂︀
𝑖[𝑐𝑖 → 𝑑𝑖]. Since 𝑆 = [0 → 0], we may assume

𝐴 ⊂ 𝑆 properly.
Let 𝑥 /∈ 𝐴, and let 𝛼(𝑥) = ⋀︀

(↑𝑥 ∩ 𝐴). Since 𝑥 /∈ 𝐴we have 𝑥 < 𝛼(𝑥).
Choose a compact element 𝑑 with 𝑑 ≤ 𝛼(𝑥), 𝑑 � 𝑥.

Let {𝑒𝑖 : 𝑖 ∈ 𝐼} be the set of compact elements below 𝑥. We claim that
there is an 𝑖 such that𝐴 ⊆ [𝑒𝑖 → 𝑑], while of course 𝑥 /∈ [𝑒𝑖 → 𝑑] as 𝑥 ≥ 𝑒𝑖,
𝑥 � 𝑑. Suppose to the contrary that 𝐴 ̸⊆ [𝑒𝑖, 𝑑] for all 𝑖. For each 𝑖, let
𝑎𝑖 = 𝛼(𝑒𝑖). By assumption, 𝑎𝑖 ≥ 𝑒𝑖 but 𝑎𝑖 � 𝑑. Since the elements 𝑒𝑖 form
a directed set and 𝛼 preserves directed joins, we get

⋁︀
𝑎𝑖 = 𝛼(𝑥). But then,

by the compactness of 𝑑 we have 𝑑 ≤ 𝑎𝑖 for some 𝑖, a contradiction. Thus
there is an 𝑖0 such that 𝐴 ⊆ [𝑒𝑖0 , 𝑑].

Doing this for all elements 𝑥 /∈ 𝐴 yields a collection such that 𝐴 =⋂︀
𝑖[𝑐𝑖 → 𝑑𝑖], as desired. �

Corollary 2.70. An𝐻-closed algebraic set𝐴 is dually compact in Sp(S, 𝐻)
if and only if 𝐴 =

⋂︀𝑛
𝑖=1[𝑐𝑖 → 𝑑𝑖] for finitely many pairs of compact elements

𝑐𝑖, 𝑑𝑖 ∈ 𝑆.
Combining the preceding lemmas yields our theorem.

Theorem 2.71. If S is an algebraic lattice and𝐻 a monoid of operators
on S, then the lattice Sp(S, 𝐻) is dually algebraic.

The case when 𝑐 = 0S is of particular interest. Note that
[0S → 𝑑] = {𝑥 ∈ 𝑆 : 𝑑 ≤ ℎ(𝑥) for all ℎ ∈ 𝐻}.

These algebraic sets are easy to describe, giving a rather abstract precursor
to Theorem 3.6.
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Theorem 2.72. Let 𝑑 be a compact element in an algebraic lattice S with
a monoid of operators 𝐻 , and let 𝜑(𝑑) be the least fully invariant element
above 𝑑. Then [0S → 𝑑] = ↑𝜑(𝑑).

Proof. The least element of any𝐻-closed algebraic set is fully invariant,
and every element of [0S → 𝑑] is above 𝑑 since the identity map is in 𝐻 .
Therefore the least element of [0S → 𝑑] is above 𝜑(𝑑). On the other hand,
if 𝑥 is fully invariant and 𝑥 ≥ 𝑑, then ℎ(𝑥) ≥ 𝑥 ≥ 𝑑 for all ℎ ∈ 𝐻 , so that
𝑥 ∈ [0S → 𝑑]. In particular, 𝜑(𝑑) ∈ [0S → 𝑑]. The conclusion follows. �



CHAPTER 3

Equaclosure operators

Prouver que j’ai raison serait accorder que je puis avoir tort.
– Pierre Augustin Caron de Beaumarchais
Снявши пробу с двух океанов и континентов, я чув-
ствую то же почти, что глобус. То есть дальше неку-
да. Дальше — ряд звёзд. – Иосиф Бродский, Собрание
стихотворений

Wiesław Dziobiak [38] observed that there is a natural closure operator
Γ on the lattice Lq(𝒦) of subquasivarieties of a quasivariety 𝒦, viz., for
𝒬 ≤ 𝒦 let Γ(𝒬) = 𝒦 ∩ HSP(𝒬) = 𝒦 ∩ H(𝒬). Moreover, there is a least
subquasivariety ℒ = 𝜏(𝒬) with Γ(ℒ) = Γ(𝒬), which is the quasivariety
generated by the 𝒬-free structure F𝒬(𝜔). The map Γ is called the natural
equaclosure operator on Lq(𝒦).

Adaricheva andGorbunov [16] defined an equaclosure operator abstractly
to have those properties that are known to hold for the natural equaclosure
operator on the lattice of subquasivarieties of a quasivariety. The modern
version is given below. Not every lattice supports an equaclosure opera-
tor, e.g., M3 and the lattices H, J in Figure 4.4 do not. The existence of
an equaclosure operator has structural consequences for those lattices that
do support one. Lattices of subquasivarieties are dually algebraic, and since
property (I7) refers to that, equaclosure operators are defined for dually alge-
braic lattices. The property (K9) implies a couple of the original conditions
(biatomicity and the so-called 4-atom condition) [19], so those are omitted
from our definition. Property (K9) strengthens a previous version called (I9)
in [91], and properties (K10) and (K11) are new.

A lattice is biatomic if whenever 𝑎 is an atom and 𝑎 ≤ 𝑢 ∨ 𝑣 in L, then
there exist atoms 𝑏 ≤ 𝑢 and 𝑐 ≤ 𝑣 such that 𝑎 ≤ 𝑏 ∨ 𝑐. Theorem 3.9 will
show that (K9) implies biatomicity. The 4-atom condition is Lemma 4.14
for 𝑛 = 2.

An equaclosure operator on a dually algebraic lattice L is a map 𝛾 :
L→ L satisfying (I1)–(I8) and (K1)–(K11).

(I1) 𝑥 ≤ 𝛾(𝑥).
(I2) 𝑥 ≤ 𝑦 implies 𝛾(𝑥) ≤ 𝛾(𝑦).

75
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(I3) 𝛾2(𝑥) = 𝛾(𝑥).
(I4) 𝛾(0) = 0.
(I5) 𝛾(𝑥) = 𝑢 for all 𝑥 ∈ 𝑋 implies 𝛾(

⋀︀
𝑋) = 𝑢.

(I6) 𝛾(𝑥) ∧ (𝑦 ∨ 𝑧) = (𝛾(𝑥) ∧ 𝑦) ∨ (𝛾(𝑥) ∧ 𝑧).
(I7) The image 𝛾(𝐿) is the complete meet subsemilattice ofL generated

by 𝛾(𝐿)∩𝐾, whereK is the semilattice of dually compact elements
of L.

(I8) There is a dually compact element 𝑤 ∈ 𝐿 such that 𝛾(𝑤) = 𝑤 and
the interval [0, 𝑤] is isomorphic to the lattice Sp(S) of all algebraic
subsets of an algebraic lattice S.

Property (I5) implies that for each 𝑥 ∈ 𝐿, there is a least element 𝑧 such that
𝛾(𝑧) = 𝛾(𝑥). Denoting this element by 𝜏(𝑥), we have

𝜏(𝑥) =
⋀︁
{𝑧 ∈ 𝐿 : 𝛾(𝑧) = 𝛾(𝑥)}.

Note that the operation 𝜏 is implicitly defined by 𝛾, via the above formula.
The last three properties defining an equaclosure operator refer to 𝜏(𝑥).

(K9) For any index set 𝐼 , 𝛾(𝑥 ∧⋁︀
𝑖∈𝐼 𝜏(𝑥 ∨ 𝑧𝑖)) ≥ 𝑥 ∧⋁︀

𝑖∈𝐼 𝜏(𝑧𝑖).
(K10) If 𝜏𝑎 ≤ 𝜏𝑏 and 𝛾𝑠 ≤ 𝛾𝑏 ≤ 𝛾(𝑟 ∨ 𝑠), then

𝑎 ≤ 𝛾(𝜏(𝑟 ∨ 𝑠) ∧ (𝜏𝑟 ∨ (𝜏𝑠 ∧ 𝛾𝑎))).
(K11) If 𝑥 and 𝑐𝑖 (𝑖 ∈ 𝐼) are such that

(a) 𝛾𝑐𝑖 = 𝑐𝑖,
(b) {𝑐𝑖 : 𝑖 ∈ 𝐼} is down-directed,
(c) 𝜏𝑐𝑖 ≤ 𝑥 for all 𝑖 ∈ 𝐼 ,
then 𝜏(

⋀︀
𝑖 𝑐𝑖) ≤ 𝑥.

The special case of (K9) when |𝐼| = 1 is
(‡) 𝛾[𝑥 ∧ 𝜏(𝑥 ∨ 𝑧)] ≥ 𝑥 ∧ 𝜏(𝑧).

The condition (‡) is the form in which (K9) is most frequently used, and it
is equivalent to (K9) for any finite index set [19, 91].

Subsection 3.6.1 verifies some additional properties of the natural equa-
closure operator that we have found, that turned out to be consequences of
those listed above.

(E1) If 𝜏𝑎 < 𝜏𝑏, then for every 𝑠 ∈ 𝐿 there exists 𝑠′ ≤ 𝜏𝑠 such that
𝜏(𝑎 ∨ 𝑠′) ≤ 𝜏(𝑏 ∨ 𝑠).

(E2) If 𝜏𝑎 < 𝜏𝑏 and 𝛾𝑏 = 𝛾(𝑟∨ 𝑠), then 𝜏𝑎 ≤ 𝜏(𝜏𝑟∧ 𝛾𝑎)∨ 𝜏(𝜏𝑠∧ 𝛾𝑎).
(E3) If 𝛾𝑎∨𝛾𝑏 = 𝛾𝑧 > 𝛾𝑐 is a minimal join cover in 𝛾(L), then 𝜏𝑧 � 𝜏𝑐.

3.1. Natural equaclosure operators

Let us dissect the definition of an equaclosure operator.
Properties (I1)–(I4) say that 𝛾 is a closure operator with 𝛾(0) = 0.
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0

𝑎
𝑧 𝑏

Figure 3.1. Lattice with equaclosure operator illustrating
Lemma 3.1: 𝜏(𝑎 ∨ 𝑏) ≤ 𝜏(𝑎) ∨ 𝜏(𝑏)

Property (I5) allows us to define the operation 𝜏 so that 𝜏(𝑥) is the least
element 𝑧 with 𝛾(𝑧) = 𝛾(𝑥). More generally, 𝛾(𝑧) = 𝛾(𝑥) if and only if
𝜏(𝑥) ≤ 𝑧 ≤ 𝛾(𝑥). The equivalence relation given by 𝑥 ≡ 𝑦 iff 𝛾(𝑥) = 𝛾(𝑦)
is called the equapartition of L determined by 𝛾.

It is important to note that the map 𝜏 need not be order-preserving. In-
stead, we have only an inclusion:

Lemma 3.1. If 𝛾 satisfies (I1)–(I5), then 𝜏(
⋁︀
𝑋) ≤ ⋁︀

𝑥∈𝑋 𝜏𝑥 for any
𝑋 ⊆ 𝐿.

Figure 3.1 illustrates the lemma, and shows that equality need not hold.
In the figure, red curves enclose the classes of the equapartition.

Proof. For any closure operator on a complete lattice L and elements 𝑦,
𝑧 ∈ 𝐿, the equation 𝛾(𝑦) = 𝛾(𝑧) is equivalent to 𝑦 ≤ 𝛾(𝑧) and 𝑧 ≤ 𝛾(𝑦). If
𝛾 satisfies (I5), then we also have 𝛾(𝜏𝑥) = 𝛾(𝑥) for any 𝑥 ∈ 𝐿.

Considering a subset 𝑋 ⊆ 𝐿, take 𝑦 =
⋁︀
𝑥∈𝑋 𝜏𝑥 and 𝑧 =

⋁︀
𝑋 . For

each 𝑥 ∈ 𝑋 , we have

𝜏(𝑥) ≤ 𝛾(𝑥) ≤ 𝛾(
⋁︁

𝑋)

𝑥 ≤ 𝛾(𝑥) = 𝛾(𝜏𝑥) ≤ 𝛾(
⋁︁
𝑢∈𝑋

𝜏𝑢)

whence 𝑦 ≤ 𝛾(𝑧) and 𝑧 ≤ 𝛾(𝑦), that is, 𝛾(
⋁︀
𝑥∈𝑋 𝜏𝑥) = 𝛾(

⋁︀
𝑋). Thus⋁︀

𝑥∈𝑋 𝜏𝑥 ≥ 𝜏(
⋁︀
𝑋), since the latter is the least element in that block of the

equapartition. �

An element 𝑎 ∈ 𝐿 is meet distributive if 𝑎∧ (𝑦 ∨ 𝑧) = (𝑎∧ 𝑦)∨ (𝑎∧ 𝑧)
for all 𝑦, 𝑧 ∈ 𝐿. Property (I6) says that the 𝛾-closed elements of L are meet
distributive. Section 4.1 will deal with the consequences of (I6) for finite
lattices. For now, let us see why the natural equaclosure operators satisfy it.
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First, let us consider the natural weak equaclosure operator on Sp(S, 𝐻).
Given 𝐻-closed algebraic subsets 𝑋 , 𝑌 , 𝑍, we have Γ(𝑋) = ↑𝑥0 where 𝑥0
is the least element of 𝑋 . Let 𝑤 ∈ Γ(𝑋) ∧ (𝑌 ∨ 𝑍). Then 𝑤 ≥ 𝑥0, while
by Gorbunov’s Lemma 1.15 we have 𝑤 = 𝑦 ∧ 𝑧 for some 𝑦 ∈ 𝑌 , 𝑧 ∈ 𝑍.
Then 𝑦 ≥ 𝑤 ≥ 𝑥0 and 𝑧 ≥ 𝑤 ≥ 𝑥0, so 𝑤 ∈ (Γ(𝑋) ∧ 𝑌 ) ∨ (Γ(𝑋) ∧ 𝑍), as
desired.

But Lemma 1.15 only applies to finite joins: to find
⋁︀
𝑌𝑖 for an infinite

collection, you need to worry about directed joins from
⋃︀
𝑌𝑖, and the weav-

ing trick from Gorbunov’s proof no longer works. Property (I6) is only valid
for finite joins. An easy example below with quasivarieties shows that Γ(𝑋)
needs to distribute over infinite joins.

To verify property (I6) for the natural equaclosure operator on Lq(𝒦), let
𝒳 , 𝒴 , 𝒵 be subquasivarieties of 𝒦, and consider a structure W ∈ Γ(𝒳 ) ∧
(𝒴 ∨ 𝒵). Now W ∈ Γ(𝒳 ) = H(𝒳 ) ∩ 𝒦 means that W ∈ 𝒦 and there
exist A ∈ 𝒳 and a surjective homomorphism ℎ : A � W. This implies
that Con𝒦 W ∼= ↑ (kerℎ) in Con𝒦 A, so that any homomorphic image of
W is a homomorphic image of A. Meanwhile, W ∈ 𝒴 ∨ 𝒵 means that
W is a subdirect product of a structure U ∈ 𝒴 and a structure V ∈ 𝒵 by
Theorem 2.51. (That theorem is for finite joins only, and ultimately goes
back to the fact that in the join 𝒴 ∨ 𝒵 = Q(𝒴 ∪ 𝒵) = EqSPU(𝒴 ∪ 𝒵),
an ultraproduct of structures from 𝒴 ∪ 𝒵 is in either 𝒴 or 𝒵 .) Therefore
in Con𝒦 W we have Δ = 𝛼 ∧ 𝛽 with W/𝛼 ∈ 𝒴 and W/𝛽 ∈ 𝒵 . Since
W ∈ H(𝒳 ), indeed W/𝛼 ∈ Γ(𝒳 ) ∧ 𝒴 and W/𝛽 ∈ Γ(𝒳 ) ∧ 𝒵 , whence
their subdirect product W is in (Γ(𝒳 ) ∧ 𝒴) ∨ (Γ(𝒳 ) ∧ 𝒵), as desired.

When 𝒦 is a locally finite quasivariety of finite type, then Lq(𝒦) is an
algebraic lattice, and hence upper continuous. So for those quasivarieties,
the infinite version of (I6) does work, which we faithfully record.

Theorem 3.2. If 𝒦 is a locally finite quasivariety of finite type, then the
natural equaclosure operator on Lq(𝒦) satisfies

(I6)′ Γ(𝒳 ) ∧
⋁︁
𝑖∈𝐼

𝒴𝑖 =
⋁︁
𝑖∈𝐼

(Γ(𝒳 ) ∧ 𝒴𝑖)

for any index set 𝐼 .

But otherwise, (I6) needs only hold for finite index sets.

Example 3.3.

Let E = 1 + (𝜔 × 2) + 1 with 𝛾 the identity map, as illustrated in
Figure 3.2. Now ↑ 𝑦0 = (𝜔 × 2) + 1 is distributive and dually algebraic,
so by Theorem 9.1 it can be represented as a lattice of 𝐻-closed algebraic
subsets Sp(S, 𝐻). The construction in that proof results in the natural weak
equaclosure on ↑𝑦0 being the identity, as indicated by the red circles in the
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𝑦0

𝑦1 𝑥

𝑦2

𝑦3

Figure 3.2. Pair (E, 𝛾) for Example 3.3

figure. Then by Theorem 9.12, which uses Corollary 7.10, the pair (E, 𝛾)
can be represented as (Lq(𝒦),Γ) for a quasivariety 𝒦. With the labelling in
the figure, we see that the infinite version (I6)′ fails.

Property (I7) has the following consequences.

Lemma 3.4. If 𝛾 satisfies (I1)–(I7), then the image 𝛾(L) is a dually al-
gebraic lattice, and 𝑥 is dually compact in 𝛾(L) if and only if 𝑥 ∈ 𝛾(L) and
𝑥 is dually compact in L.

Property (I8) holds for quasivarieties in languages with equality, and not
necessarily otherwise. Let 𝒦 be a quasivariety with equality, and let𝒲 be
the subquasivariety of 1-element structures in 𝒦, i.e., all structures satisfy-
ing 𝑥 ≈ 𝑦. The element 𝑤 in (I8) corresponds to the subquasivariety 𝒲 ,
which for types that include relations need not be the least subquasivariety.
Now𝒲 is finitely based relative to 𝒦, so it is dually compact in Lq(𝒦), and
it is closed under homomorphic images, so Γ(𝒲) = 𝒲 . Moreover, The-
orem 2.64 says that ↓𝒲 is isomorphic to Sp(S) for an algebraic lattice S.
Thus the natural equaclosure operator on Lq(𝒦) satisfies (I8).

In particular, (I8) implies that the ideal ↓ 𝑤 is atomistic; see Theo-
rems 1.11 and 1.12.

Property (I8)may not hold for the natural closure operatorΓ on Sp(S, 𝐻),
described below following Theorem 3.5; see Example 3.8. These lattices
are isomorphic to some Lq(𝒦) in a language that may or may not contain
equality. However, the remaining properties of an equaclosure operator are
satisfied by Sp(S, 𝐻). Thus we make these distinctions.
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∙ A preclop (derived from pre-equaclosure operator) satisfies (I1)–
(I7).
∙ A weak equaclosure operator satisfies (I1)–(I7) and (K9)–(K11).
∙ An equaclosure operator satisfies (I1)–(I8) and (K9)–(K11).

Fortunately, for finite lattices we can always take𝑤 = 0L in (I8), making the
distinction between equaclosure operators and weak equaclosure operators
moot.

To clarify the situation, here is the proper statement.

Theorem 3.5. (1) If 𝒦 is a quasivariety with equality, then the natural
equaclosure operator on Lq(𝒦) is an equaclosure operator.

(2) If 𝒰 is a quasivariety without equality, then the natural weak equa-
closure operator on Lq(𝒰) need not satisfy (I8).

Recall that Sp(S, 𝐻) is the lattice of 𝐻-closed algebraic subsets of an
algebraic lattice S, where𝐻 is a monoid of operators that preserve arbitrary
meets (including 1 =

⋀︀
∅) and nonempty directed joins. There is a natural

weak equaclosure operator on the lattice Sp(S, 𝐻), which will also be de-
noted by a capital Γ. Each 𝐻-closed algebraic subset 𝐴 has a least element
𝑎0 ∈ 𝑆. Then Γ(𝐴) = ↑ 𝑎0 is the filter in S generated by 𝑎0. Not every
principal filter ↑𝑥 is𝐻-closed, but ↑𝑎0 is. For if 𝐴 is an𝐻-closed algebraic
subset and 𝑎0 =

⋀︀
𝐴, then ℎ(𝑎0) ∈ 𝐴 for every ℎ ∈ 𝐻 , whence ℎ(𝑎0) ≥ 𝑎0.

In other words, 𝑎0 is fully invariant. Moreover, for any 𝑥 ∈ 𝑆, if 𝑥 ≥ 𝑎0
then ℎ(𝑥) ≥ ℎ(𝑎0) ≥ 𝑎0, so ↑𝑎0 is 𝐻-closed.

The least 𝐻-closed algebraic set 𝑇 with Γ(𝑇 ) = Γ(𝐴) is 𝑇 = 𝜏(𝐴) =
Ag(𝑎0), the𝐻-closed algebraic subset generated by 𝑎0. (Note that we use the
notation 𝜏 for the least object map for generic (weak) equaclosure operators
𝛾 and natural (weak) equaclosure operators Γ.) This in turn is given by
𝜏(𝐴) = DMO(𝑎0) where D is joins of nonempty directed sets,M is meets,
O is applying the operators of 𝐻; see Theorem 1.16. The equapartition on
Sp(S, 𝐻) has blocks consisting of all 𝐻-closed algebraic subsets with the
same least element. We formalize this as follows.

Theorem 3.6. Let S be an algebraic lattice and𝐻 a monoid of operators
on 𝑆. There is a natural weak equaclosure operator on Sp(S, 𝐻) given by
Γ(𝐴) = ↑ 𝑎0 where 𝑎0 is the least element of 𝐴. For this weak equaclosure
operator, 𝜏(𝐴) = Ag(𝑎0), the 𝐻-closed algebraic subset generated by 𝑎0.

Proof. Properties (I1)–(I5) are clear, remembering that the least element
of Sp(S, 𝐻) is the set {1𝑆}. The proof that (I6) holds was given in the dis-
cussion of that property above.

To prove (I7), consider an 𝐻-closed algebraic subset 𝐴 with least ele-
ment 𝑎0, so that Γ(𝐴) = ↑𝑎0. In S, write 𝑎0 as a join of compact elements,
𝑎0 =

⋁︀
𝑖 𝑐𝑖. For each 𝑖, let 𝐶𝑖 be the dually compact algebraic set [0 → 𝑐𝑖],
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as in Section 2.8. By Lemma 2.72, each 𝐶𝑖 = ↑𝜑(𝑐𝑖)where 𝜑(𝑐𝑖) is the least
fully invariant element above 𝑐𝑖; thus Γ(𝐶𝑖) = 𝐶𝑖. But 𝑎0 is fully invariant,
so 𝑐𝑖 ≤ 𝜑(𝑐𝑖) ≤ 𝑎0, whence 𝑎0 =

⋁︀
𝑖 𝜑(𝑐𝑖) and Γ(𝐴) =

⋀︀
𝑖 Γ(𝐶𝑖), as the

condition requires.
Example 2.61 shows that (I8) can fail in Sp(S, 𝐻).
That property (K9) holds is the main result of [91], strengthening an

earlier version in [19]. That argument is somewhat involved, but a simple
proof of (‡), which is equivalent to (K9) for finite index sets, is given in
Theorem 3.14 below.

Finally, the facts that properties (K10) and (K11) hold in Sp(S, 𝐻) are
our Theorems 3.26 and 3.32. �

Theorem 2.54 represents every subquasivariety lattice Lq(𝒦) as a lattice
Sp(S, 𝐻); see also Theorem 2.36. We claim that under this representation
of Lq(𝒦) as Sp(S, 𝐻), these natural closure operators correspond. This fact
is crucial, so let us write it out carefully. For this argument only (that is,
until we show they are the same), we use Γ on Lq(𝒦) and Γ′ on Sp(S, 𝐻).

Fix the quasivariety 𝒦, and let F = F𝒦(𝜔) be the countably generated
free structure. Take S = Con𝒦 F and 𝐻 = ℰ*, the monoid of operators
on S induced by endomorphisms of ℱ , introduced just before Lemma 2.28.
The isomorphism 𝜎 : Lq(𝒦) ∼= Sp(S, 𝐻) from Theorem 2.54 is given by,
for 𝒬 ≤ 𝒦,

𝜎(𝒬) = {𝜃 ∈ Con𝒦 F : F/𝜃 ∈ 𝒬}
which is an 𝐻-closed algebraic subset of S. The least member of 𝜎(𝒬) is a
congruence 𝜙𝒬 such that F/𝜙𝒬 is isomorphic to F𝒬(𝜔).

On Lq(𝒦)we have Γ(𝒬) = 𝒦∩H(𝒬). Meanwhile, on Sp(S, 𝐻) the clo-
sure isΓ′(𝑄) = ↑𝑞0, where 𝑞0 is the least member of𝑄. But the least member
of 𝜎(𝒬) is 𝜙𝒬, and by the First Isomorphism Theorem, a 𝒦-congruence 𝜃
satisfies F/𝜃 ∈ 𝒦 ∩ H(𝒬) if and only if 𝜃 ≥ 𝜓 for some 𝒦-congruence 𝜓
with F/𝜓 ∈ 𝒬, or equivalently, 𝜃 ≥ 𝜙𝒬. Thus 𝜎Γ(𝒬) = Γ′𝜎(𝒬) for each
𝒬 ≤ 𝒦, which was to be established. We summarize this as:

Theorem 3.7. Let 𝒦 be a quasivariety. Under the representation of a
subquasivariety lattice Lq(𝒦) as a lattice of 𝐻-closed algebraic subsets
Sp(S, 𝐻) given by Theorem 2.54, the equaclosure operator on Lq(𝒦), given
by Γ(𝒬) = H(𝒬) ∩ 𝒦, corresponds to the natural weak equaclosure oper-
ator on Sp(S, 𝐻), given by Γ(𝐴) = ↑𝑎0 where 𝑎0 =

⋀︀
𝐴.

Thus properties of the natural equaclosure operator on Lq(𝒦) can be
derived from those of the natural weak equaclosure operator on Sp(S, 𝐻).
Moreover, in languages without equality, the natural equaclosure operator
on Lq(𝒦) need only be a weak equaclosure operator, as (I8) can fail.

Example 3.8.
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In Theorem 9.1, we prove that every distributive dually algebraic lattice
can be represented as Sp(S, 𝐻) with S an algebraic lattice and 𝐻 a monoid
of operators. However, many infinite distributive dually algebraic lattices
fail to have a candidate for the element 𝑤 of (I8); failing (I8), they cannot be
represented as subquasivariety lattices Lq(𝒦) with equality. In particular,
this applies to

∙ (𝜔 + 1)𝑑 (Example 2.61),
∙ more generally, lattices 𝒪(P) where P has no or infinitely many
minimal elements (cf. Theorem 9.18),
∙ 2𝜅 with 𝜅 uncountable (Theorem 1.12).

Let us prove that (‡) implies biatomicity, a result from [19].

Theorem 3.9. If L is a dually algebraic lattice that supports a weak
equaclosure operator, then L is biatomic.

Note that the biatomic property does not assume that L is atomic; it is
rather a property that applies to such atoms as may exist.

Proof. Let 𝑎 be an atom of L, and assume 𝑎 ≤ 𝑢∨ 𝑣. We first show that
there exists an atom 𝑏 ≤ 𝑢 such that 𝑎 ≤ 𝑏 ∨ 𝑣. Applying the argument a
second time shows that there exists an atom 𝑐 ≤ 𝑣 with 𝑎 ≤ 𝑏∨𝑐, as desired.
Assume 𝑎 � 𝑢 and 𝑎 � 𝑣, as the conclusion is trivial otherwise. Moreover,
by (I6) we have 𝑎 ≤ 𝛾𝑎∧ (𝑢∨ 𝑣) = (𝛾𝑎∧ 𝑢)∨ (𝛾𝑎∧ 𝑣), so we may assume
that 𝑢, 𝑣 ≤ 𝛾𝑎.

By lower continuity and Zorn’s Lemma, there is an element 𝑏 ≤ 𝑢 that
is minimal with respect to the property that 𝑎 ≤ 𝑏 ∨ 𝑣. If 𝑏 is an atom, we
are done. Suppose to the contrary that 𝑏 is not an atom. Then there is an
element 𝑒 < 𝑏 such that 0 < 𝑒 ≤ 𝜏𝑏. Apply (‡) with 𝑥 = 𝑣 ∨ 𝑒 and 𝑧 = 𝑏.
Since 𝑎 ≤ 𝑏 ∨ 𝑣 = 𝑥 ∨ 𝑧 ≤ 𝑢 ∨ 𝑣 ≤ 𝛾𝑎, we have 𝜏(𝑥 ∨ 𝑧) = 𝑎. Then (‡)
yields

𝑒 ≤ 𝑥 ∧ 𝜏𝑧 ≤ 𝛾[(𝑣 ∨ 𝑒) ∧ 𝑎] = 𝛾0 = 0,

a contradiction. Therefore 𝑏 is an atom, as desired. �

Beforemoving on, it is useful to see examples of how properties (K9) and
(K10) can fail. Figure 3.3 gives 3 pairs (L, 𝛾) consisting of a finite lattice
and a preclop on it. The red curves indicate the equapartition determined
by 𝛾. Recall that (‡) is a special case of (K9). As the pairs in the figure fail
(‡), they cannot be represented as Lq(𝒦) or Sp(S, 𝐻).

The boolean algebra can be represented as a lattice of subquasivarieties,
as can all finite distributive lattices [63, 111], but not with the preclop in
Figure 3.3. The second lattice supports four preclops. The operator in the
figure fails (‡); the other three, with 𝛾(𝑥 ∧ 𝑡) = 𝑥 or two versions with
𝛾(𝑥 ∧ 𝑡) = 1, satisfy all the conditions and can be represented as Sp(S, 𝐻).



3.2. THE 𝐻-CLOSED ALGEBRAIC SUBSET GENERATED BY A SET 83

(The construction project of Chapter 7 easily represents two of these pairs
as Lq(𝒦), and possibly the third; see Section A.1.) The third lattice in the
figure, from [19], supports only this preclop, which fails (‡).

In fact, the pairs in Figure 3.3 fail both (K9) and (K10). Proposition 3.28
shows that (K10) implies a property (†) that is only slightly weaker than
(‡), and (†) fails for all the pairs in the figure. However, Figure 3.8 gives
a modification of the third example that satisfies all the properties of an
equaclosure operator except (K9).

𝑥 𝑧

𝑡 𝑥 𝑧

0

𝑧 𝑎

𝑟 𝑠 = 𝑏

Figure 3.3. Lattices with preclops that fail (‡).

3.2. The 𝐻-closed algebraic subset generated by a set

Suppose we are given a lattice of 𝐻-closed algebraic subsets Sp(S, 𝐻)
with S an algebraic lattice and 𝐻 a monoid of operators. For 𝑋 ⊆ 𝑆, we
know that Ag(𝑋) = DMO(𝑋), that is, the 𝐻-closed algebraic subset gen-
erated by 𝑋 consists of all directed joins of meets of elements ℎ(𝑥) with
𝑥 ∈ 𝑋 . It is convenient to think of DMO as a derived set of maps, like
polynomials. This requires a little care.

The maps in𝐻 are ordered pointwise, so we can take meets and joins of
subsets of 𝐻 . Moreover, it makes sense to talk about an up-directed set of
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maps. For convenience, we assume that the identity map 𝑖𝑑 and the constant
map 1 are in 𝐻 .

Let DMO consist of all maps 𝑘 : 𝑆 → 𝑆 such that 𝑘 is the join of an
up-directed set of meets of maps from 𝐻 . Obviously DMO depends on 𝐻 ,
but since we deal with one set of operators 𝐻 at a time, we can suppress
that in the notation. The next lemma gives some basic technical properties
of DMO.

Lemma 3.10. Let 𝐻 be a monoid of operators on an algebraic lattice S.
Suppose 𝐾𝑗 (𝑗 ∈ 𝐽) is a down-directed collection of subsets of 𝐻 , i.e., for
all 𝑖, 𝑗 ∈ 𝐽 there exists ℓ ∈ 𝐽 such that𝐾𝑖∩𝐾𝑗 ⊇ 𝐾ℓ. Define new operators
by

ℎ𝑗(𝑥) =
⋀︁
𝑔∈𝐾𝑗

𝑔(𝑥)

ℎ̂(𝑥) =
⋁︁
𝑗∈𝐽

ℎ𝑗(𝑥).

Then

(1) {ℎ𝑗(𝑥) : 𝑗 ∈ 𝐽} is up-directed for any 𝑥 ∈ 𝑆.
(2) If 𝐴 is an𝐻-closed algebraic subset of S and 𝑥 ∈ 𝐴, then ℎ̂(𝑥) ∈

𝐴.
(3) ℎ̂(

⋀︀
𝑋) =

⋀︀
𝑥∈𝑋 ℎ̂(𝑥) for any finite subset 𝑋 ⊆ 𝑆.

(4) If {𝑑ℓ : ℓ ∈ 𝐿} is an up-directed subset of 𝑆, then ℎ̂(
⋁︀
𝑑ℓ) =⋁︀

ℎ̂(𝑑ℓ).
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Proof. Items (1), (2) and (4) are straightforward. For (3), we calculate
as follows:

ℎ̂(𝑥) ∧ ℎ̂(𝑦) =
⋁︁
𝑗

ℎ𝑗(𝑥) ∧
⋁︁
𝑘

ℎ𝑘(𝑦)

=
⋁︁
𝑘

((
⋁︁
𝑗

ℎ𝑗(𝑥)) ∧ ℎ𝑘(𝑦)) by continuity

=
⋁︁
𝑘

⋁︁
𝑗

(ℎ𝑗(𝑥) ∧ ℎ𝑘(𝑦)) by continuity

≤
⋁︁
ℓ

(ℎℓ(𝑥) ∧ ℎℓ(𝑦)) by directedness

=
⋁︁
ℓ

ℎℓ(𝑥 ∧ 𝑦)

≤ (
⋁︁
ℓ

ℎℓ(𝑥)) ∧ (
⋁︁
ℓ

ℎℓ(𝑦))

= ℎ̂(𝑥) ∧ ℎ̂(𝑦).
�

Applying Lemma 3.10(3), plus a more obvious calculation for meets of
maps and 1S, yields that the maps in DMO are finitary operators.

Theorem 3.11. Every 𝑘 ∈ DMO preserves finite meets and the largest
element 1S, that is, 𝑘(𝑥1 ∧ . . . ∧ 𝑥𝑛) = 𝑘𝑥1 ∧ . . . ∧ 𝑘𝑥𝑛 and 𝑘(1S) = 1S.

Examples 3.15 and 3.16 show that we can’t do much better than that.
The next lemma deals with the situation when 𝑥 ∈ Ag(𝑦).

Lemma 3.12. Let 𝐻 be a monoid of operators on an algebraic lattice S.
Suppose the following situation occurs.

(1) 𝑥, 𝑦 ∈ 𝑆,
(2) 𝑥 =

⋁︀
𝑗∈𝐽 𝑑𝑗 where {𝑑𝑗 : 𝑗 ∈ 𝐽} is up-directed,

(3) for each 𝑗 ∈ 𝐽 , 𝑑𝑗 =
⋀︀
𝑔∈𝐺𝑗

𝑔(𝑦) with 𝐺𝑗 ⊆ 𝐻 .
For each 𝑗 ∈ 𝐽 , let 𝐾𝑗 = {𝑓 ∈ 𝐻 : 𝑓(𝑦) ≥ 𝑑𝑗}. Define ℎ𝑗 =

⋀︀
𝐾𝑗 and

ℎ̂ =
⋁︀
𝑗∈𝐽 ℎ𝑗 as in Lemma 3.10. Then

(4) {𝐾𝑗 : 𝑗 ∈ 𝐽} is down-directed,
(5) ℎ𝑗(𝑦) = 𝑑𝑗 for all 𝑗,
(6) ℎ̂(𝑦) = 𝑥.

Proof. Clearly 𝑑𝑖 ≤ 𝑑𝑗 implies 𝐾𝑖 ⊇ 𝐾𝑗 . On the other hand, 𝐺𝑗 ⊆ 𝐾𝑗 ,
so for each 𝑗 we have 𝑑𝑗 ≤

⋀︀
𝑓∈𝐾𝑗

𝑓(𝑦) ≤ ⋀︀
𝑔∈𝐺𝑗

𝑔(𝑦) = 𝑑𝑗 . This gives (4)
and (5), whence (2) and (5) yield (6). �
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Since 𝑥 = ℎ(𝑦) clearly implies 𝑥 ∈ Ag(𝑦), Lemma 3.12 has the follow-
ing crucial consequence.

Theorem 3.13. For 𝑥, 𝑦 ∈ 𝑆, we have 𝑥 ∈ Ag(𝑦) if and only if 𝑥 = ℎ(𝑦)
for some ℎ ∈ DMO.

Let us illustrate how the results are used by proving that (‡) from (K9)
must hold in a representable pair (L, 𝛾). (The proof of the full condition (K9)
in [91] involves complications that mask the simplicity of the argument.)

Theorem 3.14. If (L, 𝛾) can be represented as Sp(S, 𝐻) with S alge-
braic and 𝐻 a monoid of operators, then

(‡) 𝛾[𝑥 ∧ 𝜏(𝑥 ∨ 𝑧)] ≥ 𝑥 ∧ 𝜏(𝑧).
Proof. Let 𝑋 , 𝑍 be 𝐻-closed algebraic sets in Sp(S, 𝐻), and let 𝑥0 and

𝑧0 denote the least elements of 𝑋 and 𝑍, respectively. Consider an element
𝑥 ∈ 𝑋 ∧ 𝜏(𝑍). Then 𝑥 ∈ Ag(𝑧0), whence 𝑥 ∈ DMO(𝑧0). By Lemma 3.12
there is a map ℎ̂ ∈ DMO such that 𝑥 = ℎ̂(𝑧0).

Now ℎ̂(𝑥0 ∧ 𝑧0) = ℎ̂(𝑥0) ∧ 𝑥, so ℎ̂(𝑥0 ∧ 𝑧0) ∈ 𝑋 ∧ 𝜏(𝑋 ∨ 𝑍) and
ℎ̂(𝑥0 ∧ 𝑧0) ≤ 𝑥. Hence 𝑥 ∈ Γ(𝑋 ∧ 𝜏(𝑋 ∨ 𝑍)), as desired. �

Unfortunately, maps in DMO need not preserve infinite meets nor di-
rected joins of elements.

Example 3.15.

To see that meets need not be preserved, let S = (𝜔+1)𝑑 with elements
0 > −1 > −2 > · · · > −𝜔. For 𝑗 ∈ 𝜔, define maps

ℎ𝑗(𝑥) =

{︃
0 if 𝑥 ≥ −𝑗
−𝜔 if 𝑥 < −𝑗.

Note ℎ0 ≤ ℎ1 ≤ ℎ2 ≤ · · · , so that if we let 𝐾𝑗 = {ℎ𝑘 : 𝑘 ≥ 𝑗} then
ℎ𝑗 =

⋀︀
𝐾𝑗 . Let ℎ̂ =

⋁︀
ℎ𝑗 and consider 𝑋 = 𝜔𝑑 = {0,−1,−2, . . .}. Then

ℎ̂(
⋀︀
𝑋) = ℎ̂(−𝜔) = −𝜔, while⋀︀𝑥∈𝑋 ℎ̂(𝑥) = 0 since ℎ𝑗(𝑥) = 0 eventually

for every 𝑥 > −𝜔. Thus a directed join of maps in 𝐻 need not preserve
arbitrary meets.

Example 3.16.

Likewise, an infinite meet of maps in𝐻 need not preserve directed joins.
Let S = 𝜔 + 1, and for 𝑗 ∈ 𝜔 define

𝑘𝑗(𝑥) =

{︃
𝑥 if 𝑥 > 𝑗,

0 if 𝑥 ≤ 𝑗
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and let𝑚 =
⋀︀
𝑗∈𝜔 𝑘𝑗 . Then𝑚(

⋁︀
𝑗) = 𝑚(𝜔) = 𝜔 while

⋁︀
𝑚(𝑗) = 0. Thus

a meet of infinitely many maps in 𝐻 need not preserve directed joins.
Lemma 9.3 shows that a map ℎ on an algebraic lattice S preserves di-

rected joins if and only if it is determined by its values on compact elements,
i.e., ℎ(𝑠) =

⋁︀{ℎ(𝑐) : 𝑐 ≤ 𝑠, 𝑐 compact}.
Straightforward arguments show that finite meets of maps in𝐻 preserve

arbitrary meets and directed joins of elements. The table below summarizes
the information on what preserves what: rows correspond to maps, columns
to elements. But there is a lot more to be understood about the role ofDMO.

maps∖elts fin meets arb meets dir joins
fin meets X X X
arb meets X X X
dir joins X X X

Table 3.1. Whether operations onmaps in𝐻 (rows) preserve
operations on elements of S (columns)

3.3. Companion lattices

Like any closure operator, an equaclosure operator produces a a lattice
of closed sets. Given a pair (L, 𝛾) the lattice 𝛾(L) is called the companion
lattice. It is useful to think of the elements of 𝛾(L) as classes of the equa-
partition, which will be denoted by [𝑥]. So [𝑥] ≤ [𝑦] iff 𝛾𝑥 ≤ 𝛾𝑦. To confuse
matters further, for purposes that will become apparent later, it is useful to
choose 𝜏𝑥 as the canonical representative of [𝑥]. Thus we label the class as
[𝜏𝑥].

Worse, as we shall see below, we need the dual lattice 𝛾𝑑(L). Denote its
elements by �̂� with 𝑥 ∈ 𝜏(L) = {𝜏(𝑥) : 𝑥 ∈ 𝐿}. The order on 𝛾𝑑(L) is
given by �̂� ≤ 𝑦 iff 𝛾𝑥 ≥ 𝛾𝑦. Since 𝜏(𝑥 ∨ 𝑦) ̸= 𝜏𝑥 ∨ 𝜏𝑦 in general, we will
have occasion to use the map

𝜏(𝑤) = 𝜏(𝑤).

These conventions are illustrated in Figure 3.4.
The next two lemmas tell us how to calculate in the companion lattices.

Lemma 3.17. Let 𝛾 be an equaclosure operator on a dually algebraic
lattice L, and let {𝑥𝑖 : 𝑖 ∈ 𝐼} ⊆ 𝐿. Then in 𝛾(L):

(1) [0] is the least element and [𝜏(1)] is the greatest element,
(2)

⋁︀
𝛾(L)[𝑥𝑖] = [

⋁︀
L 𝑥𝑖],

(3)
⋀︀
𝛾(L)[𝑥𝑖] = [

⋀︀
L 𝛾𝑥𝑖].
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Figure 3.4. Conventions for L, 𝛾(L), 𝛾𝑑(L).

Lemma 3.18. Let 𝛾 be an equaclosure operator on a dually algebraic
lattice L, and let {𝑥𝑖 : 𝑖 ∈ 𝐼} ⊆ 𝜏(L), so that 𝜏(𝑥𝑖) = 𝑥𝑖 for every 𝑖. Then
in 𝛾𝑑(L):

(1) 𝜏(1) is the least element and 0̂ is the greatest element,
(2)

⋁︀
𝛾𝑑(L) �̂�𝑖 = 𝜏(

⋀︀
L 𝛾𝑥𝑖),

(3)
⋀︀
𝛾𝑑(L) �̂�𝑖 = 𝜏(

⋁︀
L 𝑥𝑖).

The proofs are straightforward. Let us illustrate this with the proof of
the last one, �̂� ∧ 𝑦 = 𝜏(𝑥 ∨ 𝑦). Assume 𝑥 = 𝜏𝑥, 𝑦 = 𝜏𝑦, 𝑢 = 𝜏𝑢. We
calculate:

�̂� ≤ �̂� & �̂� ≤ 𝑦 iff 𝛾𝑢 ≥ 𝛾𝑥 & 𝛾𝑢 ≥ 𝛾𝑦

iff 𝛾𝑢 ≥ 𝑥 & 𝛾𝑢 ≥ 𝑦

iff 𝛾𝑢 ≥ 𝑥 ∨ 𝑦
iff 𝛾𝑢 ≥ 𝛾(𝑥 ∨ 𝑦) = 𝛾(𝜏(𝑥 ∨ 𝑦))
iff �̂� ≤ 𝜏(𝑥 ∨ 𝑦).

Obvious modifications yield Lemma 3.18(3) for an arbitrary index set.
We are of course primarily interested in the case when L = Sp(S, 𝐻)

where S an algebraic lattice and 𝐻 a monoid of operators, with Γ the nat-
ural weak equaclosure operator given by Γ(𝑋) = ↑𝑥0 where 𝑥0 is the least
element of 𝑋 .

For an element 𝑢 of S, Ag(𝑢) denotes the𝐻-closed algebraic set gener-
ated by 𝑢. As long as𝐻 is a monoid, containing the identity map and closed
under composition, the least element ofAg(𝑢) is 𝑢0 =

⋀︀
ℎ∈𝐻 ℎ(𝑢), since for

this 𝑢0 the filter ↑𝑢0 is an 𝐻-closed algebraic subset containing 𝑢.
The next lemma tells us how to interpret the abstract notions in the pair

(Sp(S, 𝐻),Γ).
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Lemma 3.19. Let L = Sp(S, 𝐻) and let Γ be the natural weak equa-
closure operator. Let 𝑋 , 𝑌 be 𝐻-closed algebraic subsets of S with least
elements 𝑥0, 𝑦0 respectively.

(1) Γ𝑋 = ↑𝑥0.
(2) 𝜏𝑋 = Ag(𝑥0).
(3) Γ𝑋 ≤ Γ𝑌 iff 𝑥0 ≥ 𝑦0.
(4) 𝜏𝑋 ≤ 𝜏𝑌 iff 𝑥0 = ℎ(𝑦0) for some ℎ ∈ DMO.

This brings us to themain result linkingΓ(Sp(S, 𝐻)) andS. Recall from
Theorem 1.22 that the fully invariant elements of an algebraic lattice L with
operators form a complete sublattice Fi(S). The fully invariant elements are
precisely the least elements of𝐻-closed algebraic subsets, and two algebraic
subsets are in the same class when they have the same least element, i.e.,
[𝑋] = [𝑌 ] if and only if 𝑥0 = 𝑦0. The next results state these facts in terms
of companion lattices.

Theorem 3.20. Let L = Sp(S, 𝐻) and let Γ be the natural weak equa-
closure operator. Define 𝑓 : Γ(L) → S via 𝑓 [𝑋] = 𝑥0. Then 𝑓 is a dual
complete lattice embedding. The range of 𝑓 is the set Fi(S) of fully invariant
elements of S.

Proof. Clearly 𝑓 is one-to-one and order-reversing.
Let 𝑋𝑖 (𝑖 ∈ 𝐼) be Γ-closed algebraic subsets, say 𝑋𝑖 = ↑ 𝑥𝑖0 for each

𝑖 ∈ 𝐼 . The equation 𝑓(
⋀︀

Γ(L)[𝑋𝑖]) =
⋁︀

S 𝑥𝑖0 says that the least element
of

⋂︀
(↑ 𝑥𝑖0) is

⋁︀
𝑥𝑖0. Similarly, 𝑓(

⋁︀
Γ(L)[𝑋𝑖]) =

⋀︀
S 𝑥𝑖0 says that the least

element of
⋁︀
(↑𝑥𝑖0) = Ag(

⋃︀
(↑𝑥𝑖0)) is

⋀︀
𝑥𝑖0. �

Corollary 3.21. Let L = Sp(S, 𝐻) and let Γ be the natural weak equa-
closure operator. The map 𝑓𝑑 : Γ𝑑(L) → S via 𝑓(�̂�) = 𝑥0 is a complete
lattice embedding.

Corollary 3.22. Let L = Sp(S, 𝐻) and let Γ be the natural weak equa-
closure operator. The companion Γ𝑑(L) is algebraic, and hence Γ(L) is
dually algebraic.

This despite the fact that Γ(L) need not be a dually algebraic subset ofL;
generally, it is only a complete meet subsemilattice of L. However, the com-
panion Γ𝑑(L) can be any algebraic lattice, due to the following observation
of Adaricheva and Gorbunov [16].

Theorem 3.23. Let K be an algebraic lattice and S = Sp(K) (with no
operators). For the natural equaclosure operator, Γ𝑑(S) ∼= K.

Theorem 3.23 is illustrated for a small lattice in Figure 3.5.
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Figure 3.5. Example of Theorem 3.23, that K ∼= Γ𝑑(Sp(K)).

To recapitulate, if L = Sp(S, 𝐻) with S algebraic,𝐻 a monoid of oper-
ators and Γ the natural weak equaclosure operator, then

G = 𝑓(Γ(L)) = {𝑥0 : [𝑋] ∈ Γ(L)}
is a complete sublattice of S dually isomorphic to Γ(L). Note that L and
Γ(L) are dually algebraic, and thus generated by their completely join irre-
ducible elements, while S andG are algebraic, and hence generated by their
completely meet irreducibles. The next lemma gives a little more informa-
tion about this relation.

Lemma 3.24. Let L = Sp(S, 𝐻) and let Γ be the natural weak equaclo-
sure operator. Let 𝑓 : Γ(L)→ S via 𝑓 [𝑋] = 𝑥0 and let G = 𝑓(Γ(L)). For
an algebraic subset 𝑋 in L, 𝑓 [𝑋] = 𝑥0 is meet irreducible in G if and only
if 𝜏𝑋 is join prime in L.

Proof. First suppose that 𝜏𝑋 is join prime in L, and that 𝑥0 = 𝑦0 ∧ 𝑧0
in G. This implies both 𝜏𝑋 ≤ 𝑌 ∨ 𝑍 and 𝑌 , 𝑍 ≤ Γ𝑋 . Thus either
𝜏𝑋 ≤ 𝑌 ≤ Γ𝑋 or 𝜏𝑋 ≤ 𝑍 ≤ Γ𝑋 , so that [𝑋] = [𝑌 ] or [𝑋] = [𝑍],
whence 𝑥0 = 𝑦0 or 𝑥0 = 𝑧0. Therefore 𝑥0 is meet irreducible in G.

Conversely, assume that 𝑥0 is meet irreducible in G. Suppose 𝜏𝑋 ≤
𝑌 ∨ 𝑍. Then

𝜏𝑋 ≤ Γ𝑋 ∧ (𝑌 ∨ 𝑍) = (Γ𝑋 ∧ 𝑌 ) ∨ (Γ𝑋 ∧ 𝑍) ≤ Γ𝑋.

Let 𝑌 ′ = Γ𝑋 ∧ 𝑌 and 𝑍 ′ = Γ𝑋 ∧ 𝑍. From the above, [𝑌 ′ ∨ 𝑍 ′] = [𝑋],
so that 𝑦′0 ∧ 𝑧′0 = 𝑥0. Since 𝑥0 is meet irreducible in G, either 𝑦′0 = 𝑥0 or
𝑧′0 = 𝑥0. Hence either 𝜏𝑋 = 𝜏𝑌 ′ ≤ 𝑌 ′ ≤ 𝑌 or similarly 𝜏𝑋 ≤ 𝑍. Thus
𝜏𝑋 is join prime in L. �

Besides G, the lattice S must contain elements from 𝑃 ∖ 𝑃* for each
completely join irreducible 𝑃 ∈ L.
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Figure 3.6. L and 𝛾𝑑(L) for the pair (L, 𝛾)motivating (K10).
This pair satisfies (I1)–(I8) and (K9).

Lemma 3.25. Let L = Sp(S, 𝐻) and let𝑃 be completely join irreducible
in L.

(1) 𝑃 = Ag(𝑝) for each 𝑝 ∈ 𝑃 ∖ 𝑃*.
(2) If 𝑝, 𝑝1 ∈ 𝑃 ∖ 𝑃*, then 𝑝 = ℎ(𝑝1) for some ℎ ∈ DMO.
(3) If 𝑝 ∈ 𝑃 ∖ 𝑃* and 𝑥0 ∈ G, then 𝑝 ≥ 𝑥0 iff Γ𝑃 ≤ Γ𝑋 .

We would like to know more about S∖G. It turns out that if L is a finite
lower bounded lattice and J(L) ⊆ 𝜏(L) = {𝜏𝑥 : 𝑥 ∈ 𝐿} and (L, 𝛾) can be
represented as (Sp(S, 𝐻),Γ) for some pair (S, 𝐻), then it can be represented
using S = G = 𝛾𝑑(L) (Theorem 5.6). Section 5.2 gives an algorithm for
determining whether a finite lower bounded lattice with J(L) ⊆ 𝜏(L) has
such a representation; we just need to figure out when it gives an affirmative
answer! It may even be that if J(L) ⊆ 𝜏(L) and (L, 𝛾) satisfies all the known
restrictions, then it is representable as (Sp(S, 𝐻),Γ). That would be nice.
(This is problem 2 in Section 10.1.)

3.4. A new condition for equaclosure operators

This section presents a new restriction on equaclosure operators, called
(K10). It was motivated by our desire to show that the pair (L, 𝛾) in Figure
3.6 is not representable as (Sp(S, 𝐻),Γ). That same lattice, with a different
preclop, is represented as a subquasivariety lattice in Example 7.21.

Theorem 3.26. Suppose we are given (L, 𝛾) with elements satisfying
(1) 𝜏𝑎 ≤ 𝜏𝑏,
(2) 𝛾𝑠 ≤ 𝛾𝑏 ≤ 𝛾(𝑟 ∨ 𝑠).

If (L, 𝛾) can be represented as (Sp(S, 𝐻),Γ) with S algebraic,𝐻 a monoid
of operators, and Γ the natural weak equaclosure operator, then

(3) 𝑎 ≤ 𝛾(𝜏(𝑟 ∨ 𝑠) ∧ (𝜏𝑟 ∨ (𝜏𝑠 ∧ 𝛾𝑎))).
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Proof. Recall Corollary 1.20, the definition of Γ, and Lemma 3.19(4)
for the least elements of 𝐻-closed algebraic subsets 𝑅, 𝑆, 𝐴, 𝐵:

∙ The least element of 𝑅 ∨ 𝑆 is 𝑟0 ∧ 𝑠0,
∙ Γ𝑆 ≤ Γ𝐵 iff 𝑠0 ≥ 𝑏0,
∙ 𝜏𝐴 ≤ 𝜏𝐵 iff 𝑎0 = ℎ(𝑏0) for some ℎ ∈ DMO.

Condition (1) says that 𝑎0 = ℎ(𝑏0) for some ℎ ∈ DMO, while (2) says that
𝑠0 ≥ 𝑏0 ≥ 𝑟0 ∧ 𝑠0. Applying ℎ yields ℎ(𝑠0) ≥ 𝑎0 ≥ ℎ(𝑟0 ∧ 𝑠0). This shows
that ℎ(𝑠0) is in 𝜏𝑠 ∧ Γ𝑎, and also that 𝑎0 is in Γ𝑒, where 𝑒 = ℎ(𝑟0 ∧ 𝑠0).
Thinking of 𝑒 as ℎ(𝑟0 ∧ 𝑠0), it is in 𝜏(𝑟∨ 𝑠). Thinking of 𝑒 as ℎ(𝑟0)∧ ℎ(𝑠0),
it is in 𝜏𝑟∨ (𝜏𝑠∧Γ𝑎). Thus 𝑒 is in both. Combining this with 𝑎0 ∈ Γ𝑒 gives
(3). �

Thus we obtain condition (K10) for an equaclosure operator:

(𝐾10) If 𝜏𝑎 ≤ 𝜏𝑏 and 𝛾𝑠 ≤ 𝛾𝑏 ≤ 𝛾(𝑟 ∨ 𝑠),
then 𝑎 ≤ 𝛾(𝜏(𝑟 ∨ 𝑠) ∧ (𝜏𝑟 ∨ (𝜏𝑠 ∧ 𝛾𝑎))).

Note that the condition can be written in terms of 𝑟 and 𝑠, or in terms
of 𝜏𝑟 and 𝜏𝑠, with the strongest conclusion being when 𝑟 = 𝜏𝑟 and 𝑠 = 𝜏𝑠.
Using just 𝑟 and 𝑠, the conclusion looks like

(3′) 𝑎 ≤ 𝛾(𝜏(𝑟 ∨ 𝑠) ∧ (𝑟 ∨ (𝑠 ∧ 𝛾𝑎))).
It is straightforward to check that the pair (L, 𝛾) in Figure 3.6 fails (K10),

but satisfies (I1)–(I8), (K9), and (K11). Thus (K10) is independent of the
other ten conditions for an equaclosure operator.

Example 3.27.

To see how (K10) works, consider the familiar example in Figure 3.7
with the indicated labeling. Note that the hypotheses of (K10) are satis-
fied. The pair (K, 𝛾) in the figure has the property that 𝑥 = 𝜏𝑥 for every
join irreducible element 𝑥. This property, written as J(K) ⊆ 𝜏(K), is the
subject of Chapter 5. Theorem 5.6 says that if a finite pair (L, 𝛾) has the
property J(L) ⊆ 𝜏(L) and it can be represented as (Sp(S, 𝐻),Γ) for some
S and 𝐻 , then in fact it can be represented with S = 𝛾𝑑(L). Moreover, in
that representation the elements of L correspond to meet subsemilattices of
𝛾𝑑(L) with 1, and the question of representation is whether there exists a
collection 𝐻 of meet homomorphisms such that the meet subsemilattices
corresponding to elements of L are the only 𝐻-closed subsemilattices.
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0

𝑧 𝑎

𝑟 𝑠 = 𝑏

𝑧

𝑟 𝑠 = �̂�

�̂�

0̂

Figure 3.7. K and 𝛾𝑑(K) failing (K10). This one also fails (K9).

For the pair (K, 𝛾) of Figure 3.7, a representation as (Sp(𝛾
𝑑(K), 𝐻),Γ)

would have
𝐴 = {�̂�, 0̂}
𝐵 = {�̂�, �̂�, 0̂}
𝑅 = {𝑟, �̂�, 0̂}
𝑍 = {𝑧, 0̂}

Since 𝑎 ≤ 𝑏 inK, wemust have𝐴 ≤ 𝐵 = Ag(�̂�). Thus, as in Lemma 3.19(4),
we need a map ℎ ∈ 𝐻 with ℎ(�̂�) = �̂�. Alas, 𝑟 ∧ �̂� = 𝑧, whence ℎ(𝑧) =

ℎ(𝑟)∧ℎ(�̂�) = ℎ(𝑟)∧ �̂�. It is also required that ℎ(𝑧) ∈ 𝑍, and with ℎ(𝑟) ∈ 𝑅
and ℎ(𝑧) = ℎ(𝑟) ∧ �̂�, that is impossible. Thus (K, 𝛾) has no representation
in 𝛾𝑑(K), and hence by Theorem 5.6 no representation at all. (Yes, we al-
ready knew that this lattice is not representable, since it fails (‡), but see the
next proposition.)

Next, we note that (K10) implies the older version of (†), i.e., the original
from [19], before refinement to (‡) in [91].

Proposition 3.28. If (L, 𝛾) is a pair where the preclop 𝛾 satisfies (K10),
then it satisfies

(†) 𝑥 ∧ 𝜏𝑧 ≤ 𝛾(𝜏(𝑥 ∨ 𝑧) ∧ 𝛾𝑥).
Proof. Into (K10), substitute

𝑎 ↦→ 𝑥 ∧ 𝜏𝑧 𝑏 ↦→ 𝑧 𝑟 ↦→ 𝑥 𝑠 ↦→ 𝜏𝑧 .

The hypotheses of (K10) hold, so we conclude
𝑥 ∧ 𝜏𝑧 ≤ 𝛾(𝜏(𝑥 ∨ 𝜏𝑧) ∧ (𝜏𝑥 ∨ (𝜏𝑧 ∧ 𝛾(𝑥 ∧ 𝜏𝑧))))

≤ 𝛾(𝜏(𝑥 ∨ 𝑧) ∧ 𝛾𝑥)
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as desired. �

For comparison, the new version of (K9) for finite index sets is

(‡) 𝑥 ∧ 𝜏(𝑧) ≤ 𝛾(𝜏(𝑥 ∨ 𝑧) ∧ 𝑥)

with no 𝛾 on the last 𝑥. The pair (L, 𝛾) in Figure 3.8 satisfies (K10), and
hence (†), but fails (‡). Thus (‡) is indeed stronger than (†).

𝑥

𝑧

Figure 3.8. Lattice with preclop that satisfies (K10), and
hence (†), but fails (‡).

The algorithm from Section 5.2 suggests a refinement of (K10), which
may or may not be useful, but is true.

Theorem 3.29. Suppose we are given (L, 𝛾) with elements satisfying
(1) 𝜏𝑎 ≤ 𝜏𝑏,
(2) 𝛾𝑠 ≤ 𝛾𝑡 ≤ 𝛾𝑏 ≤ 𝛾(𝑟 ∨ 𝑠).

If (L, 𝛾) can be represented as (Sp(S, 𝐻),Γ) with S algebraic,𝐻 a monoid
of operators, and Γ the natural weak equaclosure operator, then

(3) 𝑎 ≤ 𝛾(𝜏(𝑟 ∨ 𝑠) ∧ (𝜏𝑟 ∨ (𝜏𝑠 ∧ 𝛾(𝜏𝑡 ∧ 𝛾𝑎)))).

Proof. As in the beginning of the proof of Theorem 3.26, condition (1)
says that 𝑎0 = ℎ(𝑏0) for some ℎ ∈ DMO, while (2) says that 𝑠0 ≥ 𝑡0 ≥ 𝑏0 ≥
𝑟0 ∧ 𝑠0. Applying ℎ yields ℎ(𝑠0) ≥ ℎ(𝑡0) ≥ 𝑎0 ≥ ℎ(𝑟0 ∧ 𝑠0). Thus ℎ(𝑡0)
is in 𝜏𝑡 ∧ Γ𝑎, whence ℎ(𝑠0) is in 𝜏𝑠 ∧ Γ(𝜏𝑡 ∧ Γ𝑎). Also 𝑎0 is in Γ𝑒, where
𝑒 = ℎ(𝑟0∧𝑠0). Thinking of 𝑒 as ℎ(𝑟0∧𝑠0), it is in 𝜏(𝑟∨𝑠). Thinking of 𝑒 as
ℎ(𝑟0)∧ ℎ(𝑠0), it is in 𝜏𝑟 ∨ (𝜏𝑠∧Γ(𝜏𝑡∧Γ𝑎)). Thus 𝑒 is in both. Combining
this with 𝑎0 ∈ Γ𝑒 gives (3). �
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Indeed, we can make apparently stronger versions of (K10) by increas-
ing the length of the chains in its hypothesis (2). Whether or not these con-
ditions are really stronger remains open for investigation (Problem 14 in
Chapter 10).

We can relate (K10) to the meet semidistributive law (SD∧) in the com-
panion lattice 𝛾𝑑(L). Recall that a lattice is meet semidistributive if it satis-
fies the law

(SD∧) 𝑎 ∧ 𝑏 ≈ 𝑎 ∧ 𝑐 implies 𝑎 ∧ 𝑏 ≈ 𝑎 ∧ (𝑏 ∨ 𝑐).
Corollaries 3.30 and 3.31 below say that, with an additional hypothesis,
(SD∧) holds for certain triples in 𝛾𝑑(L). However, there must be a con-
dition referring to the lattice L itself, because 𝛾𝑑(L) can be any algebraic
lattice by Theorem 3.23.

To avoid confusion with substitutions, let us rewrite (K10) with different
letters:

(K10)* If 𝜏𝑥 ≤ 𝜏𝑦 and 𝛾𝑠 ≤ 𝛾𝑦 ≤ 𝛾(𝑟 ∨ 𝑠),
then 𝑥 ≤ 𝛾(𝜏(𝑟 ∨ 𝑠) ∧ (𝜏𝑟 ∨ (𝜏𝑠 ∧ 𝛾𝑥))).

Also, we must recall from Lemma 3.18 how to calculate in 𝛾𝑑(L):
�̂� ≤ 𝑦 iff 𝛾𝑥 ≥ 𝛾𝑦

�̂� ∧ 𝑦 = 𝜏(𝑥 ∨ 𝑦)
�̂� ∨ 𝑦 = 𝜏(𝛾𝑥 ∧ 𝛾𝑦)

Now we consider a couple types of instances of (SD∧) in 𝛾𝑑(L).
Corollary 3.30. Assume (L, 𝛾) can be represented by (Sp(S, 𝐻),Γ)with

S algebraic, 𝐻 a monoid of operators, and Γ the natural weak equaclosure
operator. For elements 𝑎, 𝑏, 𝑐 ∈ 𝐿, if

(1) 𝜏𝑏 ≤ 𝜏(𝑏 ∨ 𝑐),
(2) �̂� ∧ 𝑐 ≤ �̂� ∧ �̂� in 𝛾𝑑(L),

then
(3) �̂� ∧ �̂� = �̂� ∧ (�̂� ∨ 𝑐) in 𝛾𝑑(L).

In particular, (SD∧) holds for the triple (�̂�, �̂�, 𝑐) whenever 𝜏𝑏 ≤ 𝜏(𝑏 ∨ 𝑐).
Proof. The hypothesis (2) translates into 𝑏 ≤ 𝛾(𝑎 ∨ 𝑐). Into (K10)*,

substitute
𝑥 ↦→ 𝑏 𝑦 ↦→ 𝑏 ∨ 𝑐 𝑟 ↦→ 𝑎 𝑠 ↦→ 𝑐.

The hypotheses of (K10) are satisfied, so we conclude that
𝑏 ≤ 𝛾(𝜏(𝑎 ∨ 𝑐) ∧ (𝜏𝑎 ∨ (𝜏𝑐 ∧ 𝛾𝑏))) ≤ 𝛾(𝜏𝑎 ∨ (𝛾𝑐 ∧ 𝛾𝑏))).

This in turn translates into �̂�∧ (�̂�∨ 𝑐) ≤ �̂�, which gives the desired equality
�̂� ∧ �̂� = �̂� ∧ (�̂� ∨ 𝑐). �
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𝑧
𝑏 𝑑 𝑐

𝑎

𝑧

𝑑

�̂� �̂� 𝑐

0̂

Figure 3.9. Lattice with 𝛾𝑑(L) not meet semidistributive, but
easily representable as (Sp(S, 𝐻),Γ).

A slight twist yields another version.

Corollary 3.31. Assume (L, 𝛾) can be represented by (Sp(S, 𝐻),Γ)with
S algebraic, 𝐻 a monoid of operators, and Γ the natural weak equaclosure
operator. For elements 𝑎, 𝑏, 𝑐 ∈ 𝐿, if

(1) 𝜏𝑏 ≤ 𝜏(𝑏 ∨ 𝑐),
(2) 𝑐 ∧ �̂� = 𝑐 ∧ �̂� in 𝛾𝑑(L),

then
(3) 𝑐 ∧ �̂� = 𝑐 ∧ (�̂� ∨ �̂�) in 𝛾𝑑(L).

Thus (SD∧) holds for the triple (𝑐, �̂�, �̂�) whenever 𝜏𝑏 ≤ 𝜏(𝑏 ∨ 𝑐).
Proof. The hypothesis (2) yields both 𝑎 ≤ 𝛾(𝑏 ∨ 𝑐) and 𝑏 ≤ 𝛾(𝑎 ∨ 𝑐).

Into (K10)*, substitute
𝑥 ↦→ 𝑏 𝑦 ↦→ 𝑏 ∨ 𝑐 𝑟 ↦→ 𝑐 𝑠 ↦→ 𝑎.

The hypotheses of (K10) are satisfied, so we obtain that
𝑏 ≤ 𝛾(𝜏(𝑐 ∨ 𝑎) ∧ (𝜏𝑐 ∨ (𝜏𝑎 ∧ 𝛾𝑏))) ≤ 𝛾(𝜏𝑐 ∨ (𝛾𝑎 ∧ 𝛾𝑏))).

This translates into 𝑐 ∧ (�̂� ∨ �̂�) ≤ �̂�, which gives 𝑐 ∧ �̂� = 𝑐 ∧ (�̂� ∨ �̂�), as
desired. �

The lattice in Figure 3.9 has the same non-semidistributive (both ways)
companion as that in Figure 3.6, but is easily representable as (Sp(S, 𝐻),Γ)
by the method of Chapter 5, as we only need a map with 𝑧 → �̂�. (We have
not yet tried to represent it as Lq(𝒦).)

3.5. Directed meets in 𝜏(L)

Our last condition for equaclosure operators is comparatively simple.
Recall that the map 𝜏 need not be order-preserving. For arbitrary joins, we
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have Lemma 3.1: 𝜏(
⋁︀
𝑋) ≤ ⋁︀

𝑥∈𝑋 𝜏𝑥. Property (K11) is an analogue for
down-directed meets.

Theorem 3.32. The natural (weak) equaclosure operator on Sp(S, 𝐻)
satisfies
(K11) If 𝑥 and 𝑐𝑖 (𝑖 ∈ 𝐼) are such that

(a) 𝛾𝑐𝑖 = 𝑐𝑖,
(b) {𝑐𝑖 : 𝑖 ∈ 𝐼} is down-directed,
(c) 𝜏𝑐𝑖 ≤ 𝑥 for all 𝑖 ∈ 𝐼 ,
then 𝜏(

⋀︀
𝑖 𝑐𝑖) ≤ 𝑥.

Proof. In Sp(S, 𝐻), let 𝑋 be any 𝐻-closed algebraic set, and let 𝐶𝑖 for
𝑖 ∈ 𝐼 be a down-directed collection of Γ-closed sets. Thus we can write
𝐶𝑖 = ↑𝑐𝑖0 for each 𝑖. If property (c) holds, 𝜏(𝐶𝑖) = Ag(𝑐𝑖0) ≤ 𝑋 , then each
𝑐𝑖0 is in 𝑋 , and these least elements form an up-directed set in S. Hence⋁︀
𝑖 𝑐𝑖0 is in 𝑋 . Moreover, it is clearly the least element of

⋀︀
𝑖𝐶𝑖. Therefore

𝜏(
⋀︀
𝑖𝐶𝑖) = Ag(

⋀︀
𝑖 𝑐𝑖0) ≤ 𝑋 , as desired. �

Lemma 3.1 and Theorem 3.32 can be useful; see, e.g., the proof of The-
orem 5.13.

Example 3.33.

To show that (K11) is independent of the other ten properties of equa-
closure operators, we need a pair (L, 𝛾) that fails (K11) but satisfies the re-
maining properties. Let 𝜔+1 be the ordered set 0 < 1 < 2 < · · · < 𝜔. The
lattice L is the lattice of all subsets of 𝜔+1, which is (algebraic and) dually
algebraic. The closure operator 𝛾 uses the order on 𝜔 + 1: for 𝑆 ⊆ 𝜔 + 1,

𝛾(𝑆) = ↑𝑆 = ↑min(𝑆) .

One can check that 𝛾 satisfies (I1)–(I8) and (K9), (K10). For (I8), recall that
the boolean lattice B𝜔 is isomorphic to Sp(𝜔 + 1).

Now, into (K11) substitute 𝐶𝑗 = ↑ 𝑗 for 𝑗 ∈ 𝜔 + 1 and 𝑋 = 𝜔 =
{0, 1, 2, . . . }. We calculate that

⋀︀
𝑗∈𝜔 𝐶𝑗 = {𝜔} = 𝐶𝜔 while 𝜏(𝐶𝑗) = {𝑗}.

Thus 𝜏(𝐶𝑗) ≤ 𝑋 for 𝑗 ∈ 𝜔, but 𝜏(
⋀︀
𝑗∈𝜔 𝐶𝑗) = {𝜔} � 𝑋 , so that (K11)

fails.

3.6. More properties of equaclosure operators

3.6.1. Three properties of weak equaclosure operators. In this sub-
section we present some additional necessary conditions for representabil-
ity, denoted (E1)–(E3), that turned out to be consequences of (I1)–(I8) and
(K9)–(K11).

Proposition 3.34. Let 𝛾 be an equaclosure operator on a lattice L. Then
the following property holds.
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(E1) If 𝜏𝑎 ≤ 𝜏𝑏, then for every 𝑠 ∈ 𝐿 there exists 𝑠′ ≤ 𝜏𝑠 such that
𝜏(𝑎 ∨ 𝑠′) ≤ 𝜏(𝑏 ∨ 𝑠).

Proof. Recall the case |𝐼| = 1 of condition (K9):

(‡) 𝛾(𝑥 ∧ 𝜏(𝑥 ∨ 𝑧)) ≥ 𝑥 ∧ 𝜏𝑧.
Assume 𝜏𝑎 ≤ 𝜏𝑏 and without loss of generality 𝜏𝑎 = 𝑎, 𝜏𝑏 = 𝑏, 𝜏𝑠 = 𝑠.
(Since 𝛾(𝑥∨𝑦) = 𝛾(𝜏𝑥∨𝜏𝑦) holds in general, then 𝜏(𝑥∨𝑦) = 𝜏(𝜏𝑥∨𝜏𝑦).)
Into (‡) substitute 𝑥 ↦→ 𝜏𝑎 ∨ 𝑠 and 𝑧 ↦→ 𝜏𝑏, yielding

𝛾((𝜏𝑎 ∨ 𝑠) ∧ 𝜏(𝑏 ∨ 𝑠)) ≥ (𝜏𝑎 ∨ 𝑠) ∧ 𝜏𝑏 ≥ 𝜏𝑎.

Put 𝑟 = (𝜏𝑎 ∨ 𝑠) ∧ 𝜏(𝑏 ∨ 𝑠), and note that 𝜏𝑟 ≤ 𝜏(𝑏 ∨ 𝑠) and 𝑟 ≤ 𝜏𝑎 ∨ 𝑠.
Moreover, since 𝜏𝑎 ≤ 𝛾𝑟 by the displayed inequality, 𝑟′ = 𝜏𝑎 ∨ 𝑟 has
𝛾𝑟′ = 𝛾𝑟, whence 𝜏𝑟′ = 𝜏𝑟. Thus 𝜏𝑟′ ≤ 𝜏(𝑏 ∨ 𝑠) and 𝜏𝑎 ≤ 𝑟′ ≤ 𝜏𝑎 ∨ 𝑠.
Consider that

𝑟′ ≤ 𝛾𝑟′ ∧ (𝜏𝑎 ∨ 𝑠) = 𝜏𝑎 ∨ (𝛾𝑟′ ∧ 𝑠)
by meet distributivity, and put 𝑠′ = 𝛾𝑟′ ∧ 𝑠. Then 𝑠′ ≤ 𝑠 = 𝜏𝑠 and 𝑟′ ≤
𝜏𝑎 ∨ 𝑠′ ≤ 𝛾𝑟′, so that 𝛾(𝑎 ∨ 𝑠′) = 𝛾𝑟′ and 𝜏(𝑎 ∨ 𝑠′) = 𝜏𝑟′ ≤ 𝜏(𝑏 ∨ 𝑠). �

There is a lattice that satisfies (E1) but fails (‡), so in fact (‡) is strictly
stronger.

The next two conditions follow from condition (I6), the meet distribu-
tivity of 𝛾𝑥.

Proposition 3.35. Let 𝛾 be an equaclosure operator on a lattice L. Then
the following property holds.

(E2) If 𝜏𝑎 < 𝜏𝑏 and 𝛾𝑏 = 𝛾(𝑟∨ 𝑠), then 𝜏𝑎 ≤ 𝜏(𝜏𝑟∧ 𝛾𝑎)∨ 𝜏(𝜏𝑠∧ 𝛾𝑎).
Proof. We calculate:

𝜏𝑎 ≤ 𝛾𝑎 ∧ 𝜏𝑏
≤ 𝛾𝑎 ∧ (𝜏𝑟 ∨ 𝜏𝑠)
= (𝛾𝑎 ∧ 𝜏𝑟) ∨ (𝛾𝑎 ∧ 𝜏𝑠)
≤ 𝛾𝑎.

So 𝜏𝑎 = 𝜏((𝛾𝑎∧𝜏𝑟)∨(𝛾𝑎∧𝜏𝑠)) ≤ 𝜏(𝛾𝑎∧𝜏𝑟)∨𝜏(𝛾𝑎∧𝜏𝑠) by Lemma 3.1.
�

The meet distributivity of 𝛾(𝑥) also gives a condition on minimal join
covers in 𝛾(L).

Proposition 3.36. Let 𝛾 be an equaclosure operator on a lattice L. Then
the following property holds.

(E3) If [𝑎]∨[𝑏] = [𝑧] > [𝑐] is a minimal join cover in 𝛾(L), then 𝜏𝑧 � 𝜏𝑐.
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Proof. For notational convenience assume 𝑎 = 𝜏𝑎, etc. Then
𝛾𝑐 ∧ (𝑎 ∨ 𝑏) = (𝛾𝑐 ∧ 𝑎) ∨ (𝛾𝑐 ∧ 𝑏).

We cannot have 𝛾𝑐 ≥ 𝑎 and 𝛾𝑐 ≥ 𝑏, else [𝑐] = [𝑎] ∨ [𝑏]. Hence, by the
minimality of the join cover, the join on the right is some [𝑤]with [𝑤] � [𝑐].
So the class of the left hand side is not above [𝑐] either, whence 𝑎∨ 𝑏 � 𝑐, a
fortiori 𝑧 � 𝑐. �

3.6.2. An almost old observation. We will expand on the following
lemma proved in Adaricheva and Gorbunov [16, Lemma 1.6].

Lemma 3.37. For any dually algebraic lattice L and a preclop 𝛾, if 𝑎 =
𝛾(𝑎) and 𝑎 < 𝑏, then L1 = [𝑎, 𝑏] is a dually algebraic lattice with preclop
𝛾1(𝑥) = 𝛾(𝑥) ∧ 𝑏 for 𝑥 ∈ 𝐿1.

The preclop 𝛾1 onL1 is called the restriction of 𝛾 toL1. The new version
of the statement is the following.

Theorem 3.38. Let L = Sp(S, 𝐻) where S is algebraic and 𝐻 is a
monoid of operators. Let 𝐴 ∈ L with Γ(𝐴) = 𝐴, so that 𝐴 = ↑ 𝑎0. For
any 𝐵 ∈ 𝐿 with 𝐴 ⊆ 𝐵, there exists a set of operations 𝐻1 such that the
interval L1 = [𝐴,𝐵] of L is represented as Sp(𝐵,𝐻1). (The operations in
𝐻1 preserve nonempty meets and nonempty directed joins, but not necessar-
ily 1.) Moreover, the natural equaclosure operator on L1 is the restriction
of the natural equaclosure operator on L.

Proof. Note that 𝐵, as an algebraic subset of L, is itself an algebraic
lattice. One needs to add operations to𝐻 to guarantee that 𝐴 is the smallest
element of Sp(𝐵,𝐻1). For each 𝑎 ∈ 𝐴 define the operation ℎ𝑎(𝑥) = 𝑥 ∧ 𝑎.
These operations preserve nonempty meets and nonempty directed joins (by
upper continuity). Let𝐻1 = 𝐻 ∪ {ℎ𝑎 : 𝑎 ∈ 𝐴}. Apparently, 𝐴 = ↑𝑎0 is the
smallest 𝐻1-closed algebraic subset of 𝐵.

Note that every𝐻-closed algebraic subset𝐶 of𝐵 that contains𝐴will be
closed under each ℎ𝑎. Thus there is a one-to-one correspondence between
the interval L1 = [𝐴,𝐵] of L and Sp(𝐵,𝐻1). Moreover, the Γ-closed sub-
sets of Sp(𝐵,𝐻1) are of the form ↑ 𝑐0 ∩ 𝐵 for an 𝐻-closed principal filter
with 𝑏0 ≤ 𝑐0 ≤ 𝑎0. Thus the natural equaclosure operator on Sp(𝐵,𝐻1) is
the restriction to 𝐵 of the natural equaclosure operator on Sp(S, 𝐻). �





CHAPTER 4

Preclops on finite lattices

It takes at least five years of rigorous training to be sponta-
neous. – Martha Graham
Après cela, il y aura, j’espère, des gens qui trouveront leur
profit à déchiffrer tout ce gâchis. – Evariste Galois

Our central problem for the next few chapters is this:
Given a finite lattice L, determine whether L ∼= Lq(𝒦) for
some quasivariety 𝒦.

We divide the problem into three parts.
(1) Does L support an equaclosure operator? If not, the answer is NO,

and we are done. In Chapter 4, we consider how to find all the preclops on
L. Those preclops can then be tested for (K9) and (K10) to see if we have an
equaclosure operator, the remaining properties (I8) and (K11) being trivial
when L is finite.

If L has one or more equaclosure operators, then we consider pairs
(L, 𝛾).

(2) Can the pair (L, 𝛾) be represented as (Sub(S,∧, 1, 𝐻),Γ) for S a
finite semilattice with operators and its natural weak equaclosure operator?
or more generally, as (Sp(S, 𝐻),Γ) with S an algebraic lattice? Chapters 5
and 6 address this topic.

If (L, 𝛾) can be represented as (Sub(S,∧, 1, 𝐻),Γ), then the pair is
(Lq(𝒦0),Γ) for a quasivariety of structures in a language without equality,
with Γ the natural equaclosure operator for quasivarieties.

(3) If (L, 𝛾) can be represented as (Sub(S,∧, 1, 𝐻),Γ), can we convert
the representation (Lq(𝒦0),Γ) to one (Lq(𝒦1),Γ) with 𝒦1 in a language
with equality? Methods that sometimes achieve this are described in Chap-
ter 7 under the names longstyle, shortstyle, and mediumstyle.

We have only partial answers to all three questions, to which we might
add two more unanswered questions:

(3a) When can we represent (L, 𝛾) with a quasivariety 𝒦2 of algebras?
That is, without using predicates.

(3b) When can we represent (L, 𝛾) with a locally finite quasivariety?
With this itinerary, let us begin the journey.

101
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4.1. Meet distributive elements and preclops

Recall that a preclop satisfies properties (I1)–(I7). This chapter explores
how to find preclops on finite join semidistributive lattices. Since property
(I7) always holds for closure operators on a finite lattice, it will not be a
concern in this chapter.

We consider join semidistributive lattices because every lattice Sp(S, 𝐻)
with S algebraic satisfies SD∨. When the lattice S is finite, then Sp(S, 𝐻) =
Sub(S,∧, 1, 𝐻), which has the stronger property of being a lower bounded
lattice. However, in Section 8.1 we will construct subquasivariety lattices
Lq(𝒦) that are finite and join semidistributive, but not lower bounded.

Call an element 𝑎 ∈ 𝐿meet distributive if 𝑎∧(𝑥∨𝑦) = (𝑎∧𝑥)∨(𝑎∧𝑦) for
all 𝑥, 𝑦 ∈ 𝐿. LetMD(L) denote the set of all meet distributive elements ofL.
Note thatMD(L) is ameet subsemilattice ofL containing 0 and 1. With each
0-1-meet subsemilattice𝐾 ofMD(L) we can associate the closure operator
𝜅(𝑥) =

⋀︀
(↑ 𝑥 ∩ 𝐾), that is, the least element of 𝐾 above 𝑥. Each such

closure operator on L satisfies conditions (I1)–(I4) and (I6), while none of
them need satisfy (I5). We can interpret (I5) for finite lattices as: 𝜅(𝑥) =
𝜅(𝑦) implies 𝜅(𝑥) = 𝜅(𝑥 ∧ 𝑦), or the subsemilattice form

(*) ↑𝑥 ∩𝐾 = ↑𝑦 ∩𝐾 implies ↑𝑥 ∩𝐾 = ↑(𝑥 ∧ 𝑦) ∩𝐾.

Theorem 4.1. Let L be a finite lattice. There is a one-to-one correspon-
dence between preclops on L and 0-1-meet subsemilattices 𝐾 of MD(L)
satisfying (*). Given a preclop 𝜅, the corresponding subsemilattice is 𝐾 =
𝜅(𝐿), the set of 𝜅-closed elements. Given𝐾, the corresponding closure op-
erator is 𝜅(𝑥) =

⋀︀
(↑𝑥 ∩𝐾).

Proof. Note that 𝑥 ≤ 𝜅(𝑥) ∈ 𝐾, so that for 𝑘 ∈ 𝐾 we have 𝑘 ≥ 𝑥 iff
𝑘 ≥ 𝜅(𝑥). Thus 𝜅(𝑥) = 𝜅(𝑦) iff ↑𝑥 ∩𝐾 =↑𝑦 ∩𝐾. With this observation,
(*) translates as 𝜅(𝑥) = 𝜅(𝑦)→ 𝜅(𝑥) = 𝜅(𝑥 ∧ 𝑦), which is (I5). �

Let Pre(L) denote the set of all preclops on a latticeL. Note that Pre(L)
may well be empty; indeed, that is the case for most finite lattices. When
Pre(L) is nonempty, the preclops are ordered pointwise: 𝛼 ≤ 𝛽 iff 𝛼(𝑥) ≤
𝛽(𝑥) for all 𝑥 ∈ 𝐿. As usual for closure operators, 𝛼 ≤ 𝛽 implies that every
𝛽-closed set is 𝛼-closed. In other words, if 𝛼 corresponds to A ≤ MD(L)
and 𝛽 to B, then 𝛼 ≤ 𝛽 iffA ⊇ B.

The next theorem reproduces the result from Adaricheva and Gorbunov
[16] that with this order the preclops form a meet semilattice.

Theorem 4.2. Let L be a finite lattice. If Pre(L) is nonempty, then it is
a meet semilattice.
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Proof. We show that if 𝐴 and 𝐵 are 0-1-subsemilattices of MD(L) sat-
isfying (*), then 𝐴 ∨ 𝐵 also satisfies (*). Note that since 1 is in 𝐴 and 𝐵,
we have 𝐴 ∨𝐵 = Sg(𝐴 ∪𝐵) = {𝑎 ∧ 𝑏 : 𝑎 ∈ 𝐴, 𝑏 ∈ 𝐵}.

Corresponding to 𝐴 ∨ 𝐵, let 𝜉(𝑥) = 𝛼(𝑥) ∧ 𝛽(𝑥). Note that 𝛼(𝑥) =
𝛼(𝜉(𝑥)) because 𝑥 ≤ 𝜉(𝑥) ≤ 𝛼(𝑥), and likewise 𝛽(𝑥) = 𝛽(𝜉(𝑥)). Thus
𝜉(𝑥) = 𝜉(𝑦) implies that 𝛼(𝑥) = 𝛼(𝜉(𝑥)) = 𝛼(𝜉(𝑦)) = 𝛼(𝑦), and similarly
that 𝛽(𝑥) = 𝛽(𝑦). But then

𝜉(𝑥 ∧ 𝑦) = 𝛼(𝑥 ∧ 𝑦) ∧ 𝛽(𝑥 ∧ 𝑦) = 𝛼(𝑥) ∧ 𝛽(𝑥) = 𝜉(𝑥),

verifying that (I5) holds for 𝜉 = 𝛼 ∧ 𝛽. �

In fact, it is shown in [16] that if L is join continuous and Pre(L) is
nonempty, then it is closed under arbitrary nonempty meets. This leads us
to ask: Is Pre(L) closed under directed joins? If so, that would ensure the
existence of maximal preclops in the infinite case.

Throughout what follows we will let 𝜇 denote the map on 𝐿

𝜇(𝑥) =
⋀︁

(↑𝑥 ∩MD(L)),

which may or may not satisfy (I5). If 𝜇 satisfies (I5), then it is the least
member of Pre(L).

Figure 4.1 shows all the preclops on a lattice W, and their order. Since
we will use this example again, it is namedW forWill, in honor of William
the Bastard, who had to conquer England (1066) in order to change his nick-
name.

Given a finite lattice L, how do we go about determining whether L sup-
ports a preclop? If it does, how do we find Pre(L)? This is a two-part
question: first, we must find the set of meet distributive elements MD(L),
and then decide which subsemilattices of that satisfy (I5). The next few re-
sults address the first part by characterizing meet distributive elements in a
way that is easily tested. Later, Section 4.2 presents an algorithm that ter-
minates with no possible preclop or it constructs the least preclop on L if
Pre(L) is nonempty.

Recall these basics from Alan Day’s theory of finite lower bounded lat-
tices, i.e., lower bounded homomorphic images of a free lattice [34]. (A
more complete summary is in Section 1.8.)

(1) 𝑥 D 𝑦 if some minimal nontrivial join cover of 𝑥 contains 𝑦.
(2) D0(L) is the set of join prime elements.
(3) Recursively, 𝑥 ∈ D𝑘+1(L) if every nontrivial join cover of 𝑥 refines

to one contained in D𝑘(L).
(4) A finite lattice is lower bounded if and only ifD𝑛(L) = L for some

𝑛.
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𝜇 𝛾1 𝛾2

𝛾3 𝛾4 𝛾5

𝛾6

Pre(W) 𝜇

𝛾1 𝛾6

𝛾2 𝛾3

𝛾5 𝛾4

Figure 4.1. A small lattice W with all its preclops, and the
ordered set Pre(W).

Let D denote the reflexive, transitive closure of the D relation on J(L), the
set of nonzero join irreducible elements of L, regarded as an ordered set.
On finite lattices in general, D is a quasi-order, but on finite lower bounded
lattices it is a partial order. (In fact, this is equivalent to lower boundedness.)

Finding (J(L),D) for a finite lattice is relatively straightforward. Min-
imal nontrivial join covers are pairs (𝑥, 𝑈) with 𝑥 ∈ J(L), 𝑈 ⊆ J(L) an
antichain, 𝑥 /∈ 𝑈 , such that 𝑥 ≤ ⋁︀

𝑈 but 𝑥 � 𝑢* ∨
⋁︀
(𝑈 ∖ {𝑢}) for each
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𝑢 ∈ 𝑈 , where 𝑢* denotes the unique element such that 𝑢 ≻ 𝑢*. We then
have 𝑥 D 𝑢 for every 𝑢 ∈ 𝑈 .

We say that a subset 𝑆 ⊆ 𝐿 is D-closed if for every pair of join irre-
ducible elements 𝑥, 𝑦 ∈ J(L), if 𝑥 ∈ 𝑆 and 𝑥 D 𝑦 then 𝑦 ∈ 𝑆.

Theorem 4.3. Let L be a finite lattice and 𝑎 ∈ 𝐿. Then 𝑎 ∈ MD(L)
if and only if ↓ 𝑎 is D-closed. In other words, for any 𝑥 ∈ 𝐿, 𝜇(𝑥) is the
least element 𝑚 of 𝐿 such that 𝑚 ≥ 𝑥 and ↓𝑚 is D-closed. Consequently,
𝑎 ∈ MD(L) if and only if ↓𝑎 ∩ J(L) is a filter in (J(L),D).

Proof. Assume 𝑎 ∈ MD(L), and let 𝑏 ≤ 𝑎 be join irreducible. If 𝑏 ≤⋁︀
𝑈 is a minimal nontrivial join cover, then 𝑏 ≤ 𝑎 ∧ (

⋁︀
𝑈) =

⋁︀
𝑢∈𝑈 𝑎 ∧ 𝑢,

whence 𝑢 ≤ 𝑎 for all 𝑢 ∈ 𝑈 . Thus ↓𝑎 is D-closed.
Conversely, assume that ↓𝑎 is D-closed. We want to show that 𝑎 ∧ (𝑥 ∨

𝑦) = (𝑎∧ 𝑥)∨ (𝑎∧ 𝑦) for any 𝑥, 𝑦 ∈ 𝐿. If suffices to show that for any join
irreducible element 𝑝, if 𝑝 ≤ 𝑎 ∧ (𝑥 ∨ 𝑦) then 𝑝 ≤ (𝑎 ∧ 𝑥) ∨ (𝑎 ∧ 𝑦).

If 𝑝 ≤ 𝑎 ∧ (𝑥 ∨ 𝑦), then 𝑝 ≤ 𝑎 and 𝑝 ≤ 𝑥 ∨ 𝑦. If 𝑝 ≤ 𝑥 or 𝑝 ≤ 𝑦,
then 𝑝 ≤ 𝑎 ∧ 𝑥 or 𝑝 ≤ 𝑎 ∧ 𝑦, whence 𝑝 ≤ (𝑎 ∧ 𝑥) ∨ (𝑎 ∧ 𝑦). If not,
then 𝑝 ≤ 𝑥 ∨ 𝑦 refines to a minimal nontrivial join cover 𝑝 ≤ ⋁︀

𝑈 with
𝑈 ≪ {𝑥, 𝑦}, meaning that for all 𝑢 ∈ 𝑈 , either 𝑢 ≤ 𝑥 or 𝑢 ≤ 𝑦. Now
𝑝 ≤ 𝑎, and for each 𝑢 ∈ 𝑈 we have 𝑢 ∈ J(L) and 𝑝 D 𝑢. Since ↓ 𝑎 is D-
closed, that implies 𝑢 ≤ 𝑎, whence either 𝑢 ≤ 𝑎∧𝑥 or 𝑢 ≤ 𝑎∧𝑦. Therefore
𝑝 ≤ ⋁︀

𝑈 ≤ (𝑎 ∧ 𝑥) ∨ (𝑎 ∧ 𝑦), as desired. �

Corollary 4.4. If ↓𝑎 ∩ J(L) ⊆ D0(L), then 𝑎 ∈ MD(L).

Proof. A join prime element has no nontrivial join cover. If ↓𝑎∩J(L) ⊆
D0(L), then ↓𝑎 is trivially D-closed. �

The next corollary says that in a finite join semidistributive lattice, only
a few elements need be tested for meet distributivity. Recall that in a finite
join distributive lattice, every element has a canonical join representation
𝑎 =

⋁︀
𝐶; see Section 1.8. Let CJ(𝑎) denote the set of canonical joinands

of an element 𝑎.

Corollary 4.5. Let L be a finite join semidistributive lattice. If 𝑎 ∈
MD(L), then CJ(𝑎) ⊆ D0(L).

Proof. When 𝑎 is meet distributive, then by Theorem 4.3, every minimal
nontrivial join cover of an element in ↓ 𝑎 is contained in ↓ 𝑎. The Jónsson-
Kiefer Property [68] says that in a finite join semidistributive lattice, the
canonical joinands of any element 𝑎 are join prime in ↓𝑎, that is, CJ(𝑎) ⊆
D0(↓ 𝑎). Thus the elements of CJ(𝑎) for 𝑎 ∈ MD(L) are join prime in
L. �
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Theorem 4.3 gives a practical method to findMD(L). From that, we can
determine the operator𝜇 andPre(L) for small lattices, and findingMD(L) is
the first step of the more general algorithm of Section 4.2 to decide whether
a finite lattice supports any preclop. Let us go through the details and then
an example.

Suppose we are given a finite join semidistributive lattice L. We begin
by finding J(L) and all the minimal nontrivial join covers, from which we
get theD relation on J(L). If L is lower bounded, then the transitive closure
D is a partial order. If L is not lower bounded, then D is only a quasi-
order, and we must factor out by the equivalence relation induced by cycles
𝑥1 D 𝑥2 D . . . D 𝑥𝑛 D 𝑥1. (This is relevant only when we are seeking an
infinite representation of a non-lower bounded lattice, as in Section 8.1.)
Let us assume that has been done. This enables us to draw the ordered set
(J(L),D). The join prime elements will be its maximal elements, since they
have no nontrivial join cover.

It is useful, though not strictly necessary, at this point to identify the set
𝐶 of candidates for MD(L), which are the join prime elements and their
joins. This includes 0, 1, and the canonical joinands of 1. If L is also meet
semidistributive, then its atoms are join prime, but otherwise they need not
be. Those members of 𝐶 that satisfy the property that ↓𝑥 is D-closed con-
stitute MD(L).

Here is the algorithm for finding MD(L) and the operator 𝜇 for a finite
join semidistributive lattice, starting at the bottom of the lattice and working
our way up.

(0) Find the minimal nontrivial join covers in L and form the ordered
set (J(L),D).

(1) Index the elements of 𝐿 with a linear extension of the order of L:
𝐿 = ⟨𝑥0, 𝑥1, . . . , 𝑥𝑛⟩ so that 𝑥𝑖 ≤ 𝑥𝑗 implies 𝑖 ≤ 𝑗. (Thus 𝑥0 = 0
and 𝑥𝑛 = 1.)

(2) Set 𝑖 = 0,𝑀 = {0}, and 𝜇(𝑥0) = 0.
(3) Set 𝑖→ 𝑖+ 1.
(4) If 𝑖 > 𝑛 stop, return 𝜇, and return𝑀 asMD(L).
(5) If 𝑥𝑗 < 𝑥𝑖 ≤ 𝜇(𝑥𝑗) for some 𝑗 < 𝑖, set 𝜇(𝑥𝑖) = 𝜇(𝑥𝑗) and go to

step (3).
(6) Else, compute 𝜇(𝑥𝑖) as follows.

(a) 𝜇0(𝑥𝑖) = 𝑥𝑖
(b) Recursively, set

𝜇𝑘+1(𝑥𝑖) =
⋁︁
{𝑞 ∈ J(L) : 𝑝D 𝑞 for some 𝑝 ∈↓ 𝜇𝑘(𝑥𝑖) ∩ J(L)}.

(c) When 𝜇𝑘+1(𝑥𝑖) = 𝜇𝑘(𝑥𝑖), return 𝜇(𝑥𝑖) = 𝜇𝑘(𝑥𝑖).
(7) Set𝑀 →𝑀 ∪ {𝜇(𝑥𝑖)}.
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(8) Go to step (3).
The subroutine in step (6) calculates 𝜇(𝑥) as the least element 𝑚 ≥ 𝑥 such
that ↓𝑚 is D-closed, per Theorem 4.3.

We can prove that the algorithm is correct by applying the following
straightforward lemma.

Lemma 4.6. Let L be a finite lattice. For 𝑎 ∈ 𝐿, let
𝑛(𝑎) =

⋁︁
{𝑞 ∈ J(L) : 𝑝D 𝑞 for some 𝑝 ∈↓𝑎 ∩ J(L)}

so that 𝜇𝑘+1(𝑥) = 𝑛(𝜇𝑘(𝑥)). Then
(1) 𝑎 ≤ 𝑛(𝑎),
(2) if 𝑎 ≤ 𝑚 ∈ MD(L), then 𝑛(𝑎) ≤ 𝑚,
(3) 𝑛(𝑎) = 𝑎 if and only if 𝑎 ∈ MD(L).

Once we have found 𝜇, it remains to check whether property (I5) holds,
to see whether 𝜇 is a preclop. (Properties (I1)–(I4) and (I6) always hold
for 𝜇.) Sometimes a lattice L supports no preclop. But in Figure 4.9, there
is an example of a lattice that admits a real equaclosure operator, satisfying
(I1)–(I8) and (K9)–(K11), even though 𝜇 is not a preclop. And in Exam-
ple 4.13 we will see a lattice where 𝜇 is a preclop, but not an equaclosure
operator, because it fails the condition (‡) from (K9).

For small lattices, once we have MD(L) and 𝜇, it is not hard to find all
of Pre(L). Preclops on L correspond to 0-1-subsemilattices ofMD(L) that
satisfy (*) on page 102. The order on Pre(L) is of course reversed: if 𝛼
corresponds toA and 𝛽 to B, then 𝛼 ≤ 𝛽 iffA ⊇ B.

0

𝑠

𝑥

𝑦

𝑧 = 𝜇1(𝑥)

𝑡

𝑣

𝑤

1 = 𝜇2(𝑥)

𝑦

𝑥𝑣

𝑠 𝑡

Figure 4.2. Lattice G for Example 4.7 and (J(G),D)

Example 4.7.
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Consider the lattice G on the left in Figure 4.2. The minimal nontrivial
join covers in G are

𝑥 ≤ 𝑠 ∨ 𝑡
𝑦 ≤ 𝑠 ∨ 𝑡
𝑦 ≤ 𝑥 ∨ 𝑣

yielding (J(G),D) as on the right in the figure. The join prime elements are
𝑠, 𝑡, and 𝑣, making the candidates formeet distributivity𝐶 = {0, 𝑠, 𝑡, 𝑣, 𝑧, 1}.
Thus it makes sense to list 𝐺 as ⟨0, 𝑠, 𝑡, 𝑣, 𝑥, 𝑦, 𝑧, 𝑤, 1⟩ in step (1) of the al-
gorithm.

We easily get 𝜇(0) = 0, 𝜇(𝑠) = 𝑠, 𝜇(𝑡) = 𝑡, and 𝜇(𝑣) = 𝑣. The crucial
step in the algorithm is to calculate 𝜇(𝑥):

𝜇0(𝑥) = 𝑥

𝜇1(𝑥) =
⋁︁
{𝑥, 𝑠, 𝑡} = 𝑧

𝜇2(𝑥) =
⋁︁
{𝑥, 𝑠, 𝑡, 𝑦, 𝑣} = 1

whence 𝜇(𝑥) = 1. It follows of course that 𝜇(𝑎) = 1 for all 𝑎 ≥ 𝑥, and thus
we obtain MD(G) = {0, 𝑠, 𝑡, 𝑣, 1}. This gives 𝜇 as indicated on the left in
Figure 4.3, and this indeed satisfies (I5), so 𝜇 is a preclop.

0

𝑠

𝑥

𝑦

𝑧

𝑡

𝑣

𝑤

1

0

𝑠

𝑥

𝑦

𝑧

𝑡

𝑣

𝑤

1

Figure 4.3. The two preclops onG from Example 4.7. Meet
distributive elements are marked with solid dots.

Suppose 𝛾 is another preclop on G, whence 𝛾 > 𝜇. Since 𝑥 ∧ 𝑡 = 0
and 𝛾(𝑥) = 1, we must have 𝛾(𝑡) = 𝑡. If 𝛾(𝑣) > 𝑣, then 𝛾(𝑣) = 1, so
that by (I5), 𝛾(𝑠) = 1. This is a valid possibility, and we obtain the second
preclop 𝛾 drawn in Figure 4.3. Thus Pre(G) consists of the two preclops in
that figure.
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In Section A.1 we will representG as Sub(T,∧, 1, 𝐻) for a finite semi-
lattice with operators.

It is a good exercise to replicate Figure 4.1 by applying the algorithm to
the lattice W.

4.1.1. Some finite join semidistributive lattices that support no pre-
clop. The lattices in Figure 4.4 are both upper and lower bounded, but admit
no preclop. To see that there is no preclop, we repeatedly use the following
argument, which we record for future reference.

Lemma 4.8. If 𝛾 is a preclop on L, 𝑥 ∈ J(L), and 𝑥 D 𝑦, then 𝛾(𝑥) ≥
𝑥 ∨ 𝑦.

This is because 𝜇(𝑥) ∈ MD(L) and 𝜇(𝑥) ≥ 𝑥 ∨ 𝑦 by Theorem 4.3, and
𝛾 ≥ 𝜇.

0
H

𝑏 𝑑

𝑎 𝑐

1

0
J

𝑞 𝑠

𝑝 𝑟

𝑡

1

Figure 4.4. Examples of lower bounded lattices that support
no preclop. These two lattices are also upper bounded.

Suppose 𝛾 were a preclop on the hexagon H on the left of Figure 4.4.
Since 𝑎 ≤ 𝑏 ∨ 𝑑 is a minimal nontrivial join cover, we have 𝑎 D 𝑑, whence
𝛾(𝑎) ≥ 𝑎 ∨ 𝑑 = 1, so 𝛾(𝑎) = 1. Similarly 𝛾(𝑐) = 1. But then property (I5)
implies 𝛾(0) = 𝛾(𝑎 ∧ 𝑐) = 1, contradicting (I4). Thus there is no preclop
on the hexagon.

Suppose 𝛾 were a preclop on the lattice J on the right of Figure 4.4. In
this lattice, 𝑝 ≤ 𝑞 ∨ 𝑟 and 𝑟 ≤ 𝑠 ∨ 𝑡 are minimal nontrivial join covers.
In particular, 𝑝 D 𝑟 and 𝑟 D 𝑡. Therefore 𝛾(𝑡) ≥ 𝛾(𝑝) ≥ 𝑟, so 𝛾(𝑡) = 1.
Likewise, 𝛾(𝑟) ≥ 𝑟∨𝑡, whence 𝛾(𝑟) = 1. Thus by (I5), 𝛾(0) = 𝛾(𝑟∧𝑡) = 1,
contradicting (I4). So again we conclude that the lattice supports no preclop.

An alternative argument, really just a variation, works for the hexagon.
By Corollary 4.5, every 𝛾(𝑥) is a join of join-prime elements. Thus 𝛾(𝐿) ⊆
{0, 𝑏, 𝑑, 1}. This yields 𝛾(𝑎) = 𝛾(𝑐) = 1 and the same contradiction as
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before. But 𝑡 ∈ D0(L) for the second lattice, so the weaker argument does
not suffice for it.

The following result fromAdaricheva andGorbunov [16] is a good source
of examples. Recall that the lattice Co(P) of convex subsets of a finite or-
dered setP is atomistic and join semidistributive; it is lower bounded if and
only ifP does not contain a 4-element chain. LetP5 be the ordered set with
𝑎 < 𝑏 < 𝑐 > 𝑑 > 𝑒.

Theorem 4.9. The following properties are equivalent for a finite ordered
set P.

(1) Co(P) ∼= Lq(𝒦) for some quasivariety 𝒦.
(2) Co(P) admits a preclop.
(3) Co(P) admits an equaclosure operator.
(4) P contains none of 4, 22, P5, and P𝑑

5.

An easy part of Theorem 4.9, that (2) is equivalent to (4), fits into the
current discussion. Note that Co(P) is atomistic, with 1-element subsets
being the atoms; let us denote 𝑎 = {𝑎}. Arguments similar to those used for
the lattices in Figure 4.4 show that if P contains one of the four forbidden
subposets, thenCo(P) does not support a preclop. For example, assume that
P contains P5, and suppose that 𝛾 is a preclop on Co(P). Note that {𝑎, 𝑑}
and {𝑏, 𝑒} are convex, since the elements in these sets are incomparable.
Moreover, inCo(P)we have 𝑏 D 𝑎, 𝑐 and 𝑑 D 𝑐, 𝑒. Thus 𝛾({𝑎, 𝑑}) contains
{𝑐, 𝑒}, hence by convexity also {𝑏}, so that 𝛾({𝑎, 𝑑}) ⊇ {𝑎, 𝑏, 𝑐, 𝑑, 𝑒} ⊇
{𝑏, 𝑒}. Similarly, 𝛾({𝑏, 𝑒}) ⊇ {𝑎, 𝑏, 𝑐, 𝑑, 𝑒} ⊇ {𝑎, 𝑑}. Thus 𝛾({𝑎, 𝑑}) =
𝛾({𝑏, 𝑒}), while {𝑎, 𝑑}∩{𝑏, 𝑒} = ∅, contradicting (I5). The other cases are
similar.

On the other hand, if P contains none of the forbidden four subposets,
then it is not hard to see that Co(P) is a direct product of copies of Co(3),
which does admit a preclop, and the lattice 2. It is straightforward that a
direct product of lattices that support a preclop itself supports a preclop. So
for any ordered set that does not contain 4, 22, P5, or P𝑑

5, the lattice Co(P)
does admit a preclop.

See also Theorem 4.11 below with regard to the equivalence of (1) and
(3).

The class of all finite lattices that admit a preclop is not even closed under
taking 0-1-sublattices. Let K = 3 × 3, with the two corner points labeled
𝑐 and 𝑑. Form L by doubling both 𝑐 and 𝑑. The lattice L is bounded, and
admits the equaclosure operator 𝛾 with 𝛾(𝑐1) its upper cover, 𝛾(𝑑1) its upper
cover, and 𝛾(𝑥) = 𝑥 otherwise. See Figure 4.5. Indeed, this lattice can easily
be represented as Sub(S,∧, 1, 𝐻) using the methods of Chapter 7. But L
contains the hexagon, which does not admit a preclop, as a 0-1-sublattice.
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𝑎 𝑏

𝑐0 𝑑0

𝑐1 𝑑1

Figure 4.5. Preclop on lattice containing a hexagon

In fact, every finite lower bounded lattice K can be 0-1-embedded into
a lattice L = Sub(S,∧, 1) for some finite finite lattice S, due to Adaricheva
[10]; see Theorem 4.30 below. Every suchL admits an equaclosure operator,
while K may not.

The one positive result on sublattices is Lemma 3.37 above, from [16]:
For any dually algebraic lattice L and preclop 𝛾, if 𝑎 = 𝛾(𝑎) and 𝑎 < 𝑏,
then the interval S = [𝑎, 𝑏] is a dually algebraic lattice with preclop 𝜎(𝑥) =
𝛾(𝑥) ∧ 𝑏 for 𝑥 ∈ 𝑆. The nontrivial part of the proof is checking (I5), where
we use the observation that 𝑥 ≤ 𝜎(𝑥) ≤ 𝛾(𝑥), whence 𝜎(𝑥) = 𝜎(𝑦) implies
𝛾(𝑥) = 𝛾(𝑦).

4.1.2. Examples and sufficient conditions. There are a few sufficient
conditions to ensure that a finite lattice supports a preclop.

(1) On a finite distributive lattice, the identity map 𝑖(𝑥) = 𝑥 is a preclop.
(2) A linear sum 1+ L always has the preclop

𝛾(𝑥) =

{︃
0 if 𝑥 = 0

1 otherwise.

This is bad news in a sense: any condition necessary for a lattice to admit
a preclop must involve the least element 0. Indeed, Chapter 8 will feature
examples of lattices such that L does not admit a preclop, but 1 + L is iso-
morphic to Lq(𝒦) for a quasivariety 𝒦.

(3) It is easy to see that ifL1 andL2 admit a preclop, then so doesL1×L2.
(4) The next observation is that if L has a least join-irreducible-but-not-

join-prime element, then it supports a preclop.
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Theorem 4.10. Let L be a finite lattice. If J(L) ∖D0(L) contains a least
element 𝑢, then L admits the preclop

𝜅(𝑥) =

{︃
𝑥 if 𝑥 � 𝑢

1 if 𝑥 ≥ 𝑢.

Proof. We need to know that if 𝑥 � 𝑢, then 𝑥 ∈ MD(L). Since every
join irreducible below 𝑥 will be join prime, this is so, as in Corollary 4.4.
Property (I5) is immediate. �

The latticeG of Example 4.7 illustrates Theorem 4.10; see the first pre-
clop in Figure 4.3.

The variety ℒℬ(𝑘) of lower bounded lattices of rank 𝑘 is generated by
all finite lattices L with J(L) ⊆ D𝑘(L); see [88]. Theorem 4.10 includes all
subdirectly irreducible lattices in ℒℬ(1), which have exactly one non-join-
prime join irreducible element. In fact, Theorem 8.7 will show that every
finite, subdirectly irreducible, lower bounded lattice of rank 1 is isomorphic
to Sub(S,∧, 1, 𝐻) for a finite semilattice with operators.

The lattices in Figure 4.4 show that this does not extend. The hexagon
is in ℒℬ(1) with 2 join irreducibles in D1(H), while the second lattice B is
in ℒℬ(2) with 1 join irreducible in each of D1(B) and D2(B) ∖D1(B).

4.1.3. Finite atomistic lattices. Every finite atomistic lattice that ad-
mits an equaclosure operator is a subquasivariety lattice. This result is due
to Adaricheva, Dziobiak and Gorbunov [13]; cf. Theorem 2.65.

Theorem 4.11. For a finite atomistic lattice L, the following are equiva-
lent.

(1) L ∼= Lq(𝒦) for some quasivariety 𝒦.
(2) L is isomorphic to Sub(S,∧, 1) for some finite semilattice S.
(3) L admits an equaclosure operator.

Note that a finite lattice that admits an equaclosure operator cannot con-
tain a D-cycle of atoms. For if there are atoms 𝑎, 𝑏 such that 𝑎 D𝑚 𝑏 D𝑚 𝑎,
then 𝑏 ≤ 𝜇(𝑎) and 𝑎 ≤ 𝜇(𝑏) by Theorem 4.3. Thus 𝜇(𝑎) = 𝜇(𝑏), and
since 𝛾 ≥ 𝜇 for every equaclosure operator 𝛾, this implies 𝛾(𝑎) = 𝛾(𝑏) =
𝛾(𝑎 ∧ 𝑏) = 𝛾(0) = 0, a contradiction.

As a consequence, every finite atomistic lattice of subquasivarieties is
lower bounded, but not conversely. For example, the lattice B−

4 that is a
boolean algebra on 4 atoms with one coatom removed, is lower bounded
and atomistic, but does not support an equaclosure operator. Finite non-
atomistic subquasivariety lattices need not be lower bounded [19].

Theorem 4.11 extends the finite case of Theorem 2.64, and in turn is ex-
tended to algebraic atomistic lattices with appropriate finiteness conditions
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added in Theorem 2.65 [52, 14]. In part (3) of the theorem, it is important
that L admits an equaclosure operator, not just a preclop, as it is required
that L be biatomic, which is a consequence of property (K9) (Theorem 3.9).

Lattices of subsemilattices of a meet semilattice with 1 (without opera-
tors for now) provide a rich source of examples.

Let S = (𝑆,∧, 1) be a finite meet semilattice with 1. There are at least
two (not necessarily distinct) preclops on Sub S, 𝜇 and the natural equaclo-
sure operator Γ.

Again, for 𝑥 ̸= 1 let 𝑥 denote the subsemilattice {𝑥, 1}; these are the
atoms (and the only join irreducibles) of Sub S.

Consider the operator 𝜇 on Sub S. For an element 𝑝 < 1, 𝜇(𝑝) is the
least subsemilattice X ≤ S such that

(1) 𝑝 ∈ 𝑋 ,
(2) if 𝑥 ∈ 𝑋 and 𝑥 = 𝑦 ∧ 𝑧 properly, then 𝑦, 𝑧 ∈ 𝑋 .

Note with respect to (2), that if 𝑥 = 𝑦 ∧ 𝑧 properly, then 𝑥 ≤ 𝑦 ∨ 𝑧 is a
minimal nontrivial join cover in Sub S, whence 𝑥 D 𝑦 and 𝑥 D 𝑧. For any
𝑌 ∈ Sub S, we then have 𝜇(𝑌 ) =

⋃︀{𝜇(𝑝) : 𝑝 ∈ 𝑌 }. This is because the
right hand side is D-closed.

It is a nontrivial exercise that 𝜇 on Sub S satisfies (I5), and thus is a
preclop [16].

There is also the natural equaclosure operator Γ on Sub S, which has
Γ(X) = ↑𝑥0 where 𝑥0 is the least element of X. Note that 𝜏(X) = 𝑥0 is an
atom. ThusΓ can have no proper extension, and it is maximal inPre(Sub S)
[16].

These observations can be summarized as follows.
Lemma 4.12. Let S = (𝑆,∧, 1) be a finite meet semilattice with 1. On the

lattice Sub S of 1-subsemilattices, 𝜇 is the minimal preclop and the natural
equaclosure operator Γ is a maximal preclop.

It is easy to design a semilattice S for which 𝜇 < Γ, which we leave as
an exercise.

Example 4.13.
The preclop 𝜇 on Sub S might not be a real equaclosure operator, as it

could fail one of (K9) or (K10). As an example, consider the semilattice
S* = 2 × 3 labeled as on the left in Figure 4.6. The right side of that
figure gives the ordered set (J(Sub S*),D). Evidently 𝜇 defined on Sub S*

satisfies 𝜇(𝑐) = 𝑆*, 𝜇(𝑏) = {𝑏, 𝑑, 𝑒, 1}, and 𝜇(𝑥) = {𝑥, 1} otherwise.
Substitute 𝑋 = {𝑏, 𝑑, 1} and 𝑍 = {𝑎, 𝑑, 1} into (‡), which is (K9) for finite
index sets. Then 𝜇(𝑍) = 𝑍 = 𝜏(𝑍), while 𝑐 = 𝑎 ∧ 𝑑 ∈ 𝑋 ∨ 𝑍 whence
𝜇(𝑋 ∨ 𝑍) = 𝑆*, so that 𝜏(𝑋 ∨ 𝑍) = 𝑐. Thus

𝑋 ∧ 𝜏(𝑍) = {𝑑, 1} � {1} = 𝜇(𝑋 ∧ 𝜏(𝑋 ∨ 𝑍))
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so that (‡) fails.

𝑐

𝑎 𝑏

𝑑 𝑒

1

𝑐

𝑎 𝑏

𝑑 𝑒

Figure 4.6. Semilattice S* = 2×3 and the join irreducibles
of Sub S* ordered by the D relation.

4.1.4. Necessary conditions. Roughly speaking, most lattices do not
support a preclop. Let us record some of the necessary conditions for one
to do so.

Dziobiak’s original condition from [38] is still useful.

Lemma 4.14. Let L be a finite lattice that admits a preclop. If an element
𝑢 is the join of 𝑛 atoms of L, then ↓𝑢 contains at most 2𝑛 − 1 atoms.

Proof. Assume L admits a preclop 𝛾, and let 𝑢 be an element that is a
join of atoms. Let the atoms below 𝑢 be 𝑝1, . . . , 𝑝𝑚 with 𝑢 = 𝑝1 ∨ . . . ∨ 𝑝𝑛.
For each 𝑖 ≤ 𝑚 we have, by meet distributivity (I6),

(*) 𝛾(𝑝𝑖) ∧ 𝑢 = 𝛾(𝑝𝑖) ∧ (𝑝1 ∨ . . . ∨ 𝑝𝑛)
= (𝛾(𝑝𝑖) ∧ 𝑝1) ∨ . . . ∨ (𝛾(𝑝𝑖) ∧ 𝑝𝑛).

Since each 𝑝𝑗 is an atom, 𝛾(𝑝𝑖) ∧ 𝑝𝑗 is either 𝑝𝑗 or 0. Moreover, we have
𝛾(𝑝𝑖) ∧ 𝑢 ≥ 𝑝𝑖, so for any given 𝑖 ≤ 𝑚 the right hand side of (*) cannot be
0. Thus 𝛾(𝑝𝑖) ∧ 𝑢 can take on one of at most 2𝑛 − 1 values, viz., the join of
a nonempty subset of {𝑝1, . . . , 𝑝𝑛}.

Suppose𝑚 ≥ 2𝑛. Then for some 𝑗 ̸= 𝑘 we have 𝛾(𝑝𝑗)∧ 𝑢 = 𝛾(𝑝𝑘)∧ 𝑢.
However, since 𝑝𝑖 ≤ 𝛾(𝑝𝑖) ∧ 𝑢 ≤ 𝛾(𝑝𝑖) for every index, we have 𝛾(𝛾(𝑝𝑖) ∧
𝑢) = 𝛾(𝑝𝑖). Hence

𝛾(𝑝𝑗) = 𝛾(𝛾(𝑝𝑗) ∧ 𝑢) = 𝛾(𝛾(𝑝𝑘) ∧ 𝑢) = 𝛾(𝑝𝑘).

Then by (I5), 𝛾(𝑝𝑗) = 𝛾(𝑝𝑗 ∧ 𝑝𝑘) = 𝛾(0) = 0, a contradiction. Therefore
𝑚 < 2𝑛. �

The next condition, which we have used before, is an easy consequence
of the fact that if L admits a preclop 𝜅, then 𝜅 ≥ 𝜇.

Theorem 4.15. Let L be a finite lattice. If L contains elements 𝑥, 𝑦 > 0
such that 𝑥 ∧ 𝑦 = 0 and 𝜇(𝑥) = 𝜇(𝑦), then L does not admit a preclop.
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Proof. Suppose that 𝑥, 𝑦 are as in the statement and that 𝛾 is a preclop on
L. Note that 𝑥 ≤ 𝜇(𝑥) ≤ 𝛾(𝑥), whence 𝛾(𝜇(𝑥)) = 𝛾(𝑥). Thus 𝜇(𝑥) = 𝜇(𝑦)
implies 0 < 𝛾(𝑥) = 𝛾(𝑦) = 𝛾(𝑥 ∧ 𝑦) = 𝛾(0), a contradiction. �

The following condition is a bit esoteric. It is offered as a new type of
result to pursue.

LetB be the bowtiewith 𝑎1, 𝑎2 < 𝑏1, 𝑏2. For 𝑘 ≥ 2 letY𝑘 be the ordered
set with 𝑎 < 𝑏 < 𝑐𝑗 for 1 ≤ 𝑗 ≤ 𝑘. See Figure 4.7.

𝑎1

𝑏1 𝑏2

𝑎2 𝑎

𝑏

𝑐1 𝑐2 𝑐𝑘

Figure 4.7. Ordered sets B andY𝑘

Lemma 4.16. Let L be a finite lower bounded lattice. If either
(1) B is an order filter in (J(L),D) and 𝑎1 ∧ 𝑎2 = 0 in L, or
(2) someY𝑘 (𝑘 ≥ 2) is an order filter in (J(L),D) and 𝑎∧ 𝑏 = 0 in L,

then L does not admit an equaclosure operator.

Proof. For case (1), both 𝑎1 ≤ 𝑏1 ∨ 𝑏2 and 𝑎2 ≤ 𝑏1 ∨ 𝑏2 are minimal
nontrivial join covers. Thus 𝑎𝑖 D 𝑏𝑗 for all pairs. By Theorem 4.3, we get
𝜇(𝑎𝑖) ≥ 𝑏1 ∨ 𝑏2 ≥ 𝑎𝑖. Hence 𝜇(𝑎1) = 𝜇(𝑏1 ∨ 𝑏2) = 𝜇(𝑎2), and we can apply
Theorem 4.15.

For case (2), let 𝐶 = {𝑐1, . . . , 𝑐𝑘}. The minimal nontrivial join covers
of 𝑏 are 𝑏 ≤ ⋁︀

𝑈 for various subsets 𝑉 ⊆ 𝐶, while there is a minimal
nontrivial join cover 𝑎 ≤ 𝑏 ∨ ⋁︀

𝑉 for some 𝑉 ⊆ 𝐶 (with 𝑏 �
⋁︀
𝑉 ).

Therefore, as in the first case, 𝜇(𝑎) = 𝜇(
⋁︀
𝐶) = 𝜇(𝑏) and we can again

apply Theorem 4.15. �

4.2. An algorithm to decide if a finite lattice supports a preclop

In this section we build an algorithm that determines whether a given
lattice has a preclop. If it does, the algorithm produces the minimal preclop
on the lattice. This extends and formalizes our earlier discussions of how to
find Pre(L) and how to determine whether 𝜇 is a preclop.

The authors thank David Casperson for his contributions to this section.
We start from the description of preclops in terms of equapartitions sug-

gested in [16].
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Theorem 4.17. Let L be a finite lattice, and letMD(L) be its semilattice
of meet distributive elements. Then L admits a preclop iff there exists a
subset 𝐻 ⊆ MD(L) and a map 𝛽 : 𝐻 → 𝐿 such that

(1) 0 ∈ 𝐻 ,
(2) 𝑏(ℎ) ≤ ℎ for all ℎ ∈ 𝐻 ,
(3) 𝐿 =

⋃︀
ℎ∈𝐻 [𝑏(ℎ), ℎ],

(4) if 𝑏(ℎ) ≤ 𝑘 for some ℎ, 𝑘 ∈ 𝐻 , then ℎ ≤ 𝑘.
If the conditions hold, the map 𝜅(𝑥) = ℎ if 𝑥 ∈ [𝑏(ℎ), ℎ] is a preclop.

Let L be a finite lattice with meet distributive elements MD(L). A pair
(𝑆, 𝛽) with 𝑆 a meet subsemilattice of L contained inMD(L) and 𝛽 : 𝑆 →
L, is a preclop setup if it satisfies

(Q1) 0 ∈ 𝑆,
(Q2) 𝛽(𝑥) ≤ 𝑥,
(Q3) 𝐿 =

⋃︀
𝑠∈𝑆[𝛽(𝑠), 𝑠],

(Q4) for all preclops 𝛾 ∈ Pre(L) we have 𝛾(𝐿) ⊆ 𝑆,
(Q5) for all preclops 𝛾 ∈ Pre(L) and 𝑠 ∈ 𝑆, 𝛾(𝛽(𝑠)) ≥ 𝛾(𝑠).

Notice that (Q5) implies that for all preclops 𝛾 ∈ Pre(L) and 𝑠 ∈ 𝑆,
𝛾(𝛽(𝑠)) = 𝛾(𝑠) as 𝛽(𝑠) ≤ 𝑠 and 𝛾 respects order.

Given a preclop setup (𝑆, 𝛽), a pair (𝑚,𝑛) ∈ 𝑆2 is called a conflict pair
if 𝛽(𝑚) ≤ 𝑛 but𝑚 � 𝑛.

Immediate consequences of these definitions are that 1 is in 𝑆 and it is a
(0, 1)-meet-subsemilattice of L. If 𝛽(𝑚) = 0 for some𝑚 ∈ 𝑆 with𝑚 ̸= 0,
then (𝑚, 0) is a conflict pair.

Recall that 𝜇 : 𝐿 → MD(L) is given by 𝜇(𝑥) is the least meet distribu-
tive element above 𝑥. Define 𝛽0 : MD(𝐿) → 𝐿 by 𝛽0(𝑚) =

⋀︀{𝑥 ∈ 𝐿 :
𝜇(𝑥) = 𝑚}.

Lemma 4.18. The pair (MD(L), 𝛽0) is a preclop setup.

Proof. It is sufficient to show that (Q5) holds. By (I6) any preclop 𝛾 has
the property that 𝛾(𝑥) is in MD(L) for every 𝑥 ∈ 𝐿. Set 𝐺𝑚 = {𝑦 ∈ 𝐿 :
𝜇(𝑦) = 𝑚}, so that for 𝑚 ∈ MD(L) we have 𝛽0(𝑚) =

⋀︀
𝐺𝑚. Consider

an element 𝑥 ∈ 𝐺𝑚. As 𝛾(𝑥) is meet distributive and above 𝑥, while 𝑚
is the least meet distributive element above 𝑥, we have 𝑚 ≤ 𝛾(𝑥) which
implies 𝛾(𝑚) ≤ 𝛾(𝑥). However, 𝛾 is order preserving and 𝑥 ≤ 𝑚, whence
𝛾(𝑥) ≤ 𝛾(𝑚). Thus 𝛾(𝛽0(𝑚)) = 𝛾(

⋀︀
𝐺𝑚) = 𝛾(𝑚) by (I5). �

Lemma 4.19. If a preclop setup (𝑆, 𝛽) has no conflict pairs, then 𝐿 =⋃︀
𝑠∈𝑆[𝛽(𝑠), 𝑠] is a partition.

Proof. Suppose 𝑥 ∈ [𝛽(𝑚),𝑚] ∩ [𝛽(𝑛), 𝑛] with 𝑚 ̸= 𝑛. Then either
𝑚 � 𝑛 or 𝑛 � 𝑚, say the former. That makes (𝑚,𝑛) a conflict pair as
𝛽(𝑚) ≤ 𝑥 ≤ 𝑛. �
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A conflict pair (𝑚,𝑛) ∈ 𝑆2 is maximal if every pair (𝑎, 𝑏) ∈ 𝑆2 with
either𝑛 < 𝑏 or𝑛 = 𝑏 and𝑚 < 𝑎 is not a conflict pair. This is lexicographical
order from right to left.

Given a preclop setup (𝑆, 𝛽) that is not a partition, choose a conflict pair
(𝑚,𝑛) ∈ 𝑆2. Such a pair exists by Lemma 4.19.

Set 𝑆 ′ = 𝑆 ∖ {𝑛}. Let 𝑎 = 𝑚 ⊕𝑆 𝑛 be the least element in 𝑆 above
𝑚 and 𝑛; this makes sense because 𝑆 is a meet subsemilattice of the finite
lattice L. Define 𝛽′ : 𝑆 ′ → 𝐿 by 𝛽′(𝑎) = 𝛽(𝑎) ∧ 𝛽(𝑛) and 𝛽′(𝑥) = 𝛽(𝑥)
otherwise. The pair (𝑆 ′, 𝛽′) is called a (𝑚,𝑛)-refinement of (𝑆, 𝛽).

Lemma 4.20. Let (𝑆, 𝛽) have (𝑚,𝑛)-refinement (𝑆 ′, 𝛽′) with (𝑚,𝑛) a
maximal conflict pair. Then either 𝛽′(𝑥) = 0 for some 𝑥 ̸= 0, or (𝑆 ′, 𝛽′) is
a preclop setup and |𝑆 ′| = |𝑆| − 1.

Proof. To see that 𝑆 ′ is meet closed, assume for contradiction that 𝑛 =
𝑢∧𝑣 with 𝑢, 𝑣 > 𝑛. This implies 𝛽(𝑚) ≤ 𝑢 and 𝛽(𝑚) ≤ 𝑣 as 𝛽(𝑚) ≤ 𝑛. As
(𝑚,𝑛) is a maximal conflict pair, the pairs (𝑢,𝑚) and (𝑣,𝑚) are not conflict
pairs. Thus𝑚 ≤ 𝑢 and𝑚 ≤ 𝑣, which implies𝑚 ≤ 𝑛, a contradiction.

Assume that 𝛽′(𝑥) ̸= 0 for 𝑥 ̸= 0; otherwise, the conclusion on the
lemma holds. Note this implies 0 ∈ 𝑆 ′. Since 𝛽′(𝑎) = 𝛽(𝑎) ∧ 𝛽(𝑛) and
𝑎 ≥ 𝑛 the interval [𝛽′(𝑎), 𝑎] contains both [𝛽(𝑎), 𝑎] and [𝛽(𝑛), 𝑛], so (Q3)
holds for 𝑆 ′. Clearly 𝛽′(𝑎) ≤ 𝛽(𝑎) ≤ 𝑎 so (Q2) holds for 𝑆 ′.

Assume that there is a preclop 𝛾 : 𝐿 → 𝐿. To see that (Q4) holds, for
contradiction pick 𝑢 ∈ 𝐿with 𝛾(𝑢) = 𝑛. Note 𝛾(𝑛) = 𝑛. As 𝛽(𝑚) ≤ 𝑛 and
𝛾 is a preclop, we have 𝛾(𝛽(𝑚)) ≤ 𝛾(𝑛) = 𝑛. By (Q5), 𝛾(𝛽(𝑚)) ≥ 𝛾(𝑚).
Thus 𝛾(𝑚) ≤ 𝛾(𝑛). That is, 𝑚 ≤ 𝛾(𝑚) ≤ 𝛾(𝑛) = 𝑛 which contradicts
𝑚 � 𝑛.

To see that (Q5) holds for 𝑆 ′, it suffices to show that 𝛾(𝛽′(𝑎)) ≥ 𝛾(𝑎).
This is done by showing 𝛾(𝛽(𝑎)) = 𝛾(𝛽(𝑛)) = 𝛾(𝑎), whereby (I5) implies
𝛾(𝛽′(𝑎)) = 𝛾(𝑎). From 𝛽(𝑚) ≤ 𝑛 we have 𝛾(𝑚) = 𝛾(𝛽(𝑚)) ≤ 𝛾(𝑛) and
we obtain 𝑛∨𝑚 ≤ 𝛾(𝑛)∨ 𝛾(𝑚) = 𝛾(𝑛) = 𝛾(𝛽(𝑛)). The fact that 𝛾(𝛽(𝑛))
is in 𝑆 by (Q4) means that 𝛾(𝛽(𝑛)) is larger than the least element in 𝑆 above
𝑚 ∨ 𝑛, which is 𝑎. Thus 𝛾(𝛽(𝑛)) ≥ 𝛾(𝑎). However 𝛽(𝑛) ≤ 𝑛 ≤ 𝑎 implies
𝛾(𝛽(𝑛)) ≤ 𝛾(𝑎). Thus 𝛾(𝛽′(𝑎)) = 𝛾(𝑎). �

The Refinement Algorithm for finding a minimal preclop, if one exists,
is found in the next theorem.

Theorem 4.21. Given a finite lattice L with meet distributive elements
MD(L) and map 𝜇 : 𝐿→ MD(L) where 𝜇(𝑥) is the least meet distributive
element above 𝑥. Set 𝑆0 = MD(L) and 𝛽0(𝑚) =

⋀︀{𝑥 ∈ 𝐿 : 𝜇(𝑥) = 𝑚}
for𝑚 ∈ MD(L).

Recursively do the following.
(1) If there is an𝑚 ∈ 𝑆𝑖 with 𝛽𝑖(𝑚) = 0 but𝑚 ̸= 0 then stop.



118 4. PRECLOPS ON FINITE LATTICES

(2) If 𝐿 =
⋃︀
𝑠∈𝑆𝑖

[𝛽𝑖(𝑠), 𝑠] is a partition then stop.
(3) If neither of the above holds then find amaximal conflict pair (𝑚,𝑛)

and construct (𝑆𝑖+1, 𝛽𝑖+1) the (𝑚,𝑛)-refinement of (𝑆𝑖, 𝛽𝑖).
This process terminates under either condition 1 with no possible pre-

clop or under condition 2 with preclop setup (𝑆𝑛, 𝛽𝑛). In the latter case
𝜅 : 𝐿 → MD(L) given by 𝜅(𝑥) = 𝑚 for 𝑥 ∈ [𝛽𝑛(𝑚),𝑚] is the minimal
preclop.

Proof. By Lemma 4.20 either the algorithm stops at Case (1), or the size
of the semilattice |𝑆𝑖| decreases at each step. Since 𝐿 is finite the process
must stop.

Assume that 𝛾 is a preclop and that during the running of this process
some 𝛽𝑖 and 𝑚 ̸= 0 satisfies 𝛽𝑖(𝑚) = 0. Then a contradiction arises as
0 = 𝛾(0) = 𝛾(𝛽(𝑚)) ≥ 𝛾(𝑚) ≥ 𝑚 > 0. Thus the existence of any preclop
implies the refinement process stops in Case (2).

Now assume the algorithm stops in Case (2) with (𝑆𝑛, 𝛽𝑛). The map 𝜅
is a preclop by Theorem 4.17 and it is minimal by (Q5). �

Figure 4.8 illustrates the D relation on a lattice, the meet distributive
elements, and the minimal preclop found by the Refinement Algorithm.

0

𝑎
𝑏

𝑐 𝑑

𝑒 𝑓

𝑔 ℎ

𝑖 𝑗

1

𝑑 𝑎 ℎ 𝑏

𝑓 𝑒 𝑖 𝑗

Figure 4.8. A lattice and its D relation on the join irre-
ducibles. Solid dots indicate the meet distributive elements.
Circles indicate the minimal preclop.

4.2.1. 0-separating homomorphisms. The lattices in Figure 4.9 pro-
vide a counterexample to the following conjecture, which seemed quite plau-
sible at the time.

Conjecture 4.22. If finite lattice L1 has a preclop, and 𝑓 : L1 → L2 is a
surjective 0-separating homomorphism, then L2 has a preclop as well.
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0

𝑎1

𝑎2
𝑏

𝑐 𝑑

𝑒 𝑓

𝑔 ℎ

𝑖 𝑗

1

0

𝑎1

𝑎2
𝑏1

𝑏2
𝑐1

𝑐2 𝑑

𝑒 𝑓

𝑔 ℎ

𝑖 𝑗

1

Figure 4.9. The first lattice does not admit a preclop. The
second lattice admits a preclop and has a 0-separating ho-
momorphism onto the first. Solid dots indicate the meet dis-
tributive elements. Red curves indicate the minimal preclop.

By extending the lattices in Figure 4.9 we obtain an example of a lattice
with a preclop and 0-separating homomorphism such that the algorithm fails
in the image on the 𝑛th step with 𝑛 > 1. Corollary 4.24 below is a partial
positive result saying that the algorithm will not fail on the first step. First
we need a lemma.

Given a surjective 0-separating homomorphism 𝑓 : L1 → L2, for an
element 𝑎 ∈ 𝐿2 let 𝑎′ denote the least preimage of 𝑎, that is, 𝑎′ =

⋀︀
𝑓−1(𝑎)

in L1.

Lemma 4.23. Suppose the finite latticeL1 has a preclop 𝜈, and 𝑓 : L1 →
L2 is a surjective 0-separating homomorphism. If 𝜇(𝑏1) = 𝜇(𝑏2) in L2, then
𝜈(𝑏′1) = 𝜈(𝑏′2) in L1.

Proof. First note that 𝑓(MD(L1)) ⊆ MD(L2), by a straightforward ar-
gument.

Let 𝑐 = 𝜇(𝑏1) = 𝜇(𝑏2). Apparently, 𝑏′𝑖 ≤ 𝑐′, for 𝑖 = 1, 2. Let 𝑚 ≥ 𝑏′𝑖 be
anymeet distributive element above 𝑏′𝑖 in𝐿1, for some fixed 𝑖 ∈ {1, 2}. Then
𝑓(𝑚) ≥ 𝑓(𝑏′𝑖) = 𝑏𝑖 is a meet distributive element above 𝑏𝑖 in 𝐿2. Therefore
𝑓(𝑚) ≥ 𝑐, which implies𝑚 ≥ 𝑐′. Thus we get 𝜇(𝑏′𝑖) ≥ 𝑐′ for both 𝑖 = 1, 2.
By a standard argument, we have 𝑏′𝑖 ≤ 𝑐′ ≤ 𝜇(𝑏′𝑖) ≤ 𝜈(𝑏′𝑖), which implies
𝜈(𝑐′) = 𝜈(𝑏′𝑖) for both 𝑖. �
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The first step of algorithm of Theorem 4.21 applied to the lattice 𝐿2

builds intervals [𝑏,𝑚] ⊆ 𝐿2, where 𝑚 is a meet distributive element and
𝑏 = 𝛽0(𝑚) =

⋀︀{𝑥 ∈ 𝐿2 : 𝜇(𝑥) = 𝑚}. The algorithm fails at the first step
if 𝛽0(𝑚) = 0 for some 𝑚 ∈ MD(L2). The next result says that this cannot
happen when L1 supports a preclop.

Corollary 4.24. Let L1, L2 be as in Lemma 4.23, and let [𝑏,𝑚] be one of
intervals built by the algorithm of Theorem 4.21 onL2 on the first step. Then
there exists an interval [𝑐, 𝜈(𝑐)] from the equapartition of L1 with respect to
𝜈 such that [𝑏,𝑚] ⊆ [𝑓(𝑐), 𝑓(𝜈(𝑐))]. In particular, 𝑏 ̸= 0, and the algorithm
never fails on L2 on the first step.

Proof. Let 𝑀 = {𝑧 ∈ 𝐿2 : 𝜇(𝑧) = 𝑚}. According to the lemma, for
any 𝑥, 𝑦 ∈ 𝑀 we have 𝜈(𝑥′) = 𝜈(𝑦′) = 𝑎 ∈ 𝐿1. By property (I5) for 𝜈, the
element 𝑏* =

⋀︀{𝑧′ : 𝑧 ∈ 𝑀} of 𝐿1 also has the properties 𝜈(𝑏*) = 𝑎 and
𝑓(𝑏*) = 𝛽0(𝑚) = 𝑏. In particular, 𝑏* ≥ 𝑐 =

⋀︀{𝑡 ∈ 𝐿1 : 𝜈(𝑡) = 𝑎}.
Also, according to proof of Lemma 4.23, 𝑚′ ≤ 𝜇(𝑧′) ≤ 𝜈(𝑧′) = 𝑎 for

any 𝑧′ ∈ 𝑀 , therefore, 𝑓(𝑚′) = 𝑚 ≤ 𝑓(𝑎). Thus, we have 𝑐 ≤ 𝑏* ≤ 𝑎,
whence we get 𝑓(𝑐) ≤ 𝑏 ≤ 𝑚 ≤ 𝑓(𝑎) = 𝑓(𝜈(𝑐)), as claimed. �

Let us do more analysis of the consecutive steps of the algorithm. If
for all built intervals [𝑏,𝑚] ⊆ 𝐿2, and for every 𝑦 ∈ [𝑏,𝑚] it holds that
𝜇(𝑦) = 𝑚, then intervals represent the partition of 𝐿2, and the algorithm
finishes on the first step.

If algorithm does not finish, then there exists an interval [𝑏,𝑚] and 𝑦 ∈
[𝑏,𝑚] such that 𝜇(𝑦) ∧ 𝑚1 < 𝑚. This would require resolution by taking
𝑏 := 𝑏 ∧ 𝑏1 and removing [𝑏1,𝑚1]. So the goal is to show that 𝑏 ∧ 𝑏1 ̸= 0.
If we have the same interval [𝑐, 𝜈(𝑐)] serving both [𝑏,𝑚] and [𝑏1,𝑚1] as per
Corollary 4.24, then this resolution still satisfies the conditions of Corollary
4.24. Note that this situation will always occur, if all elements 𝑥with 𝜇(𝑥) =
𝑚1 are in [𝑏,𝑚], so that [𝑏1,𝑚1] ⊆ [𝑏,𝑚].

Thus, for the nontrivial case, we should have 𝑝 ̸∈ [𝑏,𝑚]with 𝜇(𝑝) = 𝑚1.
In such a nontrivial case, we have two intervals: [𝑐1, 𝜈(𝑐1)] and [𝑐, 𝜈(𝑐)] so
that 𝑦′ ∈ [𝑐1, 𝜈(𝑐1)] and another 𝑦* ∈ [𝑐, 𝜈(𝑐)] such that 𝑓(𝑦′) = 𝑓(𝑦*) = 𝑦.
It is easy to show that 𝜈(𝑐1) ≤ 𝜈(𝑐).

4.3. Embedding a lower bounded lattice into Sub S

Our eventual goal (in later chapters) is the following scheme.
∙ Start with a finite lower bounded lattice L.
∙ If possible, represent L as Sub(S,∧, 1, 𝐻) for some finite meet
semilattice and set of operators.
∙ Again if possible, represent L as Lq(𝒦) for a quasivariety 𝒦.
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0

𝑎

𝑥

𝑎 ∨ 𝑏

𝑒

1

𝑑

𝑐

𝑏

Figure 4.10. Lattice L of Example 4.26

If L is join semidistributive but not lower bounded, then we would use
Sp(S, 𝐻) for an infinite algebraic lattice in the second step. Toward that end,
in this section we consider in detail embeddings of a finite lower bounded
lattice into Sub(S,∧, 1), with the operators to be added later to convert the
embedding into an isomorphism with Sub(S,∧, 1, 𝐻), when possible.

It was shown in [10] that any finite lower bounded lattice can be embed-
ded into Sub S for some finite semilattice S, which we reproduce as Theo-
rem 4.30 below. This construction yields a (0, 1)-embedding, but it need not
be atom-preserving. See also Theorem 2-2.8 of [20], and the independent
proof of Repnitskiı̆ [101]. The same sort of construction embeds a finite
join semidistributive (but not lower bounded) lattice L into Sub S with S
infinite.

Example 4.25.

The lower bounded (and biatomic) lattice Co(P5) of convex subsets of
partially ordered set P5 = {𝑎, 𝑏, 𝑐, 𝑑, 𝑒} with 𝑎 < 𝑏 < 𝑐 > 𝑑 > 𝑒 cannot
be embedded into Sub S atom-preservingly for any finite semilattice S. It
is also known from [16] that Co(P5) does not have a preclop. These two
observations about Co(P5) might be connected, but it is still vague.

At one point, it was conjectured that if a finite lower bounded lattice can
be embedded into Sub S atom-preservingly, then it has a preclop. However,
this is false, as shown by the next example.

Example 4.26.

Let S be freely generated by {𝑎, 𝑏, 𝑐1, 𝑐2} and identify the elements

𝑥 = 𝑎 ∧ 𝑏 𝑑 = 𝑎 ∧ 𝑐1 𝑒 = 𝑎 ∧ 𝑐2.
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The lattice in Figure 4.10 can be embedded atom-preservingly into Sub S,
but it does not admit a preclop. An embedding of L into Sub(𝑆,∧, 1) is
given by

𝑎 = {𝑎, 1} 𝑥 ↦→ {𝑎, 𝑥, 1}
𝑏 ↦→ {𝑏, 1} 𝑎 ∨ 𝑏 ↦→ {𝑎, 𝑏, 𝑥, 1}

𝑐 ↦→ {𝑏, 𝑐1, 𝑐2, 1} 𝑑 ↦→ {𝑏, 𝑐1, 𝑐2, 𝑑, 1}
𝑒 ↦→ {𝑎, 𝑥, 𝑏, 𝑒, 1} 1 ↦→ 𝑆

However, exactly as in the first lattice in Figure 4.9, L does not admit a
preclop.

We collect some easy facts about preclops on sublattices of Sub S. Again
it is convenient to consider meet semilattices with a constant 1, so that the
bottom element of Sub S is {1}. The problem then becomes: Given a (0, 1)-
sublattice K ≤ Sub(S,∧, 1), find the preclops in Pre(K).

Let 𝜀 be a quasi-order (reflexive, transitive) on S. We will call this quasi-
order distributive if

(i) (𝑎 ∧ 𝑏) 𝜀 𝑐 implies there are 𝑎′, 𝑏′ ∈ 𝑆 such that 𝑎 𝜀 𝑎′, 𝑏 𝜀 𝑏′ and
𝑐 = 𝑎′ ∧ 𝑏′,

(ii) 1 𝜀 𝑥 implies 𝑥 = 1.
Denote by Sub(S, 𝜀) the lattice of 𝜀-closed subsemilattices of S, i.e., sub-
semilattices 𝑋 ∈ Sub S such that 𝑎 ∈ 𝑋 and 𝑎 𝜀 𝑏 implies 𝑏 ∈ 𝑋 .

The next lemma shows that distributive quasi-orders determine sublat-
tices of Sub S, and vice versa. The idea goes back to Gorbunov and Tu-
manov [53]; this version is from Section 4-3.1 of [21].

Lemma 4.27. For any distributive quasi-order 𝜀 on a finite semilattice
S, Sub(S, 𝜀) is a (0, 1)-sublattice of Sub S.

Conversely, for any (0, 1)-sublattice T ≤ Sub S, there is a distributive
quasi-order 𝜌 on S such that T = Sub(S, 𝜌). Moreover, 𝜌 can be chosen to
also satisfy

(iii) If 𝑐 𝜌 𝑑, 𝑒 then 𝑐 𝜌 (𝑑 ∧ 𝑒).
(iv) For all 𝑐 ∈ 𝑆, 𝑐 𝜌 1.
Proof. Let 𝜀 be a distributive quasi-order on a semilattice S. It is clear

that the intersection of 𝜀-closed subsemilattices is 𝜀-closed. Condition (i)
is designed to ensure that the join of 𝜀-closed subsemilattices is 𝜀-closed,
while (ii) guarantees that {1} is 𝜀-closed.

Conversely, suppose we are given a (0,1)-sublatticeT ≤ Sub S. For the
quasi-order 𝜌 in the second part, let 𝑐 𝜌 𝑑 if for all 𝑋 ∈ T, 𝑐 ∈ 𝑋 implies
𝑑 ∈ 𝑋 .
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For each subset 𝐴 ⊆ 𝑆, let Tg(𝐴) =
⋂︀{𝑋 ∈ T : 𝐴 ⊆ 𝑋}, that is, the

least subsemilattice in T containing 𝐴. Then
∙ Tg({𝑎}) = {𝑏 ∈ 𝑆 : 𝑎 𝜌 𝑏},
∙ Tg(𝐴) = 𝐴 iff 𝐴 ∈ T.

Thus a subset 𝐴 ⊆ S is a 𝜌-closed subsemilattice if and only if 𝐴 ∈ T, so
that T = Sub(S, 𝜌).

It is straightforward to check that 𝜌 has properties (ii), (iii), and (iv).
For (i), assume that (𝑎 ∧ 𝑏) 𝜌 𝑐. Now 𝑎 ∧ 𝑏 ∈ Tg(𝑎) ∨ Tg(𝑏) ∈ T, so
𝑐 ∈ Tg(𝑎)∨Tg(𝑏). Thus 𝑐 = 𝑎′∧𝑏′ for some 𝑎′ ∈ Tg(𝑎) and 𝑏′ ∈ Tg(𝑏). �

Remember, though, not every sublattice of Sub S admits a preclop.
Let us call an element 𝑥 ∈ 𝑆 an 𝜀-element, if 𝑥 𝜀 𝑦 implies 𝑦 ≥ 𝑥.
The following property of a quasi-order was introduced in [50]. We say

that the quasi-order 𝜀 is filterable, if for any 𝜀-element 𝑥 ∈ 𝑆 it follows from
𝑦 > 𝑥 and 𝑦 𝜀 𝑧 that 𝑧 ≥ 𝑥. An example of filterable quasi-order is any
quasi-order 𝜀 such that 𝑎 𝜀 𝑏 implies 𝑏 ≥ 𝑎.

Lemma 4.28. Let 𝜀 be a distributive filterable quasi-order on S. Then
there is a preclop on Sub(S, 𝜀).

Proof. If 𝑋 ∈ Sub(S, 𝜀), then its least element 𝑥0 =
⋀︀
𝑋 is an 𝜀-

element. It follows from the filterability of 𝜀 that ↑𝑥0 ∈ Sub(S, 𝜀). Hence,
for any 𝑋 ∈ Sub(S, 𝜀) and for the the natural preclop Γ on Sub S, we
have Γ(𝑋) = ↑𝑥0 ∈ Sub(S, 𝜀). Therefore, the restriction of Γ to Sub(S, 𝜀)
provides a preclop on Sub(S, 𝜀). �

Problem 4.29. Can every finite lower bounded lattice with a preclop be
presented as Sub(S, 𝜀) for suitable S and distributive and filterable quasi-
order 𝜀 on S? (This is Question 6 of [1].)

The prime model for a distributive filterable quasi-order comes from
semilattices with operators. Let𝐻 be a monoid of operators on a semilattice
S = (𝑆,∧, 1). Then T = Sub(𝑆,∧, 1, 𝐻) is a (0,1)-sublattice of Sub S.
Moreover, 𝜌 as defined in the proof of Lemma 4.27 is a filterable quasi-
order: the 𝜌-elements are the least elements of 𝐻-closed subsemilattices,
that is, fully invariant elements.

Historically, this is backwards, as filterable quasi-orders were invented
first, but that matters not. And nowwe see a refinement in our scheme: given
a latticeL to represent, we first find a semilattice S and filterable quasi-order
𝜀 such that L ∼= Sub(S, 𝜀), and then try to realize the quasi-order 𝜀 in terms
of operators.

As the first step toward such a description, we present a construction that
represents every lower bounded lattice in the form Sub(P, 𝜀), by construct-
ing a semilattice P and a distributive quasiorder 𝜀 on P. (This quasi-order
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may not be filterable, though.) The construction presented here combines
elements of the original in Adaricheva [10] and a method employing col-
ored trees in Semenova [107]. As a matter of fact, our current construction
borrows the definition of the relation 𝜀 from [107], but uses it on the original
construction of [10], which seems to be simpler than colored trees.

Theorem 4.30. For every finite lower bounded lattice L one can find a
finite semilattice P and a distributive quasi-order 𝜀 on 𝑃 such that L =
Sub(P, 𝜀).

Proof. Let us use ⊓ for the operation inP, thinking of it as a meet semi-
lattice, as we already have ∧ in L and concatenation for sequences.

The semilattice P = ⟨𝑃,⊓⟩ is generated by the set 𝑃 of all sequences
𝑑 = ⟨𝑑1, . . . , 𝑑𝑛⟩ of join irreducible elements 𝑑1, . . . , 𝑑𝑛 ∈ J(L), 𝑛 ≥ 1,
such that 𝑑𝑖 D 𝑑𝑖+1 and 𝑑1 is a minimal element with respect to the relation
D, i.e., there is no 𝑐 ∈ J(L) such that 𝑐 D 𝑑1. We also allow the empty
sequence 𝜄 as an element of P. The semilattice P is then defined as freely
generated by 𝑃 modulo the relations

𝑑 = 𝜄 ⊓ 𝑑 = 𝑑 ⊓ 𝜄,
𝑑 = 𝑑 ⊓ 𝑓 = 𝑓 ⊓ 𝑑,

when 𝑑 is an initial segment of 𝑓 , for nonempty sequences 𝑑 and 𝑓 , and
⟨𝑑𝑎⟩ = ⟨𝑑𝑎𝑏1⟩ ⊓ . . . ⊓ ⟨𝑑𝑎𝑏𝑛⟩,

whenever 𝑎 ≤ 𝑏1 ∨ . . . ∨ 𝑏𝑛 is a nontrivial minimal join cover of 𝑎 in L.
In particular,P has a top element 1P, which is represented by the empty

sequence 𝜄.
It was proved in [10] that every element of P can uniquely be presented

as a “reduced” ⊓-product of elements of 𝑃 , meaning that in that form none
of the relations above can be applied to the product.

For 𝑎 ∈ L, we let 𝑃 𝑎 be the set of all 𝑑 ∈ 𝑃 with 𝑙(𝑑) ≤ 𝑎. Here
𝑙(𝑑) denotes the last term of 𝑑, that is, 𝑙(𝑎1𝑎2 . . . 𝑎𝑛) = 𝑎𝑛. For the empty
sequence 𝜄 = 1P we define 𝑙(𝜄) = 0L. In particular, 1P ∈ 𝑃 𝑎 for every 𝑎 ∈
𝐿. It was proved in [10] that the mapping Φ from L that sends any element
𝑎 ∈ 𝐿 to the ⊓-subsemilattice of P generated by 𝑃 𝑎, is an embedding of L
into the lattice of subsemilattices (with 1P) of P.

Now we want to introduce the quasi-order 𝜀 on P.
Let 𝑝 = 𝑝1 ⊓ . . . ⊓ 𝑝𝑛 and 𝑞 = 𝑞1 ⊓ . . . ⊓ 𝑞𝑠 are elements of P in their

canonical reduced form. Then we define 𝑝 𝜀 𝑞, if 𝑙(𝑞1) ∨ . . . ∨ 𝑙(𝑞𝑠) ≤L

𝑙(𝑝1) ∨ . . . ∨ 𝑙(𝑝𝑛). In particular, 𝑝 𝜀 𝜄 for every 𝑝 ∈ P.
First, we prove that this quasi-order is distributive.
Suppose that 𝑝 ⊓ 𝑟 𝜀 𝑞, where 𝑝 = 𝑝1 ⊓ . . . ⊓ 𝑝𝑛, 𝑟 = 𝑟1 ⊓ . . . ⊓ 𝑟𝑚,

and 𝑞 = 𝑞1 ⊓ . . . ⊓ 𝑞𝑠 are canonical forms of elements 𝑝, 𝑟 and 𝑞. We bring
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𝑝 ⊓ 𝑟 to its canonical form 𝑢1 ⊓ . . . ⊓ 𝑢𝑘. It is straightforward to check that
𝑙(𝑢1) ∨ . . . ∨ 𝑙(𝑢𝑘) ≤L 𝑙(𝑝1) ∨ . . . ∨ 𝑙(𝑝𝑛) ∨ 𝑙(𝑟1) ∨ . . . ∨ 𝑙(𝑟𝑚). Hence,
𝑙(𝑞1) ∨ . . . ∨ 𝑙(𝑞𝑠) ≤L 𝑙(𝑝1) ∨ . . . ∨ 𝑙(𝑝𝑛) ∨ 𝑙(𝑟1) ∨ . . . ∨ 𝑙(𝑟𝑚).

Every 𝑙(𝑞𝑖) is either below some 𝑙(𝑝𝑗) or 𝑙(𝑟𝑘), or has a nontrivial min-
imal join cover 𝑄𝑖 ≪ {𝑙(𝑝1), . . . , 𝑙(𝑝𝑛), 𝑙(𝑟1), . . . , 𝑙(𝑟𝑚)}. In the first case,
𝑝𝑗 𝜀 𝑞𝑖 or 𝑟𝑘 𝜀 𝑞𝑖. In the second case, we consider elements ⟨𝑞𝑖𝑞𝑖𝑗⟩, for all
𝑞𝑖𝑗 ∈ 𝑄𝑖. By the definition, ⟨𝑞𝑖⟩ = ⊓{⟨𝑞𝑖𝑞𝑖𝑗⟩ : 𝑞𝑖𝑗 ∈ 𝑄𝑖}, and 𝑝𝑖 𝜀 ⟨𝑞𝑖𝑞𝑖𝑗⟩ or
𝑟𝑘 𝜀 ⟨𝑞𝑖𝑞𝑖𝑗⟩, for each 𝑞𝑖𝑗 ∈ 𝑄𝑖.

It follows that 𝑞 can be presented as a product 𝑣1 ⊓ . . . ⊓ 𝑣𝑑, where, for
each 𝑣𝑘, either 𝑝𝑖 𝜀 𝑣𝑘, for some 𝑝𝑖, or 𝑟𝑗 𝜀 𝑣𝑘, for some 𝑟𝑗 . If for every 𝑘 there
is 𝑖 such that 𝑝𝑖 𝜀 𝑣𝑘, then 𝑝 𝜀 𝑞 and 𝑞 = 𝑞 ⊓ 1P. Similarly, when for every
𝑘 there is 𝑗 such that 𝑟𝑗 𝜀 𝑣𝑘. Otherwise, we form the product of all 𝑣𝑘 for
which 𝑝𝑖 𝜀 𝑣𝑘, for some 𝑖, and call that element 𝑞1, we form the product of all
𝑣𝑘 for which 𝑟𝑗 𝜀 𝑣𝑘, for some 𝑗, and call that element 𝑞2. Notice that 𝑝 𝜀 𝑞1
and 𝑟 𝜀 𝑞2, and also 𝑞 = 𝑞1 ⊓ 𝑞2, as is required for distributivity.

We now want to show that L is isomorphic to Sub(P, 𝜀). Evidently,
Φ(𝑎) is an 𝜀-closed subsemilattice, hence, we have an embedding of L into
Sub(P, 𝜀).

It remains to show that Φ is surjective. Take any 𝐴 ∈ Sub(P, 𝜀), and
let 𝑎 =

⋁︀{𝑙(𝑝) : 𝑝 ∈ 𝐴}. We notice that if 𝑝 = 𝑝1 ⊓ . . . ⊓ 𝑝𝑛 is in 𝐴, then
𝑝 𝜀 𝑝𝑖, thus 𝑝𝑖 are also in𝐴, since𝐴 is 𝜀-closed. It follows that, for every such
element 𝑝 ∈ 𝐴, we have ⋁︀ 𝑙(𝑝𝑖) ≤𝐿 𝑎. It remains to show that 𝐴 = Φ(𝑎).
Clearly, 𝐴 ⊆ Φ(𝑎). Now, take any 𝑞 = 𝑞1 ⊓ . . . ⊓ 𝑞𝑛 ∈ Φ(𝑎) in its reduced
form. For every 𝑞𝑖 we have either 𝑙(𝑞𝑖) ≤L 𝑙(𝑝) for some 𝑝 ∈ 𝐴, or we can
find for 𝑙(𝑞𝑖) a nontrivial minimal cover 𝑄≪ ⋁︀{𝑙(𝑝) : 𝑝 ∈ 𝐴}. In the first
case, 𝑝 𝜀 𝑞𝑖, hence 𝑞𝑖 must be in 𝐴. In the second case, 𝑞𝑖 = ⊓{⟨𝑞𝑖𝑞⟩ : 𝑞 ∈
𝑄}. Every ⟨𝑞𝑖𝑞⟩ must be in 𝐴, since 𝑝 𝜀 ⟨𝑞𝑖𝑞⟩ for some 𝑝 ∈ 𝐴, and 𝑞𝑖 must
be in 𝐴, since 𝐴 is ⊓-subsemilattice. Thus, every 𝑞𝑖 is in 𝐴, hence 𝑞 ∈ 𝐴,
and we are done. �

Example 4.31.

The lattice J in Figure 4.11 illustrates how the construction and embed-
ding work. The minimal nontrivial join covers in J are

𝑎 ≤ 𝑏 ∨ 𝑐 𝑏 ≤ 𝑑 ∨ 𝑒

giving the ordered set (J(J),D) shown in the figure. Therefore we take P
to be the semilattice generated by the sequences {𝑎, 𝑎𝑏, 𝑎𝑐, 𝑎𝑏𝑑, 𝑎𝑏𝑒} subject
to the relations

𝑎 = 𝑎𝑏 ⊓ 𝑎𝑐 𝑎𝑏 = 𝑎𝑏𝑑 ⊓ 𝑎𝑏𝑒
as illustrated in Figure 4.12.
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𝑐 𝑑

𝑎 𝑏

𝑒

𝑎

𝑐 𝑏

𝑒 𝑑

Figure 4.11. Lattice J of Example 4.31 and (J(J),D)

Define a mapping 𝜆 : P → J such that 𝜆(𝑥) = ℓ(𝑥), e.g., 𝜆(𝑎𝑏𝑒) = 𝑒.
Then 𝜆(𝑥⊓ 𝑦) = 𝜆𝑥∨𝜆𝑦, so that 𝜆(𝑎𝑐⊓ 𝑎𝑏𝑑) = 𝑐∨ 𝑑 and 𝜆(𝑎𝑐⊓ 𝑎𝑏𝑒) = 𝑒.
By default, 𝜆(1𝑃 ) = 0𝐵2 .

Then the embedding 𝜁 : J→ Sub(P,⊓, 1) is given by 𝜁(𝑢) = {𝑝 ∈ 𝑃 :
𝜆𝑝 ≤ 𝑢}. Explicitly, 𝜁 is the following embedding:

𝜁(0𝐽) = {1}
𝜁(𝑐) = {𝑎𝑐, 1}
𝜁(𝑎) = {𝑎, 𝑎𝑐, 1}
𝜁(𝑒) = {𝑎𝑏𝑒, 𝑎, 𝑎𝑐, 𝑎𝑐 ⊓ 𝑎𝑏𝑒, 1}

𝜁(𝑐 ∨ 𝑑) = {𝑎𝑐, 𝑎𝑏𝑑, 𝑎𝑐 ⊓ 𝑎𝑏𝑑, 1}
𝜁(𝑎 ∨ 𝑑) = {𝑎, 𝑎𝑐, 𝑎𝑏𝑑, 𝑎𝑐 ⊓ 𝑎𝑏𝑑, 1}

𝜁(𝑑) = {𝑎𝑏𝑑, 1}
𝜁(𝑏) = {𝑎𝑏, 𝑎𝑏𝑑, 1}

𝜁(𝑎 ∨ 𝑏) = {𝑎, 𝑎𝑏, 𝑎𝑐, 𝑎𝑏𝑑, 𝑎𝑐 ⊓ 𝑎𝑏𝑑, 1}
𝜁(1𝐽) = 𝑃.

We want to look closer at the sublattices of Sub S, where S is a meet
semilattice with 1, that might have a preclop. Again we use the convention
that 𝑎0 denotes the least element of a subsemilatticeA ≤ S.

Lemma 4.32. Let S be a finite (∧, 1)-semilattice and L a finite (lower
bounded) lattice. Let 𝜑 : L ≤ Sub S be a (0, 1)-embedding. For any 𝑎 ∈
𝐿, let 𝜂(𝑎) =

⋁︀{𝑥 ∈ L : (𝜑(𝑥))0 ≥S (𝜑(𝑎))0}. Then 𝜂 on L satisfies
properties (I1)–(I5) of an equaclosure operator.

Proof. For (I5), we need the observation that in Sub S,𝐴∨𝐵 = {𝑎∧𝑏 :
𝑎 ∈ 𝐴, 𝑏 ∈ 𝐵}. The rest is easy. �
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0

𝑎𝑐 ⊓ 𝑎𝑏𝑑

𝑎𝑏𝑑

1𝑃

𝑎𝑏𝑒

𝑎𝑐 ⊓ 𝑎𝑏𝑒𝑎𝑏

𝑎𝑐

Figure 4.12. Semilattice P of Example 4.31 with 0 = 𝑎

It remains to decide when the map 𝜂 also satisfies (I6), in order to obtain
a preclop.

Fix some (0, 1)-embedding 𝜑 of a lower bounded lattice L into Sub S.
Define a map 𝜆 : 𝑆 → 𝐿 by 𝜆(𝑝) =

⋀︀
L{𝑥 ∈ 𝐿 : 𝑝 ∈ 𝜑(𝑥)} for any 𝑝 ∈ 𝑆.

Note that 𝜆(𝑝) is defined for every 𝑝 ∈ 𝑆 because 𝜑(L) is a 1-sublattice of
Sub S.

Consider the following property of 𝜑 for any 𝑎 ∈ 𝐿:
(◇) If 𝑝 ≥ 𝜑(𝑎)0 in S, then 𝜑(𝜆(𝑝)) ≤↑𝜑(𝑎)0 in Sub S.

The property (◇) says that 𝜑(𝑎)0 mimics a property of fully invariant ele-
ments in Sub(S,∧, 1, 𝐻): if 𝑎0 is fully invariant and 𝑝 ≥ 𝑎0, then Sg(𝑝) ≤
↑𝑎0.

Lemma 4.33. If 𝜑 : L → Sub S is an embedding of a lower bounded
lattice L into Sub S that satisfies (◇) for each 𝑎 ∈ 𝐿, then 𝜂 on L defined in
Lemma 4.32 is a preclop.

Proof. We need to check property (I6).
Let 𝐴, 𝑉 , 𝑊 ∈ 𝜑(𝐿). If 𝑡 ∈ 𝜂(𝐴) ∧ (𝑉 ∨ 𝑊 ), then 𝑡 ∈ 𝜂(𝐴) and

𝑡 = 𝑣 ∧ 𝑤 for some 𝑣 ∈ 𝑉 , 𝑤 ∈ 𝑊 . Thus 𝑣,𝑤 ≥ 𝑡 ≥ 𝑎0. By (◇), this
implies that 𝜑(𝜆(𝑣)) ≤↑ 𝑎0 and 𝜑(𝜆(𝑤)) ≤↑ 𝑎0 in Sub S. It follows from
the definition of 𝜂 that 𝜑(𝜆(𝑣)), 𝜑(𝜆(𝑤)) ≤ 𝜂(𝐴). Hence, 𝑣 and 𝑤 are in
𝜂(𝐴), whence 𝑡 ∈ (𝜂(𝐴) ∧ 𝑉 ) ∨ (𝜂(𝐴) ∧𝑊 ). �

Example 4.34.

Recall thatP5 is the ordered set with 𝑎 < 𝑏 < 𝑐 > 𝑑 > 𝑒, which appears
in Theorem 4.9. The embedding of L = Co(P5) into Sub S that uses the
construction of Theorem 4.30 does not satisfy (◇). Every atom of Co(P5),
except 𝑐, is mapped to a 2-element sublattice {1, 𝑥} of S, and 𝑐 is mapped
to the 4-element sublattice {1, 𝑐1, 𝑐2, 𝑐3, }, with 𝑐3 = 𝑐1 ∧ 𝑐2. We also have
𝑏 = 𝑐1∧𝑎 and 𝑑 = 𝑐2∧𝑑 in S. Thus, we have 𝑏 and 𝑑 that are least elements
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for which (◇) fails: 𝑐1 ≥ 𝑏 and 𝜆(𝑐1) = {1, 𝑐1, 𝑐2, 𝑐3}, so that 𝜆(𝑐1) � ↑ 𝑏,
and analogously for 𝑑.

Question 4.35.

Lemma 4.32 raises the question: Let L be a finite lower bounded lattice
with a preclop, and let 𝜑 be some (0, 1)-embedding into Sub S, where (◇)
fails for some 𝑎 ∈ L. Can this embedding be fixed at 𝑎? Namely, can we
build a larger semilattice S1 ≥ S such that L is still (0, 1)-embedded into
Sub S1, and (◇) holds at 𝑎 ∈ L under this new embedding?

For a semilattice with operators, Sub(S,∧, 1, 𝐻) is a (0, 1)-sublattice
of Sub(S,∧, 1), and the natural equaclosure operator Γ on Sub(S,∧, 1, 𝐻)
has the property that Γ(𝐴) = ↑𝑎0 for any 𝐻-closed subsemilattice 𝐴. Gen-
eralizing this situation, a preclop 𝜅 on a sublattice K ≤ Sub S is filterable
if 𝜅(𝐴) ≤↑ 𝑎0 for any 𝐴 ∈ 𝐾. The idea of Lemma 4.32 and Question
4.35 is that any preclop on a lower bounded lattice L could be represented
in Sub S1 as a filterable preclop.

The natural first step would be to check the preclops on Sub S. There
was a long-standing hypothesis that for every preclop 𝜅 on Sub S one could
find a semilattice S* such that Sub S is isomorphic to Sub S* and 𝜅 is fil-
terable on Sub S*. The following example shows that this is not true.

Example 4.36.

Let S be the semilattice in Figure 4.13. According to results of [8], if
Sub P isomorphic to Sub S for some semilattice P, then P and S are iso-
morphic.

Define a preclop on Sub S as the minimal preclop 𝜅 satisfying 𝑏 ∈
𝜅({𝑐1, 𝑐2}). The preclop 𝜇 on Sub S has 𝜇(𝑋) being the least subsemi-
lattice 𝑌 such that𝑋 ⊆ 𝑌 and whenever 𝑦 ∈ 𝑌 and 𝑦 = 𝑧∧ 𝑡 properly, then
𝑧, 𝑡 ∈ 𝑌 . Thus, for example, the subsemilattice {1, 𝑐1, 𝑐2} has 𝜇(𝐶) = ↑𝑐1.
Our 𝜅 extends this by making 𝜅(𝐶) = ↑ 𝑏, and more generally, 𝑏 ∈ 𝜅(𝑌 )
whenever 𝐶 ≤ 𝑌 . One can check that 𝜅 is indeed a preclop on Sub S, but
it is not filterable as witnessed by 𝜅(𝐶).

It is interesting to note that 𝜅 also fails (‡) with 𝑋 = {𝑏, 𝑐1, 1} and
𝑍 = {𝑏, 𝑐2, 1}.

4.4. A general embedding method

Let L be a lattice and 𝒱 a variety of algebras. We seek a construction
that will embed L into Sub A for some algebra A ∈ 𝒱 , if possible. In our
applications, 𝒱 will be semilattices or semilattices with operators, but the
approach is quite general.

Suppose we can find A ∈ 𝒱 and a map 𝜆 : A → L with the following
properties.
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𝑒
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Figure 4.13. Semilattice S of Example 4.36

(a) 𝑎 ∈ Sg(𝐵) implies 𝜆𝑎 ≤ ⋁︀
𝜆𝐵.

(b) 𝜆𝑐 = 0𝐿 iff 𝑐 is in the subalgebra generated by the constants of A
(the least subalgebra).

(c) If 𝜆𝑎 ≤ 𝑥∨ 𝑦, then there exists a finite set 𝐵 ⊆ 𝐴 such that 𝜆𝐵 ≪
{𝑥, 𝑦} and 𝑎 ∈ Sg(𝐵).

(d) 𝜆(𝐴)
⋁︀
-generates L.

Define 𝜁 : L→ 𝒫(𝐴) by
𝜁𝑥 = {𝑎 ∈ 𝐴 : 𝜆𝑎 ≤ 𝑥}

so that 𝑎 ∈ 𝜁𝑥 iff 𝜆𝑎 ≤ 𝑥. Note that 𝜁 is order-preserving.

Theorem 4.37. Let A ∈ 𝒱 and 𝜆 : A → L. If 𝜆 satisfies (a)–(d), then
𝜁 : L ≤ Sub A is an embedding such that 𝜁(0𝐿) is the least subalgebra
of A.

Proof. Properties (a), (b) guarantee that 𝜁𝑥 is a subalgebra of A, and
that 𝜁(0𝐿) the least subalgebra ofA. It is straightforward to verify that 𝜁(𝑥∧
𝑦) = 𝜁𝑥 ∧ 𝜁𝑦. Property (c) is a straightforward translation of 𝜁 being join-
preserving.

To complete the proof of Theorem 4.37, we must show that 𝜁 is one-
to-one, using (d). Let 𝑥 � 𝑦 in L. There exists a subset 𝐵 ⊆ 𝐴 such
that 𝑥 =

⋁︀
𝜆(𝐵). For some 𝑏0 ∈ 𝐵 we have 𝜆𝑏0 ≤ 𝑥, 𝜆𝑏0 � 𝑦. Then

𝜆𝑏0 ∈ 𝜁𝑥 ∖ 𝜁𝑦, so that 𝜁𝑥 � 𝜁𝑦, as desired. �

For the converse, let us assume that L is finite.
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Theorem 4.38. Let L be a finite lattice, A ∈ 𝒱 and 𝜉 : L ≤ Sub A a
lattice embedding. Assume that 𝜉(0𝐿) = 0Sub A and (without loss of gener-
ality) that 𝜉(1𝐿) = A. Define a map 𝜆 : A→ L by

𝜆𝑎 =
⋀︁
{𝑥 ∈ 𝐿 : 𝑎 ∈ 𝜉𝑥}.

Then 𝜆 satisfies (a)–(d).

Proof. Note that 𝑎 ∈ 𝜉𝜆𝑎 as 𝜉 preserves meets. Thus
𝑎 ∈ 𝜉𝑥 iff 𝜆𝑎 ≤ 𝑥.

For condition (a), let 𝑎 ∈ Sg(𝐵) where say 𝐵 = {𝑏1, . . . , 𝑏𝑘}. Since 𝑏𝑗 ∈
𝜉𝜆𝑏𝑗 for each 𝑗, in Sub A we have

𝑎 ∈ 𝜉𝜆𝑏1 ∨ . . . ∨ 𝜉𝜆𝑏𝑘 = 𝜉(𝜆𝑏1 ∨ . . . ∨ 𝜆𝑏𝑘).
Therefore 𝜆𝑎 ≤ 𝜆𝑏1 ∨ . . . ∨ 𝜆𝑏𝑘, as desired.

Condition (b) holds by assumption.
For (c), assume 𝜆𝑎 ≤ 𝑥 ∨ 𝑦. Then 𝑎 ∈ 𝜉(𝑥 ∨ 𝑦) = 𝜉𝑥 ∨ 𝜉𝑦, so there

exists a finite set 𝐵 ⊆ 𝜉𝑥 ∪ 𝜉𝑦 such that 𝑎 ∈ Sg(𝐵). If 𝑏 ∈ 𝐵 and 𝑏 ∈ 𝜉𝑥,
then 𝜆𝑏 ≤ 𝑥, and similarly for 𝑦. Thus 𝜆𝐵 ≪ {𝑥, 𝑦}.

For (d), let 𝑥 ∈ J(L), and let 𝑥* denote its lower cover. Choose 𝑎 ∈
𝜉𝑥 ∖ 𝜉𝑥*, so that 𝜆𝑎 = 𝑥. �

Aside. Though we will mostly use the method when L is finite, the most
natural setting for Theorem 4.37 is to assume that L is algebraic, and that
𝜆 : A → L𝑐, where L𝑐 denotes the join semilattice of compact elements
of L. In this case, 𝜁 is a complete lattice embedding. Theorem 4.39 below,
regarding when 𝜁 is an isomorphism, is unchanged.

The converse, Theorem 4.38, goes through with the weaker hypotheses
that 𝜉 preserves complete meets and that L is spatial, meaning that every
element is a join of completely join irreducible elements.

Modifying the construction of Theorem 4.30, one can use Theorem 4.37
to prove that every lattice L can be embedded into Sub S for some semilat-
tice S. But the relevant structure when S is infinite is the lattice of algebraic
subsets Sp(S), and not every lattice can be embedded into one of those, be-
cause Sp(S) is join semidistributive (whereas Sub S need not be when S is
infinite).

4.4.1. A semilattice example. Some easy examples will show how this
works. (These particular examples might be done more easily, but we are
trying to illustrate a method.)

Consider the pentagon as labeled in Figure 4.14, and the variety 𝒮 of
meet semilattices with 1. The minimal nontrivial join cover in N5 we have
to take care of is 𝑥 ≤ 𝑦 ∨ 𝑧.
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Figure 4.14. PentagonN5 and L1 = L(𝑥 ∧ (𝑦 ∨ 𝑧))

In 𝒮 take the 4-element semilattice S with elements 1, 𝑎, 𝑏, 𝑎 ∧ 𝑏. Let 𝜆
be the map 1 ↦→ 0𝐿, 𝑎 ↦→ 𝑦, 𝑏 ↦→ 𝑧, 𝑎 ∧ 𝑏 ↦→ 𝑥. This satisfies the properties
of Theorem 4.37, and gives us the embedding

𝜁(0𝐿) = {1}
𝜁(𝑥) = {1, 𝑎, 𝑎 ∧ 𝑏}
𝜁(𝑦) = {1, 𝑎}
𝜁(𝑧) = {1, 𝑏}
𝜁(𝑤) = 𝑆

of N5 into Sub S.
The second latticeL1 of Figure 4.14 is quite similar, in that it is generated

by 𝑥, 𝑦, 𝑧 with the minimal nontrivial join cover 𝑥 ≤ 𝑦 ∨ 𝑧. We can use
the same 4-element semilattice S and map 𝜆, but since 𝑥 and 𝑦 are now
incomparable, the embedding becomes

𝜁(0𝐿) = {1}
𝜁(𝑥) = {1, 𝑎 ∧ 𝑏}
𝜁(𝑦) = {1, 𝑎}
𝜁(𝑧) = {1, 𝑏}
𝜁(𝑢) = {1, 𝑎, 𝑎 ∧ 𝑏}
𝜁(𝑣) = {1, 𝑏, 𝑎 ∧ 𝑏}
𝜁(𝑤) = 𝑆

which is in fact an isomorphism L1
∼= Sub S.

Recall that for any finite lower bounded lattice L, Theorem 4.30 con-
structs a finite semilattice P such that L ≤ Sub P. The construction in the
proof of that theorem fits directly into this scheme. The generators of P are
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sequences 𝑑1 . . . 𝑑𝑘 with each 𝑑𝑖 ∈ J(L), 𝑑1 minimal with respect to the D-
relation order, and 𝑑𝑖 D 𝑑𝑖+1. The order on the generators is that 𝑑 ≤ 𝑒 if
𝑑 is an initial segment of 𝑒, and meets are determined by the minimal non-
trivial join covers of L (see the proof). The empty sequence 𝜄 is the largest
element of P. The map 𝜆 is given by

𝜆(𝜄) = 1L

𝜆(𝑑1 . . . 𝑑𝑘) = 𝑑𝑘

𝜆(𝑠1 ∧ · · · ∧ 𝑠𝑚) = 𝜆𝑠1 ∨ · · · ∨ 𝜆𝑠𝑚
if 𝑠1 ∧ · · · ∧ 𝑠𝑚 is in reduced form.

In general the requirement is only that 𝜆(𝑠1∧· · ·∧𝑠𝑚) ≤ 𝜆𝑠1∨· · ·∨𝜆𝑠𝑚, and
indeed that is what happens if

⋀︀
𝑖 𝑑𝑎𝑏𝑖 = 𝑑𝑎 in P because of the defining

relations, i.e., when 𝑎 ≤ ⋁︀
𝑖 𝑏𝑖 is a minimal nontrivial join cover. Then

𝜁𝑥 = {𝑝 ∈ 𝑃 : 𝜆𝑝 ≤ 𝑥} for 𝑥 ∈ 𝐿 embeds L into Sub P.
In the terminology of the proof of Theorem 4.30, 𝜆𝑝 = ℓ(𝑝) and 𝜁𝑥 =

P𝑥.
We use this construction in Chapter 6. Sometimes it will be necessary to

enlarge P with additional elements to accommodate the operators. In that
case, we will extend 𝜆 to a map 𝜆′ on the larger semilattice to obtain the
desired embedding.

4.4.2. Group examples. Now let 𝒱 be the variety generated by the 8-
element dihedral groupD4. We rework the examples from Figure 4.14. Let
us use the representation that D4 is the group generated by 𝑎, 𝑏 satisfying
𝑎2 = 𝑏2 = (𝑎𝑏)4 = 1. Its elements are 1, 𝑎, 𝑏, 𝑎𝑏, 𝑏𝑎, 𝑎𝑏𝑎, 𝑏𝑎𝑏, 𝑎𝑏𝑎𝑏 = 𝑏𝑎𝑏𝑎.
The subgroup lattice Sub D4 is in Figure 4.15. Note that the center of D4

is {1, 𝑎𝑏𝑎𝑏}.
Now let us represent the pentagon in Sub D4. Again the only minimal

nontrivial join cover is 𝑥 ≤ 𝑦∨ 𝑧. This time we take 𝜆 : D4 → N5 to be the
map

1 ↦→ 0𝐿 𝑏𝑎 ↦→ 𝑤

𝑎 ↦→ 𝑦 𝑎𝑏𝑎 ↦→ 𝑤

𝑏 ↦→ 𝑧 𝑏𝑎𝑏 ↦→ 𝑥

𝑎𝑏 ↦→ 𝑤 𝑎𝑏𝑎𝑏 ↦→ 𝑥.
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Figure 4.15. Subgroup lattice of D4, where 𝐴 = {1, 𝑎},
𝐴′ = {1, 𝑏𝑎𝑏}, 𝐶 = {1, 𝑎𝑏𝑎𝑏}, 𝐵′ = {1, 𝑎𝑏𝑎}, 𝐵 = {1, 𝑏},
𝐷 = {1, 𝑎, 𝑏𝑎𝑏, 𝑎𝑏𝑎𝑏}, 𝐸 = {1, 𝑎𝑏, 𝑎𝑏𝑎𝑏, 𝑏𝑎},
𝐹 = {1, 𝑏, 𝑎𝑏𝑎, 𝑎𝑏𝑎𝑏}.

This yields the embedding

𝜁(0𝐿) = {1}
𝜁(𝑥) = {1, 𝑎, 𝑏𝑎𝑏, 𝑎𝑏𝑎𝑏}
𝜁(𝑦) = {1, 𝑎}
𝜁(𝑧) = {1, 𝑏}
𝜁(𝑤) = 𝐷4

ofN5 into Sub D4.
Next consider the second lattice L1 of Figure 4.14. The pentagon is

a sublattice of L1, and indeed a join-semilattice retract with 𝑥 ↦→ 𝑢 and
𝑣 ↦→ 𝑤. To embed L1 into Sub D4, take 𝜆 : D4 → L1 to be the map

1 ↦→ 0𝐿 𝑏𝑎 ↦→ 𝑤

𝑎 ↦→ 𝑦 𝑎𝑏𝑎 ↦→ 𝑣

𝑏 ↦→ 𝑧 𝑏𝑎𝑏 ↦→ 𝑢

𝑎𝑏 ↦→ 𝑤 𝑎𝑏𝑎𝑏 ↦→ 𝑥.
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This yields the embedding
𝜁(0𝐿) = {1}
𝜁(𝑥) = {1, 𝑎𝑏𝑎𝑏}
𝜁(𝑦) = {1, 𝑎}
𝜁(𝑧) = {1, 𝑏}
𝜁(𝑢) = {1, 𝑎, 𝑏𝑎𝑏, 𝑎𝑏𝑎𝑏}
𝜁(𝑣) = {1, 𝑏, 𝑎𝑏𝑎, 𝑎𝑏𝑎𝑏}
𝜁(𝑤) = 𝐷4

of L1 into Sub D4.

4.4.3. Isomorphism. Theorem 4.37 gives an embedding ofL into Sub A.
With an extra condition, we obtain an isomorphism.

Theorem 4.39. Let A ∈ 𝒱 and 𝜆 : A → L. If 𝜆 satisfies (a)–(d) and
has the additional property

(e) 𝜆𝑏 ≤ 𝜆𝑎 iff 𝑏 ∈ Sg(𝑎),
then 𝜁 : L ∼= Sub A is an isomorphism.

Proof. Given the fact that 𝜁 is an embedding, we need that 𝜁𝜆(𝑎) =
Sg(𝑎) for each 𝑎 ∈ 𝐴. Since 𝜁𝜆(𝑎) = {𝑏 ∈ 𝐴 : 𝜆𝑏 ≤ 𝜆𝑎}, condition (e)
translates that property. �

In practical terms, condition (e) means that whenever 𝑎, 𝑏 ∈ 𝐴 and
0𝐿 < 𝜆𝑏 ≤ 𝜆𝑎, then there should be a term operation ℎ on A such that
𝑏 = ℎ(𝑎). For our “semilattice with operator" constructions, we will be
seeking to find operators to make this happen.



CHAPTER 5

Finite lattices as Sub(S,∧, 1, 𝐻): The case J(L) ⊆ 𝜏(L)

Woman has a double clutch, but man must shift for himself.
– Walt Kelley

Женская интуиция позволяет предугадать то, что еще
не случилось, но мешает видеть то, что уже произо-
шло. – Яна Джангирова

In this chapter and the next, we address the question: Given a pair (L, 𝛾)
consisting of a finite lower bounded lattice and a preclop, when can we find a
finite semilattice S and a set 𝐻 of operators such that L ∼= Sub(S,∧, 1, 𝐻)
with 𝛾 corresponding to the natural equaclosure operator Γ? That is, 𝛾-
closed sets should map to Γ-closed sets under the isomorphism. Then, in
Chapter 7, we consider when such a representation can be converted to one
of the form L ∼= Lq(𝒦) for some quasivariety 𝒦.

By a representation of (L, 𝛾) as (Sp(S, 𝐻),Γ)wemean an isomorphism
𝜉 : L ∼= Sp(S, 𝐻) such that 𝜉(𝛾(𝑥)) = Γ(𝜉(𝑥)) for all 𝑥 ∈ 𝐿, where Γ is
the natural weak equaclosure operator. When S is finite, Sp(S, 𝐻) becomes
Sub(S,∧, 1, 𝐻). The definition for a representation of (L, 𝛾) as (Lq(𝒦),Γ)
is similar.

Recall that for a preclop 𝛾 on a lattice L, we let 𝜏(𝑥) denote the least
element 𝑡 such that 𝛾(𝑡) = 𝛾(𝑥). Let 𝜏(L) = {𝜏(𝑥) : 𝑥 ∈ 𝐿}. It turns out
that the problem of finding the algebraic lattice S for the representation is
much simpler when every join irreducible element is in 𝜏(L), i.e., J(L) ⊆
𝜏(L). For in that case, if any such lattice S exists, we can just take the dual
companion lattice, S = 𝛾𝑑(L). That case is the subject of Chapter 5. When
J(L) ̸⊆ 𝜏(L), then we must take an overlattice of 𝛾𝑑(L), using either ad hoc
methods or, better, constructions such as that of Theorem 4.30. That is the
topic of Chapter 6.

Aside. If is tempting to conjecture that if J(L) ⊆ 𝜏(L), then L is lower
bounded of rank at most 1, i.e., J(L) ⊆ D1(L). The lattices in Figure 5.1 and
Example 5.1 show that not to be true, but the condition does add restrictions.
For example, if 𝑝 ̸= 𝑞 ∈ J(L) and 𝑝 D𝑛 𝑞 for some 𝑛, then 𝑞 ≤ 𝛾(𝑝). If
J(L) ⊆ 𝜏(L), then 𝑝 � 𝑞, and that limits the types of minimal nontrivial

135
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𝑥2

𝑧2𝑥1

𝑥0𝑥2 ∨ 𝑧1

Figure 5.1. The construction of Example 5.1 yields pairs
(L𝑛, 𝛾𝑛) with J(L𝑛) ⊆ 𝜏(L𝑛) and L𝑛 lower bounded of any
rank 𝑛 ≥ 1. The lattice pictured above is a sublattice of L2.

join covers that can occur in L. Compare the lattice J in Figure 4.4, with
𝑝 D 𝑟 D 𝑡 and 𝑝 ≤ 𝑡, which admits no preclop at all.

Example 5.1.

For 𝑛 ≥ 1, let us construct a sequence of pairs (L𝑛, 𝛾𝑛) such that L𝑛 is
an (upper and lower) bounded lattice of rank 𝑛, i.e., J(L𝑛) ⊆ D𝑛(L𝑛), and
𝛾𝑛 is a preclop on L𝑛 with J(L𝑛) ⊆ 𝜏(L𝑛). We use the familiar technique
of representing L𝑛 as a join semilattice with 0, presented by a generating set
𝑋𝑛 of join irreducibles and a set of join dependencies, as in [15, 48]. This
is equivalent to representing the lattice as a closure operator on 𝑋𝑛, and is
particularly useful when the lattices get hard to draw.

Let 𝑋𝑛 = {𝑥0, 𝑥1, . . . , 𝑥𝑛, 𝑧1, . . . , 𝑧𝑛}. The relations defining L𝑛 as a
join semilattice with 0 are

𝑥0 > 𝑥1 > · · · > 𝑥𝑛

𝑥0 ≤ 𝑥1 ∨ 𝑧1
. . .

𝑥𝑛−1 ≤ 𝑥𝑛 ∨ 𝑧𝑛.



5.1. COMPANION LATTICES RISE AGAIN 137

A sublattice of𝐿2 is illustrated in Figure 5.1. The preclop 𝛾𝑛 has, for𝑤 ∈ 𝐿𝑛
and 0 < 𝑘 < 𝑛,

𝛾𝑛(𝑤) = 1 = 𝑥0 ∨ 𝑧1 ∨ . . . ∨ 𝑧𝑛 if 𝑥0 ≤ 𝑤,

𝛾𝑛(𝑤) = 𝑤 ∨ 𝑧𝑘+1 ∨ . . . ∨ 𝑧𝑛 if 𝑥𝑘 ≤ 𝑤 and 𝑥𝑘−1 � 𝑤,

𝛾𝑛(𝑤) = 𝑤 if 𝑥𝑛 � 𝑤.

There are many details to be checked, none of which is very hard. Since the
example is not crucial to our further progress, we leave this to the reader. It
is straightforward thatL𝑛 is lower bounded, because it has only the indicated
minimal join covers of join irreducibles. To see that it is semidistributive,
use Theorem 4 of [48]. For boundedness, use Theorem 2.64 of [45].

5.1. Companion lattices rise again

We are given a pair (L, 𝛾) with L a finite, lower bounded lattice and
𝛾 a preclop, satisfying properties (I1)–(I7), though (I7) always holds for L
finite. Assume that the pair has a representation as (Sp(S, 𝐻),Γ). We want
to see how this is reflected in properties of the lattice 𝛾(L).

The classes of the equapartition on L are denoted by [𝑎] = {𝑥 ∈ 𝐿 :
𝛾(𝑥) = 𝛾(𝑎)}. Similarly, for 𝐻-closed algebraic subsets of S, let [𝐴] =
{𝑋 ∈ Sp(S, 𝐻) : Γ(𝑋) = Γ(𝐴)}. As in Section 3.3, we represent the
lattice 𝛾(L) using the classes of the equapartition. That is, 𝛾(L) ∼= Twhere

∙ 𝑇 = {[𝑥] : 𝑥 ∈ 𝜏(L)},
∙ [𝑥] ≤ [𝑦] iff 𝛾𝑥 ≤ 𝛾𝑦,
∙ the least element of T is [𝑧] where 𝑧 = 𝜏(1𝐿),
∙ [𝑥] ∨ [𝑦] = [𝑥 ∨ 𝑦],
∙ [𝑥] ∧ [𝑦] = [𝜏(𝛾𝑥 ∧ 𝛾𝑦)].

Note that [𝑏] = [𝑐] implies 𝜏𝑏 = 𝜏𝑐, which is the least element of that class
of the equapartition. Hence we can write 𝜏 [𝑏] unambiguously.

It turns out that we need to work, not just with𝐻 , but with the extended
set of maps DMO; see Section 3.2. If we assume that 𝐻 is closed under
composition, and contains the identity and the constant map 1, then DMO
consists of all maps 𝑘 : 𝑆 → 𝑆 such that 𝑘 is the join of a nonempty up-
directed set of meets of maps from 𝐻 . The maps in DMO need not be
operators; all we are guaranteed is that they preserve finite meets in S, by
Theorem 3.11.

For any 𝑥 ∈ 𝑆, the𝐻-closed algebraic subset generated by 𝑥 isAg(𝑥) =
DMO(𝑥). The least element of Ag(𝑥) is 𝑥0 =

⋀︀
𝑘∈DMO 𝑘𝑥. But you don’t

need directed joins to get the least element, so in fact 𝑥0 =
⋀︀
𝑔∈𝐻 𝑔𝑥. This

rather trivial observation will prove useful.
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Now for ℎ ∈ 𝐻 , or more generally ℎ ∈ DMO, we define ℎ*, first on
Sp(S, 𝐻) and then on Γ(Sp(S, 𝐻)). Each ℎ ∈ 𝐻 operates on S, but that
induces a map on Sp(S, 𝐻):

ℎ*(𝐴) = Ag({ℎ(𝑎) : 𝑎 ∈ 𝐴}).
Now ℎ(𝐴) = {ℎ(𝑎) : 𝑎 ∈ 𝐴} is a subset of 𝐴. For a fixed ℎ, the set ℎ(𝐴)
need not be 𝐻-closed nor an algebraic subset, but ℎ*(𝐴) = Ag(ℎ(𝐴)) still
satisfies ℎ*(𝐴) ≤ 𝐴 since 𝐴 is 𝐻-closed. Moreover, the least element of
ℎ*(𝐴) is

⋀︀
𝑔∈𝐻 𝑔ℎ(𝑎0), where 𝑎0 is the least element of 𝐴. So if Γ(𝐴) =

Γ(𝐵), then 𝑎0 = 𝑏0, and hence Γ(ℎ*(𝐴)) = Γ(ℎ*(𝐵)). Thus we may re-
gard the induced map ℎ* as acting on Γ(Sp(S, 𝐻)), with ℎ*[𝐴] = [ℎ*(𝐴)].
Explicitly,

ℎ*[𝐴] = [Γ(ℎ*(𝐴))]

= [↑
⋀︁
𝑔∈𝐻

𝑔ℎ(𝑎0)].

Lemma 5.2. If 𝑘 ∈ DMO, then 𝑘* preserves finite joins: if 𝐴1, . . . , 𝐴𝑚 ∈
Sp(S, 𝐻), then

𝑘*([𝐴1] ∨ . . . ∨ [𝐴𝑚]) = 𝑘*[𝐴1] ∨ . . . ∨ 𝑘*[𝐴𝑚] .
If ℎ ∈ 𝐻 , then ℎ* preserves arbitrary joins in Γ(Sp(S, 𝐻)).

Proof. If 𝐴𝑖 (𝑖 ∈ 𝐼) are 𝐻-closed algebraic subsets, each with least
element 𝑎𝑖0, then the least element of

⋁︀
𝑖𝐴𝑖 is

⋀︀
𝑖 𝑎𝑖0. We calculate, using

the fact that 𝑘 preserves finite meets in S,

𝑘*([𝐴1] ∨ . . . ∨ [𝐴𝑚]) = [↑
⋀︁
𝑔∈𝐻

𝑔𝑘(𝑎10 ∧ . . . ∧ 𝑎𝑚0)]

= [↑
⋀︁
𝑔∈𝐻

(𝑔𝑘(𝑎10) ∧ . . . ∧ 𝑔𝑘(𝑎𝑚0))]

= [↑(
⋀︁
𝑔∈𝐻

𝑔𝑘(𝑎10) ∧ . . . ∧
⋀︁
𝑔∈𝐻

𝑔𝑘(𝑎𝑚0))]

= [↑
⋀︁
𝑔∈𝐻

𝑔𝑘(𝑎10)] ∨ . . . ∨ [↑
⋀︁
𝑔∈𝐻

𝑔𝑘(𝑎𝑚0)]

= 𝑘*[𝐴1] ∨ . . . ∨ 𝑘*[𝐴𝑚] .
When ℎ ∈ 𝐻 , it preserves arbitrary meets, and the same calculation shows
that ℎ*[

⋁︀
𝐴𝑖] =

⋁︀
ℎ*[𝐴𝑖] for any index set. �

A similar argument yields the following observation.

Lemma 5.3. If {𝑘𝑗 : 𝑗 ∈ 𝐽} ⊆ DMO, then (
⋀︀
𝑗 𝑘𝑗)

* =
⋁︀
𝑗 𝑘

*
𝑗 .
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Now let us record some properties of the set ofmaps𝐻* = {ℎ* : ℎ ∈ 𝐻}
on Γ(Sp(S, 𝐻)).

Lemma 5.4. If (L, 𝛾) is representable as (Sp(S, 𝐻),Γ), then
(1) 𝜏 [𝑎] ≤ 𝜏 [𝑏] implies there exists 𝑘 ∈ DMO such that 𝑘*[𝑏] = [𝑎] .

Moreover, the following hold for each ℎ* (ℎ ∈ DMO) acting on 𝛾(L).
(2) ℎ*[𝑥] ≤ [𝑥] ,
(3) 𝜏ℎ*[𝑥] ≤ 𝜏 [𝑥] ,
(4) ℎ*[0] = [0] ,
(5) [𝑥] ≤ [𝑦] implies ℎ*[𝑥] ≤ ℎ*[𝑦] ,
(6) ℎ*([𝑥] ∨ [𝑦]) = ℎ*[𝑥] ∨ ℎ*[𝑦] .

Proof. Item (1) uses Lemma 3.19 (4): If 𝑥, 𝑦 ∈ 𝑆, then 𝑥 ∈ Ag(𝑦) if and
only if 𝑥 = 𝑘(𝑦) for some 𝑘 ∈ DMO. The hypothesis 𝜏 [𝑎] ≤ 𝜏 [𝑏] means
that the corresponding least elements are such that 𝑎0 = 𝑘(𝑏0) for some
𝑘 ∈ DMO. The least element in 𝑘*[𝑏] is

⋀︀
𝑔∈𝐻 𝑔𝑘(𝑏0) =

⋀︀
𝑔∈𝐻 𝑔(𝑎0) = 𝑎0,

whence 𝑘*[𝑏] = [𝑎].
For notational convenience, let the isomorphism 𝜎 : L ∼= Sp(S, 𝐻)

be such that 𝜎(𝑥) = 𝑋 , 𝜎(𝑦) = 𝑌 , etc. Items (2) and (3) follow from the
discussion before the statement of the lemma, while (4) holds since ℎ(1S) =
1S for ℎ ∈ DMO.

For (5), [𝑋] ≤ [𝑌 ] means 𝑥0 ≥ 𝑦0, whence 𝑓(𝑥0) ≥ 𝑓(𝑦0) for all
𝑓 ∈ DMO. Therefore⋀︀ 𝑔ℎ(𝑥0) ≥

⋀︀
𝑔ℎ(𝑦0).

For (6), note that the least element of [𝑋] ∨ [𝑌 ] is 𝑥0 ∧ 𝑦0, while the
least element of ℎ*([𝑋] ∨ [𝑌 ]) is the least possible value of 𝑔ℎ(𝑥0 ∧ 𝑦0) =
𝑔ℎ(𝑥0) ∧ 𝑔ℎ(𝑦0). The least element of ℎ*[𝑋] is some minimum 𝑔1ℎ(𝑥0),
and likewise the least element of ℎ*[𝑌 ] is some 𝑔2ℎ(𝑦0). Remembering that
DMO is closed under meets of maps, we can take 𝑔 = 𝑔1 ∧ 𝑔2 to obtain the
least possible 𝑔ℎ(𝑥0 ∧ 𝑦0), which yields the conclusion. �

Example 5.5.

Let L be a 3-element chain, 0 < 𝐴 < 𝐵, and 𝛾 just the identity map. A
perfectly good representation of (L, 𝛾) as (Sp(S, 𝐻),Γ) can be obtained by
letting S be the 𝜔 + 2-chain 𝑏0 < 𝑏1 < 𝑏2 < · · · < 𝑎0 < 1. The operators in
𝐻 are ℎ𝑗 (𝑗 ≥ 0) and 𝑔, given by

ℎ𝑗(𝑥) =

{︃
𝑏𝑗 if 𝑥 ≤ 𝑏𝑗,

𝑥 otherwise;

𝑔(𝑥) =

{︃
𝑏𝑗−1 if 𝑥 = 𝑏𝑗 with 𝑗 > 0,

𝑥 otherwise.
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The 𝐻-closed algebraic subsets form a 3-element chain {1} < ↑ 𝑎0 < ↑ 𝑏0.
We have 𝐴 = 𝜏(𝐴) ≤ 𝜏(𝐵) = 𝐵 in L, and the map 𝑘 =

⋁︀
𝑗≥0 ℎ𝑗 in DMO

has 𝑘(𝑏0) = 𝑎0, but no map in 𝐻 does. In fact, ℎ*𝑗 [𝑏0] = 𝑔*[𝑏0] = 𝑏0. So we
really do need to go to DMO for the representation.

The end product of the construction is the chain [1] < [𝑎0] < [𝑏0] with
the operator 𝑘*[𝑏0] = 𝑘*[𝑎0] = [𝑎0], 𝑘*[1] = [1].

The existence of a complete set of ℎ’s satisfying Lemma 5.4 is necessary
for representability of a finite pair (L, 𝛾). In general, it need not be sufficient.
However, when J(L) ⊆ 𝜏(L), that is, 𝑝 = 𝜏 [𝑝] for every join irreducible
𝑝 ∈ J(L), it is sufficient.

Theorem 5.6. Let (L, 𝛾) be a finite, lower bounded lattice with a preclop.
If (L, 𝛾) satisfies J(L) ⊆ 𝜏(L), then (L, 𝛾) has a representation as Sp(S, 𝐻)
with the natural weak equaclosure operator if and only if there exists a set
of (join, 0-preserving) operators 𝐾 on 𝛾(L) satisfying the conditions:

(1) 0 < 𝜏 [𝑎] ≤ 𝜏 [𝑏] implies there exists 𝑘 ∈ 𝐾 such that 𝑘[𝑏] = [𝑎] ,
and for each 𝑘 ∈ 𝐾 and elements [𝑥], [𝑦] ∈ 𝛾(L):

(2) 𝑘[𝑥] ≤ [𝑥] ,
(3) 𝜏𝑘[𝑥] ≤ 𝜏 [𝑥] ,
(4) 𝑘[0] = [0] ,
(5) [𝑥] ≤ [𝑦] implies 𝑘[𝑥] ≤ 𝑘[𝑦] ,
(6) 𝑘([𝑥] ∨ [𝑦]) = 𝑘[𝑥] ∨ 𝑘[𝑦] .

If such a set of operators exists, then L ∼= Sub(𝛾(L), 0,∨, 𝐾).

Proof. It remains to show that there is a representation when the condi-
tions of the theorem hold. Define 𝜙 : L→ Sub(𝛾(L), 0,∨, 𝐻*) by

𝜙(𝑥) = {[𝑏] : 𝜏𝑏 ≤ 𝑥}.
This is dual to the representation on 𝛾𝑑L.

First we note that 𝜙(𝑥) is a subalgebra. Surely [0] ∈ 𝜙(𝑥). If 𝜏𝑏, 𝜏𝑐 ≤ 𝑥
then 𝜏 [𝑏 ∨ 𝑐] ≤ 𝜏𝑏 ∨ 𝜏𝑐 ≤ 𝑥. If 𝜏𝑏 ≤ 𝑥, then 𝜏ℎ*[𝑏] ≤ 𝑥 by property (3).

We need to show that every subalgebra is in the range of 𝜙. For a subal-
gebra 𝑈 , let

𝑥 =
⋁︁
{𝜏 [𝑢] : [𝑢] ∈ 𝑈}.

Clearly 𝑈 ⊆ 𝜙(𝑥). For the reverse inclusion, suppose [𝑏] ∈ 𝜙(𝑥), i.e.,
𝜏𝑏 ≤ ⋁︀{𝜏 [𝑢] : [𝑢] ∈ 𝑈}. Then

𝜏𝑏 = 𝜏𝑏 ∧ 𝛾𝑏 ≤
⋁︁

(𝜏 [𝑢] ∧ 𝛾𝑏) ≤ 𝛾𝑏

by the meet distributivity of 𝛾𝑏. Thus [𝑏] =
⋁︀
[𝜏 [𝑢] ∧ 𝛾𝑏]. But each [𝑑] =

[𝜏 [𝑢]∧𝛾𝑏] has 𝜏 [𝑑] ≤ 𝜏 [𝑢], whence [𝑑] = 𝑘*[𝑢] for some 𝑘 ∈ 𝐾 by property
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(1), and thus [𝑑] ∈ 𝑈 since it is a subalgebra. Then [𝑏], the join of such [𝑑],
is also in 𝑈 . Thus 𝜙(𝑥) ⊆ 𝑈 .

Clearly 𝜙 is order-preserving: 𝑥 ≤ 𝑦 implies 𝜙(𝑥) ≤ 𝜙(𝑦). On the other
hand, if 𝑥 � 𝑦, then there is a join irreducible 𝑝 = 𝜏𝑝 with 𝑝 ≤ 𝑥, 𝑝 � 𝑦.
This gives [𝑝] ∈ 𝜙(𝑥) while [𝑝] /∈ 𝜙(𝑦), so 𝜙(𝑥) � 𝜙(𝑦). �

Example 3.27 uses Theorem 5.6 to show that a particular pair (K, 𝛾)
cannot be represented as (Sp(S, 𝐻),Γ) since the representation with S =
𝛾𝑑(K) fails. There will be more such examples in the next section.

To summarize, whenever (L, 𝛾) can be represented as (Sp(S, 𝐻),Γ), we
always have 𝛾𝑑(L) ≤ S as a complete sublattice by Corollary 3.21. When
L is finite and J(L) ⊆ 𝜏(L), we can take S = 𝛾𝑑(L). When J(L) ̸⊆ 𝜏(L),
additional elements are generally needed, and we have a limited understand-
ing of how to fit them in, though it is not hard in some examples. Moreover,
property (2) of Lemma 5.4, ℎ*[𝑎] ≤ [𝑎], applies only to the natural repre-
sentation of pairs with J(L) ⊆ 𝜏(L) on Sub(𝛾(L), 0,∨, 𝐻*). It need not
hold when J(L) ̸⊆ 𝜏(L), while pairs with J(L) ⊆ 𝜏(L) may have other
representations not satisfying it.

The preceding comments assume that a representation exists. Lest we
forget, there are necessary conditions for the representability of a pair (L, 𝛾)
as presented in Section 3.1, viz., (I1)–(I7), (K9)–(K11), and probably more.

5.2. An algorithm to test for representability when J(L) ⊆ 𝜏(L)

The previous section was in terms of 𝛾(L) because our motivation comes
from the induced action of an operator on Γ(S). This section is in terms of
𝛾𝑑(L) because that is how we apply it in Chapter 7. Our apologies to the
reader!

Given is a pair (L, 𝛾), with J(L) ⊆ 𝜏(L), which we want to represent
as (Sp(S, 𝐻),Γ). By Theorem 5.6, we can take S to be the finite semilattice
Ŝ = 𝛾𝑑(L), in which case the representation is on Sub(Ŝ,∧, 1, 𝐻). Recall
that

∙ 𝑆 = {�̂� : 𝑥 ∈ 𝜏(L)},
∙ �̂� ≤ 𝑦 iff 𝛾𝑥 ≥ 𝛾𝑦,
∙ the largest element of Ŝ is 0̂,
∙ �̂� ∧ 𝑦 = 𝜏(𝑥 ∨ 𝑦),
∙ �̂� ∨ 𝑦 = 𝜏(𝛾𝑥 ∧ 𝛾𝑦).

For convenience and future reference, here is the dual of Theorem 5.6.

Theorem 5.7. Let (L, 𝛾) be a finite, lower bounded lattice with a preclop.
If (L, 𝛾) satisfies J(L) ⊆ 𝜏(L), then (L, 𝛾) has a representation as Sp(S, 𝐻)
with the natural weak equaclosure operator if and only if there exists a set
of (meet, 1-preserving) operators 𝐾 on 𝛾𝑑(L) satisfying the conditions:
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(1) 0 < 𝜏𝑎 ≤ 𝜏𝑏 implies there exists 𝑘 ∈ 𝐾 such that 𝑘(�̂�) = �̂�,
and for each 𝑘 ∈ 𝐾 and all �̂�, 𝑦 ∈ 𝛾𝑑(L),

(2) 𝑘(�̂�) ≥ �̂�,
(3) 𝑘(�̂�) = �̂� implies 𝑢 ≤ 𝑥,
(4) 𝑘(0̂) = 0̂,
(5) �̂� ≤ 𝑦 implies 𝑘(�̂�) ≤ 𝑘(𝑦),
(6) 𝑘(�̂� ∧ 𝑦) = 𝑘(�̂�) ∧ 𝑘(𝑦).

If such a set of operators exists, then L ∼= Sub(𝛾𝑑(L), 0̂,∧, 𝐾).

Let P = 𝜏(L), with the order inherited from L. Consider 𝑏 > 𝑎 in P,
which implies 𝛾𝑏 ≥ 𝛾𝑎 and hence �̂� < �̂� in Ŝ. In the present finite case,
it suffices to consider pairs (𝑎, 𝑏) with 𝑏 ≻ 𝑎 in P. We want to determine
whether there exists an operator 𝑘 on Ŝ satisfying

(1) 𝑘(�̂�) = �̂�

and conditions (2)–(6) from Theorem 5.7. If we can find an operator for
each such pair 𝑏 ≻ 𝑎 in P, then we will have a representation. If there is
no operator for some pair 𝑏 ≻ 𝑎, then we will know why (L, 𝛾) cannot be
represented as Sp(S, 𝐻), much less as Lq(𝒦).

Fixing such a pair (𝑎, 𝑏)with 𝑏 ≻ 𝑎 inP, we recursive define a sequence
of maps 𝑘𝑛 which will either terminate in a 𝑘𝑛 satisfying (1)–(6) or show
that no such 𝑘 exists. As usual, let 𝑧 denote the least element of Ŝ, where
𝑧 = 𝜏(1𝐿).

Map 𝑘0. We define 𝑘0 : Ŝ→ Ŝ recursively, starting at the bottom with
𝑧. Let

𝑘0(𝑧) =

{︃
�̂� if 𝑧 = 𝑏,

𝑧 otherwise.

Now suppose we have 𝑘0(𝑦) for all 𝑦 < �̂�. Let �̂� =
⋁︀
𝑦<�̂� 𝑘0(𝑦), where the

join is taken in Ŝ. Define

𝑘0(�̂�) =

{︃
�̂� if 𝑥 = 𝑏,

𝜏(𝑥 ∧ 𝛾𝑤) otherwise.

Lemma 5.8. The map 𝑘0 satisfies (1)–(5); indeed, it is the least such
map.

Proof. Note that 𝑘0(�̂�) ≥ �̂�, and 𝑘0(�̂�) = �̂� if �̂� � �̂�. Properties (1)–
(4) are immediate, as is (5) except when �̂� ≥ �̂�. So consider �̂� > �̂�. Then
𝛾(𝑥 ∧ 𝛾𝑤) ≤ 𝛾𝑤, whence 𝑘0(�̂�) ≥ �̂� =

⋁︀
𝑦<�̂� 𝑘0(𝑦), as desired. �
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Now 𝑘0 need not preserve meets, so in general we will need to continue
with a sequence of maps 𝑘0 ≤ 𝑘1 ≤ . . . as indicated below. But sometimes
𝑘0 does preserve meets, in which case we are done for this pair.

Corollary 5.9. If L is a finite lower bounded lattice with J(L) ⊆ 𝜏(L)

and Ŝ = 𝛾𝑑(L) is a finite chain, then (L, 𝛾) is representable as Sub(Ŝ,∧, 1, 𝐻).

For another example, the pentagon in Figure 7.4 has one pair (𝑎, 𝑧) in
P to consider, and the map 𝑘0 with 𝑘0(𝑧) = �̂� preserves meets, yielding a
representation. It is impossible to get a contradiction in the first step, so if
meets are not preserved, we continue.

Map 𝑘1. Now assume there is a pair (𝑟, 𝑠) such that
𝑝 = 𝑘0(𝑟 ∧ 𝑠) < 𝑘0(𝑟) ∧ 𝑘0(𝑠) = 𝑞.

Let us construct 𝑘1 ≥ 𝑘0 such that 𝑘1(𝑟 ∧ 𝑠) ≥ 𝑞. Let

𝑘1(𝑧) =

{︃
𝜏(𝜏𝑧 ∧ 𝛾𝑞) if 𝑧 = 𝑟 ∧ 𝑠,
𝑘0(𝑧) otherwise.

Now suppose we have 𝑘1(𝑦) for all 𝑦 < �̂�. Let �̂� = 𝑘0(�̂�) ∨
⋁︀
𝑦<�̂� 𝑘1(𝑦).

Define

𝑘1(�̂�) =

{︃
𝜏(𝜏𝑥 ∧ 𝛾𝑞) if �̂� = 𝑟 ∧ 𝑠,
𝜏(𝜏𝑥 ∧ 𝛾𝑤) otherwise.

Thus we recursively define 𝑘1 on all of 𝑆.
Let 𝑟 ∧ 𝑠 = �̂�, so that in fact 𝑢 = 𝜏(𝑟 ∨ 𝑠), though that is not used

explicitly. One can now prove, by induction on the order ≤ of Ŝ, that:
∙ if �̂� � �̂�, then 𝑘1(�̂�) = 𝑘0(�̂�),
∙ 𝑘1(�̂�) ≥ 𝑞 > 𝑝 = 𝑘0(�̂�),
∙ if �̂� > �̂�, then 𝑘1(�̂�) ≥ 𝑞 ∨ 𝑘0(�̂�),
∙ 𝑘1 satisfies properties (2)–(5),
∙ 𝑘1 is the least map satisfying all these conditions.

The (many) details are left to the reader. It is an exercise in repeatedly ap-
plying the principle �̂� ≤ 𝑦 iff 𝛾𝑥 ≥ 𝛾𝑦, induction on the order in Ŝ, and the
fact that 𝑘0 has properties (2)–(5). In particular, for 𝑚 ∈ 𝐿 and 𝑣 ∈ 𝜏(L),
we have 𝜏(𝑚) ≥ 𝑣 iff 𝛾𝜏(𝑚) ≤ 𝛾𝑣 iff 𝛾𝑚 ≤ 𝛾𝑣 iff 𝑚 ≤ 𝛾𝑣. For (3),
remember that our notation convention is that �̂� ∈ 𝑆 implies 𝑥 = 𝜏𝑥; the
latter is written in the formulas for 𝑘0 and 𝑘1 only for emphasis.

Thus, when 𝑘0 does not preserve meets, we have found a map 𝑘1 ≥ 𝑘0
that satisfies (2)–(5) and addresses one failure of (6). To obtain a map 𝑘 that
satisfies (2)–(6), the algorithm is this:

Given (L, 𝛾), for all 𝑏 ≻ 𝑎 in P, recursively construct 𝑘0 ≤ 𝑘1 ≤ · · · ≤
𝑘𝑛 until it stabilizes satisfying (2)–(6). If 𝑘𝑛(�̂�) = �̂� then you have the map
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Figure 5.2. Lattice K and 𝛾𝑑(K) for Example 5.10

for the pair (𝑎, 𝑏); if not, no map works for (𝑎, 𝑏), and (L, 𝛾) is not repre-
sentable as (Sub(S,∧, 1, 𝐻),Γ).

To see that the algorithm works, fix 𝑏 ≻ 𝑎. The map 𝑘𝑛 satisfies (2)–(6).
If 𝑘𝑛(�̂�) = �̂�, so that 𝑘𝑛 satisfies (1)–(6), we are done. On the other hand,
suppose there is a map ℎ satisfying (1)–(6). It is easy to see that 𝑘0 ≤ ℎ, and
inductively, if 𝑘𝑗 ≤ ℎ then 𝑘𝑗+1 ≤ ℎ. Now

�̂� = 𝑘0(�̂�) ≤ 𝑘𝑛(�̂�) ≤ ℎ(�̂�) = �̂�

so that 𝑘𝑛 satisfies (1) also. Thus, for each 𝑏 ≻ 𝑎 in P, the map 𝑘𝑛 (for
sufficiently large 𝑛) satisfies (1)–(6) if and only if any such map exists, in
which case 𝑘𝑛 is the least such map.

Example 5.10.

Consider the pair (K, 𝛾) in Figure 5.2. Clearly J(K) ⊆ 𝜏(K), and we
need operators ℎ, ℓ such that ℎ(𝑐) = �̂� and ℓ(𝑐) = �̂�. Following the algorithm
for the pair (𝑎, 𝑐), we get 𝑘0(𝑧) = 𝑧 and 𝑘0(𝑐) = �̂�. In the calculations for
�̂� and �̂�, the element 𝑤 = 𝑎 since 𝑐 ≤ �̂�, �̂� and 𝑘0(𝑐) = �̂�. Thus 𝑘0(�̂�) =

𝜏(𝑎 ∧ 𝛾𝑎) = �̂� but 𝑘0(�̂�) = 𝜏(𝑏 ∧ 𝛾𝑎) = 0̂. Finally, 𝑘0(0̂) = 0̂. Now 𝑘0
preserves meets, so it is the desired map.

The map for the pair (𝑏, 𝑐), say ℓ0, is symmetric, and thus we obtain the
representation of (K, 𝛾) as Sub(𝛾𝑑(K),∧, 0̂, 𝑘0, ℓ0). Of course, this one was
not hard, but it illustrates how the process works.

Example 5.11.

Now suppose we try to represent the pair (L, 𝛾) in Figure 5.3. Again
J(L) ⊆ 𝜏(L), and we need operators to satisfy property (1), including an
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0

𝑎

𝑑 𝑒

𝑐𝑏

𝑧

𝑧

𝑑

�̂�

0̂

𝑐

𝑒

�̂�

Figure 5.3. Lattice L and 𝛾𝑑(L) for Example 5.11

operator with 𝑘(𝑑) = �̂�. Straightforward calculations for 𝑘0 yield

𝑘0(𝑧) = 𝑧 𝑘0(𝑑) = �̂�

𝑘0(𝑒) = 𝑒 𝑘0(�̂�) = 𝜏(𝑎 ∧ 𝛾𝑏) = 0̂

𝑘0(�̂�) = �̂� 𝑘0(𝑐) = 𝑐 𝑘0(0̂) = 0̂

But now 𝑘0 does not preserve meets:

𝑧 = 𝑘0(𝑧) = 𝑘0(�̂� ∧ 𝑐) < 𝑘0(�̂�) ∧ 𝑘0(𝑐) = 0̂ ∧ 𝑐 = 𝑐.

To fix that, we will need to have 𝑘1(𝑧) ≥ 𝑐, which in turn implies 𝑘1(𝑑) ≥
𝑘0(𝑑) ∨ 𝑐 = �̂� ∨ 𝑐 = 0̂. But that defeats the original purpose, which was to
have 𝑘(𝑑) = �̂�. We conclude that no representation exists.

It was observed elsewhere (see Figure 3.3) that this pair fails (‡), so we
knew this was going to happen. But again, it is interesting to see how the
algorithm shows that the desired map does not exist.

The pairs in Figures 10.1, 10.2 and 10.3 are more challenging, but they
can all be represented using the algorithm in this section.

5.3. Extension to a class of infinite lattices

We would like to extend the results of Section 5.1 to infinite lattices,
but there are severe technical difficulties. The source of the problem is that
we need to use maps 𝑘* with 𝑘 ∈ DMO, as shown by Example 5.5. But
maps in DMOmay preserve only finite meets, and not necessarily arbitrary
meets and directed joins; see Theorem 3.11. In the end, all that survives
is a version of the second half of Theorem 5.6, giving a representation of
(L, 𝛾) as (Sd

p(𝛾(L)),Γ
′) when L is both algebraic and dually algebraic, and

the completely join irreducible elements CJI(L) are contained in 𝜏(L). But
that remnant is nice enough to give some interesting examples, so let us
proceed.
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The next equivalence is a standard exercise.

Theorem 5.12. The following are equivalent for an algebraic lattice L.
(1) L is also dually algebraic.
(2) Every completely meet irreducible element of L is dually compact.
(3) L is lower continuous.

Analogously to Section 5.1, we will use dually algebraic subsets. A sub-
set𝑋 of a complete latticeT is dually algebraic if it is closed under arbitrary
joins (including

⋁︀
∅ = 0) and down-directed meets. A dual operator on T

is a map 𝑘 : 𝑇 → 𝑇 that preserves arbitrary joins and down-directed meets.
Let Sd

p(T, 𝐾) denote the lattice of all 𝐾-closed dually algebraic subsets of
T.

Every dually algebraic subset 𝑋 has a largest element 𝑥1. The natural
(weak) dual equaclosure operator Γ′ on Sd

p(T, 𝐾) is given by Γ′(𝑋) = ↓𝑥1.

Theorem 5.13. Let (L, 𝛾) be a pair consisting of a dually algebraic lat-
tice with a weak equaclosure operator. Assume that

(i) each 𝛾𝑥 is completely meet distributive, that is, 𝛾𝑥∧⋁︀ 𝑦𝑖 =
⋁︀
(𝛾𝑥∧

𝑦𝑖) for any index set,
(ii) CJI(L) ⊆ 𝜏(L).

Suppose there exists a set 𝐾 of dual operators on 𝛾(L) such that
(iii) 𝜏(𝑘([𝑥])) ≤ 𝜏 [𝑥] for all 𝑘 ∈ 𝐾, 𝑥 ∈ 𝐿,
(iv) 𝜏 [𝑎] ≤ 𝜏 [𝑏] implies there exists 𝑘 ∈ 𝐾 such that 𝑘[𝑏] = [𝑎].

Then the pair (Sd
p(𝛾(L), 𝐾),Γ′) represents (L, 𝛾).

Observe that when L is also upper continuous (in particular, algebraic),
the meet distributivity of 𝛾𝑥 implies (i). Note that (iii) implies 𝑘[𝑥] ≤ [𝑥].

Proof. By Lemma 3.4, which is a consequence of property (I7) for equa-
closure operators, 𝛾(L) is a dually algebraic lattice, andwe are assuming that
the maps in 𝐾 are dual operators. Again define 𝜙 : L→ Sd

p(𝛾(L), 𝐾) by

𝜙(𝑥) = {[𝑏] : 𝜏𝑏 ≤ 𝑥}.
First we show that𝜙(𝑥) is a𝐾-closed dually algebraic subset of 𝛾(L). Surely
[0] ∈ 𝜙(𝑥). For join closure, assume [𝑏𝑖] ∈ 𝜙(𝑥) for all 𝑖 ∈ 𝐼 . Then
each 𝜏𝑏𝑖 ≤ 𝑥, whence 𝜏

⋁︀
[𝑏𝑖] ≤

⋁︀
𝜏 [𝑏𝑖] ≤ 𝑥, so

⋁︀
[𝑏𝑖] ∈ 𝜙(𝑥). Next

consider a down-directed subset [𝑏𝑖] (𝑖 ∈ 𝐼) of 𝜙(𝑥). Let 𝑐𝑖 = 𝛾𝑏𝑖; these
also form a down-directed set. By property (K11) of equaclosure operators,
𝜏(
⋀︀
𝑖 𝑐𝑖) ≤ 𝑥, so that [

⋀︀
𝑖 𝑐𝑖] =

⋀︀
𝑖[𝑏𝑖] ≤ 𝑥 and thus

⋀︀
𝑖[𝑏𝑖] ∈ 𝜙(𝑥). Also,

if 𝜏𝑏 ≤ 𝑥 and 𝑘 ∈ 𝐾, then 𝜏𝑘[𝑏] ≤ 𝑥 by (iii). Therefore each 𝜙(𝑥) is a
𝐾-closed dually algebraic subset of 𝛾(L).
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We need to show that every such subset is in the range of 𝜙. For a 𝐾-
closed dually algebraic subset 𝑈 , let

𝑥 =
⋁︁
{𝜏 [𝑢] : [𝑢] ∈ 𝑈}.

Clearly 𝑈 ⊆ 𝜙(𝑥). For the reverse inclusion, suppose [𝑏] ∈ 𝜙(𝑥), i.e.,
𝜏𝑏 ≤ ⋁︀{𝜏 [𝑢] : [𝑢] ∈ 𝑈}. Then using the complete meet distributivity of
assumption (i),

𝜏𝑏 = 𝜏𝑏 ∧ 𝛾𝑏 ≤ (
⋁︁

(𝜏 [𝑢]) ∧ 𝛾𝑏 =
⋁︁

(𝜏 [𝑢] ∧ 𝛾𝑏) ≤ 𝛾𝑏 .

Thus [𝑏] =
⋁︀
[𝜏 [𝑢]∧𝛾𝑏]. But each [𝑑] = [𝜏 [𝑢]∧𝛾𝑏] has 𝜏 [𝑑] ≤ 𝜏 [𝑢], whence

[𝑑] = 𝑘[𝑢] for some 𝑘 ∈ 𝐾 by (iv). Since 𝑈 is 𝐾-closed, that implies
[𝑑] ∈ 𝑈 . Then [𝑏], the join of such [𝑑], is also in 𝑈 . Thus 𝜙(𝑥) ⊆ 𝑈 .

Clearly 𝜙 is order-preserving: 𝑥 ≤ 𝑦 implies 𝜙(𝑥) ≤ 𝜙(𝑦). On the other
hand, if 𝑥 � 𝑦, then since L is dually algebraic there is a completely join
irreducible 𝑝 with 𝑝 ≤ 𝑥, 𝑝 � 𝑦. By assumption (ii), 𝑝 = 𝜏 [𝑝]. This gives
[𝑝] ∈ 𝜙(𝑥) while [𝑝] /∈ 𝜙(𝑦), so 𝜙(𝑥) � 𝜙(𝑦).

Finally, we want to show that Γ′(𝜙(𝑥)) = ↓ [𝛾𝑥]. Clearly [𝛾𝑥] ∈ 𝜙(𝑥) as
𝜏(𝛾𝑥) ≤ 𝑥. Moreover, if [𝑏] ∈ 𝜙(𝑥) then 𝜏𝑏 ≤ 𝑥, whence 𝛾𝑏 ≤ 𝛾𝑥, that is,
[𝑏] ≤ [𝛾𝑥]. Thus [𝛾𝑥] is the largest element of 𝜙(𝑥), and Γ′(𝜙(𝑥)) = {[𝑏] :
𝛾𝑏 ≤ 𝛾𝑥}. It follows that 𝜙(𝑥) is Γ′-closed iff 𝑥 = 𝛾𝑥. �

Example 5.14.

LetB𝜔 be the boolean lattice of all subsets of the ordinal𝜔, which is both
algebraic and dually algebraic. There is a familiar equaclosure operator on
B𝜔: for ∅ ̸= 𝑆 ⊆ 𝜔,

𝛾(𝑆) = ↑𝑆 = ↑min(𝑆) .

Thus, including ∅, 𝛾(B𝜔) ∼= (𝜔 + 1)𝑑. The subset 𝜏(B𝜔) consists of its
atoms (singletons), so no operators are needed. Theorem 5.13 applies, and
after dualizing, we obtain the representation of (B𝜔, 𝛾) as Sp(𝜔 + 1). By
Theorem 2.65, B𝜔 is isomorphic to Lq(𝒰) for a quasivariety of 1-element
structures.

This example raises the hope that one might be able to use Theorem 5.13
to provide a simplified proof of Theorem 2.65, the representation of alge-
braic, dually algebraic, atomistic lattices. But the hard step of that theorem
is (4) implies (3), and we would need to prove that if such a lattice admits
an equaclosure operator 𝛾, then it also admits one 𝛾′ with the property that
𝜏 ′(L) consists of its atoms. That should be true, given Theorem 2.65, but
the proof may require the original arguments from [14].

Example 5.15.
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Figure 5.4 illustrates a couple of easy applications of Theorem 5.13. The
lattices pictured there, with the indicated closure operators, satisfy the con-
ditions of the theorem. Finding the necessary operators on 𝛾𝑑(L) is straight-
forward, and is left as an exercise for the reader. Thus both pairs can be
represented as (Sp(S, 𝐻),Γ). We do not know whether they are subquasi-
variety lattices, but in both cases, if you remove the atom on the left side,
the resulting lattice is Lq(𝒦) for a quasivariety with equality by using The-
orem 7.7.

One can make more examples similar to these. The pentagons in the
figure are stacked over 𝜔 as an index set, but one could also stack lattices
over 𝜔𝑑 or Z, taking care to be sure that the result is algebraic and dually
algebraic.

Yet another exercise is to consider the various equaclosure operators on
(𝜔+1)×2, or more generally 𝛼×𝛽 for ordinals 𝛼, 𝛽, that satisfyCJI(L) ⊆
𝜏(L).
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Figure 5.4. Pairs (L, 𝛾) that satisfy the conditions of Theo-
rem 5.13, and which can be represented as (Sp(S, 𝐻),Γ).





CHAPTER 6

Finite lattices as Sub(S,∧, 1, 𝐻): The case J(L) ̸⊆ 𝜏(L)

Men will live like billy goats if they are left alone. – Mattie
Ross in True Grit (Charles Purvis)
Все смешалось в доме Облонских. – Лев Толстой, Анна
Каренина

In this chapter, we turn to the case of representing a finite lattice by
subsemilattices with operators when J(L) ̸⊆ 𝜏(L). To iterate the problem,
we are given a pair (L, 𝛾) where L is a finite lower bounded lattice and 𝛾
is an equaclosure operator on it. We seek a representation of (L, 𝛾) in the
form (Sub(S,∧, 1, 𝐻),Γ) where S is a finite ∧-semilattice with 1 and 𝐻 is
a set of operators on S preserving ∧ and 1, and Γ is the natural equaclosure
operator on Sub(S,∧, 1, 𝐻), so that for A ≤ S, Γ(A) = ↑ 𝑎0 where 𝑎0 is
the least element of A.

Section 6.1 discusses how we might go about constructing such a rep-
resentation, and provides some examples. Such ad hoc methods work well
for simple cases, but for more complicated cases, we turn to a systematic
approach based on the construction of Theorem 4.30. This is the topic of
Section 6.2.

6.1. Ad hoc representations

We are given a pair (L, 𝛾) consisting of a finite lower bounded lattice
L and an equaclosure operator 𝛾 on it. The objective is to construct a finite
semilattice with operators ̂︀S = (𝑆,∧, 1, 𝐻) such that Sub(Ŝ,∧, 1, 𝐻) along
with the natural equaclosure operator Γ represents (L, 𝛾).

Our plan is to apply the method of Section 4.4. To do so, we need a
map 𝜆 : 𝑆 → 𝐿 satisfying the properties (a)–(e) required by Theorems 4.37
to 4.39 with the corresponding embedding 𝜉 : L ≤ Sub ̂︀S to be given by
𝜉(𝑎) = {𝑠 ∈ 𝑆 : 𝜆𝑠 ≤ 𝑎}. Those conditions translate to the current situation
thusly: for all ℎ ∈ 𝐻 and 𝑥, 𝑦 ∈ 𝑆 and 𝑌 ⊆ 𝑆,

(a1) 𝑥 =
⋀︀
𝑌 implies 𝜆𝑥 ≤ ⋁︀

𝜆𝑌 ;
(a2) 𝑥 = ℎ(𝑦) implies 𝜆𝑥 ≤ 𝜆𝑦;
(b) 𝜆𝑥 = 0L iff 𝑥 = 1, and ℎ(1) = 1;
(c) if 𝜆𝑥 ≤ ⋁︀

𝜆𝑌 is a minimal nontrivial join cover, then 𝑥 ∈ Sg(𝑌 );
151
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(d) J(L) ⊆ 𝜆(𝑆);
(e) 0L < 𝜆𝑥 ≤ 𝜆𝑦 implies there exists ℎ ∈ 𝐻 such that 𝑥 = ℎ(𝑦),

where 𝜆𝑌 = {𝜆𝑦 : 𝑦 ∈ 𝑌 }.
We will expand upon the conditions (a1)–(e) for embedding momentar-

ily, but we also want to ensure that the equaclosure operators correspond.
Recall that whenever (L, 𝛾) is represented as (Sub ̂︀S,Γ), then 𝛾𝑑(L) ≤ ̂︀S
by Corollary 3.21. The elements of 𝜏(L) are in 1-1 correspondence with
𝛾𝑑(L). So we can assume there is a (proper) subset 𝑇 ⊆ 𝑆 given by

∙ 𝑇 = {�̂� : 𝑥 ∈ 𝜏(L)}
with the order �̂� ≤ 𝑦 in ̂︀S iff 𝛾𝑥 ≥ 𝛾𝑦 in L. Moreover, as a convention we
let 𝑧 = 𝜏(1L), so that the least element of ̂︀S is 𝑧, while the greatest element
1 of ̂︀S is 0̂L, which we just denote as 0̂.

The subalgebras in our putative representation are of the form 𝜉(𝑎) =

{𝑠 ∈ 𝑆 : 𝜆𝑠 ≤ 𝑎} for 𝑎 ∈ 𝐿. The elements of 𝑇 are to be the least elements
of subalgebras of ̂︀S. For that, we need two more conditions on 𝜆: for 𝑠 ∈ 𝑆,

(f) 𝜆𝑠 ≤ 𝑎 implies 𝑠 ≥ 𝜏(𝑎);
(g) 𝜆�̂� = 𝑎 for 𝑎 ∈ 𝜏(L).

where 𝜏(𝑎) = ̂︂𝜏(𝑎).
Returning to the embedding conditions, (d) requires that J(L) ⊆ 𝜆(𝑆).

In Chapter 5 we assumed that J(L) ⊆ 𝜏(L), and showed that the represen-
tation could use ̂︀S = 𝛾𝑑(L), i.e., 𝑆 = 𝑇 . In this chapter, we are considering
the case when J(L) ̸⊆ 𝜏(L), and will need more elements in 𝑆.

Now whenever 𝜉 : L ≤ SubS and 𝑝 ∈ J(L), then there is at least one
element 𝑝1 ∈ 𝜉(𝑝) ∖ 𝜉(𝑝*). Thus set

∙ 𝐽 = {𝑝1 : 𝑝 ∈ J(L) ∖ 𝜏(L)}
and 𝜆𝑝1 = 𝑝 for 𝑝 ∈ 𝐽 . By (f), this implies 𝑝1 ≥ 𝜏(𝑝).

So far we have some necessary elements of 𝑆 and some necessary order
relations, which can be summarized as follows:

∙ 𝐽 ∪ 𝑇 ⊆ 𝑆,
∙ 𝜆�̂� = 𝑥 for �̂� ∈ 𝑇 ,
∙ 𝜆𝑝1 = 𝑝 for 𝑝1 ∈ 𝐽 ,
∙ 0̂ is the largest element of ̂︀S,
∙ 𝑧 is the least element, where 𝑧 = 𝜏(1L).

The situation is sketched in Figure 6.1.
However, the information listed thus far is generally not enough to de-

termine ̂︀S. Because 𝐽 ∪ 𝑇 ⊆ 𝑆, we do have J(L) ⊆ 𝜆(𝑆). Hence the set
𝜉(𝐿) of all 𝜉(𝑎) for 𝑎 ∈ 𝐿, ordered by set containment, is isomorphic to L.
We want to specify an order and operations𝐻 on 𝑆 to make it a semilattice
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L ̂︀S

𝜆←−

0

𝑥 = 𝜏𝑥

𝑝

𝛾x

𝑧 = 𝜏1

1

𝑧

�̂�

𝑝1

0̂

𝑝1 → �̂� Γ(�̂�) = ↑ �̂�
Γ(𝑧) = ↑𝑧 = ̂︀𝑆

Figure 6.1. Schematic diagram of (L, 𝛾) and ̂︀S. Here 𝑥, 𝑧 ∈
𝜏(L) so in ̂︀S we have �̂�, 𝑧 ∈ 𝑇 , while 𝑝 /∈ 𝜏(L) thus 𝑝 ∈ 𝐽 .
Also 𝜆�̂� = 𝑥, 𝜆𝑧 = 𝑧, 𝜆𝑝1 = 𝑝.

with operators, so that the conditions (a1)–(g) are satisfied. The process may
require additional order relations or meets of elements in 𝐽 ∪ 𝑇 . It may be
necessary to duplicate some of the elements of 𝐽 ∪ 𝑇 , so that say �̂� is re-
placed by {�̂�, 𝑥1, . . . , 𝑥𝑛} with �̂� ≤ 𝑥𝑗 for all 𝑗, as in some of the examples
below. Sometimes it is easy enough to see how to do this, while other cases
may require the more complicated but systematic approach of Section 6.2.
The end result should be ̂︀S = (𝑆,∧, 0̂, 𝐻) and 𝜆 : 𝑆 → 𝐿 satisfying the
conditions.

We use arrow relations to guide the process of building ̂︀S, where 𝑌 → 𝑥
means that 𝑥 ∈ Sg(𝑌 ) should hold. If 𝑥, 𝑦 ∈ 𝑆 and 𝜆𝑥 ≤ 𝜆𝑦, then we
write 𝑦 → 𝑥 to indicate that by condition (e), there should be an ℎ ∈ 𝐻
with 𝑥 = ℎ(𝑦). If 𝑥 ∈ 𝑆 and 𝜆𝑥 ≤ ⋁︀

𝜆𝑌 minimally, then by condition (c) it
should hold that 𝑥 ∈ Sg(𝑌 ). This could be 𝑥 =

⋀︀
𝑌 in ̂︀S, butmore generally

there could exist 𝑥′ ∈ 𝑆 and 𝑌 ′ ⊆ 𝑆 such that 𝜆𝑥′ = 𝜆𝑥, 𝜆𝑌 ′ = 𝜆𝑌 , and
𝑥′ =

⋀︀
𝑌 ′ (since 𝜆𝑥 = 𝜆𝑥′ implies Sg(𝑥) = Sg(𝑥′) by (e), and likewise for

𝑦 ∈ 𝑌 ).
It is useful to list the arrow relations as part of the construction process.

We will include them in the figures for our examples. When |𝑌 | = 2, the
arrow may be written as 𝑦1& 𝑦2 → 𝑥.
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If 𝑠 and 𝑡 are elements of 𝑆 such that 𝜆𝑠 ≤ 𝜆𝑡, then we want to devise a
map ℎ such that ℎ(𝑡) = 𝑠 to be an operator in 𝐻 . The catch is that ℎ must
be meet-preserving and satisfy 𝜆ℎ(𝑢) ≤ 𝜆𝑢 for all 𝑢 ∈ 𝑆 (condition (a2)).
Let P = {𝜆𝑥 : 𝑥 ∈ 𝑆}, with the order inherited from L. By composing
operators, it suffices to find operators for pairs with 𝜆𝑠 ⪯ 𝜆𝑡 in P. For pairs
with 𝜆𝑠 = 𝜆𝑡, we need maps in both directions, which is indicated by 𝑠↔ 𝑡.

Note that the greatest element 0̂ of ̂︀S is a constant of the type, and thus
in every subalgebra. Condition (b) requires that 𝜆(𝑠) = 0L only for 𝑠 = 0̂.
So the arrows 𝑠→ 0̂ may be omitted.

On the other hand, arrow relations 𝑌 → 𝑥, corresponding to minimal
join covers 𝜆𝑥 ≤ ⋁︀

𝜆𝑌 , come in two main types: when 𝜆𝑥 is join reducible
and 𝜆𝑥 =

⋁︀
𝜆𝑌 is the canonical join representation of 𝜆𝑥, and when 𝜆𝑥 is

join irreducible and 𝜆𝑥 <
⋁︀
𝜆𝑌 is a minimal nontrivial join cover. If prop-

erty (c) holds for those minimal join covers, then it holds for non-minimal
(refinable) join covers, using the fact that 𝑎 ≤ 𝑏 implies 𝜉(𝑎) ≤ 𝜉(𝑏). That
allows us to cover the third case, when 𝜆𝑥 is join reducible and 𝜆𝑥 <

⋁︀
𝜆𝑌 .

To realize 𝑥 ∈ Sg(𝑌 ) when 𝑌 → 𝑥 may require that we add elements
and/or comparabilities to ̂︀S. As indicated earlier, we need for 𝑆 to contain
𝑥′ and 𝑌 ′ such that 𝜆𝑥′ = 𝜆𝑥, 𝜆𝑌 ′ = 𝜆𝑌 , and 𝑥′ =

⋀︀
𝑌 ′. There will be

many examples, but exactly how to build ̂︀S, or when it is even possible, in
the end remains more art than science. In Examples 6.2–6.4 we use ad hoc
methods, and in the next section a more systematic method, but neither one
is a real algorithm that always works.

One type of arrow relation automatically holds in our constructions.
When {𝑎} ∪𝐵 ⊆ 𝜏(L) and 𝑎 ≤ ⋁︀

𝐵, thenwe have the arrow �̂� → �̂�. In this
case �̂� ∈ Sg(�̂�) follows from the other properties. First recall Lemma 3.18,
where 𝜏(𝑥) denotes ̂︂𝜏(𝑥).

Lemma 6.1. The subset 𝑇 = {�̂� : 𝑥 ∈ 𝜏(L)} is a 0-1-sublattice of ̂︀S,
such that

(1) the greatest element is 0̂,
(2) the least element is 𝑧, where 𝑧 = 𝜏(1L),
(3) �̂� ∧ 𝑦 = 𝜏(𝑥 ∨ 𝑦),
(4) �̂� ∨ 𝑦 = 𝜏(𝛾𝑥 ∧ 𝛾𝑦).

Consider an arrow of the form say �̂�& 𝑐 → �̂�, corresponding to the
inclusion 𝑎 ≤ 𝑏 ∨ 𝑐 in L, where 𝑎, 𝑏, 𝑐 ∈ 𝜏(L). From 𝑎 ≤ 𝑏 ∨ 𝑐 we obtain
𝛾𝑎 ≤ 𝛾(𝑏∨𝑐), whence �̂� ≥ 𝜏(𝑏∨𝑐) = �̂�∧𝑐 in ̂︀S. If property (e) holds, there
is an ℎ ∈ 𝐻 such that �̂� = ℎ(�̂�∧ 𝑐) = ℎ(�̂�)∧ ℎ(𝑐). Thus �̂� ∈ Sg(�̂�)∨ Sg(𝑐),
as desired.
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Figure 6.2. Example 6.2 with 𝐽 ̸⊆ 𝑇

However, for arrow relations 𝑌 → 𝑥 with 𝑌 ∪ {𝑥} ̸⊆ 𝑇 , the construc-
tion of ̂︀S should include meets to witness that 𝑥 ∈ Sg(𝑌 ).

Now let us actually do some representations!

Example 6.2.

Our first example is in Figure 6.2. For this pair, 𝑇 = {0̂, �̂�, �̂�, 𝑧} and
𝐽 = {𝑝1} as 𝐽(𝐿) ∖ 𝜏(𝐿) = {𝑝}. With the order of 𝛾𝑑(L) on 𝑇 and 𝑝1 ≥ �̂�,
the set 𝑆 = 𝑇 ∪ 𝐽 is a lattice, as shown in the figure. Set 𝜆�̂� = 𝑥 for 𝑥 = 0,
𝑎, 𝑏, 𝑧 and 𝜆𝑝1 = 𝑝. Write down the→ relations as given in the figure, and
find operators ℎ, 𝑘 to realize them, remembering to ensure that 𝜆ℎ(𝑠) ≤ 𝜆𝑠

and 𝜆𝑘(𝑠) ≤ 𝜆𝑠 for each 𝑠 ∈ 𝑆. For example, ℎ(𝑧) = �̂� enforces 𝑧 → �̂�.
Note that �̂�& �̂�→ 𝑧 is realized by �̂� ∧ �̂� = 𝑧, as observed above.

Then let 𝐻 be the monoid generated by ℎ and 𝑘, which in this case is
𝐻 = {ℎ, 𝑘, 𝑖𝑑, 0̂} where 0̂ is a constant map. Thus 𝑆 = {0̂, �̂�, �̂�, 𝑧, 𝑝1} and
the monoid 𝐻 give a representation of (L, 𝛾) as (Sub(Ŝ,∧, 0̂, 𝐻),Γ). Of
course, we really only need ℎ and 𝑘 as operations.

Example 6.3.

Now we turn to the pentagon with the equaclosure operator shown in
Figure 6.3; this will be Running Example 5 in Chapter 7. From the inclusion
𝑝 ≥ 𝑧 in L we get the arrow 𝑝1 → 𝑧, and the minimal nontrivial join cover
𝑝 ≤ 𝑧 ∨ 𝑏 in L gives 𝑧& �̂�→ 𝑝1. Now 𝐽 ∪ 𝑇 = {0̂, �̂�, 𝑧, 𝑝1}, but we cannot
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Figure 6.3. Example 6.3, which is Running Example 5 in Chapter 7

realize 𝑧& �̂�→ 𝑝1 by 𝑧∧ �̂� = 𝑝1, which would be the first option, because 𝑧
is the least element of ̂︀S. Thus we need to add another element, say 𝑧1, such
that 𝑧1 ∧ �̂� = 𝑝1, and make 𝑧1 equivalent to 𝑧 in the sense that 𝜆𝑧1 = 𝜆𝑧.
Since 𝑧 is the least element of Sg(𝑧), we make 𝑧1 > 𝑧, and this gives the
order on ̂︀S shown in Figure 6.3. Add the double arrow 𝑧 ↔ 𝑧1, to indicate
that we need operators with ℎ(𝑧) = 𝑧1 and 𝑘(𝑧1) = 𝑧. The operators given
in the figure do that, along with 𝑘(𝑝1) = 𝑧 to realize 𝑝1 → 𝑧.

Thus with 𝑆 = {0̂, �̂�, 𝑧, 𝑝1, 𝑧1} and the monoid 𝐻 on 𝑆 generated by
ℎ and 𝑘, we achieve a representation of (L, 𝛾) as (Sub(Ŝ,∧, 0̂, 𝐻),Γ). In
Running Example 5 of Section 7.1, we will convert this representation to one
with a subquasivariety lattice Lq(𝒦) and its natural equaclosure operator.

Example 6.4.

The pair (N, 𝛾3) illustrated in Figure 6.4 is similar; it also appears in
the discussion in Example A.1 in the Appendix. Exactly as in the preceding
example with the pentagon, we add an element 𝑧1 such that 𝜆𝑧1 = 𝜆𝑧 and
𝑧1 ∧ �̂� = 𝑝1, due to the join cover 𝑝 ≤ 𝑧 ∨ 𝑏 in L. However, we cannot have
𝑧1 ∧ �̂� = 𝑝1, because 𝑝 � 𝑧 ∨ 𝑎 in L. This problem is avoided by putting
𝑧1 ≤ �̂�. With that admittedly ad hoc adjustment, operators are easily found
to achieve the representation, as given in the figure.

More examples of such representations are given in Appendix A.1.
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Figure 6.4. Example 6.4 with 𝐽 ̸⊆ 𝑇 : (N, 𝛾3)

6.2. Representations based on embeddings into Sub S

The technique of this section extends the embedding of a finite lower
bounded lattice L into Sub P for a meet semilattice P constructed in The-
orem 4.30.

At this point it behooves us to review the entire setup, as a guide to the
reader (and the authors). We are given a pair (L, 𝛾) consisting of a finite,
lower bounded lattice and an equaclosure operator on it. To “represent" this
pair we want to find a (finite) semilattice with operators, S = (𝑆,∧, 1, 𝐻),
and an isomorphism 𝜉 : L ∼= Sub(S,∧, 1, 𝐻) in such a way that 𝜉(𝛾(𝑥)) =
Γ(𝜉(𝑥)) for all 𝑥 ∈ 𝐿. Here Γ is the natural equaclosure operator on Sub S,
so that for a subalgebra 𝑋 ≤ S, we have Γ(𝑋) = ↑𝑥0 where 𝑥0 is the least
element of 𝑋 .

We begin the construction by embedding L into Sub(P,∧, 1) following
the recipe of Theorem 4.30. Then two types of modifications are usually
required. First, we may have to adjust P by adding relations, so that the im-
ages of elements in the same 𝛾-class can be subalgebras with the same least
element. Our S will be the modified semilattice. Then we need to add oper-
ators so that the embedding ofL into Sub(S,∧, 1) becomes an isomorphism
onto Sub(S,∧, 1, 𝐻). Sometimes this also requires adding extra elements
or relations.
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To that end, we briefly recall the construction of Theorem 4.30. Find
J(L) and all minimal nontrivial join covers 𝑥 ≤ ⋁︀

𝑈 in J(L). This en-
ables us to draw the ordered set (J(L),D). Form the set 𝐺 of all sequences
𝑑1 . . . 𝑑𝑘 (𝑘 ≥ 1) such that

(1) 𝑑1 is minimal in (J(L),D), and
(2) 𝑑𝑖 D 𝑑𝑖+1 for 1 ≤ 𝑖 < 𝑘.

Then let P be the meet semilattice with 1 freely generated by 𝐺 subject to
the relations that whenever 𝑑𝑘 ≤ 𝑢1 ∨ . . . ∨ 𝑢𝑚 is a minimal nontrivial join
cover in L, then

𝑑1 . . . 𝑑𝑘 = 𝑑1 . . . 𝑑𝑘𝑢1 ⊓ · · · ⊓ 𝑑1 . . . 𝑑𝑘𝑢𝑚
in P. We use ⊓ for the meet in P, and later S, to avoid confusion with the
meet in L.

In this section, we are going to represent the lattice W with all its pre-
clops 𝜇, 𝛾𝑗 (1 ≤ 𝑗 ≤ 6) from Figure 4.1. There is one minimal non-
trivial join cover in W, which is 𝑏 ≤ 𝑎 ∨ 𝑑. The lattice and (J(W),D)
are reproduced in Figure 6.5. The construction gives us the generating set
𝐺 = {𝑏, 𝑏𝑎, 𝑏𝑑, 𝑐}, andP is the semilattice with 1 generated by𝐺 subject to
the relations

[1] 𝑏 = 𝑏𝑎 ⊓ 𝑏𝑑,
[2] 𝑏 ≤ 𝑏𝑎, 𝑏 ≤ 𝑏𝑑.

where [2] is of course a consequence of [1]. The result is the semilattice
P drawn in Figure 6.6. The embedding 𝜉 : W → Sub(P,⊓, 1) is defined
via 𝜉(𝑢) is the ⊓-subsemilattice generated by {𝑑1 . . . 𝑑𝑘 ∈ P : 𝑑𝑘 ≤ 𝑢}.
Specifically,

𝑎 ↦−→ {𝑏𝑎, 1}
𝑐 ↦−→ {𝑐, 1}
𝑒 ↦−→ {𝑏𝑎, 𝑐, 𝑏𝑎 ⊓ 𝑐, 1}
𝑑 ↦−→ {𝑏𝑑, 𝑐, 𝑏𝑑 ⊓ 𝑐, 1}
𝑏 ↦−→ {𝑏, 𝑏𝑎, 𝑐, 𝑏𝑎 ⊓ 𝑐, 𝑏 ⊓ 𝑐, 1}

and of course 𝜉(1) = 𝑃 , 𝜉(0) = {1}.
Now let us implement the program of Section 4.4, and especially The-

orem 4.39 for our situation. That is, we want a map 𝜆 : 𝑆 → 𝐿 such that
𝜉(𝜆(𝑥)) = Sg(𝑥) for each 𝑥 ∈ 𝑆. As in the proof of Theorem 4.30, let
𝜆(𝑑1 . . . 𝑑𝑘) = 𝑑𝑘, the last term in the sequence 𝑑; there it was denoted
𝑙(𝑑). For meets in S, while the requirement of Theorem 4.37 is only that
𝜆(𝑢⊓𝑣) ≤ 𝜆𝑢∨𝜆𝑣, we take 𝜆(𝑢⊓𝑣) = 𝜆𝑢∨𝜆𝑣 unless otherwise specified.

For our particular lattice W, we have 𝜆(𝑏) = 𝑏 , 𝜆(𝑐) = 𝑐, 𝜆(𝑏𝑎) = 𝑎,
and 𝜆(𝑏𝑑) = 𝑑. Thus 𝜆(𝑏𝑎 ⊓ 𝑐) = 𝑒, 𝜆(𝑏𝑑 ⊓ 𝑐) = 𝑑, and 𝜆(𝑏 ⊓ 𝑐) = 𝑏.
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Figure 6.6. The semilattice P such that W ≤ Sub(P,⊓, 1)

We use arrow relations, 𝑦 → 𝑥 or 𝑈 → 𝑥, to indicate the properties that
must hold in order for 𝜆 to yield the right subalgebra inclusions.

∙ For 𝑥, 𝑦 ∈ 𝑆, the arrow 𝑦 → 𝑥 means that 𝜆𝑥 ≤ 𝜆𝑦, whence it
should be that 𝑥 ∈ Sg(𝑦). For meet semilattices with operators,
this usually means 𝑥 = ℎ(𝑦) for some ℎ ∈ 𝐻 .
∙ For 𝑥 ∈ 𝑆 and 𝑈 ⊆ 𝑆, the arrow 𝑈 → 𝑥 means that 𝜆𝑥 ≤⋁︀

𝜆(𝑈), so that we want 𝑥 ∈ Sg(𝑈) to hold. For meet semilat-
tices with operators, if 𝑈 = {𝑢1, . . . , 𝑢𝑚}, this means that there
exist 𝑠, 𝑡1, . . . , 𝑡𝑚 such that 𝜆𝑠 = 𝜆𝑥, 𝜆𝑡𝑗 = 𝜆𝑢𝑗 for all 𝑗, and
𝑠 = 𝑡1 ⊓ . . . ⊓ 𝑡𝑚. It suffices to do this when 𝜆𝑥 ≤ ⋁︀

𝜆(𝑈) is a
minimal nontrivial join cover in L.

The first type of arrow is just part of ensuring that 𝜉 : L → Sub S is a ho-
momorphism; cf. Theorem 4.37. But the second type of arrow is essential to
guarantee that 𝜉 is surjective; see Theorem 4.39. Moreover, for this general
method, sometimesSwill be a larger semilattice than required, meaning that
there may be more arrows than we are used to with the ad hoc constructions.
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Figure 6.7. Pre(W)

Thus in P we have the arrow relations
𝑏𝑑→ 𝑐

𝑏→ 𝑏𝑎

𝑏→ 𝑐

{𝑏𝑎, 𝑏𝑑} → 𝑏

plus those obtained from the law 𝜆(𝑢 ⊓ 𝑣) = 𝜆𝑢 ∨ 𝜆𝑣.
This concludes our summary of the method. The lattice W has 7 pre-

clops: 𝜇 < 𝛾1 < 𝛾2 < 𝛾5, 𝜇 < 𝛾6 < 𝛾3 < 𝛾4 and 𝛾5∧𝛾4 = 𝛾2, 𝛾2∧𝛾3 = 𝛾1,
𝛾1∧𝛾6 = 𝜇, as illustrated in Figure 6.7. In the following sections wewill rep-
resent each of the pairs (W, 𝜇) and (W, 𝛾𝑗) (1 ≤ 𝑗 ≤ 6) as Sub(S,⊓, 1, 𝐻)
for an appropriate S and 𝐻 .

6.2.1. (W, 𝜇). The equapartition for 𝜇 has one nontrivial class [𝑏, 1].
For representation we take S𝜇 = P with just the relations [1], [2] from
page 158. Thus, 𝑆𝜇 = {𝑏, 𝑏𝑎, 𝑏𝑑, 𝑐, 𝑏𝑎 ⊓ 𝑐, 𝑏𝑑 ⊓ 𝑐, 𝑏 ⊓ 𝑐, 1} as shown in
Figure 6.8. The embedding 𝜉 : W→ Sub(S𝜇,⊓, 1) is given by

𝑎 ↦−→ {𝑏𝑎, 1}
𝑐 ↦−→ {𝑐, 1}
𝑒 ↦−→ {𝑏𝑎, 𝑐, 𝑏𝑎 ⊓ 𝑐, 1}
𝑑 ↦−→ {𝑏𝑑, 𝑐, 𝑏𝑑 ⊓ 𝑐, 1}
𝑏 ↦−→ {𝑏, 𝑏𝑎, 𝑐, 𝑏𝑎 ⊓ 𝑐, 𝑏 ⊓ 𝑐, 1}

and of course 𝜉(1) = 𝑆𝜇, 𝜉(0) = {1}.
The next step is to identify the range of potential operators on S so that

only the subsemilattices above will be subalgebras.
For every element 𝑥 of the semilatticeS𝜇, we identify the need to include

an element 𝑦, which becomes 𝑓(𝑥) for a potential operator 𝑓 on 𝑆𝜇, if 𝑦
belongs to the minimal subsemilattice 𝑊𝑥 ∈ 𝜉(W) that contains 𝑥. One
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Figure 6.8. Calculations for (W, 𝜇)

may interpret𝑊 as the range of a closure operator on Sub(S𝜇,⊓, 1), so that
{𝑥→ 𝑦 : 𝑥 ∈ 𝑆𝜇, 𝑦 ∈ 𝑊𝑥} would be the set of implications defining it.

In Table 6.1 we list each 𝑥 ∈ 𝑆𝜇 together with𝑊𝑥 and the implications
𝑥 → 𝑦 that follow. Only implications with 𝑦 ∈ {𝑏𝑎, 𝑏𝑑, 𝑏, 𝑐} are needed,
because the meets will be forced by the virtue of ⊓-closedness of elements
in Sub(S𝜇,⊓, 1).

Table 6.1. 𝑆𝜇 and 𝑥→ 𝑦

𝑥 𝑊𝑥 𝑥→ 𝑦
𝑏𝑑 {𝑏𝑑, 𝑐, 𝑏𝑑 ⊓ 𝑐, 1} 𝑏𝑑→ 𝑐 (1)
𝑏 {𝑏, 𝑏𝑎, 𝑐, 𝑏𝑎 ⊓ 𝑐, 𝑏 ⊓ 𝑐, 1} 𝑏→ 𝑏𝑎 (2)

𝑏→ 𝑐 (3)
𝑏𝑑 ⊓ 𝑐 {𝑏𝑑, 𝑐, 𝑏𝑑 ⊓ 𝑐, 1} 𝑏𝑑 ⊓ 𝑐→ 𝑏𝑑 (4)
𝑏𝑎 ⊓ 𝑐 {𝑏𝑎, 𝑐, 𝑏𝑎 ⊓ 𝑐, 1} 𝑏𝑎 ⊓ 𝑐→ 𝑐 (5)

𝑏𝑎 ⊓ 𝑐→ 𝑏𝑎 (6)
𝑏 ⊓ 𝑐 {𝑏, 𝑏𝑎, 𝑐, 𝑏𝑎 ⊓ 𝑐, 𝑏 ⊓ 𝑐, 1} 𝑏 ⊓ 𝑐→ 𝑏 (7)

Note that we do not include 𝑏𝑑 ⊓ 𝑐 → 𝑐 for 𝑥 = 𝑏𝑑 ⊓ 𝑐, for example,
because we included 𝑏𝑑 → 𝑐 for 𝑥 = 𝑏𝑑, and the operators will be closed
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under composition. Similarly, for 𝑥 = 𝑏 ⊓ 𝑐 we included only 𝑏 ⊓ 𝑐 → 𝑏,
because other implications for this 𝑥will follow under the composition from
those included for 𝑥 = 𝑏.

Now define a set of operators 𝐻𝜇 on (S𝜇,⊓, 1) so that 𝑥 → 𝑦 in (1)–
(7) are realized as 𝑝(𝑥) = 𝑦 for some 𝑝 ∈ 𝐻𝜇. These operators are given
in Table 6.2; the numbers in parentheses indicate the implication from the
previous table that is realized by the corresponding operator.

Table 6.2. Operators on S𝜇

operator 𝑝 𝑝(𝑏𝑎) 𝑝(𝑏𝑑) 𝑝(𝑐) 𝑝(𝑏) 𝑝(𝑏𝑎 ⊓ 𝑐) 𝑝(𝑏𝑑 ⊓ 𝑐) 𝑝(𝑏 ⊓ 𝑐)
ℎ 1 𝑐 (1) 𝑐 𝑐 (3) 𝑐 (5) 𝑐 𝑐
𝑘 𝑏𝑎 1 1 𝑏𝑎 (2) 𝑏𝑎 (6) 1 𝑏𝑎
𝑞 𝑏𝑎 𝑏𝑑 1 𝑏 𝑏𝑎 𝑏𝑑 (4) 𝑏 (7)

We postpone (W, 𝛾1) until last.

6.2.2. (W, 𝛾2). The equapartition for 𝛾2 has nontrivial classes [𝑒, 1] and
[𝑐, 𝑑]. To reflect the fact that 𝑑 = 𝛾2(𝑐) inW, we want 𝑏𝑑 to be in the filter ↑𝑐
in S2. To achieve this take an additional relation on P from Theorem 4.30:

[3] 𝑐 ≤ 𝑏𝑑.
Thus we let S2 be the semilattice generated by {𝑏, 𝑏𝑎, 𝑏𝑑, 𝑐} subject to [1],
[2], [3] as shown in Figure 6.9, so that 𝑆2 = {𝑏, 𝑏𝑎, 𝑏𝑑, 𝑐, 𝑏 ⊓ 𝑐, 1}.

Note that [3] implies 𝑏𝑎 ⊓ 𝑐 = 𝑏 ⊓ 𝑐, the least element of S2, which fits
the requirement that the minimal element in S2, i.e., 𝜏(1), is generated by
elements from 𝑒 = 𝑎 ∨ 𝑐.

The embedding 𝜉 : W→ Sub(S2,⊓, 1) is
𝑎 ↦−→ {𝑏𝑎, 1}
𝑐 ↦−→ {𝑐, 1}
𝑒 ↦−→ {𝑏𝑎, 𝑐, 𝑏 ⊓ 𝑐, 1}
𝑑 ↦−→ {𝑏𝑑, 𝑐, 1}
𝑏 ↦−→ {𝑏, 𝑏𝑎, 𝑐, 𝑏 ⊓ 𝑐, 1}

along with 𝜉(1) = 𝑆2, 𝜉(0) = {1}.
Table 6.3 gives the implications needed to representW as Sub(S2,⊓, 1, 𝐻2)

with a potential set of operators 𝐻2.
Now define a set of operators 𝐻2 on (𝑆2,⊓, 1) so that 𝑥 → 𝑦 in (1)–

(5) are realized as 𝑝(𝑥) = 𝑦 for some 𝑝 ∈ 𝐻2. These operators are given
in Table 6.4; the numbers in parentheses indicate the implication from the
previous table that is realized by the corresponding operator.
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𝑏𝑎 𝑏𝑑

1

𝑏𝑑→ 𝑐
𝑏→ 𝑏𝑎
𝑏→ 𝑐

𝑏 ⊓ 𝑐→ 𝑏𝑎
𝑏 ⊓ 𝑐→ 𝑐

ℎ 𝑘
1 1 1
𝑏𝑎 1 𝑏𝑎
𝑏𝑑 𝑐 1
𝑐 𝑐 1
𝑏 𝑐 𝑏𝑎

𝑏 ⊓ 𝑐 𝑐 𝑏𝑎

Figure 6.9. Calculations for (W, 𝛾2)

Table 6.3. S2 and 𝑥→ 𝑦

𝑥 𝑊𝑥 𝑥→ 𝑦
𝑏𝑑 {𝑏𝑑, 𝑐, 1} 𝑏𝑑→ 𝑐 (1)
𝑏 {𝑏, 𝑏𝑎, 𝑐, 𝑏 ⊓ 𝑐, 1} 𝑏→ 𝑏𝑎 (2)

𝑏→ 𝑐 (3)
𝑏 ⊓ 𝑐 {𝑏𝑎, 𝑐, 𝑏 ⊓ 𝑐, 1} 𝑏 ⊓ 𝑐→ 𝑏𝑎 (4)

𝑏 ⊓ 𝑐→ 𝑐 (5)

Table 6.4. Operators on S2

operator 𝑝 𝑝(𝑏𝑎) 𝑝(𝑏𝑑) 𝑝(𝑐) 𝑝(𝑏) 𝑝(𝑏 ⊓ 𝑐)
ℎ 1 𝑐 (1) 𝑐 𝑐 (3) 𝑐 (5)
𝑘 𝑏𝑎 1 1 𝑏𝑎 (2) 𝑏𝑎 (4)

6.2.3. (W, 𝛾3). The corresponding equapartition has only one nontriv-
ial class [𝑎, 1]. In particular, 𝜏(1) = 𝑎 for 𝛾3 on W. For representation we
take an additional element 𝑎 for a generator and additional relations on P
from Theorem 4.30:

[3] 𝑎 ≤ 𝑏, 𝑎 ≤ 𝑐.
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𝑎

𝑏𝑑→ 𝑐
𝑏→ 𝑏𝑎
𝑏→ 𝑐

𝑏𝑑 ⊓ 𝑐→ 𝑏𝑑
𝑏𝑎 ⊓ 𝑐→ 𝑐
𝑏𝑎 ⊓ 𝑐→ 𝑏𝑎
𝑏 ⊓ 𝑐→ 𝑏
𝑏𝑎→ 𝑎
𝑎→ 𝑏𝑎

𝑓 𝑘 𝑟 𝑔
1 1 1 1 1
𝑏𝑎 𝑐 𝑏𝑎 𝑏𝑎 𝑎
𝑏𝑑 𝑐 1 𝑏𝑑 𝑏𝑑
𝑐 𝑐 1 1 1
𝑏 𝑐 𝑏𝑎 𝑏 𝑎

𝑏𝑎 ⊓ 𝑐 𝑐 𝑏𝑎 𝑏𝑎 𝑎
𝑏𝑑 ⊓ 𝑐 𝑐 1 𝑏𝑑 𝑏𝑑
𝑏 ⊓ 𝑐 𝑐 𝑏𝑎 𝑏 𝑎
𝑎 𝑎 𝑏𝑎 𝑎 𝑎

Figure 6.10. Calculations for (W, 𝛾3)

Now generate a free semilattice S3 defined by the extended set of gen-
erators {𝑎, 𝑏𝑎, 𝑏𝑑, 𝑏, 𝑐} and relations [1], [2] and [3]. Thus, we get S3 =
{𝑎, 𝑏, 𝑏𝑎, 𝑏𝑑, 𝑐, 𝑐⊓ 𝑏𝑎, 𝑐⊓ 𝑏𝑑, 𝑐⊓ 𝑏} as shown in Figure 6.10. The embedding
𝜉 : W→ Sub(S3,⊓, 1) is

𝑎 ↦−→ {𝑎, 𝑏𝑎, 1}
𝑐 ↦−→ {𝑐, 1}
𝑒 ↦−→ {𝑎, 𝑏𝑎, 𝑐, 𝑏𝑎 ⊓ 𝑐, 1}
𝑑 ↦−→ {𝑏𝑑, 𝑐, 𝑏𝑑 ⊓ 𝑐, 1}
𝑏 ↦−→ {𝑎, 𝑏, 𝑏𝑎, 𝑐, 𝑏𝑎 ⊓ 𝑐, 𝑏 ⊓ 𝑐, 1}

along with 𝜉(1) = 𝑆3, 𝜉(0) = {1}.
Proceed to the implications needed to representW as Sub(S3,⊓, 1, 𝐻3)

with a potential set of operators 𝐻3.
Note that while some𝑊𝑥 get extensions by element 𝑎, compared to the

case (W, 𝜇), we do not include additional implications 𝑥 → 𝑎, because all
of them have 𝑏𝑎, and we include 𝑏𝑎 → 𝑎 as (8). So the composition of
operators will take care of those implications.
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Table 6.5. S3 and 𝑥→ 𝑦

𝑥 𝑊𝑥 𝑥→ 𝑦
𝑏𝑑 {𝑏𝑑, 𝑐, 𝑏𝑑 ⊓ 𝑐, 1} 𝑏𝑑→ 𝑐 (1)
𝑏 {𝑎, 𝑏, 𝑏𝑎, 𝑐, 𝑏𝑎 ⊓ 𝑐, 𝑏 ⊓ 𝑐, 1} 𝑏→ 𝑏𝑎 (2)

𝑏→ 𝑐 (3)
𝑏𝑑 ⊓ 𝑐 {𝑏𝑑, 𝑐, 𝑏𝑑 ⊓ 𝑐, 1} 𝑏𝑑 ⊓ 𝑐→ 𝑏𝑑 (4)
𝑏𝑎 ⊓ 𝑐 {𝑎, 𝑏𝑎, 𝑐, 𝑏𝑎 ⊓ 𝑐, 1} 𝑏𝑎 ⊓ 𝑐→ 𝑐 (5)

𝑏𝑎 ⊓ 𝑐→ 𝑏𝑎 (6)
𝑏 ⊓ 𝑐 {𝑎, 𝑏, 𝑏𝑎, 𝑐, 𝑏𝑎 ⊓ 𝑐, 𝑏 ⊓ 𝑐, 1} 𝑏 ⊓ 𝑐→ 𝑏 (7)
𝑏𝑎 {𝑏𝑎, 𝑎, 1} 𝑏𝑎→ 𝑎 (8)
𝑎 {𝑏𝑎, 𝑎, 1} 𝑎→ 𝑏𝑎 (9)

Now define set of operators 𝐻3 on (S3,⊓, 1) so that 𝑥 → 𝑦 in (1)–(9)
of Table 6.5 are realized as 𝑝(𝑥) = 𝑦 for some 𝑝 ∈ 𝐻3. These operators are
given in Table 6.6; the numbers in parentheses indicate implications from
the previous table that are realized by corresponding operator.

Table 6.6. Operators on S3

op’r 𝑝 𝑝(𝑏𝑎) 𝑝(𝑏𝑑) 𝑝(𝑐) 𝑝(𝑏) 𝑝(𝑏𝑎 ⊓ 𝑐) 𝑝(𝑏𝑑 ⊓ 𝑐) 𝑝(𝑏 ⊓ 𝑐) 𝑝(𝑎)
𝑓 𝑐 𝑐 (1) 𝑐 𝑐 (3) 𝑐 (5) 𝑐 𝑐 𝑎
𝑘 𝑏𝑎 1 1 𝑏𝑎 (2) 𝑏𝑎 (6) 1 𝑏𝑎 𝑏𝑎 (9)
𝑟 𝑏𝑎 𝑏𝑑 1 𝑏 𝑏𝑎 𝑏𝑑 (4) 𝑏 (7) 𝑎
𝑔 𝑎 (8) 𝑏𝑑 1 𝑎 𝑎 𝑏𝑑 𝑎 𝑎

6.2.4. (W, 𝛾4). The equapartition for 𝛾4 has two non-trivial classes:
[𝑎, 1] and [𝑐, 𝑑]. As in the previous case of 𝛾3, we take an additional ele-
ment 𝑎 for a generator and additional relations on P from Theorem 4.30:

[3] 𝑎 ≤ 𝑏, 𝑎 ≤ 𝑐;
[4] 𝑐 ≤ 𝑏𝑑.

These relations correspond to 𝛾4(𝑎) = 1 and 𝛾4(𝑐) = 𝑑 in W.
Now generate the free semilattice S4 defined by the extended set of gen-

erators {𝑎, 𝑏𝑎, 𝑏𝑑, 𝑏, 𝑐} and relations [1], [2], [3], and [4]. Note that [4] forces
𝑏 ⊓ 𝑐 = 𝑏𝑎 ⊓ 𝑐. Thus, 𝑆4 = {𝑎, 𝑏, 𝑏𝑎, 𝑏𝑑, 𝑐, 𝑐 ⊓ 𝑏} as shown in Figure 6.11.
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Figure 6.11. Calculations for (W, 𝛾4)

The embedding 𝜉 : W→ Sub(S4,⊓, 1) :
𝑎 ↦−→ {𝑎, 𝑏𝑎, 1}
𝑐 ↦−→ {𝑐, 1}
𝑒 ↦−→ {𝑎, 𝑏𝑎, 𝑐, 𝑏 ⊓ 𝑐, 1}
𝑑 ↦−→ {𝑏𝑑, 𝑐, 1}
𝑏 ↦−→ {𝑎, 𝑏, 𝑏𝑎, 𝑐, 𝑏 ⊓ 𝑐, 1}

along with 𝜉(1) = 𝑆4, 𝜉(0) = {1}.
The implications needed to representW as Sub(S4,⊓, 1, 𝐻4)with a po-

tential set of operators 𝐻4 are in Table 6.7.
Note that while some 𝑊𝑥 are extended to include the element 𝑎, com-

pared to case (W, 𝜇), we do not include additional implications 𝑥 → 𝑎,
because all of them have 𝑏𝑎, and we include 𝑏𝑎 → 𝑎 as (8). So the compo-
sition of operators will take care of those.

Now define a set of operators 𝐻4 on (S4,⊓, 1) so that 𝑥→ 𝑦 in (1)–(7)
are realized as 𝑝(𝑥) = 𝑦 for some 𝑝 ∈ 𝐻4. Table 6.8 gives the operators in
𝐻4.

6.2.5. (W, 𝛾5). The equapartition for 𝛾5 has one nontrivial class [𝑐, 1].
For representation we take an additional relation on P from Theorem 4.30:
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Table 6.7. S4 and implications 𝑥→ 𝑦

𝑥 𝑊𝑥 𝑥→ 𝑦
𝑏𝑑 {𝑏𝑑, 𝑐, 1} 𝑏𝑑→ 𝑐 (1)
𝑏 {𝑎, 𝑏, 𝑏𝑎, 𝑐, 𝑏 ⊓ 𝑐, 1} 𝑏→ 𝑏𝑎 (2)

𝑏→ 𝑐 (3)
𝑏 ⊓ 𝑐 {𝑎, 𝑏𝑎, 𝑐, 𝑏 ⊓ 𝑐, 1} 𝑏 ⊓ 𝑐→ 𝑏𝑎 (4)

𝑏 ⊓ 𝑐→ 𝑐 (5)
𝑏𝑎 {𝑏𝑎, 𝑎, 1} 𝑏𝑎→ 𝑎 (6)
𝑎 {𝑏𝑎, 𝑎, 1} 𝑎→ 𝑏𝑎 (7)

Table 6.8. Operators on S4

operator 𝑝 𝑝(𝑏𝑎) 𝑝(𝑏𝑑) 𝑝(𝑐) 𝑝(𝑏) 𝑝(𝑏 ⊓ 𝑐) 𝑝(𝑎)
𝑔 1 𝑐 (1) 𝑐 𝑐 (3) 𝑐 (5) 𝑎
𝑓 𝑏𝑎 1 1 𝑏𝑎 (2) 𝑏𝑎 (4) 𝑏𝑎 (7)
ℎ 𝑎 (6) 𝑏𝑑 𝑐 𝑎 𝑎 𝑎
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𝑐

𝑒

𝑏
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𝑏

𝑏𝑎 𝑏𝑑

1

𝑏𝑑→ 𝑐
𝑏→ 𝑏𝑎
𝑏→ 𝑐

𝑓 𝑔
1 1 1
𝑏𝑎 𝑏𝑎 𝑏𝑎
𝑏𝑑 𝑐 1
𝑐 𝑐 𝑐
𝑏 𝑐 𝑏𝑎

Figure 6.12. Calculations for (W, 𝛾5)

[3] 𝑐 ≤ 𝑏,
reflecting the fact that 𝛾5(𝑐) = 1 in W.

Now generate the free semilattice S5 defined by [1], [2] and [3]. Thus,
𝑆5 = {𝑏, 𝑏𝑎, 𝑏𝑑, 𝑐} as shown in Figure 6.12. The embedding 𝜉 : W →
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Sub(S5,⊓, 1) is

𝑎 ↦−→ {𝑏𝑎, 1}
𝑐 ↦−→ {𝑐, 1}
𝑒 ↦−→ {𝑏𝑎, 𝑐, 1}
𝑑 ↦−→ {𝑏𝑑, 𝑐, 1}
𝑏 ↦−→ {𝑏, 𝑏𝑎, 𝑐, 1}

along with 𝜉(1) = 𝑆5, 𝜉(0) = {1}.
Table 6.9 gives the implications needed to representW as Sub(S5,⊓, 1, 𝐻5)

with a potential set of operators 𝐻5.

Table 6.9. S5 and 𝑥→ 𝑦

𝑥 𝑊𝑥 𝑥→ 𝑦
𝑏𝑑 {𝑏𝑑, 𝑐, 1} 𝑏𝑑→ 𝑐 (1)
𝑏 {𝑏, 𝑏𝑎, 𝑐, 1} 𝑏→ 𝑏𝑎 (2)

𝑏→ 𝑐 (3)

Now define a set of operators 𝐻5 on (S5,⊓, 1) so that 𝑥→ 𝑦 in (1)–(3)
are realized as 𝑝(𝑥) = 𝑦 for some 𝑝 ∈ 𝐻5. The operators in 𝐻5 are given in
Table 6.10.

Table 6.10. Operators on S5

operator 𝑝 𝑝(𝑏𝑎) 𝑝(𝑏𝑑) 𝑝(𝑐) 𝑝(𝑏)
𝑓 1 𝑐 (1) 𝑐 𝑐 (3)
𝑔 𝑏𝑎 1 𝑐 𝑏𝑎 (2)

6.2.6. (W, 𝛾6). The equapartition for 𝛾6 has two nontrivial classes [𝑏, 1]
and [𝑎, 𝑒]. Note that 𝑐 ≤ 𝛾6(𝑎) in W. To realize this in the representation,
we take an additional relation on P from Theorem 4.30:

[3] 𝑏𝑎 ≤ 𝑐.

Note that [3] implies that 𝑏𝑎 ⊓ 𝑐 = 𝑏𝑎, and 𝑏 ≤ 𝑐 ⊓ 𝑏𝑑.
Now generate the free semilattice S6 defined by [1], [2] and [3]. Thus,

𝑆6 = {𝑏, 𝑏𝑎, 𝑏𝑑, 𝑐, 𝑏𝑑 ⊓ 𝑐} as in Figure 6.13. The embedding 𝜉 : W →
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Figure 6.13. Calculations for (W, 𝛾6)

Sub(S6,⊓, 1) is

𝑎 ↦−→ {𝑏𝑎, 1}
𝑐 ↦−→ {𝑐, 1}
𝑒 ↦−→ {𝑏𝑎, 𝑐, 1}
𝑑 ↦−→ {𝑏𝑑, 𝑐, 𝑏𝑑 ⊓ 𝑐, 1}
𝑏 ↦−→ {𝑏, 𝑏𝑎, 𝑐, 1}

along with 𝜉(1) = 𝑆6, 𝜉(0) = {1}.
The implications needed to representW as Sub(S6,⊓, 1, 𝐻6)with a po-

tential set of operators 𝐻6 are in Table 6.11.

Table 6.11. S6 and 𝑥→ 𝑦

𝑥 𝑊𝑥 𝑥→ 𝑦
𝑏𝑑 {𝑏𝑑, 𝑐, 𝑏𝑑 ⊓ 𝑐, 1} 𝑏𝑑→ 𝑐 (1)
𝑏 {𝑏, 𝑏𝑎, 𝑐, 1} 𝑏→ 𝑏𝑎 (2)

𝑏→ 𝑐 (3)
𝑏𝑑 ⊓ 𝑐 {𝑏𝑑, 𝑐, 𝑏𝑑 ⊓ 𝑐, 1} 𝑏𝑑 ⊓ 𝑐→ 𝑏𝑑 (4)

𝑏𝑑 ⊓ 𝑐→ 𝑐 (5)



170 6. THE CASE J(L) ̸⊆ 𝜏(L)

Now define a set of operators 𝐻6 on (S6,⊓, 1) so that 𝑥→ 𝑦 in (1)–(5)
are realized as 𝑝(𝑥) = 𝑦 for some 𝑝 ∈ 𝐻6. Table 6.12 gives the operators in
𝐻6.

Table 6.12. Operators on S6

operator 𝑝 𝑝(𝑏𝑎) 𝑝(𝑏𝑑) 𝑝(𝑐) 𝑝(𝑏) 𝑝(𝑏𝑑 ⊓ 𝑐)
𝑓 1 𝑐 (1) 1 𝑐 (3) 𝑐 (5)
𝑔 𝑏𝑎 1 𝑐 𝑏𝑎 (2) 𝑐
𝑘 𝑏𝑎 𝑏𝑑 1 𝑏 𝑏𝑑 (4)

6.2.7. (W, 𝛾1). The equapartition for 𝛾1 has one nontrivial class [𝑒, 1].
For the representation we add an additional generator and take an additional
relation on P from Theorem 4.30:

[3] since 𝛾1𝑐 < 𝛾1𝑑, we add the relation 𝑏𝑑 ≤ 𝑐;
[4] add an element 𝑎 and relations 𝑎 < 𝑏𝑎 and 𝑎 ⊓ 𝑐 ≤ 𝑏.

Compare relation [3] with 𝑐 ≤ 𝑏𝑑 in the representation for (W, 𝛾2). There
we had 𝛾2𝑐 = 𝛾2𝑑, which forced the element 𝑐 to be below 𝑏𝑑 in S2.

The relation 𝑏𝑑 ≤ 𝑐 implies 𝑏 ≤ 𝑏𝑎 ⊓ 𝑐. We cannot force 𝑏 = 𝑏𝑎 ⊓ 𝑐,
because this would imply 𝑏 ≤ 𝑎∨ 𝑐 inW. Therefore, it will stay 𝑏 < 𝑏𝑎⊓ 𝑐
in S1. On the other hand, 𝛾1(𝑒) = 1 forces us to have a minimal element
in S1 that is generated from the images of 𝑎 and 𝑐 in W. So we are adding
the element 𝑎 < 𝑏𝑎 and a relation 𝑎 ⊓ 𝑐 < 𝑏 that makes 𝑎 ⊓ 𝑐 the smallest
element of S1.

Now generate the free semilattice S1 defined by [1], [2], [3] and [4].
Thus, 𝑆1 = {𝑎, 𝑏, 𝑏𝑎, 𝑏𝑑, 𝑐, 𝑏𝑎⊓ 𝑐, 𝑎⊓ 𝑐} as in Figure 6.14. The embedding
𝜉 : W→ Sub(S1,⊓, 1) is

𝑎 ↦−→ {𝑎, 𝑏𝑎, 1}
𝑐 ↦−→ {𝑐, 1}
𝑒 ↦−→ {𝑎, 𝑏𝑎, 𝑐, 𝑏𝑎 ⊓ 𝑐, 𝑎 ⊓ 𝑐, 1}
𝑑 ↦−→ {𝑏𝑑, 𝑐, 1}
𝑏 ↦−→ {𝑎, 𝑏, 𝑏𝑎, 𝑐, 𝑏𝑎 ⊓ 𝑐, 𝑎 ⊓ 𝑐, 1}

along with 𝜉(1) = 𝑆1, 𝜉(0) = {1}.
Table 6.13 gives the implications needed to representW as Sub(S1,⊓, 1, 𝐻1)

with a potential set of operators 𝐻1.
Operators on (S1,⊓, 1) that realize all the implications (1)–(9) are given

in Table 6.14.
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𝑚 𝑙 ℎ 𝑘
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𝑏𝑎 1 𝑏𝑎 𝑏𝑎 𝑎
𝑏𝑑 𝑐 1 𝑐 𝑏𝑑
𝑐 𝑐 1 𝑐 𝑐
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𝑏𝑎 ⊓ 𝑐 𝑐 𝑏𝑎 𝑏𝑎 ⊓ 𝑐 𝑎 ⊓ 𝑐
𝑎 ⊓ 𝑐 𝑐 𝑎 𝑏𝑎 ⊓ 𝑐 𝑎 ⊓ 𝑐
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Figure 6.14. Calculations for (W, 𝛾1)

Table 6.13. 𝑆1 and 𝑥→ 𝑦

𝑥 𝑊𝑥 𝑥→ 𝑦
𝑏𝑑 {𝑏𝑑, 𝑐, 1} 𝑏𝑑→ 𝑐 (1)
𝑏 {𝑎, 𝑏, 𝑏𝑎, 𝑐, 𝑏𝑎 ⊓ 𝑐, 𝑎 ⊓ 𝑐, 1} 𝑏→ 𝑏𝑎 (2)

𝑏→ 𝑐 (3)
𝑎 ⊓ 𝑐 {𝑎, 𝑏𝑎, 𝑐, 𝑏𝑎 ⊓ 𝑐, 𝑎 ⊓ 𝑐, 1} 𝑎 ⊓ 𝑐→ 𝑎 (4)

𝑎 ⊓ 𝑐→ 𝑐 (5)
𝑏𝑎 ⊓ 𝑐 {𝑎, 𝑏𝑎, 𝑐, 𝑏𝑎 ⊓ 𝑐, 𝑎 ⊓ 𝑐, 1} 𝑏𝑎 ⊓ 𝑐→ 𝑏𝑎 (6)

𝑏𝑎 ⊓ 𝑐→ 𝑐 (7)
𝑏𝑎 {𝑎, 𝑏𝑎, 1} 𝑏𝑎→ 𝑎 (8)
𝑎 {𝑎, 𝑏𝑎, 1} 𝑎→ 𝑏𝑎 (9)

Table 6.14. Operators on 𝑆1

operator 𝑝 𝑝(𝑏𝑎) 𝑝(𝑏𝑑) 𝑝(𝑐) 𝑝(𝑏) 𝑝(𝑏𝑎 ⊓ 𝑐) 𝑝(𝑎 ⊓ 𝑐) 𝑝(𝑎)
𝑚 1 𝑐 (1) 𝑐 𝑐 (3) 𝑐 (7) 𝑐 (5) 1
𝑙 𝑏𝑎 1 1 𝑏𝑎 (2) 𝑏𝑎 (6) 𝑎 (4) 𝑎
ℎ 𝑏𝑎 𝑐 𝑐 𝑏𝑎 ⊓ 𝑐 𝑏𝑎 ⊓ 𝑐 𝑏𝑎 ⊓ 𝑐 𝑏𝑎 (9)
𝑘 𝑎 (8) 𝑏𝑑 𝑐 𝑎 ⊓ 𝑐 𝑎 ⊓ 𝑐 𝑎 ⊓ 𝑐 𝑎





CHAPTER 7

The six-step program: From (L, 𝛾) to (Lq(𝒦),Γ)

There is one almost infallible way to find honest food at just
prices in blue highways America: count the wall calendars
in a cafe. ... I once found a six-calendar cafe in the Ozarks,
which served fried chicken, peach pie, and chocolate malts,
that left me searching for another ever since. I’ve never seen
a seven-calendar place. But old-time travelers – road men
in a day when cars had running boards and lunchroom win-
dows said air cooled in blue letters with icicles dripping from
the tops – those travelers have told me the golden legends of
seven-calendar cafes. – William Least Heat-Moon in Blue
Highways

In this chapter, we concentrate on a method for representing pairs (L, 𝛾),
whereL is a finite lower bounded lattice and 𝛾 an equaclosure operator on it,
as (Lq(𝒦),Γ) for some quasivariety 𝒦 and its natural equaclosure operator
Γ. The whole process is rather roundabout, and there are not one but two
places where it may fail. On the other hand, it often succeeds, and it is the
only general method we have for addressing the problem.

Before going into the details, let us outline the process.
(0) Given is a pair (L, 𝛾) consisting of a finite lower bounded lattice

and an equaclosure operator.
(1) Construct a finite meet semilattice ̂︀S with operators ℎ𝑖 and greatest

element 0̂ such that Sub(̂︀S,∧, 0̂, ℎ1, ℎ2, . . .) ∼= L with the natu-
ral equaclosure operator Γ on ̂︀S corresponding to 𝛾. Recall that
Sp(S, 𝐻) = Sub(S,∧, 1, 𝐻) when S is finite.

(2) Dualize: Sub(̂︀S,∧, 0̂, ℎ1, ℎ2, . . .) ∼=𝑑 Con(̂︀S,+, 𝑧, 𝜂1, 𝜂2, . . .) by
using adjoint maps.

(3) Do scratch work: find the congruence lattice of ̂︀S explicitly, assign
predicates to the elements of ̂︀S as in [90], and find the laws of a
quasivariety 𝒦0 in a language without equality that will represent
(L, 𝛾).

(4) Draw the lattice of implicational theories ITh(𝒦0), which is iso-
morphic to Con(̂︀S,+, 𝑧, 𝜂1, 𝜂2, . . .).

173
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(5) Redualize: Lq(𝒦0) ∼=𝑑 ITh(𝒦0).
(6) Convert to a quasivariety 𝒦1 with equality by interpreting the least

quasivariety as ⟨𝑥 ≈ 𝑒⟩ for a constant 𝑒.
We keep five running examples in Section 7.1, and there are more examples
throughout the remainder of the text.

Step 1, finding a representation of (L, 𝛾) as (Sub(̂︀S,∧, 0̂, 𝐻),Γ), was
the topic of Chapters 4–6, and it is fair to say that we still do not know
exactly when or how this can be achieved. As shown in Theorem 5.6, if
J(L) ⊆ 𝜏(L) then we should take ̂︀S = 𝛾𝑑(L) and try to find operators that
work, if possible, or why no such operators exist, if not. When J(L) ̸⊆ 𝜏(L)
we have the methods of Chapter 6, which are admittedly open-ended when
it comes to how to add extra elements. We should add that when L is not
lower bounded, there are infinite analogues of Theorem 4.30 that may work;
these will be used in Chapter 8.

If step 1 succeeds, though, then steps 2–5 are quite routine, taking us
from Sub(̂︀S,∧, 1, 𝐻) toLq(𝒦0) ∼= L for a quasivariety in a languagewithout
equality and preserving 𝛾, as in [90]. That paper is hard to read, but the
process is straightforward enough, and will be explained here and illustrated
by the running examples.

Step 6, converting𝒦0 to a quasivariety𝒦1 in a language with equality, is
more art than science. Sections 7.2 and 7.4 give two distinct sufficient con-
ditions for a successful translation, denoted (𝜛) and (ß), while Section 7.5
discusses the serious difficulties that arise when neither of those conditions
holds. Section 7.6 resolves those problems for the examples in Section 7.5,
though not in general.

7.1. The six-step program

Each step of the six-step program will be illustrated in the five Running
Examples.

7.1.1. Step 1. Given (L, 𝛾), construct a semilattice with operators such
that Sub(̂︀S,∧, 0̂, ℎ1, ℎ2, . . .) ∼= L with the natural equaclosure operator Γ
corresponding to 𝛾.

Running Example 1. L1 is 2 × 2 with 0 < 𝑧, 𝑏 < 1 and 𝛾(0) = 0,
𝛾(𝑏) = 𝑏 and 𝛾(𝑧) = 𝛾(1) = 1. See Figure 7.1. Then J(L1) ⊆ 𝜏(L1), so we
follow the prescription of Theorem 5.7. Thus we take 𝑆 = {0̂, 𝑧, �̂�} ordered
as a chain, 𝑧 < �̂� < 0̂. There are no→ relations, so no operators are required,
and indeed Sub(𝑆,∧, 0̂) ∼= L1. Recall that the natural equaclosure operator
on Sub ̂︀S has Γ(𝐴) = ↑ 𝑎0, where 𝑎0 is the least element of a subalgebra
𝐴. In this case, Γ({0̂, 𝑧}) = 𝑆, which mimics the action of 𝛾 on L1, where
𝛾(𝑧) = 1L1 .
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Figure 7.1. Running Example 1.
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Figure 7.2. Running Example 2.

Running Example 2. L2 is the chain 0 < 𝑧 < 𝑝 with 𝛾(0) = 0 and
𝛾(𝑧) = 𝛾(𝑝) = 𝑝. See Figure 7.2. In this case J(L2) ̸⊆ 𝜏(L2), since
𝑝 ∈ J(L2) ∖ 𝜏(L2), and we follow the prescription of Section 6.1. Here 𝑇 =
{0̂, 𝑧} and 𝐽 = {0̂, 𝑧, 𝑝1}. Arrows are introduced whenever join irreducible
elements are comparable in L, giving the relation 𝑝1 → 𝑧. This leads tô︀S = {0̂, 𝑧, 𝑝1} ordered as a chain 𝑧 < 𝑝1 < 0̂. The map ℎ(𝑝1) = ℎ(𝑧) = 𝑧,
ℎ(0̂) = 0̂ enforces 𝑝1 → 𝑧 for subalgebras, as it makes 𝑧 ∈ Sg(𝑝1). Thus we
obtain Sub(𝑆,∧, 0̂, ℎ) ∼= L2, again with the natural equaclosure operator
corresponding to 𝛾.

The next two examples have J(L) ⊆ 𝜏(L) and step 1 is easy, following
the construction in Theorem 5.7.
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Figure 7.3. Running Example 3.

Running Example 3. See Figure 7.3. Since J(L3) ⊆ 𝜏(L3) and ̂︀S is a
chain, Corollary 5.9 applies, meaning that the map 𝑘0 from the algorithm in
Section 5.2 is the operator we are looking for.

Running Example 4. See Figure 7.4. The arrow relation �̂�& �̂� → 𝑧

reflects the nontrivial join cover 𝑧 ≤ 𝑎∨𝑏 inL4. This is realized by �̂�∧ �̂� = 𝑧

in ̂︀S, so that 𝑧 ∈ Sg({�̂�, �̂�}).
Running Example 5. See Figure 7.5. Now J(L5) ̸⊆ 𝜏(L5) and we must

add an extra element 𝑧1 with relations 𝑧 ↔ 𝑧1. Step 1 for this lattice was
worked out in Example 6.3; see Figure 6.3.

7.1.2. Step 2. Dualize by finding adjoint maps that make

Sub(̂︀S,∧, 0̂, ℎ1, ℎ2, . . .) ∼=𝑑 Con(̂︀S,+, 𝑧, 𝜂1, 𝜂2, . . .).
Since ̂︀S is a finite meet semilattice with largest element 0̂, it is a lattice

with a join operation+ and least element 𝑧. Corresponding to each operator
ℎ ∈ 𝐻 there is an adjoint operator ℎ′ that preserves joins (Lemma 7.1).
For the intermediate steps, we are going to pass from considering the meet
semilattice (̂︀S,∧, 0̂, 𝐻) to the join semilattice (̂︀S,+, 𝑧,𝐻 ′). The rationale,
which can be formulated in the more general context of 𝐻-closed algebraic
subsets, needs to be explained.
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Figure 7.4. Running Example 4.
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Figure 7.5. Running Example 5

Let ℎ be an operator on an algebraic lattice S. Define the adjoint map
𝜂 = ℎ′ : 𝑆 → 𝑆 by

𝜂(𝑠) =
⋀︁
{𝑥 ∈ 𝑆 : ℎ(𝑥) ≥ 𝑠}
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so that
ℎ(𝑥) ≥ 𝑠 iff 𝑥 ≥ 𝜂(𝑠).

Hidden in this calculation is the fact that, becauseℎ preservesmeets, ℎ𝜂(𝑠) ≥
𝑠. It avoids a lot of confusion to use the notation ℎ′ = 𝜂, 𝑘′ = 𝜅, etc. Now
straightforward calculations prove the basic properties of adjoints.

Lemma 7.1. Let ℎ and 𝑘 be operators on an algebraic lattice S. Denote
ℎ′ = 𝜂 and 𝑘′ = 𝜅.

(1) The adjoint maps preserve arbitrary joins, including 𝜂(0S) = 0S.
(2) (ℎ𝑘)′ = 𝑘′ℎ′ = 𝜅𝜂.

Proof. If 𝑈 ⊆ 𝑆, then

𝑥 ≥ 𝜂
(︁⋁︁

𝑈
)︁
iff ℎ(𝑥) ≥

⋁︁
𝑈

iff ℎ(𝑥) ≥ 𝑢 for all 𝑢 ∈ 𝑈
iff 𝑥 ≥ 𝜂(𝑢) for all 𝑢 ∈ 𝑈
iff 𝑥 ≥

⋁︁
𝑢∈𝑈

𝜂(𝑢).

Similarly,
ℎ𝑘(𝑥) ≥ 𝑠 iff 𝑘(𝑥) ≥ 𝜂(𝑠) iff 𝑥 ≥ 𝜅𝜂(𝑠).

�

This brings us to the duality used in Step 2.

Theorem 7.2. Let S be an algebraic lattice, with a monoid of opera-
tors 𝐻 . Let 𝐻 ′ denote the monoid of adjoints of operators in 𝐻 . Then
Sp(S, 𝐻) ∼=𝑑 Con(S,∨, 0, 𝐻 ′).

The theorem is the main result of Hyndman, Nation, and Nishida [63],
growing out of earlier results by Fajtlowicz and J. Schmidt [41], Freese and
Nation [47], and E. T. Schmidt [104, 105]. This transition allows us to
employ in subsequent steps the connections between lattices of implicational
theories and congruence lattices of semilattices with operators, as developed
in Adaricheva and Nation [19, 90]. The connections will be explained as we
go along.

For now, let us do the conversion from Sub(̂︀S,∧, 0̂, 𝐻) toCon(̂︀S,+, 𝑧,𝐻 ′)
for each of the running examples, using the formula

𝜂(𝑠) =
⋀︁
{𝑥 ∈ 𝑆 : ℎ(𝑥) ≥ 𝑠}

for each ℎ ∈ 𝐻 and 𝑠 ∈ 𝑆.
Running Example 1. We still have ̂︀S ordered as a chain 𝑧 < �̂� < 0̂ with

no maps to adjust, only now regarded as a join semilattice with least element
𝑧.
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Running Example 2. Now ̂︀S is the chain 𝑧 < 𝑝1 < 0̂ regarded as a join
semilattice. The adjoint ℎ′ = 𝜂 has 𝜂(𝑝1) = 𝜂(0̂) = 0̂ and 𝜂(𝑧) = 𝑧.

Running Example 3. The adjoint map for ℎ is this.
𝜂

0̂ 0̂

�̂� �̂�

�̂� �̂�
𝑧 𝑧

Running Example 4. When calculating adjoints it is convenient to note
that 𝜂(𝑠) = 𝜂(𝑡) if and only if [𝑠, 0̂] ∩ range(ℎ) = [𝑡, 0̂] ∩ range(ℎ). Here
this implies 𝜂(0̂) = 𝜂(�̂�) and 𝜂(�̂�) = 𝜂(𝑧).

𝜂

0̂ �̂�
�̂� 𝑧

�̂� �̂�
𝑧 𝑧

Running Example 5. Now there are two adjoint maps. Note that ℎ𝑘 = ℎ
and 𝑘ℎ = 𝑘, so 𝜅𝜂 = 𝜂 and 𝜂𝜅 = 𝜅 as predicted by Lemma 7.1(2).

𝜂 𝜅

0̂ �̂� �̂�

�̂� �̂� �̂�

𝑝1 𝑧 �̂�

𝑧1 𝑧 �̂�
𝑧 𝑧 𝑧

7.1.3. Step 3. Do the scratchwork for step 4: find the congruence lattice
of ̂︀S explicitly, assign predicates to the elements of ̂︀S as in [90], and find the
laws of a quasivariety 𝒦0 in a language without equality that will represent
(L, 𝛾).

The congruence lattice Con(̂︀S,+, 𝑧, 𝜂1, 𝜂2, . . . ) encodes the laws of the
subquasivarieties of 𝒦0 corresponding to the various elements of the lattice
𝐿. The language of 𝒦0 includes a unary predicate 𝑃 for each 𝑝 ∈ ̂︀S ∖ {𝑧}.
The map from Con ̂︀S to ITh(𝒦0) is such that

∙ A principal congruence con(𝑧, �̂�) maps to the theory ⟨𝐴𝑥⟩.
∙ A principal congruence con(�̂�, 𝑐) with 𝑧 < �̂� < 𝑐 maps to the
theory ⟨𝐵𝑥→ 𝐶𝑥⟩.

The correspondence between congruences and theories is discussed in more
detail after Theorem 7.3, when we have the more general assignment of
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𝜂

0̂ 𝑎
· · · · · ·
𝑝 𝑞
· · · · · ·
𝑟 𝑧

𝑎  𝐴(𝑥), 𝑂(𝜂𝑥)
· · ·
𝑞  𝑄(𝑥), 𝑃 (𝜂𝑥)
· · ·
𝑧  𝑅(𝜂𝑥)

Figure 7.6. Scheme of assigning predicates to elements. In
the laws of 𝒦, the rows become 𝐴(𝑥) ↔ 𝑂(𝜂𝑥), 𝑄(𝑥) ↔
𝑃 (𝜂𝑥), and 𝑅(𝜂𝑥).

predicates (such as 𝑃 (𝜂𝑥)) at our disposal. To actually find the congruence
lattice of a finite semilattice with operators is straightforward.

Assignment. The “assigning of predicates” is done as follows. The lan-
guage will contain a constant 𝑒, a monoid of operations 𝜂 from step 2, and
for each element 𝑝 ∈ ̂︀S with 𝑝 ̸= 𝑧 a unary predicate 𝑃 , where 𝑧 = 𝜏(1).
The element 𝑝 could be some �̂� ∈ 𝛾𝑑(L), or some 𝑠1 /∈ 𝛾𝑑(L). Assign
the predicate 𝑃 (𝑥) to the element 𝑝. Whenever 𝑝 ̸= 𝑧 and 𝜂𝑝 = 𝑞, assign
𝑃 (𝜂𝑥) to 𝑞; here 𝑞 = 𝑧 is a possibility. Thus the assignment associates
with each 𝑝 the predicate 𝑃 (𝑥) and a collection of predicates of the form
𝑅(𝜅𝑥), for those 𝑅, 𝜅 such that 𝜅𝑟 = 𝑝. We denote such an assignment by
𝑝 𝑃 (𝑥), 𝑅(𝜅𝑥), . . . .

Laws. The laws of 𝒦0 are as follows.
(1) 𝑋(𝑒) and 𝑋(𝜅𝑒) for every predicate 𝑋 and operation 𝜅.
(2) 𝑃 (𝑥)↔ 𝑅(𝜅𝑥) whenever 𝑝 𝑅(𝜅𝑥).
(3) 𝑃 (𝜂𝑥) for all predicates assigned to the least element 𝑧.
(4) 𝑃 (𝑥)→ 𝑄(𝑥) whenever 𝑝 ≥ 𝑞 > 𝑧 in ̂︀S.
(5) &𝑃𝑖(𝑥)→ 𝑄(𝑥) whenever

⋁︀
𝑝𝑖 ≥ 𝑞 > 𝑧 in ̂︀S.

(6) 𝑃 (𝜂(𝜅𝑥))↔ 𝑃 (𝜆𝑥) whenever 𝜅𝜂 = 𝜆.
Note that (2) makes 𝑄(𝜂𝑥) ↔ 𝑅(𝜅𝑥) for any pair assigned to the same
element 𝑝.

Because we use this so often, a schematic diagram of assignment is given
in Figure 7.6 as a reference.

We should be explicit about (6), which can be confusing. There are two
sets of maps, the original 𝐻 = {ℎ, 𝑘, . . . } from step 1 and the adjoints
𝐻 ′ = {𝜂, 𝜅, . . . } from step 2. The opposite groupoid Topp = ⟨𝑇, ⋆⟩ of a
groupoid T = ⟨𝑇, ∘⟩ has the order of operations reversed: 𝑥 ⋆ 𝑦 = 𝑦 ∘ 𝑥. In
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our case, we apply this to 𝐻 ′, so that 𝜂 ⋆ 𝜅 = 𝜅 ∘ 𝜂 = (ℎ𝑘)′. Thus the order
of operations on 𝐻 and 𝐻 ′ opp are the same, and the reverse of that on 𝐻 ′.
The laws in (6) use the set of operations 𝐻 ′ with the composition ⋆, so that

(6)′ 𝑃 (𝜂(𝜅𝑥))↔ 𝑃 (𝜆𝑥) whenever 𝜂 ⋆ 𝜅 = 𝜆.
Running Example 5 provides a nontrivial example of (6)′.

It is useful to categorize the laws of 𝒦0 into 4 types:
∙ laws saying that 𝑒 satisfies every possible relation, type (1) above;
∙ laws derived from the assignments, types (2) and (3) above;
∙ laws reflecting the order on ̂︀S, types (4) and (5) above;
∙ laws reflecting the operations on 𝐻 ′ opp, type (6) above.

Now let us apply step 3 to the running examples.
Running Example 1. The congruence lattice of the chain 𝑧 < �̂� < 0̂ is

isomorphic to 2 × 2 with atoms con(�̂�, 0̂) and con(𝑧, �̂�). Assign predicates
𝑂, 𝐵 to ̂︀S via 0̂ 𝑂(𝑥), �̂� 𝐵(𝑥), 𝑧  ∅ (no assignment in this case).

This assignment corresponds to a quasivariety 𝒦0 with a constant 𝑒 and
predicates 𝑂, 𝐵 satisfying the laws:

𝑂(𝑒) 𝐵(𝑒) 𝑂(𝑥)→ 𝐵(𝑥).

Running Example 2. We have the chain 𝑧 < �̂� < 0̂ but now also an
operator with 𝜂(𝑝1) = 𝜂(0̂) = 0̂ and 𝜂(𝑧) = 𝑧. Note 𝜂2 = 𝜂. Thus
con(𝑧, 𝑝1) = ∇, and the congruence lattice of ̂︀S is a 3-element chain:
Δ < con(𝑝1, 0̂) < ∇.

The predicates corresponding to ̂︀S ∖ {𝑧} are 𝑂 and 𝑃 , which we assign
as follows:

0̂ 𝑂(𝑥), 𝑂(𝜂𝑥), 𝑃 (𝜂𝑥)

𝑝 𝑃 (𝑥)

𝑧  ∅.

Thus 𝒦0 has the operations 𝑒, 𝜂 and predicates 𝑂, 𝐵 with laws

𝑂(𝑒) 𝑂(𝜂𝑒) 𝑃 (𝑒) 𝑃 (𝜂𝑒)

𝑂(𝜂2𝑥)↔ 𝑂(𝜂𝑥) 𝑃 (𝜂2𝑥)↔ 𝑃 (𝜂𝑥)

𝑂(𝑥)↔ 𝑂(𝜂𝑥)↔ 𝑃 (𝜂𝑥) 𝑂(𝑥)→ 𝑃 (𝑥)

The first two lines are standard setup, while the third reflects the assignments
and 0̂ > 𝑝.

Running Example 3. The congruences of ̂︀S are Δ, con(�̂�, �̂�) = [�̂�, �̂�],
con(�̂�, 0̂) = con(�̂�, 0̂) = [0, �̂�, �̂�], con(𝑧, �̂�) = [𝑧, �̂�], con(𝑧, �̂�) = [�̂�, �̂�, 𝑧], ∇,
as illustrated in Figure 7.7. The predicates corresponding to ̂︀S ∖ {𝑧} are 𝑂,
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Δ

con(𝑧, �̂�) = [𝑧, �̂�] con(�̂�, �̂�) = [�̂�, �̂�]

con(𝑧, �̂�) = [�̂�, �̂�, 𝑧] con(�̂�, 0̂) = [0̂, �̂�, �̂�]

∇

Figure 7.7. Con ̂︀S for Running Example 3. Compare Figure 7.10.

𝐴 and 𝐵, which are assigned as follows:

0̂ 𝑂(𝑥), 𝑂(𝜂𝑥)

�̂� 𝐴(𝑥)

�̂� 𝐵(𝑥), 𝐵(𝜂𝑥), 𝐴(𝜂𝑥)

𝑧  ∅.

Thus 𝒦0 has the operations 𝑒, 𝜂 and predicates 𝑂, 𝐴, 𝐵 with laws

𝑋(𝑒) 𝑋(𝜂𝑒) for 𝑋 = 𝑂,𝐴,𝐵

𝑋(𝜂2𝑥)↔ 𝑋(𝜂𝑥) for 𝑋 = 𝑂,𝐴,𝐵

𝑂(𝑥)↔ 𝑂(𝜂𝑥)→ 𝐴(𝑥)→ 𝐵(𝑥)↔ 𝐵(𝜂𝑥)↔ 𝐴(𝜂𝑥)

since 0̂ > �̂� > �̂�.
Running Example 4. The congruences of ̂︀S are Δ, con(�̂�, 0̂) = [�̂�, 0],

con(𝑧, �̂�) = [𝑧, �̂�][�̂�, 0], con(𝑧, �̂�) = [𝑧, �̂�][�̂�, 0̂], ∇, the pentagon illustrated
in Figure 7.8(a). The predicates corresponding to ̂︀S ∖ {𝑧} are 𝑂, 𝐴 and 𝐵,
assigned as follows:

0̂ 𝑂(𝑥)

�̂� 𝐴(𝑥)

�̂� 𝐵(𝑥), 𝐵(𝜂𝑥), 𝑂(𝜂𝑥)

𝑧  𝐴(𝜂𝑥).
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Δ

con(�̂�, 0̂) = [�̂�, 0̂]

con(𝑧, �̂�) = [𝑧, �̂�][�̂�, 0̂]

∇

con(𝑧, �̂�) = [𝑧, �̂�][�̂�, 0̂]

Δ

con(�̂�, 0̂) = [�̂�, 0̂]

con(𝑝1, 𝑧1) = [𝑝1, 𝑧1][�̂�, 0̂]

∇

con(𝑧, �̂�) = [𝑧, �̂�][𝑧1, 0̂]

Figure 7.8. Con ̂︀S for Running Examples 4 and 5. Compare Figure 7.11.

Thus 𝒦0 has the operations 𝑒, 𝜂 and predicates 𝑂, 𝐴, 𝐵 with laws

𝑋(𝑒) 𝑋(𝜂𝑒) for 𝑋 = 𝑂,𝐴,𝐵

𝑋(𝜂2𝑥)↔ 𝑋(𝜂𝑥) for 𝑋 = 𝑂,𝐴,𝐵

𝑂(𝑥)→ 𝐴(𝑥) 𝑂(𝑥)→ 𝐵(𝑥)↔ 𝐵(𝜂𝑥)↔ 𝑂(𝜂𝑥)

𝐴(𝑥)&𝐵(𝑥)→ 𝑂(𝑥) 𝐴(𝜂𝑥)

The last law is due to the assignment of 𝑧.
Running Example 5. The congruences of ̂︀S are Δ, con(�̂�, 0̂) = [�̂�, 0̂],

con(𝑝1, 𝑧1) = [𝑝1, 𝑧1][�̂�, 0̂], con(𝑧, �̂�) = [𝑧, �̂�][𝑧1, 0̂], ∇, the pentagon illus-
trated in Figure 7.8(b). The predicates corresponding to ̂︀S ∖ {𝑧} are 𝑂, 𝑃 ,
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𝑍1 and 𝐵, assigned as follows:

0̂ 𝑂(𝑥)

�̂� 𝐵(𝑥), 𝐵(𝜂𝑥), 𝐵(𝜅𝑥), 𝑂(𝜂𝑥), 𝑂(𝜅𝑥), 𝑍1(𝜅𝑥), 𝑃 (𝜅𝑥)

𝑧1  𝑍1(𝑥)

𝑝 𝑃 (𝑥)

𝑧  𝑍1(𝜂𝑥), 𝑃 (𝜂𝑥).

Thus𝒦0 has the operations 𝑒, 𝜂, 𝜅 and predicates𝑂, 𝐵, 𝑃 , 𝑍1 with the laws

𝐵(𝑥)↔ 𝐵(𝜂𝑥)↔ 𝐵(𝜅𝑥)↔ 𝑂(𝜂𝑥)↔ 𝑂(𝜅𝑥)↔ 𝑍1(𝜅𝑥)↔ 𝑃 (𝜅𝑥)

𝑋(𝑒) 𝑋(𝑓𝑒) for 𝑋 = 𝑂,𝐵, 𝑃, 𝑍1 and 𝑓 = 𝜂, 𝜅

𝑋(𝑓 2𝑥)↔ 𝑋(𝑓𝑥) for 𝑋 = 𝑂,𝐵, 𝑃, 𝑍1 and 𝑓 = 𝜂, 𝜅

𝑂(𝑥)→ 𝐵(𝑥)→ 𝑃 (𝑥) 𝑂(𝑥)→ 𝑍1(𝑥)→ 𝑃 (𝑥)

𝐵(𝑥)&𝑍1(𝑥)→ 𝑂(𝑥)

𝑍1(𝜂𝑥) 𝑃 (𝜂𝑥)

The last laws are due to the assignment of 𝑧. But actually they are not the
last laws, because we must deal with composition of operators. Note that
𝜂𝜅 = 𝜅 and 𝜅𝜂 = 𝜂. As discussed above, the corresponding laws use the
opposite composition:

𝑋(𝜂(𝜅(𝑦)))↔ 𝑋((𝜂 ⋆ 𝜅)(𝑦) = 𝑋((𝜅𝜂)(𝑦) = 𝑋(𝜂(𝑦))

𝑋(𝜅(𝜂(𝑦)))↔ 𝑋((𝜅 ⋆ 𝜂)(𝑦) = 𝑋((𝜂𝜅)(𝑦) = 𝑋(𝜅(𝑦))

for 𝑋 = 𝑂,𝐵, 𝑃, 𝑍1.

7.1.4. Step 4. Draw the lattice of implicational theories ITh(𝒦0), which
is isomorphic to Con(̂︀S,+, 𝑧, 𝜂1, 𝜂2, . . .).

That this works is the main result of [90]. It is based on the following
reduction to quasi-identities in one variable, which in turn uses ideas of Gor-
bunov [51], also used in [19]. A modified version, adding information about
the top predicate 𝑂(𝑥), is Theorem 7.8 below.

Theorem 7.3. Let ℬ be an implicational theory in a language ℒ without
equality, and with the following restrictions and laws.

(1) ℒ has only unary predicate symbols.
(2) ℒ has only unary function symbols.
(3) ℒ has one constant symbol 𝑒.
(4) ℬ contains the laws𝑃 (𝑓(𝑒)) for every predicate𝑃 and every formal

composition 𝑓 of functions of ℒ.
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Then every implication holding in a theory extending the theory of ℬ is
equivalent (modulo the laws of ℬ) to a set of implications in only one vari-
able. Hence the lattice of theories of ℬ is isomorphic to Con S where S =

⟨T,∨, 0, ̂︀ℰ⟩ with T the semilattice of compact congruences of Conℬ(F),
ℰ = End F, and F = Fℬ(1).

Moreover, modulo the quasi-equations of ℬ, every quasi-equation in ℒ
is equivalent to a quasi-equation of the form

&1≤𝑖≤𝑘𝑃𝑖(𝑓𝑖(𝑥))→ 𝑄(𝑔(𝑥))

with 𝑃𝑖, 𝑄 predicate symbols, 𝑓𝑖, 𝑔 operation symbols, and possibly 𝑓𝑖, 𝑔 =
𝑖𝑑.

For a quasi-equation 𝛽, we write ⟨𝛽⟩ to denote the subquasivariety of all
structures satisfying 𝛽, within the quasivariety under discussion. Examples
would be ⟨𝐴𝑥 → 𝐵𝑥⟩ or ⟨𝑥 ≈ 𝑒⟩. It should cause no confusion to use the
same notation ⟨T⟩ to denote the subquasivariety generated by a structureT.
In figures, the brackets may be omitted.

Recall that the language of 𝒦0 includes a predicate 𝑃 (𝑥) for each 𝑝 ∈̂︀𝑆 ∖ {𝑧}. The laws of 𝒦0 relate these to each other and, via the assignment,
to compound predicates such as 𝑄(𝜂𝑥). The isomorphism from Con ̂︀S to
ITh(𝒦0) is determined by its values on the principal congruences, as fol-
lows.

∙ A principal congruence con(𝑧, �̂�) maps to the theory ⟨𝐴𝑥⟩.
∙ A principal congruence con(�̂�, 𝑐) with 𝑧 < �̂� < 𝑐 maps to the
theory ⟨𝐵𝑥→ 𝐶𝑥⟩. Note that 𝐶𝑥→ 𝐵𝑥 is a law of 𝒦0.

The top and bottom of the lattices correspond naturally:
∙ ∇ maps to ⟨𝑂𝑥⟩,
∙ Δ maps to 𝒦0.

The method will be illustrated in the Running Examples, e.g., as in Fig-
ures 7.7 and 7.10, or Figures 7.8 and 7.11.

In this subsection we just describe the lattices of theories verbally, as
we will be drawing their duals, the lattices of subquasivarieties Lq(𝒦0), in
step 5.

Running Example 1. The lattice of theories ITh(𝒦0) is isomorphic to
2× 2 with

(1) the theory of 𝒦0 (as given in step 3) on the bottom,
(2) ⟨𝐵(𝑥)⟩ on one side (corresponding to con(𝑧, �̂�)),
(3) ⟨𝐵(𝑥)→ 𝑂(𝑥)⟩ on the other side (corresponding to con(�̂�, 0̂)),
(4) ⟨𝑂(𝑥)⟩ (which implies everything else) on the top.
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Running Example 2. The lattice of theories ITh(𝒦0) is a 3-element chain
with

(1) the theory of 𝒦0 (as given in step 3) on the bottom,
(2) ⟨𝑃 (𝑥)→ 𝑂(𝑥)⟩ in the middle (corresponding to con(𝑝1, 0̂)),
(3) ⟨𝑂(𝑥)⟩ (which implies everything else) on the top.

Running Example 3. The lattice of theories ITh(𝒦0) is 2× 3 with join
irreducible theories ⟨𝐵(𝑥) → 𝐴(𝑥)⟩, ⟨𝐴(𝑥) → 𝑂(𝑥)⟩ = ⟨𝐵(𝑥) → 𝑂(𝑥)⟩,
and ⟨𝐵(𝑥)⟩. Note ⟨𝐴(𝑥)⟩ = ⟨𝐵(𝑥)→ 𝐴(𝑥)⟩ ∨ ⟨𝐵(𝑥)⟩.

Running Example 4. The lattice of theories ITh(𝒦0) is a pentagon with
join irreducible theories ⟨𝐴(𝑥)⟩, ⟨𝐵(𝑥)⟩, and ⟨𝐵(𝑥)→ 𝑂(𝑥)⟩.

Running Example 5. The lattice of theories ITh(𝒦0) is a pentagon with
join irreducible theories ⟨𝐵(𝑥)⟩, ⟨𝐵(𝑥)→ 𝑂(𝑥)⟩, and ⟨𝑃 (𝑥)→ 𝑍1(𝑥)⟩.

7.1.5. Step 5. Redualize Lq(𝒦0) ∼=𝑑 ITh(𝒦0).
At this point, if we were successful in finding a semilattice with opera-

tors for step 1, the construction guarantees that (Lq(𝒦0),Γ) represents the
original pair (L, 𝛾), i.e., that Lq(𝒦0) ∼= L and that the natural equaclosure
operator Γ mimics the action of 𝛾. (Converting to a quasivariety 𝒦1 with
equality in step 6 is where we encounter problems.) Step 5 also provides an
opportunity to check that the calculations in the previous steps have been
done correctly; it is possible to make a mistake.

Recall that for a subquasivariety 𝒬 ≤ 𝒦, the subquasivariety Γ(𝒬) =
𝒦 ∩ HSP(𝒬) is the least relative subvariety of 𝒦 above 𝒬. Thus Γ(𝒬) is
determined, within 𝒦, by atomic formulas rather than proper implications.

Running Example 1. The lattice of quasivarieties (models) is just dual to
the theories:

(1) 𝒦0 (as given in step 3) on the top,
(2) ⟨𝐵(𝑥)⟩ on one side,
(3) ⟨𝐵(𝑥)→ 𝑂(𝑥)⟩ on the other side,
(4) ⟨𝑂(𝑥)⟩ (the trivial quasivariety) on the bottom.

See Figure 7.9(a). Notice that the natural equaclosure operator hasΓ⟨𝐵(𝑥)→
𝑂(𝑥)⟩ = 𝒦0, as desired!

Running Example 2. Dually the lattice of quasivarieties has
(1) 𝒦0 on the top,
(2) ⟨𝑃 (𝑥)→ 𝑂(𝑥)⟩ in the middle,
(3) ⟨𝑂(𝑥)⟩ on the bottom.

See Figure 7.9(b). Again, Γ⟨𝑃 (𝑥)→ 𝑂(𝑥)⟩ = 𝒦0, as desired!
Running Example 3. The lattice of quasivarieties is dual to the theories

in step 4. See Figure 7.10. Note Γ⟨𝐵(𝑥)→ 𝑂(𝑥)⟩ = 𝒦0, as desired!
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𝑂𝑥

𝐵𝑥→ 𝑂𝑥 𝐵𝑥

𝒦0

𝑂𝑥

𝑃𝑥→ 𝑂𝑥

𝒦0

Figure 7.9. Lq(𝒦0) for Running Examples 1 and 2.

𝑂𝑥

𝐵𝑥→ 𝑂𝑥 𝐴𝑥

𝐵𝑥→ 𝐴𝑥 𝐵𝑥

𝒦0

Figure 7.10. Lq(𝒦0) for Running Example 3.

Running Example 4. The lattice of quasivarieties is dual to the theories
in step 4. See Figure 7.11(a). Note Γ⟨𝐵(𝑥) → 𝑂(𝑥)⟩ = 𝒦0, as desired!
(Incidentally, ⟨𝐵(𝑥)→ 𝑂(𝑥)⟩ = ⟨𝐵(𝑥)→ 𝐴(𝑥)⟩.)

Running Example 5. The lattice of quasivarieties is again dual to the
theories in step 4. See Figure 7.11(b). Note Γ⟨𝑃 (𝑥) → 𝑍1(𝑥)⟩ = 𝒦0, as
desired!

7.1.6. Step 6. Convert 𝒦0 to a quasivariety 𝒦1 with equality by inter-
preting the least quasivariety ⟨𝑂𝑥⟩ as ⟨𝑥 ≈ 𝑒⟩ for a constant 𝑒. If ⟨𝑥 ≈ 𝑒⟩ is
to be the least subquasivariety, then the laws

𝜂𝑒 ≈ 𝑒 𝑃 (𝑒)

should hold in 𝒦1 for all functions 𝜂 and predicates 𝑃 in the language, re-
flecting the laws 𝑂𝑥→ 𝑂(𝜂𝑥) and 𝑂𝑥→ 𝑃𝑥 of 𝒦0.

We use three distinct ways to do the conversion (which, of course, does
not exhaust all possible representations). Informally, we call these longstyle,
shortstyle, and mediumstyle representations.
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𝑂𝑥

𝑃𝑥→ 𝑍1𝑥

𝐵𝑥→ 𝑂𝑥 𝐵𝑥

𝒦0

𝑂𝑥

𝐴𝑥

𝐵𝑥→ 𝑂𝑥 𝐵𝑥

𝒦0

Figure 7.11. Lq(𝒦0) for Running Examples 4 and 5.

The longstyle method is described in detail in Section 7.2. It applies
whenever (̂︀S, 𝐻) satisfies the condition (𝜛) that ℎ(�̂�) = 0̂ implies �̂� = 0̂,
in which case it always yields a representation (Lq(𝒦1),Γ) with equality;
see Theorem 7.7. The structures in a longstyle quasivariety, except the 1-
element structure {𝑒}, are absolutely free as algebras, differing in their unary
predicates. Example 7.6 gives a prototypical longstyle quasivariety. We will
use the longstyle method in Running Examples 2 and 3, Section 7.3, and
especially in Chapter 8.

By contrast, if we start with a finite lattice L, a shortstyle representation
is locally finite. We let the semigroup of adjoints 𝐻 ′ opp act on a set, and
interpret the axioms of 𝒦0 in terms of this action. This always gives us
an embedding of Lq(𝒦0) into Lq(𝒦1), which sometimes is surjective. We
use the shortstyle method for Running Examples 4 and 5. Section 7.4 gives
a condition (ß) that guarantees that the shortstyle method works properly
(Lemma 7.19).

But that certainly is not always the case: when (ß) fails, it may happen
that not every subquasivariety of 𝒦1 is a translation of a subquasivariety of
𝒦0. In Section 7.5, we will analyze how things can go wrong. Section 7.6
uses a mediumstyle approach to represent the examples from Section 7.5.
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For better or worse, though, we can devise other examples where none of
these three methods works.

Recall that a finite structure S is quasicritical if it is not in the quasivari-
ety generated by its proper substructures. Quasicritical structures play a cru-
cial role in locally finite quasivarieties. Every subquasivariety lattice Lq(𝒦)
is dually algebraic, whence every quasivariety is a join of completely join
irreducible subquasivarieties. In the locally finite case, the completely join
irreducible subquasivarieties are those generated by a quasicritical structure.

Theorem 7.4. Let 𝒦 be a locally finite quasivariety of finite type. A sub-
quasivariety is completely join irreducible in Lq(𝒦) if and only if it is gen-
erated by a single finite quasicritical structure.

For a proof and discussion of this classical result, see Section 2.1 of [62].
Its extension to non-locally-finite quasivarieties is the topic of AppendixA.3.

Running Example 1. From step 3, the laws of 𝒦0 for this example were
𝑂(𝑒), 𝐵(𝑒), and 𝑂(𝑥)→ 𝐵(𝑥). These laws convert directly to a quasivari-
ety with equality using the translation𝑂(𝑥) ↦→ 𝑥 ≈ 𝑒. Thus, after removing
redundancies, the new quasivariety 𝒦1 has a constant 𝑒, a unary predicate
𝐵 and ≈, and the single law 𝐵(𝑒). There are two quasicritical structures in
𝒦1:

∙ S has universe {𝑒, 0} with 𝐵S = {𝑒}.
∙ T has universe {𝑒, 0} with 𝐵T = {𝑒, 0}.

The lattice Lq(𝒦1) and the quasicritical structures S, T are drawn in Fig-
ure 7.12. Compare the subquasivarieties of𝒦0 in Figure 7.9. (The longstyle,
shortstyle, and mediumstyle methods pertain to how we deal with operators,
and do not apply to Running Example 1.)

An alternate way to represent this pair, using algebras without relational
predicates, is to let𝒬1 be the quasivariety of all 1-unary algebras satisfying
𝑓 2𝑥 ≈ 𝑥 and 𝑓𝑥 ≈ 𝑥 → 𝑓𝑦 ≈ 𝑦. For this version, 𝐵(𝑥) becomes 𝑓𝑥 ≈ 𝑥.
The algebras in 𝒬1 have either no fixed points or all fixed points.

Quasivarieties of 1-unary algebras, which are a useful source of exam-
ples, are discussed in Chapter 6 of [62]. This example and the alternate
representation𝒬2 in Running Example 2 are both principal ideals in Figure
6.4 of [62].

Running Example 2. The longstyle construction of Section 7.2 applies
whenever the semilattice representation (̂︀S, 𝐻) of step 1 has the property
(𝜛) that �̂� ̸= 0̂ implies ℎ(�̂�) ̸= 0̂. That is the case here. Meanwhile, the
laws of 𝒦0 for this example include 𝑃 (𝜂𝑥) ↔ 𝑂(𝑥) and a number of other
laws that will become redundant after we substitute 𝑂(𝑥) ↦→ 𝑥 ≈ 𝑒. We
obtain the laws of𝒦1 by translating 𝑃 (𝜂𝑥)↔ 𝑂(𝑥) to 𝑃 (𝜂𝑥)↔ 𝑥 ≈ 𝑒, and
adding the longstyle axioms from Theorem 7.9. Thus the new quasivariety
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𝑥 ≈ 𝑒

𝐵𝑥→ 𝑥 ≈ 𝑒

⟨S⟩
𝐵𝑥
⟨T⟩

𝒦1

S : 𝑒
𝐵

T :
𝐵

𝑒
𝐵

Figure 7.12. Lq(𝒦1) for Running Example 1

𝒦1 has operations 𝑒, 𝜂 and predicates 𝑃 , ≈ satisfying the laws

𝑃 (𝑒) 𝜂𝑒 ≈ 𝑒

𝜂𝑥 ≈ 𝜂𝑦 → 𝑥 ≈ 𝑦 𝜂𝑘𝑥 ≈ 𝑥→ 𝑥 ≈ 𝑒 for all 𝑘 ≥ 1

𝑃 (𝜂𝑥)→𝑥 ≈ 𝑒.

Normally we would also have something like 𝑃 (𝜂2𝑥) ↔ 𝑃 (𝜂𝑥) to reflect
the corresponding law of 𝒦0, but the last one makes that redundant.

In terms of models,𝒦1 is the quasivariety ⟨U7⟩ from the longstyle quasi-
variety in Example 7.6; see Figure 7.17. Figure 7.13 gives the lattice Lq(𝒦1)
and its quasicritical structuresU1 andU7.

The quasivariety ⟨U7⟩ is not locally finite. An alternate way to repre-
sent the pair of Running Example 2 with a locally finite quasivariety and
no relational predicates is to use the quasivariety𝒬2 of all 1-unary algebras
satisfying 𝑓 2𝑥 ≈ 𝑥 and 𝑓𝑥 ≈ 𝑥& 𝑓𝑦 ≈ 𝑦 → 𝑥 ≈ 𝑦. Again, 𝑃 (𝑥) becomes
𝑓𝑥 ≈ 𝑥. The algebras in 𝒬2 have at most one fixed point, and the middle
subquasivariety is ⟨𝑓𝑥 ≈ 𝑥 → 𝑥 ≈ 𝑦⟩ wherein nontrivial algebras have no
fixed point.

Running Example 3. Again the semilattice representation of step 1 satis-
fies the condition (𝜛), and we can use the longstyle method of Section 7.2.
The new feature here is that the laws of 𝒦0 include 𝐵(𝑥) ↔ 𝐴(𝜂𝑥). Thus
we can replace the predicate𝐵 entirely with the translation𝐵(𝑥) ↦→ 𝐴(𝜂𝑥).
Now translate the laws of 𝒦0 from step 3 using that substitution, 𝑂(𝑥) ↦→
𝑥 ≈ 𝑒, and the longstyle axioms from Theorem 7.9. The result, after remov-
ing redundancies, is that 𝒦1 has operations 𝑒, 𝜂 and predicates 𝐴, ≈ and
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𝑥 ≈ 𝑒

𝑃𝑥→ 𝑥 ≈ 𝑒
⟨U1⟩

𝒦1

⟨U7⟩

U1 : · · · 𝑒
𝑃

U7 :
𝑃

· · · 𝑒
𝑃

Figure 7.13. Lq(𝒦1) for Running Example 2

satisfies the laws

𝐴(𝑒) 𝜂𝑒 ≈ 𝑒

𝜂𝑥 ≈ 𝜂𝑦 → 𝑥 ≈ 𝑦 𝜂𝑘𝑥 ≈ 𝑥→ 𝑥 ≈ 𝑒 for all 𝑘 ≥ 1

𝐴(𝜂2𝑥)↔ 𝐴(𝜂𝑥) 𝐴(𝑥)→ 𝐴(𝜂𝑥).

This is the quasivariety ⟨U1,U2,U6⟩ from Example 7.6; see Figure 7.17.
The lattice Lq(𝒦1) and its quasicritical structures are drawn in Figure 7.14.

We do not yet have a locally finite representation for this pair.
Running Example 4. Because ℎ(�̂�) = 0̂ in step 2 for this example, the

longstyle method of Section 7.2 does not apply, and we must use the short-
style method here.

The situation here is typical whenever 𝜂(�̂�) = 0̂ for some �̂� ̸= 0̂. To
obtain a quasivariety representation with equality, we often need to either
interpret the predicates as equations or assume additional laws not given
in 𝒦0 from step 5. The models in 𝒦1 become finite algebras, rather than
absolutely free algebras, which leads to the moniker shortstyle. Sometimes
this works, sometimes it doesn’t; see Sections 7.4 and 7.5.

Returning to Running Example 4, as usual, 𝑂(𝑥) ↦→ 𝑥 ≈ 𝑒, and from
the equivalence 𝐵(𝑥)↔ 𝑂(𝜂𝑥) we let 𝐵(𝑥) ↦→ 𝜂𝑥 ≈ 𝑒. (That equivalence
comes from 𝜂0̂ = �̂�.) If we just translate the laws for 𝒦0 directly, we obtain
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𝑥 ≈ 𝑒

𝐴(𝜂𝑥)→ 𝑥 ≈ 𝑒
⟨U1⟩

𝐴𝑥
⟨U2⟩

𝐴(𝜂𝑥)→ 𝐴𝑥 𝐴(𝜂𝑥)

⟨U6⟩

𝒦1

U1 : · · · 𝑒
𝐴

U2 :
𝐴 𝐴 𝐴 𝐴

· · · 𝑒
𝐴

U6 :
𝐴 𝐴 𝐴

· · · 𝑒
𝐴

Figure 7.14. Lq(𝒦1) for Running Example 3

the following laws for 𝒦1:

𝐴(𝑒) 𝜂𝑒 ≈ 𝑒

𝜂2𝑥 ≈ 𝜂𝑥 𝐴(𝜂𝑥)

𝐴(𝑥)& 𝜂𝑥 ≈ 𝑒→ 𝑥 ≈ 𝑒

Unfortunately, that leaves us with two problems. First, there are too many
models, largely because of the predicate 𝐴. Second, the subquasivariety
⟨𝜂𝑥 ≈ 𝑥⟩ is unaccounted for. We can solve both problems with the transla-
tion 𝐴(𝑥) ↦→ 𝜂𝑥 ≈ 𝑥, which is consistent with all the previous laws. That
gives us the following simple basis for 𝒦1:

𝜂𝑒 ≈ 𝑒

𝜂2𝑥 ≈ 𝜂𝑥

and the representation given in Figure 7.15. This is the quasivariety𝒩 0
1,2 =

⟨J+
01⟩ ∨ ⟨J12⟩ in Figure 6.3 of [62].
At this point, we have an embedding of Lq(𝒦0) into Lq(𝒦1) that is cor-

rect for subquasivarieties that are determined by 1-variable quasi-equations
relative to 𝒦1. To see that the map is surjective, we need to know that 𝒦1
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𝑥 ≈ 𝑒

𝜂𝑥 ≈ 𝑥
⟨S⟩

𝜂𝑥 ≈ 𝑒→ 𝑥 ≈ 𝑒

⟨F⟩
𝜂𝑥 ≈ 𝑒
⟨J⟩

𝒦1

F : 𝑒

S : 𝑒

J : 𝑒

Figure 7.15. The lattice Lq(𝒦1) and quasicritical algebras
for Running Example 4. Note S ≤ F.

has no other subquasivarieties, or equivalently, that every quasicritical al-
gebra in 𝒦1 is 1-generated. For 𝒩 0

1,2, this is an immediate consequence of
Corollary 6.13 of [62]. In Section 7.4 we give sufficient conditions for every
quasicritical structure in a quasivariety to be 1-generated; in particular, The-
orem 7.20(1) applies to Running Example 4. The examples in Section 7.5
show that step 6 can fail when there are quasicritical structures that are not
1-generated.

Running Example 5. Again we use the shortstyle method to convert to
𝒦1, with the replacements 𝑂(𝑥) ↦→ 𝑥 ≈ 𝑒 and 𝐵(𝑥) ↦→ 𝜂𝑥 ≈ 𝑒. Once more
we find ourselves with too many models and the subquasivariety ⟨𝜂𝑥 ≈ 𝑥⟩
missing, which can be resolved with the interpretation 𝑍1(𝑥) ↦→ 𝜂𝑥 ≈ 𝑥.
This gives us a quasivariety with operations 𝜂, 𝜅, 𝑒 and a unary predicate 𝑃 ,
satisfying the laws:

𝑃 (𝑒) 𝜂𝑒 ≈ 𝑒 ≈ 𝜅𝑒

𝜂(𝜅𝑥) ≈ 𝜂𝑥 𝜅(𝜂𝑥) ≈ 𝜅𝑥

𝜂2𝑥 ≈ 𝜂𝑥 𝜅2𝑥 ≈ 𝜅𝑥

𝜂𝑥 ≈ 𝑒↔ 𝜅𝑥 ≈𝑒↔ 𝑃 (𝜅𝑥)

𝜂𝑥 ≈ 𝑒→ 𝑃 (𝑥) 𝑃 (𝜂𝑥)

Those laws are translated from 𝒦0. It is useful to observe that the law

𝜂𝑥 ≈ 𝜅𝑦 → 𝜂𝑥 ≈ 𝑒 .
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𝑥 ≈ 𝑒

𝑃𝑥→ 𝜂𝑥 ≈ 𝑥

⟨S⟩ = ⟨F⟩

𝜂𝑥 ≈ 𝑒→ 𝑥 ≈ 𝑒

⟨U⟩
𝜂𝑥 ≈ 𝑒

⟨T⟩

𝒦1

U :
𝑃

𝑃

𝑒𝑃

T :
𝑃

𝑒, 𝑃

F : 𝑃

𝑒𝑃

𝑃S :

𝑒𝑃

Figure 7.16. Lq(𝒦1) for Running Example 5. Dotted arrows
represent 𝜂, and solid arrows 𝜅.

holds in 𝒦1: for if 𝜂𝑥 = 𝜅𝑦, then 𝑃 (𝜅𝑦) holds, whence 𝜅𝑦 = 𝑒 = 𝜂𝑥.
The quasicritical algebras from 𝒦1 are S, U, T drawn in Figure 7.16.

The free algebra F is not quasicritical, since S ≤ F ≤ S2. Theorem 7.20(3)
applies to ensure that the property (ß) of Lemma 7.19 holds, whence every
algebra in𝒦1 is a subdirect product of its 1-generated subalgebras, and hence
not quasicritical unless 1-generated.

7.2. A case where step six works: longstyle

Recall that we have a six-step program to represent a finite pair (L, 𝛾)
as (L𝑞(𝒦),Γ) when possible. For this construction project, the bottlenecks
are at steps one and six; steps 2–5 are routine. In this section and 7.4 we
describe the longstyle and shortstyle methods for step six, respectively. The
longstyle method was used in Running Examples 2 and 3, and is the basis
for Chapter 8 representing linear sums 1+ L as Lq(𝒦).

Recall that as ⟨𝑥 ≈ 𝑒⟩ is to be the least subquasivariety, then the laws
𝜂𝑒 ≈ 𝑒 𝑃 (𝑒)
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should hold for all function 𝜂 and predicates 𝑃 in the language.

Theorem 7.5. Suppose that the finite pair (L, 𝛾) can be represented as
(Sub(Ŝ,∧, 0̂, 𝐻),Γ) satisfying

(𝜛) ℎ(�̂�) = 0̂ implies �̂� = 0̂.

Then our construction project, with the interpretation 𝑂(𝑥) ↦→ 𝑥 ≈ 𝑒 and
the additional longstyle axioms

𝜂𝑥 ≈ 𝜂𝑦 → 𝑥 ≈ 𝑦 𝜂𝑥 ≈ 𝜅𝑦 → 𝑥 ≈ 𝑒

𝜂𝑘𝑥 ≈ 𝑥→ 𝑥 ≈ 𝑒

for all the maps 𝜂, 𝜅 ̸= 𝜂 and all 𝑘 > 0, always yields a quasivariety repre-
sentation (Lq(𝒦),Γ) in a quasivariety with equality.

The import of the condition (𝜛) is that it insures that 𝜂(0̂) = 0̂ for
all the adjoint maps 𝜂. Thus the predicate 𝑂(𝜂𝑥) is assigned to 0̂, so that
𝑂(𝑥) ↔ 𝑂(𝜂𝑥) is a law of 𝒦0, whence 𝜂𝑥 ≈ 𝑒 ↔ 𝑥 ≈ 𝑒 holds in 𝒦1 for
every 𝜂.

We have seen that sometimes there are shortstyle representations when
(𝜛) fails, but an assignment �̂� 𝑂(𝜂𝑥), so that𝐴(𝑥) is equivalent to 𝜂𝑥 ≈
𝑒, carries additional baggage; see Section 7.4.

Example 7.6.

To see the effect of the longstyle axioms, it is instructive to consider
a prototype longstyle quasivariety with 1 operation and 1 predicate, which
satisfies 𝑃 (𝜂𝑥) ↔ 𝑃 (𝜂2𝑥). The quasivariety 𝒰 has the language 𝜂, 𝑒, 𝑃 ,
and ≈, and the following laws:

𝑃 (𝑒) 𝜂𝑒 ≈ 𝑒

𝜂𝑥 ≈ 𝜂𝑦 → 𝑥 ≈ 𝑦 𝜂𝑘𝑥 ≈ 𝑥→ 𝑥 ≈ 𝑒 for all 𝑘 ≥ 1

𝑃 (𝜂𝑥)↔𝑃 (𝜂2𝑥).

There are four quasicritical structures U1, U2, U6, U7. The four structures
all have the same universe {𝑒, 0, 1, 2, . . .} with 𝜂𝑒 = 𝑒 and 𝜂𝑘 = 𝑘 + 1 for
all 𝑘 ≥ 0. They differ in the relation 𝑃 .

∙ 𝑃U1 = {𝑒}
∙ 𝑃U2 = {𝑒, 0, 1, 2, . . .}
∙ 𝑃U6 = {𝑒, 1, 2, . . .}
∙ 𝑃U7 = {𝑒, 0}

as illustrated in the Figure 7.17. One can see the embeddingsU1 ≤ U7 and
U2 ≤ U6. There are no other dependency relations amongst quasicritical
structures, so Lq(𝒰) ∼= 3 × 3. However, there are homomorphisms U1 →
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𝑥 ≈ 𝑒

𝑃𝑥→ 𝑥 ≈ 𝑒 𝑃𝑥

𝑃𝜂𝑥→ 𝑥 ≈ 𝑒 𝑃𝜂𝑥

𝑃𝜂𝑥→ 𝑃𝑥 𝑃𝑥→ 𝑃𝜂𝑥

⟨U1⟩

⟨U7⟩ ⟨U6⟩

⟨U2⟩

U1 : · · · 𝑒
𝑃

U7 :
𝑃

· · · 𝑒
𝑃

U2 :
𝑃 𝑃 𝑃 𝑃

· · · 𝑒
𝑃

U6 :
𝑃 𝑃 𝑃

· · · 𝑒
𝑃

Figure 7.17. Lq(𝒰) where 𝒰 is the quasivariety of Example 7.6.

U6, U1 → U7, U6 → U2, U7 → U2, U1 → U2, plus maps to the 1-
element structure. Each non-constant homomorphism is the identity map
on the set, but enlarges the predicate. The homomorphisms determine Γ,
since Γ(𝒬) = H(𝒬) ∩ 𝒰 . The resulting (Lq(𝒰),Γ) is shown in the figure.

It is an interesting exercise to compare 𝒰 with the quasivariety𝒲 with
the same language but satisfying 𝑃 (𝑒), 𝜂𝑒 ≈ 𝑒, and 𝜂2𝑥 ≈ 𝜂𝑥. Then Lq(𝒲)
is a non-distributive lattice with 14 elements. The comparison exhibits some
of the difference between longstyle and shortstyle varieties.

Running Examples 2 and 3 illustrate the longstyle construction, and in-
deed they are are subquasivarieties of 𝒰 from Example 7.6.

Theorem 7.5 is the finite case of a more general result, Theorem 7.7.
The infinite case requires that 1S be compact.

Theorem 7.7. Suppose (L, 𝛾) is represented by (Sp(S, 𝐻),Γ) satisfying
∙ 1S is compact.
∙ (𝜛) ℎ(𝑥) = 1S implies 𝑥 = 1S

for all 𝑥 ∈ 𝑆 and ℎ ∈ 𝐻 . Then our construction project, with the interpre-
tation 𝑂(𝑥) ↦→ 𝑥 ≈ 𝑒 and the additional longstyle axioms from Theorem
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7.5 yields a quasivariety representation (Lq(𝒦),Γ) in a quasivariety with
equality.

In the infinite case, step 2 is slightly different: we have Sp(S, 𝐻) ∼=𝑑

Con(K,+, 0S, 𝐺)whereK is the semilattice of compact elements of S, and
the maps in 𝐺 are the adjoints of those in 𝐻 , given by the same formula
𝜂(𝑠) =

⋀︀{�̂� ∈ 𝑆 : ℎ(�̂�) ≥ 𝑠}. For details, and to see that the adjoints map
compacts to compacts, see Theorem 14 of [63]

To prove Theorem 7.7, suppose we have Sp(S, 𝐻) ∼= Lq(𝒦0) by our con-
struction (steps 2–5), and let 𝒦1 be the quasivariety obtained by the modi-
fications of Theorem 7.5. We want to show that Lq(𝒦0) ∼= Lq(𝒦1), and the
next two theorems are in aid of that. For 𝒦0, the next result just modifies
Theorem 7.3 to include our stronger conditions on 𝑂(𝑥).

Theorem 7.8. Let ℬ be an implicational theory in a language ℒ without
equality, and with the restrictions and laws of Theorem 7.3(1)–(4). Assume
additionally that in ℬ the predicate 𝑂 satisfies

(5) 𝑂(𝜂𝑥)↔ 𝑂(𝑥) for every function symbol 𝜂,
(6) 𝑂(𝑥)→ 𝑃 (𝑥) for every predicate symbol 𝑃 .

Then every implication holding in a theory extending the theory of ℬ is
equivalent (modulo the laws of ℬ) to a set of implications in only one vari-
able.

Moreover, modulo the quasi-equations of ℬ, every quasi-equation in ℒ
is equivalent to a quasi-equation of one of the forms

&1≤𝑖≤𝑘𝑃𝑖(𝜂𝑖(𝑥))→ 𝑂(𝑥)

&1≤𝑖≤𝑘𝑃𝑖(𝜂𝑖(𝑥))→ 𝑄(𝜅(𝑥))

with 𝑃𝑖, 𝑄 ̸= 𝑂 but possibly 𝜂𝑖, 𝜅 = 𝑖𝑑.

The preceding theorem applies to 𝒦0, and thus we can assume that the
laws of subquasivarieties of 𝒦0 have the form given there. So let us prove
the corresponding statement for 𝒦1.

Theorem 7.9. Let 𝒞 be an implicational theory in a language ℒ with the
following restrictions and laws.

(1) ℒ has only unary predicate symbols.
(2) ℒ has only unary function symbols.
(3) ℒ has one constant symbol 𝑒.
(4) 𝒞 contains the laws𝑃 (𝑓(𝑒)) for every predicate𝑃 and every formal

composition 𝑓 of functions of ℒ.
Assume that in 𝒞 the predicate 𝑂 satisfies

(5) 𝑂(𝜂𝑥)↔ 𝑂(𝑥) for every function symbol 𝜂,
(6) 𝑂(𝑥)→ 𝑃 (𝑥) for every predicate symbol 𝑃 .
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Let 𝒟 be the theory obtained from 𝒞 by adding equality ≈ to the language,
along with laws saying that≈ is a congruence relation, converting𝑂(𝑥) ↦→
𝑥 ≈ 𝑒 for all instances, and adding the laws:

𝜂𝑥 ≈ 𝜂𝑦 → 𝑥 ≈ 𝑦 𝜂𝑥 ≈ 𝜅𝑦 → 𝑥 ≈ 𝑒

𝜂𝑘𝑥 ≈ 𝑥→ 𝑥 ≈ 𝑒

for all function symbols 𝜂, 𝜅 ̸= 𝜂 and all 𝑘 > 0. Then every implication
holding in a theory extending the theory of𝒟 is equivalent (modulo the laws
of 𝒟) to a set of implications in only one variable.

Moreover, modulo the quasi-equations of 𝒟, every quasi-equation in ℒ
is equivalent to a quasi-equation of one of the forms

&1≤𝑖≤𝑘𝑃𝑖(𝜂𝑖(𝑥))→ 𝑥 ≈ 𝑒

&1≤𝑖≤𝑘𝑃𝑖(𝜂𝑖(𝑥))→ 𝑄(𝜅(𝑥))

with 𝑃𝑖, 𝑄 ̸= 𝑂 but possibly 𝜂𝑖, 𝜅 = 𝑖𝑑.

Note that the laws of 𝒟 include the translations of (5) and (6):

𝜂𝑥 ≈ 𝑒↔ 𝑥 ≈ 𝑒 𝑃 (𝑒)

for all function symbols 𝜂 and predicates 𝑃 of the language.

Proof. The assumptions guarantee that every atomic formula of 𝒟 is
equivalent to one of the forms

𝑥 ≈ 𝑒 𝑄(𝜅(𝑥)) 𝑥 ≈ 𝑦

with 𝑄 ̸= 𝑂. So in a quasi-equation 𝛽1& · · ·&𝛽𝑘 → 𝛼 we may assume that
𝛼 is one of the above three atomic formulas, and that each 𝛽𝑗 is one of the
following, where 𝑧 represents a variable with 𝑧 ̸= 𝑥, 𝑦.

𝑥 ≈ 𝑒 𝑦 ≈ 𝑒 𝑧 ≈ 𝑒

𝑥 ≈ 𝑦 𝑥 ≈ 𝑧 𝑦 ≈ 𝑧

𝑥 ≈ 𝜂𝑦 𝑦 ≈ 𝜂𝑥 𝑧 ≈ 𝜂𝑥

𝑥 ≈ 𝜂𝑧 𝑦 ≈ 𝜂𝑧 𝑧 ≈ 𝜂𝑦

𝑃 (𝜂𝑥) 𝑃 (𝜂𝑦) 𝑃 (𝜂𝑧)

Moreover,
∙ if any of the first 12 options occurs as a 𝛽𝑗 , then we can make a sub-
stitution and obtain an equivalent quasi-equation with fewer vari-
ables,
∙ if 𝑃 (𝜂𝑧) occurs as a 𝛽𝑗 , where 𝑧 ̸= 𝑥, 𝑦, then via the substitution
𝑧 ↦→ 𝑒we can remove that antecedent to obtain an equivalent quasi-
equation in fewer variables.
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Thus the original quasi-equation is equivalent, modulo 𝒟, to one of the fol-
lowing four forms:

&1≤𝑖≤𝑘𝑃𝑖(𝜂𝑖(𝑥))→ 𝑥 ≈ 𝑒

&1≤𝑖≤𝑘𝑃𝑖(𝜂𝑖(𝑥))→ 𝑄(𝜅(𝑥))

&1≤𝑖≤𝑘𝑃𝑖(𝜂𝑖(𝑥))→ 𝑥 ≈ 𝑦

&1≤𝑖≤ℓ𝑃𝑖(𝜂𝑖(𝑥)) & &1≤𝑗≤𝑚𝑃𝑗(𝜆𝑗(𝑦))→ 𝑥 ≈ 𝑦.

However, the third form is equivalent to &1≤𝑖≤𝑘𝑃𝑖(𝜂𝑖(𝑥))→ 𝑥 ≈ 𝑒 and the
fourth is equivalent to the pair

&1≤𝑖≤ℓ𝑃𝑖(𝜂𝑖(𝑥))→ 𝑥 ≈ 𝑒

&1≤𝑗≤𝑚𝑃𝑗(𝜆𝑗(𝑦))→ 𝑒 ≈ 𝑦

both of the form given in the theorem. �

In view of Theorems 7.3 and 7.9, it is clear how to translate quasi-
equations modulo 𝒦0 into quasi-equations modulo 𝒦1 via 𝑂(𝑥) ↦→ 𝑥 ≈ 𝑒,
and vice versa, when the hypotheses of Theorem 7.9 hold. We conclude that
Lq(𝒦0) ∼= Lq(𝒦1), and this proves Theorem 7.7.

Corollary 7.10. Suppose (L, 𝛾) can be represented as (Sp(S, 𝐻),Γ).
Then (1+L, 𝛾′) can be represented (Lq(𝒦),Γ) for a quasivariety with equal-
ity, where 𝛾′ is 𝛾 with the new least element as a singleton 𝛾′-class.

Proof. For step 1, form S′ = S + 1. Denote the old greatest element
as 0̂, and the new one as 1′. Extend every ℎ ∈ 𝐻 to ℎ′ with ℎ′(1′) = 1′,
and add a new map 𝑘(𝑥) with 𝑘(𝑥) = 0̂ if 𝑥 ∈ 𝑆, and 𝑘(1′) = 1′. Let
𝐻 ′ = {ℎ′ : ℎ ∈ 𝐻}∪{𝑘}. Then (S′, 𝐻 ′) satisfies the conditions of Theorem
7.7. �

The quasivariety used in Theorem 7.5 can be regarded as the extreme
opposite of that used by Gorbunov and Tumanov for atomistic quasivari-
ety lattices in Theorem 2.64. For that case, the quasivariety consisted of
1-element structures with relations, and there were no operations. In the
present case, there are usually operations and relations, and except for the
trivial quasivariety the algebra is absolutely free.

We should mention that in [19] there is a different method for converting
𝒦0 to a quasivariety 𝒦1 with equality, that requires strong assumptions on
the monoid of operators. For example, that method applies when the monoid
𝐺 of adjoints is a group.

Example 7.11.
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0

𝑐

𝑎 𝑏

𝑧

𝑧

�̂� �̂�

𝑐

0̂

Figure 7.18. Lattice for Example 7.11, with its companion 𝛾𝑑(L).

We illustrate the method of this section with the pair (L, 𝛾) in Figure
7.18, with 𝛾 being the identity map. Reflecting the order in L, we want
𝑧 → �̂�, 𝑧 → �̂�, �̂�→ 𝑐, �̂�→ 𝑐.

These maps realize the arrow relations and satisfy the condition (𝜛).

ℎ 𝑘 ℎ𝑘 = 𝑘ℎ

0̂ 0̂ 0̂ 0̂
�̂� �̂� 𝑐 𝑐

�̂� 𝑐 �̂� 𝑐
𝑐 𝑐 𝑐 𝑐

𝑧 �̂� �̂� 𝑐

The corresponding adjoints are
𝜂 𝜅 𝜂𝜅 = 𝜅𝜂

0̂ 0̂ 0̂ 0̂
�̂� 𝑧 �̂� 𝑧

�̂� �̂� 𝑧 𝑧

𝑐 �̂� �̂� 𝑧
𝑧 𝑧 𝑧 𝑧

Note that 𝜂2 = 𝜂 and 𝜅2 = 𝜅.
Predicates are assigned as follows:

0̂ 𝑂(𝑥), 𝑂(𝜂𝑥), 𝑂(𝜅𝑥)

�̂� 𝐴(𝑥), 𝐴(𝜅𝑥), 𝐶(𝜅𝑥)

�̂� 𝐵(𝑥), 𝐵(𝜂𝑥), 𝐶(𝜂𝑥)

𝑐 𝐶(𝑥)

𝑧  𝐴(𝜂𝑥), 𝐵(𝜅𝑥).
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From this it is clear that in𝒦0 we can replace 𝐴(𝑥) by 𝐶(𝜅𝑥), and 𝐵(𝑥)
by 𝐶(𝜂𝑥).

The quasivariety 𝒦0 has a constant 𝑒, predicates 𝑂 and 𝐶, functions 𝜂
and 𝜅, and the laws

𝑂(𝑒) 𝐶(𝑒) 𝑂(𝜂𝑒) 𝑂(𝜅𝑒)

𝐶(𝜂2𝑥)↔ 𝐶(𝜂𝑥) 𝐶(𝜅2𝑥)↔ 𝐶(𝜅𝑥)

𝐶(𝜂𝜅𝑥) 𝐶(𝜅𝜂𝑥)

𝑂(𝑥)→𝐶(𝑥)
𝐶(𝑥)→ 𝐶(𝜂𝑥) 𝐶(𝑥)→ 𝐶(𝜅𝑥)

𝐶(𝜂𝑥)&𝐶(𝜅𝑥)→ 𝐶(𝑥)

We convert to the quasivariety 𝒦1 by replacing 𝑂(𝑥) with 𝑥 ≈ 𝑒, and
laws saying that if any two distinct terms collapse, then everything collapses
to 𝑒:

𝐶(𝑒) 𝜂𝑒 ≈ 𝜅𝑒 ≈ 𝑒

𝐶(𝜂2𝑥)↔ 𝐶(𝜂𝑥) 𝐶(𝜅2𝑥)↔ 𝐶(𝜅𝑥)

𝐶(𝜂𝜅𝑥) 𝐶(𝜅𝜂𝑥)

𝐶(𝑥)→ 𝐶(𝜂𝑥) 𝐶(𝑥)→ 𝐶(𝜅𝑥)

𝐶(𝜂𝑥)&𝐶(𝜅𝑥)→ 𝐶(𝑥)

𝜂𝑥 ≈ 𝜂𝑦 → 𝑥 ≈ 𝑦 𝜅𝑥 ≈ 𝜅𝑦 → 𝑥 ≈ 𝑦

𝜂𝑘𝑥 ≈ 𝜂ℓ𝑥→ 𝑥 ≈ 𝑒 for all 𝑘 > ℓ ≥ 0

𝜅𝑘𝑥 ≈ 𝜅ℓ𝑥→ 𝑥 ≈ 𝑒 for all 𝑘 > ℓ ≥ 0

𝜂𝑥 ≈ 𝜅𝑦 →𝑥 ≈ 𝑒

𝜂𝑥 ≈ 𝜅𝑦 →𝑦 ≈ 𝑒

Note that once we had step 1 with the maps of 𝐻 satisfying (𝜛), we knew
that steps 2–6 would successfully produce a subquasivariety representation
Lq(𝒦1), even though the calculations are somewhat tedious.

A slight variation on Corollary 7.10 can occasionally be useful. Suppose
we want to represent (L, 𝛾) where 0L is completely meet irreducible, with
upper cover 0*L = 𝑐, the unique atom of L. If 𝛾(𝑐) > 𝑐 then the corollary
does not apply directly, and it often happens that the operators on the most
natural semilattice representation ̂︀S do not satisfy (𝜛). But 𝑐 is a coatom of
𝛾𝑑(L); by adding a new coatom 𝑐1 to ̂︀S so that 𝑐 ≤ 𝑝1 ≤ 𝑐1 for all 𝑝 in the
interval [𝑐, 𝛾(𝑐)], we may be able to modify the representation to satisfy (𝜛).
Thus we are able to complete step 6 and obtain a longstyle representation of
the pair (L, 𝛾) ∼= (Lq(𝒦1),Γ) for a quasivariety with equality.
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0

𝑐

𝑝

𝑧

𝑧

𝑐

𝑝1

𝑐1

0̂

𝑧 → 𝑝1 → 𝑐
𝑐↔ 𝑐1

Figure 7.19. A pair (L, 𝛾) where adding a coatom 𝑐1 to ̂︀S
allows us to complete step 6.

0

𝑐

𝑏

𝑧

𝑝

𝑧

�̂�

𝑐

𝑝1

𝑐1

0̂

𝑧 → �̂�→ 𝑐
𝑧 → 𝑝1 → 𝑐1
𝑐↔ 𝑐1

Figure 7.20. Another pair (L, 𝛾) where adding a coatom 𝑐1
to ̂︀S allows us to complete step 6.

Figures 7.19 and 7.20 give two examples where this method applies; the
details are straightforward and left to the reader. We do not know whether
the pairs (L, 𝛾) in either figure can be represented with a locally finite qua-
sivariety with equality! This is problem 15 in Chapter 10.
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7.3. Reverse engineering

So far, we have been focusing on the problem: Given a pair (L, 𝛾), when
can we represent (L, 𝛾) as (Lq(𝒦),Γ)? Another question would be simply
to ask, Can we produce lots of examples of subquasivariety lattices? The
longstyle method of Theorems 7.5 and 7.7 provides one way to do so.

Theorem 7.5 can be restated compactly as follows.

Theorem 7.12. If (S,∧, 1, 𝐻) is a finite semilattice with operators sat-
isfying

(𝜛) ℎ(𝑥) = 1 implies 𝑥 = 1

then Sub(S,∧, 1, 𝐻) ∼= Lq(𝒦) for some quasivariety 𝒦 with equality.

For once we have (S,∧, 1, 𝐻) satisfying (𝜛), we know that the remain-
ing steps 2–6 can be completed successfully using the longstyle method.
Thus we obtain Sub(S,∧, 1, 𝐻) ∼= Lq(𝒦), and the equaclosure operator
can be read off by inspecting the least elements of the subalgebras. The pair
(Sub(S,∧, 1, 𝐻),Γ) is naturally some (L, 𝛾), but now we are starting with
(S, 𝐻) rather than (L, 𝛾).

The infinite case from Theorem 7.7 requires also that 1S be compact.

Theorem 7.13. If (S, 𝐻) is an algebraic lattice with operators satisfying
(𝜛) and such that 1S is compact, then Sp(S, 𝐻) ∼= Lq(𝒦) for some quasi-
variety 𝒦 with equality.

Let us see some examples.

Example 7.14.

From Theorem 2.64, we know that if S is a finite semilattice (with no
operators), then Sub S ∼= Lq(𝒬) for a quasivariety of 1-element struc-
tures. Since (𝜛) is satisfied vacuously, we now know that Sub S also has a
longstyle representation as Lq(𝒦). The quasivariety𝒦will have unary pred-
icates and no operations. Its quasicritical structures will have 2 elements,
one of which is 𝑒. Running Example 1 illustrates this; see Figure 7.12.

Example 7.15.

The second example is in Figure 7.21. The semilattice S is on the left,
with the operator ℎ such that ℎ(𝑎) = 𝑧 and ℎ(𝑥) = 𝑥 otherwise. Note this
is an operator, preserving meets and 1. You can think of ℎ as saying that
𝑎 → 𝑧, i.e., we only want those subsemilattices T ≤ S such that 𝑎 ∈ 𝑇
implies 𝑧 ∈ 𝑇 . The lattice Sub(S,∧, 1, ℎ) is on the right of the figure. Of
course, we already knew that 2×3 is a subquasivariety lattice, as it is finite
and distributive, but pursuing steps 2–6 would give us a concrete longstyle
representation.
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S

𝑧

𝑎 𝑏

1

Sub(S, ∧ ,1,ℎ)
{1}

{𝑧,1} {𝑏,1}

{𝑎,𝑧,1} {𝑏,𝑧,1}

𝑆

Figure 7.21. S is a meet semilattice with the operator ℎ
such that ℎ(𝑎) = 𝑧, ℎ(𝑥) = 𝑥 otherwise. The lattice
Sub(S,∧, 1, ℎ) has a longstyle representation as a subqua-
sivariety lattice.

We can discern not only the lattice but also the equaclosure operator
from Sub S. Remember that for a subsemilattice T ≤ S, we have Γ(T) =
↑ 𝑡0 where 𝑡0 is the least element of T. Thus if T and T′ have the same
least element, then they are in the same Γ-class. Looking at the figure, the
subsemilattices in the upper square all have 𝑧 as their least element, so they
are a Γ-class. The remaining subsemilattices are ↑ 𝑏 and {1}, which are Γ-
closed. The longstyle subquasivariety lattice will have the same equaclosure
operator.

Example 7.16.

A third example is in Figure 7.22. The semilattice U has an operator 𝑘
such that 𝑘(𝑎) = 𝑏 and 𝑘(𝑥) = 𝑥 otherwise. The lattice Sub(U,∧, 1, 𝑘) is
shown on the right of the figure. The Γ-classes of Sub U are determined by
whether 𝑏, 𝑐, 𝑧, or 1 is the least element of the subalgebra, and the longstyle
subquasivariety lattice will have the corresponding equaclosure operator.

In general, a semilattice may have many operators satisfying (𝜛), any
combination of which may be used. The preceding examples use instances
of the following operators. For elements 𝑏, 𝑐 ∈ 𝑆, define

ℎ(𝑥) =

{︃
𝑥 if 𝑥 ≥ 𝑐,

𝑥 ∧ 𝑏 otherwise.

Likewise, one can use Theorem 7.13 for S an algebraic lattice with 1S com-
pact.

This raises an obvious question: What lattices have a longstyle subqua-
sivariety representation? This source of examples has yet to be mined.
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U

𝑧

𝑏

𝑎

𝑐

1

Sub(U, ∧ ,1,𝑘)
{1}

{𝑐,1}
{𝑧,1}

{𝑏,1}

{𝑐,𝑧,1}

{𝑏,𝑧,1}

{𝑎,𝑏,1}

{𝑏,𝑐,𝑧,1} {𝑎,𝑏,𝑧,1}

𝑈

Figure 7.22. U is a meet semilattice with the operator 𝑘
such that 𝑘(𝑎) = 𝑏, 𝑘(𝑥) = 𝑥 otherwise. The lattice
Sub(U,∧, 1, 𝑘) has a longstyle representation as a subqua-
sivariety lattice.

7.4. A case where step six works: shortstyle

In this section we generalize Running Examples 4 and 5. For this dis-
cussion, we need the concept of a strongly quasicritical structure, developed
in Appendix A.3. A structureT is quasicritical if it is finitely generated and
Q(T)-subdirectly irreducible. A structure T is strongly quasicritical if it is
quasicritical and satisfies a technical condition (U) from Appendix A.3.

Since a lattice Lq(𝒦) is dually algebraic, every subquasivariety 𝒮 ≤ 𝒦
is a join of completely join irreducible quasivarieties. The basic facts are
these.

∙ Every strongly quasicritical structure generates a completely join
irreducible quasivariety.
∙ If 𝒬 is completely join irreducible, then 𝒬 = Q(T) for some
strongly quasicritical structure T, not necessarily unique.
∙ The quasivariety generated by a quasicritical structure is join irre-
ducible, but not necessarily completely join irreducible.
∙ However, if𝒬 is completely join irreducible andT is a quasicritical
structure in𝒬∖𝒬*, thenT is strongly quasicritical and𝒬 = Q(T).
(Here𝒬* denotes the unique quasivariety covered by𝒬. By the first
part of the proof of Theorem A.10, T satisfies (U).)
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Thus every subquasivariety 𝒮 ≤ 𝒦 is determined by the strongly quasicrit-
ical structures it contains. That means 𝒮 is also determined by all the qua-
sicritical structures it contains (strong or not), and this is what we normally
work with, avoiding the technical condition (U).

Theorem 7.17. The following are equivalent for a quasivariety𝒦 and an
integer 𝑘 > 0.

(1) For every completely join irreducible𝒬 ≤ 𝒦, there is a 𝑘-generated
strongly quasicritical structure T such that 𝒬 = Q(T).

(2) Every subquasivariety 𝒮 ≤ 𝒦 is determined, relative to 𝒦, by the
𝑘-variable quasi-equations it satisfies.

Proof. Assume (1), and let 𝒮 ≤ 𝒦. Letℳ be the subquasivariety of
𝒦 determined by all the 𝑘-variable quasi-equations holding in 𝒮. Surely
𝒮 ≤ ℳ. If 𝒮 < ℳ, then there is a completely join irreducible 𝒬 such
that 𝒬 ≤ ℳ and 𝒬 � 𝒮. Let T be a 𝑘-generated strongly quasicritical
structure generating𝒬. Since𝒬 � 𝒮, there is a quasi-equation 𝛽 holding in
𝒮 but failing in T. Because T is 𝑘-generated, 𝛽 can be replaced by a quasi-
equation in at most 𝑘 variables: substitute terms in 𝑘 variables witnessing
the failure of 𝛽 in T to obtain 𝛽′, a consequence of 𝛽 failing in T. Then 𝛽′

is a 𝑘-variable quasi-equation holding in 𝒮 but failing inℳ, contrary to the
definition ofℳ. Thus 𝒮 =ℳ, so that (2) holds.

Conversely, assume (2), and let 𝒬 ≤ 𝒦 be completely join irreducible.
Then there is a 𝑘-variable quasi-equation 𝛾 that holds in 𝒬* but not in 𝒬.
Then 𝛾 fails in some 𝑘-generated structure S in 𝒬, and hence in some qua-
sicritical subdirect factor T of S. By the last bullet above, T is strongly
quasicritical. �

Corollary 7.18. If a quasivariety 𝒦 has the property that every finitely
generated subalgebra is a subdirect product of its 1-generated substructures,
then every subquasivariety 𝒮 ≤ 𝒦 is determined, relative to 𝒦, by the 1-
variable quasi-equations it satisfies.

With these preliminaries out of theway, we return to the shortstylemethod.
Caveat. The next argument assumes that we know all the 1-generated

structures in 𝒦, and need to find out more about other finitely generated
structures. At the end of step 5 we have a quasivariety 𝒦0 with unary op-
erations, unary predicates, and a 1-variable basis for each of its subquasi-
varieties. Step 6 tries to mimic these properties in a quasivariety 𝒦1 with
equality. The shortstyle method is one way to do this, but it requires find-
ing a translation of 𝒦0 into a different language. Sometimes there is no way
to do this conversion. But even when it is possible to do the translation, it
remains to show that the proposed quasivariety 𝒦1 has the same subquasi-
variety lattice as 𝒦0. In particular, the subquasivarieties of 𝒦1 should be
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determined by 1-variable quasi-identities. Put another way, the quasicritical
structures in 𝒦1 should be 1-generated. The remainder of this section con-
cerns sufficient conditions to ensure that this happens. Then, in Section 7.5
we analyze in more depth what can go wrong with the shortstyle method,
which is essentially that 𝒦1 could have quasicritical structures that are not
1-generated.

Recall that if S is a substructure of a structure W, then a retraction of
W onto S is an endomorphism 𝜎 : W� S such that 𝜎2 = 𝜎. Thus 𝜎 is the
identity on S.

Lemma 7.19. Let𝒦 be a quasivariety with only unary operations, unary
predicates, and a constant 𝑒 that is fixed by all the operations and such that
𝑃 (𝑒) holds for every predicate 𝑃 . Assume 𝒦 has the property:

(ß) If W is a 1-generated structure in 𝒦 and S ≤ W is a
substructure, then S is 1-generated and there is a retraction
𝜎 : W� S.

Then every finitely generated structure in 𝒦 is a subdirect product of its
1-generated substructures. Hence every quasicritical structure in 𝒦 is 1-
generated, and 1-variable quasi-equations determine subquasivarieties of
𝒦.

Proof. Let us prove by induction that, for 𝑚 > 1, if U ∈ 𝒦 is 𝑚-
generated andT ≤ U is generated by𝑚−1 of those generators, then there is
a retraction ofU ontoT. Moreover, using (ß), we show that the intersection
of the kernels of these retractions isΔ. Then every𝑚-generated structure in
𝒦 is a subdirect product of its (𝑚 − 1)-generated substructures, and hence
by induction of its 1-generated substructures.

Let U be generated irredundantly by the set {𝑥1, . . . , 𝑥𝑚}, and let T =
Sg(𝑥2, . . . , 𝑥𝑚). Apply (ß) with W = Sg(𝑥1) and S = W ∩ T to obtain a
retraction 𝜎0 : W � S. (The constant 𝑒 ensures that S is nonempty.) This
can be extended to a retraction 𝜎 : U � T by defining 𝜎 to be the identity
on 𝑈 ∖ 𝑊 . Note that the identity homomorphism is not only the identity
elementwise, but does not alter the predicates. This makes 𝜎 the identity on
all ofT, whence the only nontrivial pairs in ker𝜎 are from𝑊 2 ∖𝑆2: that is,
if (𝑢, 𝑣) ∈ ker𝜎 and 𝑢 ̸= 𝑣, then both are in Sg(𝑥1) and at least one of them
is not in Sg(𝑥2, . . . , 𝑥𝑚).

Repeating the process for each index gives a set of retractions 𝜎𝑗 for 1 ≤
𝑗 ≤ 𝑚 ofU onto (𝑚− 1)-generated subalgebras with

⋂︀
ker𝜎𝑗 = Δ. �

The hypothesis in (ß) that every substructure of a 1-generated structure
W is 1-generated, along with having only unary functions, makes Sub W a
chain, which is slightly more than we need. The following variation, proved
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by the same argument, removes that requirement, and we will use it for the
pair (W, 𝛾6) in Section 7.5.

(ß)′ Suppose U ∈ 𝒦 is generated irredundantly by the set
{𝑥1, . . . , 𝑥𝑚}, and that the following holds for every 𝑖: with
W = Sg(𝑥𝑖) and T = Sg({𝑥𝑗 : 𝑗 ̸= 𝑖}) and S = W ∩ T,
there is a retraction 𝜎 : W� S.

In our applications of (ß)′, S will be restricted to only certain possible sub-
structures ofW.

One can easily check that the 1-generated structures in 𝒦1 for Running
Examples 4 and 5 satisfy (ß); see Figures 7.15 and 7.16, respectively. More
generally, we have this.

Theorem 7.20. Let𝒦 be a quasivariety with only unary operations, unary
predicates, and a constant 𝑒 that is fixed by all the operations and such that
𝑃 (𝑒) holds for every predicate 𝑃 . If 𝒦 satisfies one of the following con-
ditions, then every quasicritical structure in 𝒦 is 1-generated, and hence
1-variable quasi-equations determine subquasivarieties of 𝒦.

(1) 𝒦 has 1 unary operation and no predicates.
(2) 𝒦 has 1 unary operation 𝜂, which satisfies either 𝜂𝑘𝑥 ≈ 𝑥 or 𝜂𝑘𝑥 ≈

𝜂𝑥 for some 𝑘 > 1, and 𝑃𝑥→ 𝑃 (𝜂𝑥) for all predicates 𝑃 .
(3) The operations of 𝒦 form a left zero semigroup, i.e., 𝒦 satisfies

𝜅𝜆𝑥 ≈ 𝜅𝑥 for all 𝜅, 𝜆, and there exists an operation 𝜂 such that
𝑃𝑥→ 𝑃 (𝜂𝑥) for all predicates 𝑃 .

(4) The operations of 𝒦 form a finite chain under composition, i.e.,
𝜂1 > 𝜂2 > · · · > 𝜂𝑘 so that 𝜂𝑖𝜂𝑗 = 𝜂max(𝑖,𝑗), and 𝑃𝑥→ 𝑃 (𝜂𝑗𝑥) for
all 𝑗.

Proof. Part (1) is Corollary 6.13 of [62]. The remaining parts are ap-
plications of Lemma 7.19, for which we must show that under the given
conditions 𝒦 satisfies (ß). In each case, since these are substructures, the
predicates are inherited from some overstructureW.

For (2), the substructures of a 1-generated structureW areW, {𝑒} and,
in case 𝒦 satisfies 𝜂𝑘𝑥 ≈ 𝜂𝑥, also {𝜂𝑥, 𝜂2𝑥, . . . , 𝜂𝑘−1𝑥}. For this last there
is a retraction with 𝑥 ↦→ 𝜂𝑘−1𝑥.

For (3), let S = Sg(𝑥) in 𝒦. Let 𝐵 = {𝜂𝑥 : 𝜂 ∈ 𝐻}. The substructures
of S, not necessarily distinct, are

∙ {𝑥} ∪𝐵 ∪ {𝑒},
∙ 𝐵 ∪ {𝑒},
∙ {𝑒},

The assumptions are strong enough to ensure that any map 𝑥 ↦→ 𝜂𝑥 extends
to a retraction, while 𝑥 ↦→ 𝑒 always yields a retraction.
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𝑃

𝑃 𝑃 𝑃

Figure 7.23. A 2-generated quasicritical structure with 1 op-
eration and 1 predicate.

A couple of comments are in order for this case. There could be infinitely
many operations. Moreover, 𝜂𝑥 = 𝜅𝑦 is allowed for particular elements, but
then 𝜅𝑥 = 𝜂𝑥 = 𝜅𝑦 = 𝜂𝑦. Also, 𝜂𝑥 = 𝑒 implies 𝜅𝑥 = 𝑒 for all 𝜅; thus the
subvarieties ⟨𝜂𝑥 ≈ 𝜅𝑦⟩ and ⟨𝜂𝑥 ≈ 𝜂𝑦⟩ are both the subvariety with 𝜏𝑥 ≈ 𝑒
for all 𝜏 .

For (4), the substructures have the form {𝜂𝑗𝑥, . . . , 𝜂𝑘𝑥} for which the
map 𝜂𝑗 provides the retraction. �

One might hope that (1) could be extended to include predicates, or that
the restrictions in (2) could be loosened. The 2-generated quasicritical struc-
ture in Figure 7.23 squelches that hope.

One might also seek to strengthen case (4) to semilattices of maps, as
used in Sections 9.3 and 9.4. Perhaps there is a way to do so, but it is not
clear how.

Running Example 4 illustrates part (1) of Theorem 7.20, and Running
Example 5 uses part (3). The next two extended examples will illustrate (2)
and (4), respectively.

Example 7.21.

Let us go through the entire six-step program with a pair that uses The-
orem 7.20(2).

Consider the lattice B3[𝑎] obtained by doubling an atom in the Boolean
algebra 23. In Chapter 3, we saw that B3[𝑎] with its least preclop 𝜇 fails
(K10); this is the example in Figure 3.6. With a different equaclosure oper-
ator 𝛾, there is a representation as Sub(S,∧, 1, 𝐻), as diagrammed in Fig-
ure 7.24. Note J(B3[𝑎]) ⊆ 𝜏(B3[𝑎]) for this 𝛾.

The adjoint of ℎ is given by
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0

𝑎

𝑧 𝑏 𝑐

𝑧

�̂�

�̂�

𝑐

0̂

𝑧 → �̂�

ℎ

0̂ 0̂
�̂� �̂�

�̂� 0̂

𝑐 0̂
𝑧 �̂�

Figure 7.24. Example 7.21.

𝜂

0̂ �̂�
�̂� 𝑧

�̂� �̂�

𝑐 �̂�
𝑧 𝑧

The calculations for step 3 calculations go as follows. The congruences
of ̂︀S are Δ, con(𝑐, 0̂) = [𝑐, 0̂], con(�̂�, 𝑐) = [�̂�, 𝑐], con(𝑧, �̂�) = [𝑧, �̂�][�̂�, 0̂],
con(�̂�, 0̂) = [�̂�, 𝑐, 0̂], con(�̂�, 𝑐) = [𝑧, �̂�][�̂�, 𝑐, 0̂], con(𝑧, 𝑐) = [𝑧, �̂�, 𝑐][�̂�, 0̂],
con(𝑧, �̂�) = [𝑧, �̂�][�̂�, 𝑐, 0̂], ∇ ordered as the dual of B3[𝑎]. The predicates
corresponding to ̂︀S ∖ {𝑧} are 𝑂, 𝐴, 𝐵 and 𝐶, assigned as follows:

0̂ 𝑂(𝑥)

�̂� 𝐴(𝑥)

�̂� 𝐵(𝑥), 𝑂(𝜂𝑥), 𝐵(𝜂𝑥), 𝐶(𝜂𝑥)

𝑐 𝐶(𝑥)

𝑧  𝐴(𝜂𝑥).
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𝑂𝑥

𝐴𝑥

𝐵𝑥→ 𝑂𝑥 𝐶𝑥

𝐶𝑥→ 𝑂𝑥
𝐵𝑥
→ 𝐶𝑥 𝐵𝑥

𝒦0

Figure 7.25. Lq(𝒦0) for Example 7.21. The middle atom in
the lower lattice is 𝐵𝑥&(𝐶𝑥→ 𝑂𝑥).

Thus 𝒦0 has the operations 𝑒, 𝜂 and predicates 𝑂, 𝐴, 𝐵, 𝐶 with laws
𝑋(𝑒) 𝑋(𝜂𝑒) for 𝑋 = 𝑂,𝐴,𝐵,𝐶

𝑋(𝜂2𝑥)↔ 𝑋(𝜂𝑥) for 𝑋 = 𝑂,𝐴,𝐵,𝐶

𝑂(𝑥)→ 𝐴(𝑥) 𝑂(𝑥)→ 𝐶(𝑥)→ 𝐵(𝑥)↔ 𝐵(𝜂𝑥)↔ 𝑂(𝜂𝑥)

𝐴(𝑥)&𝐵(𝑥)→ 𝑂(𝑥) 𝐴(𝜂𝑥).

Now for step 4, the join irreducible theories of ITh(𝒦0) are ⟨𝐴𝑥⟩, ⟨𝐶𝑥→
𝑂𝑥⟩, ⟨𝐵𝑥→ 𝐶𝑥⟩, and ⟨𝐵𝑥⟩, corresponding to the join irreducible congru-
ences of ̂︀S from step (3). The lattice of quasivarieties is drawn in Figure 7.25.
Again note that the equaclosure operator Γ agrees with 𝛾 from Figure 7.24.

The shortstyle conversion to a quasivariety 𝒦1 with equality is straight-
forward. Interpret 𝑂(𝑥) ↦→ 𝑥 ≈ 𝑒, 𝐴(𝑥) ↦→ 𝜂𝑥 ≈ 𝑥 and 𝐵(𝑥) ↦→ 𝜂𝑥 ≈ 𝑒.
The result is a quasivariety with operations 𝜂, 𝑒, and a predicate𝐶 satisfying
the laws

𝜂𝑒 ≈ 𝑒 𝐶(𝑒) 𝜂2𝑥 ≈ 𝜂𝑥

𝐶(𝑥)→ 𝜂𝑥 ≈ 𝑒

as diagrammed in Figure 7.26.
It remains to show that F, S, I, and J of Figure 7.26 are the only quasi-

critical structures in𝒦1. But we can apply Theorem 7.20(2) to see that every
quasicritical structure is 1-generated, and thus the list is complete.

Example 7.22.

The construction for Example 7.21 can be adapted to show that for every
𝑛 ≥ 2, the latticeB𝑛[𝑎] can be represented as a subquasivariety lattice. Here
B𝑛[𝑎] is the lattice obtained by doubling an atom in the lattice 2𝑛. This is
a straightforward exercise left to the reader (and a special case of the next
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𝑥 ≈ 𝑒

𝜂𝑥 ≈ 𝑥
⟨S⟩

𝜂𝑥 ≈ 𝑒→ 𝑥 ≈ 𝑒
⟨F⟩

⟨I⟩ 𝐶𝑥
⟨J⟩

𝐶𝑥→ 𝑥 ≈ 𝑒
𝜂𝑥 ≈ 𝑒

→ 𝐶𝑥 𝜂𝑥 ≈ 𝑒

𝒦1

F : 𝑒
𝐶

S : 𝑒
𝐶

I : 𝑒
𝐶

J :
𝐶

𝑒
𝐶

Figure 7.26. Lq(𝒦1) isomorphic to B3[𝑎], Example 7.21.

example). As in the reverse engineering of Section 7.3, the equaclosure
operator 𝛾 is not specified ahead of time. Let us sketch the method forB4[𝑎]
as a guide.

The quasivariety𝒦4 representingB4[𝑎] has a unary function 𝜂, the con-
stant 𝑒, and predicates 𝐶, 𝐷, and ≈. The laws of 𝒦4 are

𝜂𝑒 ≈ 𝑒 𝐷(𝑒) 𝐶(𝑒) 𝜂2𝑥 ≈ 𝜂𝑥

𝐷(𝑥)→ 𝐶(𝑥)→ 𝜂𝑥 ≈ 𝑒

The subquasivariety lattice Lq(𝒦4) and quasicritical structures are shown in
Figure 7.27.

Example 7.23.
On the other hand, if we let B𝑋 = 2𝑋 for an infinite set 𝑋 , and then

double an atom, the lattice B𝑋 [𝑎] is not dually algebraic, and so not a qua-
sivariety lattice. Instead, let us consider a construction that does work, and
properly generalizes the previous example.

Recall that for any algebraic lattice A, Sp(A) is an atomistic, dually
algebraic lattice. Let K be an algebraic lattice whose top element 1K is
compact. Form a new lattice S on 𝐾 ∪ {𝑎, 𝑧}, ordered as on the left side
of Figure 7.28. Then S is algebraic, in view of the requirement that 1K be
compact.
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𝑥 ≈ 𝑒

𝜂𝑥 ≈ 𝑥
⟨S⟩

⟨F⟩ ⟨I⟩ ⟨J⟩ 𝐷𝑥
⟨K⟩

𝒦4

𝐶𝑥

𝜂𝑥 ≈ 𝑒

F : 𝑒

𝐶𝐷

S : 𝑒

𝐶𝐷

I : 𝑒

𝐶𝐷

J :
𝐶

𝑒

𝐶𝐷

K :

𝐶𝐷

𝑒

𝐶𝐷

Figure 7.27. Lq(𝒦4) isomorphic to B4[𝑎] (Example 7.22)

Let ℎ be the operator on S with

ℎ(𝑥) =

{︃
𝑎 if 𝑥 = 𝑧 or 𝑥 = 𝑎,

1K if 𝑥 ∈ 𝐾.

The ℎ-closed algebraic subsets of S are

∙ 𝑋 for any algebraic subset ofK,
∙ {1K, 𝑎},
∙ {𝑎, 𝑧} ∪𝑋 for any algebraic subset ofK.

Thus Sp(S, ℎ) is isomorphic to Sp(K) × 2 with an atom doubled, as illus-
trated in Figure 7.28. Moreover, Theorem 7.20(2) applies to yield a short-
style quasivariety representation of Sp(S, ℎ) as Lq(𝒦).

The language of 𝒦 has a unary function 𝜂, the constant 𝑒, a predicate
𝐴 and predicates 𝐵 for each 𝑏 ∈ 𝐾, and ≈. As in the previous example,
we can interpret 𝐴𝑥 ↦→ 𝜂𝑥 ≈ 𝑥, and the predicate corresponding to 0K as
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K

S

𝑧

0K

1K

𝑎

ℎ 𝜂

𝑘 1K 0K
𝑎 𝑎 𝑧
𝑧 𝑎 𝑧

Sp(S, ℎ)

Figure 7.28. On the left, the lattice S and operator ℎ for Ex-
ample 7.23, where 𝑘 represents any element of 𝐾. On the
right is Sp(S, ℎ), which is isomorphic to Sp(K)× 2 with an
atom doubled.

𝜂𝑥 ≈ 𝑒. The laws of 𝒦 are then

𝜂𝑒 ≈ 𝑒 𝐵(𝑒) 𝜂2𝑥 ≈ 𝜂𝑥

𝐵(𝑥)→ 𝐶(𝑥)→ 𝜂𝑥 ≈ 𝑒 whenever 𝑏 ≥ 𝑐

𝐵1(𝑥)& . . . &𝐵𝑚(𝑥)→ 𝐶(𝑥) whenever 𝑏1 ∨ . . . ∨ 𝑏𝑚 ≥ 𝑐

for all predicates 𝐵, 𝐵1, . . . , 𝐵𝑚, 𝐶. The quasicritical structures in 𝒦 are
F and S from previous example, except that all 𝐵(𝑒) hold, and a set of 2-
element structures with 𝜂𝑥 = 𝑒, with various predicates holding for 𝑥, sub-
ject to the restrictions in the laws above; compare Figure 7.27.

Example 7.24.

To illustrate part (4) of Theorem 7.20, consider the lattice 1 + N5 of
Figure 7.29. With a different equaclosure operator, we could easily represent
1 + N5 using the methods of Chapter 8. Instead, let us sketch the six-step
program for the equaclosure operator 𝛾 in the figure. The arrows, operators
and adjoints are also given in Figure 7.29.

At step 3, we note that the adjoint maps have the composition table
𝜂 𝜅

𝜂 𝜂 𝜅
𝜅 𝜅 𝜅

so that 𝜂 > 𝜅, setting up part (4). We are supposed to use the opposite
composition ⋆, but the maps commute.

Then for the quasivariety 𝒦0 without equality, there are operations 𝜂, 𝜅,
the constant 𝑒, and predicates𝐴, 𝐵, 𝐶 satisfying, in addition to the standard
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𝑐

𝑎

𝑧

𝑏

𝑧

�̂�

𝑐

0̂

�̂�

𝑧 → �̂�→ 𝑐

�̂�→ 𝑐

ℎ 𝑘 𝜂 𝜅

0̂ 0̂ 0̂ 0̂ 0̂
�̂� �̂� 𝑐 𝑧 𝑧

�̂� 𝑐 𝑐 �̂� 𝑧

𝑐 𝑐 𝑐 �̂� 𝑧
𝑧 �̂� 𝑐 𝑧 𝑧

Figure 7.29. Example 7.24 with a chain of operations

laws involving 𝑒 and the operations,

𝑂(𝑥)↔ 𝑂(𝜂𝑥)↔ 𝑂(𝜅𝑥) 𝐵𝑥↔ 𝐵(𝜂𝑥)↔ 𝐶(𝜂𝑥)

𝐴(𝜂𝑥) 𝐴(𝜅𝑥) 𝐵(𝜅𝑥) 𝐶(𝜅𝑥)

𝐶𝑥→ 𝐴𝑥 𝐶𝑥→ 𝐵𝑥 𝐴𝑥&𝐵𝑥→ 𝐶𝑥

To convert to a quasivariety 𝒦1 with equality, we convert

𝑂𝑥 ↦→ 𝑥 ≈ 𝑒 𝐴𝑥 ↦→ 𝜂𝑥 ≈ 𝑥 𝐵𝑥 ↦→ 𝜂𝑥 ≈ 𝜅𝑥

which entails 𝐶𝑥 ↦→ 𝜅𝑥 ≈ 𝑥. The laws of𝒦0 then translate to the following
laws for 𝒦1:

𝜂𝑒 ≈ 𝑒 𝜅𝑒 ≈ 𝑒

𝜂𝑥 ≈ 𝑒→ 𝑥 ≈ 𝑒 𝜅𝑥 ≈ 𝑒→ 𝑥 ≈ 𝑒

𝜂2𝑥 ≈ 𝜂𝑥 𝜅2𝑥 ≈ 𝜅𝑥

𝜂𝜅𝑥 ≈ 𝜅𝑥 ≈ 𝜅𝜂𝑥

The quasicritical algebras F, S, T,D of Figure 7.30 provide models.
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𝑥 ≈ 𝑒

𝜅𝑥 ≈ 𝑥
T

𝜂𝑥 ≈ 𝑥
S

𝜅𝑥 ≈ 𝜂𝑥→ 𝜅𝑥 ≈ 𝑥
F

𝒦

𝜅𝑥 ≈ 𝜂𝑥

D

F : 𝑒 D : 𝑒

S : 𝑒 T : 𝑒

Figure 7.30. Lq(𝒦1) for Example 7.24. Dotted arrows rep-
resent 𝜂, and solid arrows 𝜅.

The conversion from 𝒦0 to 𝒦1 was successful, meaning that the rep-
resentation indicated by Figure 7.30 is correct so far as 1-variable quasi-
identities, or 1-generated quasicritical algebras, are concerned. Now we in-
voke Theorem 7.20(4) to say that all the quasicritical algebras of 𝒦1 are
1-generated, and conclude that the representation of the figure is complete!

7.5. Shortstyle representations revisited

Now let us analyze what can go wrong with shortstyle representations.
The six-step program starts with a pair (L, 𝛾) and constructs a quasi-variety
𝒦0 in a language without equality such that (L, 𝛾) ∼= (Lq(𝒦0),Γ). The lan-
guage of𝒦0 has unary operations, unary predicates, and a constant. All sub-
quasivarieties of𝒦0 are determined by quasi-equations in 1 variable. Step 6
attempts to translate𝒦0 into a quasivariety𝒦1 with equality such thatLq(𝒦0)
embeds into Lq(𝒦1). The translation requires interpreting some predicates
of 𝒦0 in terms of equality, e.g., 𝑂𝑥 ↦→ 𝑥 ≈ 𝑒 and say 𝐴𝑥 ↦→ 𝜂𝑥 ≈ 𝑥.
Admittedly, we lack a systematic method for these translations. If
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𝑒

Figure 7.31. Structure for Example 7.25 that cannot generate
an atom in the subquasivariety lattice.

(1) the lattices of 1-variable implicational theories of 𝒦0 and 𝒦1 are
isomorphic under the translation, and

(2) each subquasivariety of 𝒦1 is determined by quasi-equations in 1
variable,

then (Lq(𝒦0),Γ) ∼= (Lq(𝒦1),Γ), and the program has succeeded.
So two things can go wrong. First, the translation for 1-variable quasi-

identities may not work. This happens fairly often, and is rather obvious
when it occurs.

Example 7.25.

We saw that Running Example 3 has a longstyle representation. Under
the most natural translation, the atom on the left of the proposed Lq(𝒦1) is
generated by the algebra in Figure 7.31. This algebra is quasicritical and
has a nontrivial subalgebra, so it cannot generate an atom of Lq(𝒦1). At-
tempts to fix this, without going to the longstyle representation, just lead to
worse problems. Perhaps the pair in Running Example 3 has a locally finite
representation, but if so, our method does not find it.

The second problem, that the proposed 𝒦1 may contain subquasivari-
eties with laws in more than 1 variable, is more subtle and devious. Some-
times we can use Theorem 7.20 to show that every quasicritical structure in
𝒦 is 1-generated, but that has limited applicability. If 𝒦1 contains a qua-
sicritical structure T that is not 1-generated, then T generates a subquasi-
variety with no analogue in Lq(𝒦0). That can happen too easily, and it is a
nearly irremediable problem: the program has failed for this pair, unless we
try a different representation in step 1. This is best illustrated by an example.

Example 7.26.

Consider the pair (W, 𝜇) from subsection 6.2.1. Since J(W) ⊆ 𝜏(W)
for 𝜇, we can use the representation from subsection 5.2; see Figure 7.32.
(The general methods of Chapter 6 need not give the simplest representation
of a finite lower bounded lattice; for present purposes, the simpler the better.)
Note that since ℎ(𝑧) = �̂� and 𝑘(𝑧) = 𝑐, we can use the meet ℎ(𝑧) ∧ 𝑘(𝑧) =
�̂� ∧ 𝑐 = 𝑑 to enforce 𝑧 → 𝑑, and do not need another map for that purpose.
On the other hand, 𝐻 should include the composition ℓ = ℎ𝑘 = 𝑘ℎ.

The adjoint maps, with ℓ′ = 𝜁 , and the operation table for 𝐻 ′ opp are
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𝑎

𝑏

𝑧

𝑑

𝑐

𝑧

𝑑

�̂�

0̂

�̂�

𝑐

�̂�→ �̂�

𝑑→ �̂�, 𝑐

𝑧 → �̂�, 𝑐, 𝑑

�̂�& 𝑐→ 𝑑

�̂�& 𝑐→ 𝑧

ℎ 𝑘 ℓ

0̂ 0̂ 0̂ 0̂

�̂� �̂� 0̂ 0̂

�̂� �̂� 0̂ 0̂

𝑐 0̂ 𝑐 0̂

𝑑 �̂� 𝑐 0̂

𝑧 �̂� 𝑐 0̂

Figure 7.32. Step 1 for Example 7.26: (W, 𝜇)

𝜂 𝜅 𝜁

0̂ 𝑐 �̂� 𝑧

�̂� 𝑧 �̂� 𝑧

�̂� 𝑧 �̂� 𝑧
𝑐 𝑐 𝑧 𝑧

𝑑 𝑧 𝑧 𝑧
𝑧 𝑧 𝑧 𝑧

⋆ 𝜂 𝜅 𝜁
𝜂 𝜂 𝜁 𝜁
𝜅 𝜁 𝜅 𝜁
𝜁 𝜁 𝜁 𝜁

As always, steps 2–5 are routine (though long), yielding 𝒦0 that has the
operations 𝑒, 𝜂, 𝜅, 𝜁 and predicates 𝑂, 𝐴, 𝐵, 𝐶, 𝐷 with laws

𝑋(𝑒) 𝑋(𝑓𝑒) for 𝑓 = 𝜂, 𝜅, 𝜁

𝐵(𝑥)↔𝑂(𝜅𝑥)↔ 𝐴(𝜅𝑥)↔ 𝐵(𝜅𝑥)

𝐴(𝜂𝑥) 𝐵(𝜂𝑥) 𝐶(𝜅𝑥) 𝐷(𝜂𝑥) 𝐷(𝜅𝑥) 𝑋(𝜁𝑥)

𝑂(𝑥)→ 𝐴(𝑥)→𝐵(𝑥) 𝑂(𝑥)→ 𝐶(𝑥)→ 𝐷(𝑥) 𝐴(𝑥)→ 𝐷(𝑥)

𝐵(𝑥)&𝐷(𝑥)→ 𝐴(𝑥) 𝐵(𝑥)&𝐶(𝑥)→ 𝑂(𝑥)

𝑋(𝜂(𝜂𝑥))↔ 𝑋(𝜂𝑥) 𝑋(𝜂(𝜅(𝑥))↔ 𝑋(𝜁(𝑥)) 𝑋(𝜂(𝜁𝑥))↔ 𝑋(𝜁𝑥)

𝑋(𝜅(𝜂𝑥))↔ 𝑋(𝜁𝑥) 𝑋(𝜅(𝜅(𝑥))↔ 𝑋(𝜅(𝑥)) 𝑋(𝜅(𝜁𝑥))↔ 𝑋(𝜁𝑥)

𝑋(𝜁(𝜂𝑥))↔ 𝑋(𝜁𝑥) 𝑋(𝜁(𝜅(𝑥))↔ 𝑋(𝜁(𝑥)) 𝑋(𝜁(𝜁𝑥))↔ 𝑋(𝜁𝑥)
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𝑂𝑥

𝐴𝑥

𝐵𝑥

𝒦0

𝐵𝑥→ 𝐴𝑥

𝐷𝑥

𝐶𝑥

Figure 7.33. Lq(𝒦0) for Example 7.26: (W, 𝜇)

for 𝑋 = 𝑂,𝐴,𝐵,𝐶,𝐷.
The lattice of quasivarieties Lq(𝒦0) is drawn in Figure 7.33. Note that

Γ⟨𝐵(𝑥)→ 𝐴(𝑥)⟩ = 𝒦0.
Now convert to𝒦1 using a shortstyle representation, choosing the trans-

lations

𝑂(𝑥) ↦→ 𝑥 ≈ 𝑒

𝐵(𝑥) ↦→ 𝜅𝑥 ≈ 𝑒

𝐶(𝑥) ↦→ 𝜂𝑥 ≈ 𝑒

𝐴(𝑥) ↦→ 𝜅𝑥 ≈ 𝑒&𝐷(𝑥).

Moreover, since 𝑂(𝜁𝑥) is a law of 𝒦0, we can replace all instances of 𝜁𝑥 by
𝑒. That leaves us with a language having operations 𝜂, 𝜅, 𝑒 and predicates
𝐷, ≈.

The laws from 𝒦0 convert to:

𝜂𝑒 ≈ 𝑒 𝜅𝑒 ≈ 𝑒 𝐷(𝑒)

𝜂2𝑥 ≈ 𝜂𝑥 𝜅2𝑥 ≈ 𝜅𝑥

𝜂𝜅𝑥 ≈ 𝑒 𝜅𝜂𝑥 ≈ 𝑒

𝐷(𝜂𝑥) 𝐷(𝜅𝑥)

𝜂𝑥 ≈ 𝑒→ 𝐷(𝑥) 𝜅𝑥 ≈ 𝑒& 𝜂𝑥 ≈ 𝑒→ 𝑥 ≈ 𝑒
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As an exercise, one can derive that 𝒦1 satisfies these quasi-equations:
𝜂𝑥 ≈ 𝑥→ 𝜅𝑥 ≈ 𝑒

𝜅𝑥 ≈ 𝑥→ 𝜂𝑥 ≈ 𝑒

𝜂𝑥 ≈ 𝜅𝑦 → 𝜂𝑥 ≈ 𝑒.

But a quick check (using the homomorphic images of F) shows that we still
have too many 1-generated quasi-critical structures: 7 when we need 4, the
number of join irreducibles inW. To that end, we add two new laws:

𝜂𝑥 ≈ 𝑒→ 𝜅𝑥 ≈ 𝑥

𝐷(𝑥)&𝜅𝑥 ≈ 𝑒→ 𝜂𝑥 ≈ 𝑥.

leaving the 4 quasicritical structures F, H, I, and J of Figure 7.34.
It appears that we have almost reached the goal. Then, in checking for

2-generated quasicritical structures, we find the structure X in Figure 7.35.
Alas,X is a subdirect product of F and J; as long as both of those are in the
quasivariety 𝒦1, then X comes with them.

One might hope that a different choice of the added laws might eliminate
this problem, but none of those options is plausible. In short, the shortstyle
method has failed for (W, 𝜇). The mediumstyle method of Section 7.6 will
fix this, representing (W, 𝜇) as (Lq(𝒬),Γ) for a non-locally finite quasiva-
riety.

Example 7.27.

Our second example is similar, so we will only sketch it. The pair (M, 𝛾)
of Figure 7.36 has J(M) ⊆ 𝜏(M). Except for the labeling, it has the same
semigroup of operators as (W, 𝜇), and hence the same adjoints. Following
the prescription, we obtain a quasivarietyℳ0, then interpret

𝑂(𝑥) ↦→ 𝑥 ≈ 𝑒

𝐴(𝑥) ↦→ 𝜂𝑥 ≈ 𝑥

𝐵(𝑥) ↦→ 𝜅𝑥 ≈ 𝑥

𝐶(𝑥) ↦→ 𝜅𝑥 ≈ 𝑒

𝐷(𝑥) ↦→ 𝜂𝑥 ≈ 𝑒

to obtain the putative representation (Lq(ℳ),Γ) of Figure 7.37. The laws
ofℳ are

𝜂𝑒 ≈ 𝑒 𝜅𝑒 ≈ 𝑒

𝜂2𝑥 ≈ 𝜂𝑥 𝜅2𝑥 ≈ 𝜅𝑥 𝜂𝜅𝑥 ≈ 𝑒 𝜅𝜂𝑥 ≈ 𝑒

𝜂𝑥 ≈ 𝑥→ 𝜅𝑥 ≈ 𝑒 𝜅𝑥 ≈ 𝑥→ 𝜂𝑥 ≈ 𝑒

𝜅𝑥 ≈ 𝑒& 𝜂𝑥 ≈ 𝑒→ 𝑥 ≈ 𝑒
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𝑥 ≈ 𝑒

𝐷𝑥&𝜅𝑥 ≈ 𝑒
⟨I⟩

𝜅𝑥 ≈ 𝑒
⟨J⟩

𝒦1

𝜅𝑥 ≈ 𝑒→ 𝐷𝑥
⟨F⟩

𝐷𝑥

𝜂𝑥 ≈ 𝑒

⟨H⟩

H :
𝐷

𝑒
𝐷

I :
𝐷

𝑒
𝐷

F :

𝐷

𝐷

𝑒
𝐷

J :

𝐷
𝑒

𝐷

Figure 7.34. Proposed Lq(𝒦1) for the pair (W, 𝜇). It is not
correct: the quasivariety generated by the structureX in Fig-
ure 7.35 is among the missing. Dotted arrows represent 𝜂,
and solid arrows 𝜅.

𝑥

𝑦

𝐷

𝐷

𝑒
𝐷

Figure 7.35. A 2-generated quasicritical structure X in 𝒦1.
Dotted arrows represent 𝜂, and solid arrows 𝜅.
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Figure 7.36. Step 1 for Example 7.27: (M, 𝛾).

The free structure F on one generator is the same, except this time there is
no unary predicate, so F = S × T. Again the quasivariety generated by
the quasicritical algebra X of Figure 7.35 (without the predicates) is miss-
ing. Thus the shortstyle program fails for (M, 𝛾). Again, the mediumstyle
method of Section 7.6 will fix this.

Example 7.28.

After all the attention given to the latticeW in Chapter 6, it behooves us
to show that, with at least one of its equaclosure operators, it is a subquasi-
variety lattice. Figure 7.38 gives step 1 for (W, 𝛾6), with a slightly different
semilattice representation than given in Subsection 6.2.6. Again we have
J(W) ⊆ 𝜏(W), and this time 𝑘ℎ = 𝑘2 = ℓ is the constant 0̂ map. Follow-
ing the prescription, we obtain a quasivariety 𝒦0, then choose to interpret

𝑂(𝑥) ↦→ 𝑥 ≈ 𝑒

𝐴(𝑥) ↦→ 𝐵(𝑥)&𝜅𝑥 ≈ 𝑒

𝐶(𝑥) ↦→ 𝜅𝑥 ≈ 𝑒
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𝑥 ≈ 𝑒

𝐴𝑥
⟨S⟩

𝐶𝑥
⟨U⟩

𝐵𝑥
⟨T⟩

𝐷𝑥
⟨V⟩

ℳ

S : 𝑒 T : 𝑒

U : 𝑒 V : 𝑒

Figure 7.37. Proposed Lq(ℳ) for the pair (M, 𝛾) of Exam-
ple 7.27. It is not correct: the quasivariety generated by the
algebraX in Figure 7.35 is missing. Dotted arrows represent
𝜂, and solid arrows 𝜅.

to obtain the proposed representation (Lq(𝒦1),Γ) of Figure 7.39 in terms of
𝜂, 𝜅, 𝐵, ≈, and 𝑒. The laws of 𝒦1 are

𝜂𝑒 ≈ 𝑒 𝜅𝑒 ≈ 𝑒 𝐵(𝑒)

𝜂2𝑥 ≈ 𝜂𝑥 𝜅2𝑥 ≈ 𝑒 𝜂𝜅𝑥 ≈ 𝜅𝑥 𝜅𝜂𝑥 ≈ 𝑒

𝜂𝑥 ≈ 𝑥→ 𝜅𝑥 ≈ 𝑒 𝜅𝑥 ≈ 𝑥→ 𝜂𝑥 ≈ 𝑒

𝜂𝑥 ≈ 𝑒↔ 𝑥 ≈ 𝑒

𝐵(𝜅𝑥) 𝐵(𝜂𝑥)↔ 𝐵(𝑥)

More will be added momentarily.
If the representation of Figure 7.39 is to be correct, then 𝒦1 must be the

quasivariety generated by the structures F, G, H, I in that figure. The plan
is to identify additional laws that hold in those four structures, add them to
the list, and then employ Lemma 7.19 using the alternate form with (ß)′.
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Figure 7.38. Step 1 for Example 7.28: (W, 𝛾6)

The extra laws for 𝒦1 are

𝜅𝑥 ≈ 𝑒→ 𝜂𝑥 ≈ 𝑥

𝜂𝑥 ≈ 𝜅𝑥→ 𝑥 ≈ 𝑒

𝜅𝑥 ≈ 𝜂𝑦 → 𝑦 ≈ 𝜅𝑥

𝜅𝑥 ≈ 𝜅𝑦 → 𝜅𝑥 ≈ 𝑒

(Section 2.2 of [62] gives a general method for finding quasi-equations to
eliminate unwanted quasicritical structures, and we can use them so long as
they hold in F,G,H, and I.)

Recall the alternate condition of Lemma 7.19:

(ß)′ Suppose U ∈ 𝒦 is generated irredundantly by the set
{𝑥1, . . . , 𝑥𝑚}, and that the following holds for every 𝑖: with
W = Sg(𝑥𝑖) and T = Sg({𝑥𝑗 : 𝑗 ̸= 𝑖}) and S = W ∩ T,
there is a retraction 𝜎 : W� S.

To see that this holds in the current situation, we note that S = W ∩ T
can only be {𝑒} or {𝜂𝑥, 𝑒}, and there are retractions 𝜎 : W � S in both
these cases, since W must be isomorphic to one of our four structures. We
conclude that𝒦1 has only 1-generated quasicritical structures, meaning only
those four, and the representation of Figure 7.39 is correct.
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𝑥 ≈ 𝑒

𝐵𝑥&𝜅𝑥 ≈ 𝑒
⟨I⟩

𝐵𝑥
⟨G⟩

𝒦1

𝐵𝑥→ 𝜅𝑥 ≈ 𝑒
⟨F⟩

𝜅𝑥 ≈ 𝑒

𝐵𝑥→ 𝑥 ≈ 𝑒
⟨H⟩

H : 𝑒
𝐵

I :
𝐵

𝑒
𝐵

F :

𝐵

𝑒
𝐵

G :
𝐵

𝐵

𝐵

𝑒
𝐵

Figure 7.39. Lq(𝒦1) for (W, 𝛾6). This one is correct! Dotted
arrows represent 𝜂, and solid arrows 𝜅.

7.6. Mediumstyle representations

Our general plan has been to construct quasivarieties 𝒦1 consisting of
structures whose algebra reduct depends on the adjoint monoid 𝐻 ′ from
step 2. In the longstyle method, the structures in 𝒦1 have operators that act
freely, whereas in the shortstyle method the operators act compactly. For
example, if 𝜂 ∈ 𝐻 ′ satisfies 𝜂2 = 𝜂, then for the longstyle method we
have 𝑥 ̸= 𝜂𝑥 ̸= 𝜂2𝑥 ̸= · · · , but we posit, for all predicates 𝑃 , that 𝑃 (𝜂𝑥)
holds iff 𝑃 (𝜂2𝑥) holds. However, for the shortstyle method, we require that
𝜂𝑥 ≈ 𝜂2𝑥. For a particular representation problem (L, 𝛾), when neither of
these extremes works, we might try something with features of both, espe-
cially when more than one operator is involved. This we term amediumstyle
representation. It is best illustrated by examples.
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Example 7.29.

The latticeB3 = 23, with the equaclosure operator shown in Figure 7.40,
seems difficult to represent as a quasivariety lattice. Neither the longstyle nor
shortstyle representation works. (The details are omitted here.) But there is
a combination that does yield a representation.

Let 𝒬 be the quasivariety generated by the 3 algebras in Figure 7.41.
The language has 2 unary operations, 𝜂 and 𝜅, the constant 𝑒, and only the
predicate ≈. The algebras F, A, B satisfy the following laws, for all ℓ,
𝑚 ≥ 1.

𝜂𝑒 ≈ 𝑒 ≈ 𝜅𝑒 𝜂𝜅𝑥 ≈ 𝜅𝜂𝑥

𝜂𝑚𝑥 ≈ 𝑥→ 𝑥 ≈ 𝑒 𝜅𝑚𝑥 ≈ 𝑥→ 𝑥 ≈ 𝑒

𝜂ℓ𝜅𝑚𝑥 ≈ 𝑥→ 𝑥 ≈ 𝑒 𝜂ℓ𝑥 ≈ 𝜅𝑚𝑥→ 𝑥 ≈ 𝑒

𝜂2𝑥 ≈ 𝑒→ 𝜂𝑥 ≈ 𝑒 𝜅2𝑥 ≈ 𝑒→ 𝜅𝑥 ≈ 𝑒

𝜂𝑥 ≈ 𝜂𝑦 & 𝜅𝑥 ≈ 𝜅𝑦 → 𝑥 ≈ 𝑦

Now F is the free algebra F𝒬(1), and its𝒬-congruence lattice is 1+ 2× 2
exactly as in the second lattice of Figure 7.40. Its 𝒬-homomorphic images
are E (the 1-element algebra),A,B,C (the subalgebra ofA×B generated
by (𝑥, 𝑥), see Figure 7.42), and F. Moreover, the 𝑘-generated free algebra
F𝒬(𝑘) consists of 𝑘 copies of F glued over {𝑒}.

The 𝑘-generated algebras in 𝒬 are 𝒬-homomorphic images of F𝒬(𝑘).
They consist of say 𝑚 ≤ 𝑘 components, each isomorphic to of one of the
following forms, glued over {𝑒}:

∙ A,
∙ B,
∙ C,
∙ F,
∙ C′ = C ∖ {(𝑥, 𝑥)},
∙ a finitely generated subalgebra of F.

Now C and C′ are subdirect products of A and B, of which they contain
copies as subalgebras, so they are not quasicritical. Likewise, a finitely gen-
erated subalgebra of F contains a copy of F as a subalgebra, so neither are
those algebras quasicritical.

We conclude that A, B, and F are the only quasicritical algebras in 𝒬,
and thus Lq(𝒬) is 23 with the indicated equaclosure operator. The sub-
quasivariety Q(F) corresponds to 𝑧 in Figure 7.40, Q(A) = ⟨𝜅𝑥 ≈ 𝑒⟩
corresponds to 𝑎, Q(B) = ⟨𝜂𝑥 ≈ 𝑒⟩ corresponds to 𝑏, and ⟨𝜂𝜅(𝑥) ≈ 𝑒⟩
corresponds to 𝑐. Note that Q(F,A) is determined by the quasi-equation
𝜂𝑥 ≈ 𝑒→ 𝑥 ≈ 𝑒, and symmetrically Q(F,B) is 𝜅𝑥 ≈ 𝑒→ 𝑥 ≈ 𝑒. In these
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0

𝑧 𝑎 𝑏

𝑐

𝑧

�̂� �̂�

𝑐

0̂

Figure 7.40. (23, 𝛾) for Example 7.29.

F :

𝑒

A :

𝑒

B :

𝑒

Figure 7.41. Algebras F, A, B generating the quasivariety
𝒬 of Example 7.29. Dotted arrows represent 𝜂, and solid
arrows 𝜅.

C :

𝑒

Figure 7.42. The algebra C ≤ A×B generated by (𝑥, 𝑥).

calculations, we use that 𝒬 satisfies 𝜂𝜅𝑥 ≈ 𝜅𝜂𝑥 and 𝜂𝑥 ≈ 𝑒&𝜅𝑥 ≈ 𝑒 →
𝑥 ≈ 𝑒.

Example 7.30.

Next we look at the latticeM = 3× 3 with the equaclosure operator of
Figure 7.43. This is the same pair for which the shortstyle method failed in
Example 7.27 (Figure 7.36).
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Letℳ be the quasivariety generated by the structures U and V in Fig-
ure 7.44. The language has 2 unary operations, 𝜂 and 𝜅, the constant 𝑒, and
predicates 𝐴, 𝐵, and ≈. The structuresU andV satisfy the following laws,
for all𝑚 ≥ 1.

𝜂𝑒 ≈ 𝑒 ≈ 𝜅𝑒 𝐴(𝑒), 𝐵(𝑒)

𝐴(𝜂𝑥) 𝐵(𝜅𝑥)

𝐴𝑥→ 𝜅𝑥 ≈ 𝑒 𝐵𝑥→ 𝜂𝑥 ≈ 𝑒

𝜂𝑚𝑥 ≈ 𝑥→ 𝑥 ≈ 𝑒 𝜅𝑚𝑥 ≈ 𝑥→ 𝑥 ≈ 𝑒

𝜂𝑥 ≈ 𝜅𝑦 → 𝜂𝑥 ≈ 𝑒 𝜂𝑥 ≈ 𝜂𝑦 & 𝜅𝑥 ≈ 𝜅𝑦 → 𝑥 ≈ 𝑦

It follows that 𝜂𝜅𝑥 ≈ 𝑒 ≈ 𝜅𝜂𝑥 and that 𝜂𝑥 ≈ 𝑒 & 𝜅𝑥 ≈ 𝑒 → 𝑥 ≈ 𝑒. Note
that U has a substructure S = {𝜂𝑥, 𝜂2𝑥, . . . } ∪ {𝑒} for which 𝐴𝑠 holds for
all 𝑠 ∈ 𝑆. Similarly,V has a substructureT in which𝐵𝑡 holds for all 𝑡 ∈ 𝑇 .
These S, T areℳ-homomorphic images ofU, V respectively.

The 1-generatedℳ-free structure F, the substructure of U×V gener-
ated by (𝑥, 𝑥), is also shown in Figure 7.44. As in the previous example, the
𝑘-generated free structure Fℳ(𝑘) consists of 𝑘 copies of F glued over {𝑒}.

Again, the 𝑘-generated structures inℳ areℳ-homomorphic images of
Fℳ(𝑘). They consist of say𝑚 ≤ 𝑘 components, each isomorphic to of one
of the following forms, glued over {𝑒}:

∙ U,
∙ V,
∙ S,
∙ T,
∙ F.

Note that F′ = F ∖ {(𝑥, 𝑥)} is already of this form, being S ∪T glued over
{𝑒}.

ThusU,V, S, andT are the only quasicritical algebras inℳ, and these
give Lq(ℳ) as 3× 3 with the indicated equaclosure operator.

Example 7.31.

Now let us double the middle element inM = 3× 3, as in Figure 7.45.
Denote the new lattice asM[𝑚]. We omit the details of the six-step program,
and only sketch the results, which are similar to the previous two examples.

Let 𝒩 be the quasivariety generated by the structures U and V in Fig-
ure 7.46. The language has 2 unary operations, 𝜂 and 𝜅, the constant 𝑒, and
predicates 𝐸 and ≈. The structuresU andV satisfy the following laws, for
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Figure 7.43. (M, 𝛾) for Example 7.30.

U :

𝐴 𝐴

𝑒 𝐴𝐵

V :

𝐵

𝐵

𝑒 𝐴𝐵

F :

𝐵

𝐵

𝐴 𝐴

𝑒 𝐴𝐵

Figure 7.44. StructuresU,V generating the quasivarietyℳ
of Example 7.30 and the 1-generatedℳ-free structure F ≤
U ×V generated by (𝑥, 𝑥). Dotted arrows represent 𝜂, and
solid arrows 𝜅.

all𝑚 ≥ 1.

𝜂𝑒 ≈ 𝑒 ≈ 𝜅𝑒 𝐸(𝑒)

𝐸(𝜂𝑥) 𝐸(𝜅𝑥)

𝜂𝑚𝑥 ≈ 𝑥→ 𝑥 ≈ 𝑒 𝜅𝑚𝑥 ≈ 𝑥→ 𝑥 ≈ 𝑒

𝜂𝑥 ≈ 𝜅𝑦 → 𝜂𝑥 ≈ 𝑒 𝜂𝜅𝑥 ≈ 𝑒 ≈ 𝜅𝜂𝑥

𝜂𝑥 ≈ 𝜂𝑦 & 𝜅𝑥 ≈ 𝜅𝑦 → 𝑥 ≈ 𝑦

It follows that 𝜂𝑥 ≈ 𝑒 & 𝜅𝑥 ≈ 𝑒 → 𝑥 ≈ 𝑒. Note that U has a substructure
S = {𝜂𝑥, 𝜂2𝑥, . . . } ∪ {𝑒} for which 𝐸𝑠 holds for all 𝑠 ∈ 𝑆, and likewise
V has a substructure T in which 𝐸𝑡 holds for all 𝑡 ∈ 𝑇 . These S, T are
𝒩 -homomorphic images ofU, V respectively.

The 1-generated𝒩 -free structureF, the substructure ofU×V generated
by (𝑥, 𝑥), is also shown in Figure 7.46. As in the previous example, the 𝑘-
generated free structure F𝒩 (𝑘) consists of 𝑘 copies of F glued over {𝑒}.
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𝑎 𝑏
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𝑒
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𝑑
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Figure 7.45. Step 1 for Example 7.31: (M[𝑚], 𝜇).

U :

𝐸 𝐸

𝑒 𝐸

V :

𝐸

𝐸

𝑒 𝐸

F :

𝐸

𝐸

𝐸 𝐸

𝑒 𝐸

Figure 7.46. StructuresU,V generating the quasivariety𝒩
of Example 7.31 and the 1-generated 𝒩 -free structure F ≤
U ×V generated by (𝑥, 𝑥). Dotted arrows represent 𝜂, and
solid arrows 𝜅.

Again, the 𝑘-generated structures in 𝒩 are 𝒩 -homomorphic images of
F𝒩 (𝑘). They consist of say𝑚 ≤ 𝑘 components, each isomorphic to of one
of the following forms, glued over {𝑒}:

∙ U,
∙ V,
∙ S,
∙ T,
∙ F,
∙ F′ obtained from F by adding 𝐸(𝑥, 𝑥).

However, F′ is not quasicritical since S, T ≤ F′ ≤ S × T, while F′′ =
F ∖ {(𝑥, 𝑥)} is S ∪T glued over {𝑒}.

Thus U, V, S, T, and F are the only quasicritical algebras in 𝒩 , and
these give Lq(𝒩 ) asM[𝑚] with the indicated equaclosure operator.
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Figure 7.47. Example 7.32: (W, 𝜇)

Example 7.32.

Finally, we return to the pair (W, 𝜇) of Figure 7.47, whose shortstyle
representation failed in Example 7.26. But there is nothing to do: this is the
ideal ↓(𝑎 ∨ 𝑑) in M[𝑚] in the previous example!

Thus we have subquasivariety representations for (W, 𝜇) and (W, 𝛾6).
We do not know whether any of the remaining pairs (W, 𝛾𝑗) for 1 ≤ 𝑗 ≤ 5
can be represented as subquasivariety lattices with equality!

This chapter has been concerned with the problem of how to represent a
pair (L, 𝛾) as (Lq(𝒦),Γ). In our approach, the first step is to represent (L, 𝛾)
as (Sp(S, 𝐻),Γ) for an algebraic (and often finite) lattice S with operators.
If we can do so, then it is straightforward to produce a quasivariety represen-
tation (Lq(𝒦0),Γ) in a language without equality. In some circumstances,
we know how to convert this to a representation (Lq(𝒦1),Γ) in a language
with equality. On the other hand, there are infinite lattices that are isomor-
phic to an Sp(S, 𝐻), but admit no equaclosure operator satisfying (I8). Such
lattices have a representation in a language without equality, but no repre-
sentation in a language with equality (Example 3.8). It is a measure of the
complexity of the problem that there are only 2 large classes of finite lattices
that are known to be subquasivariety lattices: finite distributive lattices and
finite atomistic lattices that admit an equaclosure operator. So there is plenty
of room for investigation and development of new methods here.





CHAPTER 8

Lattices 1+ L as Lq(𝒦)

Фролов. Хороший вечер.
Маша. Да... Тишина и прохлада. Хочется сказать
какую-нибудь глупость.
Фролов. В чём же дело?
Маша. Не умею. Чувствую, а сказать не умею. –
Александр Вампилов, Прощание в июне

On n’est point toujours une bête pour l’avoir été quelquefois.
– Denis Diderot

D. Pigozzi and G. Tardos proved that for every dually algebraic lattice
L, the linear sum 1 + L is isomorphic to a lattice of subvarieties Lv(𝒱)
for a variety 𝒱 of algebras (with equality) [98]. In this chapter we consider
the possibility of similar results for quasivarieties, in which case L needs to
also be join semidistributive. That is, we seek conditions underwhichwe can
show that 1+L ∼= Lq(𝒦) for some quasivariety𝒦 of structures in a language
with equality. By Corollary 7.10, if L ∼= Sp(S, 𝐻), then 1+L ∼= Lq(𝒦) for
some𝒦 with equality. As a general plan for the chapter, we use the methods
of Section 7.2 to obtain a longstyle representation of 1 + L as Lq(𝒦), with
particular attention to the case where L itself does not admit an equaclosure
operator (so that Corollary 7.10 does not apply).

We weakly conjecture:

(A) For any finite join semidistributive lattice, the linear sum 1+L has
a longstyle representation as a subquasivariety lattice.

(B) More generally, if L is dually algebraic and satisfies the Jónsson-
Kiefer Property, the linear sum 1+L has a longstyle representation
as Lq(𝒦).

A counterexample to either conjecture would involve necessary conditions
for representation not localized at 0. Note that when L is dually algebraic,
then 1 + L has an equaclosure operator 𝛾 with just two 𝛾-classes, {0} and
𝐿.

233
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8.1. The leaf lattice and generalizations

The lattice Co(4) of convex subsets of a 4-element chain does not sup-
port an equaclosure operator, so it cannot be represented as a subquasivari-
ety lattice. As Co(4) is not lower bounded, neither is any lattice containing
it as a sublattice lower bounded. In this section, we show that the leaf lat-
tice 1 + Co(4) of Figure 8.1 is isomorphic to Lq(𝒬) for a quasivariety 𝒬
with equality, even though it contains Co(4). By Theorem 1.25, there is no
locally finite quasivariety 𝒦 of finite type such that 1+ Co(4) ∼= Lq(𝒦).

The construction in this section is a modification of one fromAdaricheva
and Gorbunov [16]. An earlier representation of the leaf lattice as a lattice of
𝐻-closed algebraic subsets Sp(L, 𝐻) for an algebraic lattice with operators
can be found in Adaricheva and Nation [19]. That paper also showed that
the lattice (2×2)+Co(4), which is not lower bounded, is a subquasivariety
lattice, while leaving the question of 1+ Co(4) open.

We use Theorem 7.7 to represent the leaf lattice as Lq(𝒦). Thus we will
represent 1 + Co(4) as Sp(S, 𝐻) in such a way that 1S is compact and the
condition𝜛 is satisfied, that is, ℎ(𝑥) = 1S implies 𝑥 = 1S, which then leads
to a longstyle quasivariety representation.

Note that 1 + Co(4) supports only one equaclosure operator, with 0 as
one 𝛾-class and the rest of the lattice as the other. The minimal nontrivial
join covers are 𝑏 ≤ 𝑎∨𝑐, 𝑐 ≤ 𝑏∨𝑑 and both 𝑏, 𝑐 ≤ 𝑎∨𝑑. The arrow relations
to satisfy are 𝑎, 𝑏, 𝑐, 𝑑→ 𝑧 and 𝑧 ↔ 𝑧1. The lattice S is drawn in Figure 8.2;
it is algebraic. The monoid of operators is generated by:

𝑝 𝑚 𝑓 𝑔

0̂ 0̂ 0̂ 0̂ 0̂
𝑧1 𝑧1 𝑧1 𝑧1 𝑧
𝑎𝑖 𝑎𝑖+1 𝑎𝑖−1 𝑧1 𝑧
𝑏𝑖 𝑏𝑖+1 𝑏𝑖−1 𝑧1 𝑧
𝑐𝑖 𝑐𝑖+1 𝑐𝑖−1 𝑧1 𝑧
𝑑𝑖 𝑑𝑖+1 𝑑𝑖−1 𝑧1 𝑧
𝑧 𝑧 𝑧 𝑧1 𝑧

Now it is child’s play to produce an infinite sequence of subquasivariety
lattices that are not lower bounded. For 𝑘 ≥ 2, let L𝑘 be the join semi-
lattice with 0 generated by {𝑎0, 𝑏0, . . . , 𝑎𝑘−1, 𝑏𝑘−1} subject to the relations
that 𝑎𝑖 ≤ 𝑏𝑖 ∨ 𝑎𝑖+1 and 𝑎𝑖 ≤ 𝑏𝑖 ∨ 𝑏𝑖+1, where in L𝑘 the subscripts are
taken modulo 𝑘. Note that L2

∼= Co(4) with 𝑎0 = 𝑏, 𝑏0 = 𝑎, 𝑎1 = 𝑐,
and 𝑏1 = 𝑑. These lattices are atomistic, not lower bounded because of
the D-cycle 𝑎0 D 𝑎1 D . . . D 𝑎𝑘−1 D 𝑎0, and join semidistributive because
we can represent 1 + L𝑘 as Sp(S, 𝑓, 𝑔,𝑚𝑘, 𝑝𝑘). Here, S is the same lattice
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𝑧

𝑎 𝑏 𝑐 𝑑

Figure 8.1. The leaf lattice 1+Co(4) is isomorphic toLq(𝒬)
for a quasivariety 𝒬, but not to Lq(𝒦) for any locally finite
quasivariety 𝒦 of finite type. (Section 8.1)

𝑧

𝑏−1 𝑑0

𝑎−1 𝑐0

𝑏0 𝑑1

𝑎0 𝑐1

𝑏1 𝑑2

𝑎1 𝑐2

𝑧1

0̂

Figure 8.2. The lattice S used to represent 1+ Co(4). (Section 8.1)



236 8. LATTICES 1+ L AS Lq(𝒦)

𝑧

𝑎−1 𝑏−2

𝑏−1 𝑎0

𝑎1 𝑏0

𝑏1 𝑎2

𝑎3 𝑏2

𝑏3 𝑎4

𝑧1

0̂

Figure 8.3. The lattice S relabeled for the representation of
L𝑘. (Section 8.1)

as Figure 8.2, labeled as in Figure 8.3, and the operators are given by the
following table:

𝑝𝑘 𝑚𝑘 𝑓 𝑔

0̂ 0̂ 0̂ 0̂ 0̂
𝑧1 𝑧1 𝑧1 𝑧1 𝑧
𝑎𝑖 𝑎𝑖+𝑘 𝑎𝑖−𝑘 𝑧1 𝑧
𝑏𝑖 𝑏𝑖+𝑘 𝑏𝑖−𝑘 𝑧1 𝑧
𝑧 𝑧 𝑧 𝑧1 𝑧

where inS the subscripts are taken inZ (not modulo 𝑘). Checking the details
is left to the reader. Since the operators satisfy 𝜛 and the top element 0̂ is
compact inS, there is a longstyle quasivariety representation for each 1+L𝑘.

Another type of leaf lattice appears in Figure 8.4.
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Figure 8.4. Leaf lattice with natural equaclosure operator.
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0

𝑧

𝑎 𝑏 𝑐 𝑑

Figure 8.5. The latticeK = 1+ Co(2× 2) of Subsection 8.2.1

8.2. Lots of examples

This section contains more representations of lattices 1 + L as Lq(𝒦),
with particular attention to cases whereL itself may not be a subquasivariety
lattice. For example, L need not support an equaclosure operator, or it may
not be atomic.

8.2.1. The lattice1+Co(2×2). The latticeCo(2×2) of convex subsets
of the ordered set 2 × 2 is lower bounded and subdirectly reducible, but it
does not admit an equaclosure operator; see Theorem 4.9. So we consider
the latticeK = 1+Co(2×2) drawn in Figure 8.5. The minimal nontrivial
join covers inK are 𝑏 ≤ 𝑎∨𝑑 and 𝑐 ≤ 𝑎∨𝑑. We need to use different right-
hand sides to realize these join covers in the lattice SubT, say 𝑏 = 𝑎 ∧ 𝑑
and 𝑐 = 𝑎′∧𝑑′. The remaining arrow relations needed are 𝑎, 𝑏, 𝑐, 𝑑→ 𝑧 and
𝑎 ↔ 𝑎′ and 𝑑 ↔ 𝑑′ and 𝑧 ↔ 𝑧1. Thus we can use the following operators
on the lattice T of Figure 8.6.

ℎ 𝑘 𝑓 𝑔

0̂ 0̂ 0̂ 0̂ 0̂
𝑧1 𝑧1 𝑧1 𝑧1 𝑧
𝑎 𝑎′ 𝑧 𝑧1 𝑧
𝑑 𝑧 𝑑′ 𝑧1 𝑧
𝑎′ 𝑎 𝑧 𝑧1 𝑧
𝑑′ 𝑧 𝑑 𝑧1 𝑧
𝑏 𝑧 𝑧 𝑧1 𝑧
𝑐 𝑧 𝑧 𝑧1 𝑧
𝑧 𝑧 𝑧 𝑧1 𝑧
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𝑧

𝑏 𝑐

𝑎 𝑑 𝑎′ 𝑑′

𝑧1

0̂

Figure 8.6. The latticeT forK = 1+Co(2×2) of Subsec-
tion 8.2.1 and P = 1+H of Subsection 8.2.5

8.2.2. The lattice 1 + J. The lattice known as J is bounded but does
not admit an equaclosure operator (Subsection 4.1.1). So we consider the
lattice N = 1 + J drawn in Figure 8.7. The minimal nontrivial join covers
are 𝑝 ≤ 𝑞 ∨ 𝑟 and 𝑟 ≤ 𝑠 ∨ 𝑡. There will be a number of arrow relations: for
all 𝑖 ∈ Z,

𝑡𝑖 → 𝑝𝑖 → 𝑞𝑖 → 𝑧

𝑟𝑖 → 𝑠𝑖 → 𝑧

𝑧 ↔ 𝑧1

𝑥𝑖 ↔ 𝑥𝑖+1 for 𝑥 = 𝑝, 𝑞, 𝑟, 𝑠, 𝑡

We can use the following operators on the latticeU of Figure 8.8.

𝑝 𝑚 ℎ 𝑓 𝑔

0̂ 0̂ 0̂ 0̂ 0̂ 0̂
𝑧1 𝑧1 𝑧1 𝑧1 𝑧1 𝑧
𝑝𝑖 𝑝𝑖+1 𝑝𝑖−1 𝑞𝑖 𝑧1 𝑧
𝑞𝑖 𝑞𝑖+1 𝑞𝑖−1 𝑞𝑖 𝑧1 𝑧
𝑟𝑖 𝑟𝑖+1 𝑟𝑖−1 𝑠𝑖 𝑧1 𝑧
𝑠𝑖 𝑠𝑖+1 𝑠𝑖−1 𝑠𝑖 𝑧1 𝑧
𝑡𝑖 𝑡𝑖+1 𝑡𝑖−1 𝑝𝑖+1 𝑧1 𝑧
𝑧 𝑧 𝑧 𝑧 𝑧1 𝑧

There may be another way to do this one, but this version is fairly natural.

8.2.3. The lattice 1+ (2× 3). Now let us do an example of 1+D for
a small distributive lattice, to set the pattern for the next section. Consider
the lattice O = 1 + (2 × 3) drawn in Figure 8.9. There are no minimal
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0

𝑧

𝑞 𝑠

𝑝

𝑡

𝑟

Figure 8.7. The latticeN = 1+ J of Subsection 8.2.2

𝑧

𝑝0

𝑟0
𝑞0

𝑡0
𝑠0

𝑝1

𝑟1
𝑞1

𝑡1
𝑠1

𝑝2

𝑧1

0̂

Figure 8.8. The latticeU for N = 1+ J of Subsection 8.2.2
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0

𝑧

𝑎 𝑏

𝑐 𝑑

𝑒

Figure 8.9. The latticeO = 1+ (2× 3) of Subsection 8.2.3

𝑧

𝑒

𝑑 𝑐

𝑏 𝑎

𝑧1

0̂

Figure 8.10. The latticeV for N = 1+ (2× 3) of Subsection 8.2.3

nontrivial join covers, and the arrow relations are just the inclusions from
the picture plus 𝑧 ↔ 𝑧1.

The operators ℎ𝑗 on the representing latticeV of Figure 8.10 do the job:

ℎ𝑗(𝑥) = 𝑥 ∨ 𝑗 ℎ𝑗(0̂) = 0̂ ℎ𝑗(𝑧) = 𝑧

for 𝑗 = 𝑏, 𝑐, 𝑑 and 𝑥 = 𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑧1, along with the usual maps 𝑓 and 𝑔
that map to 𝑧1 and 𝑧, respectively.

8.2.4. 1+𝒪(P). In Chapter 9, Theorem 9.12, we will prove that for any
dually algebraic, distributive lattice D, the lattice 1 + D is isomorphic to
Lq(𝒦) for a quasivariety of structures with equality. Likewise, Theorem 9.18
says that any lattice of the form 𝒪(P) is isomorphic to some Lq(𝒬), when-
everP has only finitely many minimal elements (so that the least element of
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𝒪(P) is dually compact). The result in this subsection is weaker than either
of those, but the proof is too nice to omit.

The preceding example shows us exactly how to do a restricted version,
namely, to represent 1 + D when D is distributive, algebraic, and dually
algebraic. First, recall the classic characterization of lattices 𝒪(P) of order
ideals of an ordered set [30, 58].

Lemma 8.1. The following are equivalent for a complete latticeD.
(1) D is distributive, algebraic, and dually algebraic.
(2) D is distributive, dually algebraic, and upper continuous.
(3) D is distributive, algebraic, and lower continuous.
(4) D ∼= 𝒪(P) for some ordered set P.

Proof. The lattice 𝒪(P) consists of the closed sets of a finitary closure
operator ↓, and the union of order ideals is an order ideal. Thus 𝒪(P) is a
distributive, algebraic lattice. The complement of an order ideal is an order
filter of P, whence the lattice of order filters satisfies ℱ(P) ∼=𝑑 𝒪(P), with
both lattices ordered by set containment. Meanwhile, ℱ(P) ∼= 𝒪(P𝑑); that
makes ℱ(P) algebraic and hence 𝒪(P) dually algebraic. Thus (4) implies
(1).

Algebraic lattices are upper continuous, so (1) implies (2). We will show
that (2) implies (4). The argument that (1) implies (3) implies (4) is of course
dual.

Assume that D is distributive, dually algebraic, and upper continuous.
Because it is dually algebraic, every element of 𝐷 is a join of completely
join irreducible elements. Let P be the set of completely join irreducible
elements ofD, with the order inherited fromD. We want to show that these
elements are in fact completely join prime.

So let 𝑝 ∈ 𝑃 and suppose 𝑝 ≤ ⋁︀
𝐵 for some 𝐵 ⊆ 𝐷. Now, using upper

continuity and then distributivity,

𝑝 = 𝑝 ∧
⋁︁

𝐵

= 𝑝 ∧ (
⋁︁

𝐹⊆𝐵 finite

⋁︁
𝐹 )

=
⋁︁

𝐹⊆𝐵 finite

(𝑝 ∧
⋁︁

𝐹 )

=
⋁︁

𝐹⊆𝐵 finite

⋁︁
𝑓∈𝐹

(𝑝 ∧ 𝑓)

As 𝑝 is completely join irreducible, we conclude that 𝑝 = 𝑝∧𝑓 , i.e., 𝑝 ≤ 𝑓 for
some 𝑓 ∈ 𝐵. Thus the elements ofP are completely join prime. Combining
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this with the fact that every element ofD is a join of elements in P, we see
that the map 𝜙 : D→ 𝒪(P) via 𝜙(𝑥) = ↓𝑥 ∩ 𝑃 is an isomorphism. �

Note that the lattices of Lemma 8.1 satisfy complete distributive laws,
including that 𝑥 ∨ (

⋀︀
𝑌 ) =

⋀︀
𝑦∈𝑌 (𝑥 ∨ 𝑦).

Theorem 8.2. Let D be a distributive, algebraic, and dually algebraic
lattice. Then 1+D is isomorphic to Lq(𝒦) for a quasivariety of structures
with equality.

Proof. Let S = 1 + (1 + D)𝑑 with the labeling conventions as in Fig-
ure 8.10 for 0̂, 𝑧1, and 𝑧. Clearly S is an algebraic lattice. We use the stan-
dard operators 𝑓 , 𝑔, and the ℎ𝑗 for 𝑗 ∈ 𝐷, where ℎ𝑗(𝑥) = 𝑥 ∨ 𝑗 (with the
join taken in S) for 𝑥 ∈ 𝑆 ∖ {0̂, 𝑧}, while ℎ𝑗(0̂) = 0̂ and ℎ𝑗(𝑧) = 𝑧. (It
would suffice to use the operators ℎ𝑗 with 𝑗 completely join irreducible in
S.) Check that these are indeed operators, i.e., preserve arbitrary meets and
directed joins, using the complete distributivity noted above. Moreover, the
𝐻-closed algebraic subsets of S are

∙ {0̂},
∙ {0̂, 𝑧, 𝑧1},
∙ {0̂, 𝑧, 𝑧1}∪ ↑S 𝑥 for every 𝑥 ∈ 𝑆 with 1D ≤ 𝑥 < 𝑧1.

Thus 1 + D ∼= Sp(S, 𝐻), and since 𝜛 is satisfied and 0̂ is compact in S,
there is a longstyle representation as subquasivarieties. �

8.2.5. The lattice 1+H, the hexagon. Returning to simple examples,
recall that the hexagon H does not support an equaclosure operator. Let
P = 1 +H, labeled as in Figure 8.11. The minimal nontrivial join covers
are the same as for 1 + Co(2 × 2): 𝑏, 𝑐 ≤ 𝑎 ∨ 𝑑. For the arrow relations,
besides 𝑎, 𝑏, 𝑐, 𝑑 → 𝑧 and 𝑎 ↔ 𝑎′ and 𝑑 ↔ 𝑑′ and 𝑧 ↔ 𝑧1, include 𝑏 → 𝑎
and 𝑐 → 𝑑. So we can reuse the lattice T of Figure 8.6, and the operators
for 1+Co(2×2), plus two additional operators for the last two arrows. (In
other words, since 1+H ≤ 1+ Co(2× 2), we use additional maps to get
the sublattice: if𝐻 ≤ 𝐾, then Sp(S, 𝐾) ≤ Sp(S, 𝐾). Those extra maps are
the point of this example.) Again the condition 𝜛 is satisfied, and there is a
longstyle subquasivariety representation of 1+H.
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0

𝑧

𝑎

𝑏 𝑐

𝑑

Figure 8.11. The lattice P = 1+H of Subsection 8.2.5

ℓ 𝑚

0̂ 0̂ 0̂
𝑧1 𝑧1 𝑧1
𝑎 𝑎 𝑧
𝑑 𝑧1 𝑧
𝑎′ 𝑧 𝑧1
𝑑′ 𝑧 𝑑′

𝑏 𝑎 𝑧
𝑐 𝑧 𝑑′

𝑧 𝑧 𝑧

Next, having done the distributive case, one might want to prove that
1+ L is a subquasivariety lattice when L is a finite, lower bounded lattice.
The constructions in the next two subsections, 8.2.6 and 8.2.7, do that for
some special cases. They are included to aid those who might work on this
problem, but other readers can skip to Section 8.3 without loss of continuity.

8.2.6. 1 + L with L subdirectly irreducible, rank 1. Recall that a fi-
nite lattice L is lower bounded of rank 𝑘 if J(L) ⊆ Dk(L). The finite lower
bounded lattices of rank 𝑘 form a pseudovariety, denoted ℒℬ(𝑘). Distribu-
tive lattices are of rank 0, and for example Co(2 × 2) and the hexagon H
are of rank 1. See [20, 45, 88, 90] for discussions of the theory of ℒℬ(𝑘).

In this section we will prove the next theorem.

Theorem 8.3. Let L be a finite lattice that is subdirectly irreducible and
lower bounded lattice of rank 1. Then 1 + L is isomorphic to Lq(𝒦) for a
quasivariety of structures with equality.

Doubtlessly, Theorem 8.3 has limited value, the intent being only to offer
some support for Conjecture (A). As an added benefit, though, we get to
describe all finite, subdirectly irreducible, lower bounded lattices of rank 1.
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𝑥

𝑦1 𝑦2 𝑦𝑛

Figure 8.12. (J(L),D) for L subdirectly irreducible and in ℒℬ(1)

A finite lattice L is subdirectly irreducible and in ℒℬ(1) if and only
if L ∼= 2 or J(L) contains precisely 1 non-join-prime element, say 𝑥, and
𝑥 D 𝑦 for every other 𝑦 ∈ J(L). (Here we use the convention that 0 /∈ J(L).)
For example, the pentagon is subdirectly irreducible, the hexagon is not.

Thus the ordered set (J(L),D) looks like Figure 8.12, and the elements
of 𝑌 are join prime, i.e., in D0(L). Unfortunately, that suppresses some
information, viz., which subsets of 𝑌 form minimal nontrivial join-covers
of 𝑥. If we let 𝑌1, . . . , 𝑌𝑚 denote the minimal nontrivial join covers of 𝑥,
then we have that

(1) J(L) = {𝑥} ∪ 𝑌 ,
(2) 𝑌 = 𝑌1 ∪ · · · ∪ 𝑌𝑚,
(3) each 𝑌𝑖 is an antichain,
(4) 𝑥 � 𝑦 for all 𝑦 ∈ 𝑌 ,
(5) if 𝑖 ̸= 𝑗, then 𝑌𝑖 ≪ 𝑌𝑗 does not hold.

(Recall that 𝐴≪ 𝐵 means that for each 𝑎 ∈ 𝐴 there exists 𝑏 ∈ 𝐵 such that
𝑎 ≤ 𝑏. If 𝐴 and 𝐵 are distinct join covers of 𝑥 and 𝐴 ≪ 𝐵, then 𝐵 is not
minimal.)

Whenever 𝑥 and 𝑌 satisfy these conditions, we can construct a lattice
that is subdirectly irreducible and in ℒℬ(1), with these conditions reflecting
the structure of L. Explicitly, let 𝑌1, . . . , 𝑌𝑚 be sets with 2 ≤ |𝑌𝑖| < ∞
for all 𝑖, and let 𝑌 =

⋃︀
𝑌𝑖, and let 𝑥 /∈ 𝑌 . Let P be a partial order on

𝑌 ∪ {𝑥} such that conditions (2)–(5) above are satisfied. Thus the sets 𝑌𝑖
need not be pairwise disjoint, but no 𝑌𝑖 refines another 𝑌𝑗 , which means in
particular 𝑌𝑖 ̸⊆ 𝑌𝑗 . Define G(𝑥, 𝑌1, . . . , 𝑌𝑚,P) to be the join semilattice
with 0 generated by {𝑥} ∪ 𝑌 subject to the relations of P and 𝑥 ≤ ⋁︀

𝑌𝑖 for
all 𝑖. These lattices are hard to draw, but easy to imagine and exemplify. For
an easy one, the boolean algebra with an atom doubled,B3[𝑎], is isomorphic
toG(𝑥, {𝑦1, 𝑦2}, {𝑦1, 𝑦3}, 𝑦1 ≤ 𝑥), as shown in Figure 8.13.

Let Δ denote the antichain order on {𝑥} ∪ 𝑌 .

Lemma 8.4. Afinite latticeL is subdirectly irreducible and lower bounded
of rank 1 if and only if L is isomorphic to G(𝑥, 𝑌1, . . . , 𝑌𝑚,P) for a set of
parameters satisfying (1)–(5). Moreover, for any set of parameters satisfying
(1)–(5), we haveG(𝑥, 𝑌1, . . . , 𝑌𝑚,P) ≤ G(𝑥, 𝑌1, . . . , 𝑌𝑚,Δ).
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𝑥 𝑦2 𝑦3

𝑦1

Figure 8.13. B3[𝑎] asG(𝑥, {𝑦1, 𝑦2}, {𝑦1, 𝑦3}, 𝑦1 ≤ 𝑥)

In these terms, {𝑥} ∪ 𝑌 is J(L), P is the order on J(L), and 𝑥 ≤ ⋁︀
𝑌𝑖

are the minimal nontrivial join covers of L. The embedding of the second
part just maps 𝑥 ↦→ 𝑥 ∨⋁︀{𝑦𝑗 : 𝑦𝑗 ≤ 𝑥} and 𝑦𝑖 ↦→ 𝑦𝑖 ∨

⋁︀{𝑦𝑘 : 𝑦𝑘 ≤ 𝑦𝑖} for
each 𝑖. For an easy example, embed the pentagon intoG(𝑥, {𝑦1, 𝑦2},Δ).

Corollary 8.5. If L is a finite lattice in ℒℬ(1), then it is a subalgebra of
a direct product of lattices of the formG(𝑥, 𝑌1, . . . , 𝑌𝑚,Δ).

There will be one subdirect factor for each join irreducible element that
is minimal in (J(L),D). That is because congruences on a finite lattice L
correspond to D-closed subsets of J(L). For Day’s description of lattice
congruences in terms of theD-relation, see [45], Section II.3 or [89], Chap-
ter 10. Section III.4 of [45] is also relevant with regard to subdirectly irre-
ducible, finite, lower bounded lattices.

Thus our first task is to represent the lattices 1 +G(𝑥, 𝑌1, . . . , 𝑌𝑚,Δ).
Let F denote the free meet semilattice with 1 generated by {𝑥} ∪ 𝑌 subject
to the relations 𝑥 =

⋀︀
𝑌𝑖 for 1 ≤ 𝑖 ≤ 𝑚, denoting the largest element of F

by 𝑧1. Then form the lattice S = {𝑧}+ F+ {0̂}. This is illustrated for two
examples in Figure 8.14. Note that 𝑥 covers 𝑧, since 𝑦 ≥ 𝑥 for every 𝑦 ∈ 𝑌 ,
because each 𝑦 is in some minimal nontrivial join cover 𝑌𝑗 of 𝑥, reflecting
the subdirect irreducibility of the lattice.

We are temporarily assuming that {𝑥} ∪ 𝑌 is an antichain, so we need
only to enforce the arrow relations 𝑥 → 𝑧 ↔ 𝑧1. For that purpose, we can
employ the operators 𝑓 and 𝑔 used throughout this section.

Next, we start adding relations toP. Consider additional relations 𝑦 ≤ 𝑦′

with 𝑦, 𝑦′ ∈ 𝑌 . Necessarily 𝑦 and 𝑦′ come from different 𝑌𝑖 and 𝑌𝑗 . To
enforce 𝑦′ → 𝑦 we use operators

𝑘(𝑢) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
0̂ if 𝑢 = 0̂

𝑧1 if 𝑢 = 𝑧1
𝑦 if 𝑢 = 𝑦′

𝑧 otherwise.
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𝑧

𝑥

𝑦1 𝑦2 𝑦3

𝑧1

0̂

𝑧

𝑥

𝑦1 𝑦2 𝑦3

𝑧1

0̂

Figure 8.14. The lattices S for 1+G(𝑥, {𝑦1, 𝑦2, 𝑦3},Δ) and
1+G(𝑥, {𝑦1, 𝑦2}, {𝑦1, 𝑦3},Δ), respectively.

It is not hard to check that this works, because for any 𝑇 ⊆ 𝑆, we have
𝑘(
⋀︀
𝑇 ) = 𝑧 =

⋀︀
𝑘(𝑇 ) unless 𝑇 ⊆ {𝑦′, 𝑧1, 0̂}.

A little more care is required for inclusions 𝑦 ≤ 𝑥with 𝑦 ∈ 𝑌𝑖, say. Note
that for each 𝑗, the condition 𝑦 ≤ 𝑥 ≤ ⋁︀

𝑌𝑗 implies that 𝑦 ≤ 𝑦′ for some
𝑦′ ∈ 𝑌𝑗 , since the elements of 𝑌 are join prime. That observation allows us
to use the following map:

ℓ(𝑢) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
0̂ if 𝑢 = 0̂

𝑧 if 𝑢 = 𝑧

𝑦 if 𝑢 =
⋀︀

F 𝑍 with 𝑍 ⊆ 𝑌 and 𝑦 ≤ 𝑧 in L for some 𝑧 ∈ 𝑍
𝑧1 otherwise.

Thus we can add operators for each inclusion in P, and so represent
1 +G(𝑥, 𝑌1, . . . , 𝑌𝑚,P) as Sub(S,∧, 0̂, 𝐻) with S finite and 𝐻 satisfying
𝜛. That proves Theorem 8.3.

Example 8.6.

LetM[𝑚] be 3× 3 with the middle point doubled, and form 1+M[𝑚]
as in Figure 8.15. As in the figure, we take S′ = {𝑧}+F+ {0̂} where F is
the meet semilattice with top 𝑧1, bottom 𝑥, coatoms 𝑦1, 𝑦2, 𝑦3, 𝑦4, subject to
the relations 𝑦1 ∧ 𝑦4 = 𝑥 and 𝑦2 ∧ 𝑦3 = 𝑥.

We need to enforce the arrow relations
𝑦3 → 𝑦1 𝑦4 → 𝑦2

𝑥→ 𝑦1 𝑥→ 𝑦2

𝑦1, 𝑦2 → 𝑧1 𝑧1 ↔ 𝑧
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𝑧

𝑦1 𝑦2

𝑦3 𝑦4

𝑥

𝑧

𝑥

𝑦1 𝑦4 𝑦3𝑦2

𝑧1

0̂

Figure 8.15. 1+M[𝑚] and S′ to represent 1+M[𝑚] of Example 8.6

For 𝑦3 → 𝑦1 we use the map 𝑘1 that fixes 0̂ and 𝑧1, maps 𝑦3 to 𝑦1, and
sends everything else (including 𝑦1) to 𝑧. The map 𝑘2 to enforce 𝑦4 → 𝑦2 is
symmetric.

For 𝑥 → 𝑦1 use the map ℓ1 that fixes 0̂ and 𝑧, maps everything in the
intervals [𝑥, 𝑦1] and [𝑥, 𝑦3] of S′ to 𝑦1, and sends the elements 𝑧1, 𝑦2, 𝑦4,
𝑦2 ∧ 𝑦4 to 𝑧1. The map ℓ2 for 𝑥→ 𝑦2 is similar. (In this particular example,
ℓ1(𝑦3) = 𝑦1 and ℓ2(𝑦4) = 𝑦2, so those maps could be used instead of 𝑘1 and
𝑘2 to enforce the arrows in the first line.)

For the arrows in the last line, we again use 𝑓 and 𝑔 collapsing everything
but 0̂ to 𝑧1 and 𝑧, respectively.

Thus we get 1+M[𝑚] ∼= Sub(S′,∧, 0̂, 𝑘1, 𝑘2, ℓ1, ℓ2, 𝑓, 𝑔) satisfying 𝜛,
which then yields a longstyle subquasivariety lattice representation.

Aside. A straightforward adaptation of the construction of Theorem 8.3
yields a nice bonus.

Theorem 8.7. Every finite, subdirectly irreducible, lower bounded lat-
tice of rank 1 is isomorphic to Sub(S,∧, 1, 𝐻) for a finite semilattice with
operators.

Proof. Consider the least preclop 𝜇 on such a lattice L given by Theo-
rem 4.10,

𝜇(𝑡) =

{︃
1 if 𝑡 ≥ 𝑥,

𝑡 otherwise
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where 𝑥 is the unique non-join-prime join irreducible in J(L). Then J(L) ⊆
𝜏(L), so we take ̂︀S = 𝜇𝑑(L). In the semilattice ̂︀S there is no 𝑧1. Remove the
operators 𝑓 , 𝑔 from the preceding construction, and wherever 𝑧1 appears in
the definition of an operator 𝑘 or ℓ, replace it by 0̂. Now one can check that
the construction yields the desired representation of L as Sub(S,∧, 1, 𝐻).
However, the condition 𝜛, which held for 1+ L, need not be satisfied, and
we may not obtain a representation of L as Lq(𝒦). �

8.2.7. 1+LwithL subdirectly reducible, rank 1. Representing 1+L
as Lq(𝒦) when L is subdirectly reducible, or in ℒℬ(𝑘) for some 𝑘 > 1, or
not lower bounded at all, gets much more involved. Let us content ourselves
with two very simple cases.

Case 1. The next theorem covers some cases where J(L) has a unique
non-join-prime element, but is not subdirectly irreducible.

Theorem 8.8. Let L be a finite lattice with exactly 1 join irreducible
element 𝑥 that is not join prime. Let 𝑌 = {𝑦 ∈ J(L) : 𝑥 D 𝑦}, and let
𝐸 = J(L) ∖ (𝑌 ∪ {𝑥}). Assume that 𝑥 is incomparable to 𝑒 for all 𝑒 ∈ 𝐸.
Then 1+ L can be represented as Lq(𝒦) for some quasivariety 𝒦.

Indeed, the prescription is almost the same as before. We take F to be
the semilattice freely generated by J(L), subject to the relations 𝑥 =

⋀︀
𝑌𝑖

whenever 𝑥 ≤ ⋁︀
𝑌𝑖 is a minimal nontrivial join cover in L. Then let S =

F+{0̂}. The arrow relations are of the forms 𝑦 → 𝑦′, 𝑥→ 𝑦, 𝑦 → 𝑒, 𝑒→ 𝑦,
𝑡→ 𝑧1, and 𝑧1 ↔ 𝑧. Though 𝑥 is no longer the unique atom in S, these can
be handled using the operators 𝑓 , 𝑔, 𝑘, ℓ defined exactly as before. This
gives 1+L as Sub(S,∧, 1, 𝐻) satisfying𝜛, which again yields a longstyle
representation as Lq(𝒦).

Example 8.9.

For the lattice 1+K in Figure 8.16, we have 𝑌 = {𝑦1, 𝑦2} and𝐸 = {𝑦3}.
Besides the arrows involving 𝑧, we need to enforce 𝑦1 → 𝑦3 and 𝑦2 → 𝑦3.
The prescription gives maps 𝑘1 and 𝑘2 doing that.

However, there is no analogue of Theorem 8.8 for this case. The lattice
K fails (K9) and (K10), and so cannot be represented as Sp(S, 𝐻).

(We have also found representations as Lq(𝒦) for some lattices 1 + L
where J(L) has only 1 non-join-prime element, but relaxing the hypotheses
of Theorem 8.8 to allow 𝑒 ≤ 𝑥 or 𝑥 ≤ 𝑒 for some 𝑒 ∈ 𝐸. Some changes
are required, and we have not done enough cases to establish the general
pattern.)

Case 2. Now let us consider a class of lattices generalizing the hexagon,
where the lattice is in ℒℬ(1) but J(L) contains more than one non-join-
prime element.
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Figure 8.16. 1+K and S to represent 1+K of Example 8.9

Let𝑋 = {𝑥1, . . . , 𝑥𝑛} and 𝑌 be disjoint finite sets with |𝑌 | ≥ 2, and let
Q be an order on 𝑋 ∪ 𝑌 such that 𝑌 is an antichain and no relation 𝑥 ≤ 𝑦
holds inQ. Define the latticeH(𝑥1, . . . , 𝑥𝑛, 𝑌,Q) to be the join semilattice
with 0 generated by𝑋 ∪ 𝑌 subject to the inclusions ofQ and 𝑥𝑖 ≤

⋁︀
𝑌 for

1 ≤ 𝑖 ≤ 𝑛. For example, Co(2×2) isH(𝑏, 𝑐, {𝑎, 𝑑},Δ), while the hexagon
isH(𝑏, 𝑐, {𝑎, 𝑑}, 𝑎 ≤ 𝑏, 𝑑 ≤ 𝑐). These are lower bounded lattices of rank 1,
but for 𝑛 > 1 they are not subdirectly irreducible.

Theorem 8.10. Every lattice of the form 1+H(𝑥1, . . . , 𝑥𝑛, 𝑌,Q) is iso-
morphic to Lq(𝒦) for a quasivariety of structures with equality.

Proof. For each 𝑖, let 𝑌𝑖 be a copy of 𝑌 , and let P𝑖 be the lattice repre-
senting 1+G(𝑥𝑖, 𝑌,Δ), as constructed in the proof of Theorem 8.3. String
P1, . . . ,P𝑛 together in parallel, identifying 0̂, 𝑧1 and 𝑧, as in Figure 8.6. We
need to find operators to enforce the arrow relations

∙ 𝑦𝑖 ↔ 𝑦𝑗 whenever 𝑖 ̸= 𝑗 (for different copies of the same element
𝑦 ∈ 𝑌 ),
∙ 𝑥𝑖 → 𝑥𝑗 whenever 𝑥𝑗 ≤ 𝑥𝑖 in Q,
∙ 𝑥𝑖 → 𝑦𝑖 whenever 𝑦 ≤ 𝑥𝑖 in Q,
∙ 𝑥𝑖 → 𝑧 and 𝑦 → 𝑧 for all 𝑖 and 𝑦 ∈ 𝑌 ,
∙ 𝑧 ↔ 𝑧1.

Note that there are no relations 𝑥𝑖 ≤ 𝑦 or 𝑦 ≤ 𝑦′ in Q. The standard opera-
tors 𝑓 and 𝑔 take care of the last two items.
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To enforce 𝑦𝑖 ↔ 𝑦𝑗 for different copies of the same element 𝑦 ∈ 𝑌 , let

ℎ(𝑡) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

0̂ if 𝑡 = 0̂

𝑧1 if 𝑡 = 𝑧1

𝑦𝑗 if 𝑡 = 𝑦𝑖

𝑦𝑖 if 𝑡 = 𝑦𝑗

𝑧 otherwise.
To enforce a relation 𝑥𝑖 → 𝑥𝑗 fromQ, we use

𝑘(𝑡) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
0̂ if 𝑡 = 0̂

𝑧1 if 𝑡 = 𝑧1
𝑡𝑗 if 𝑡 = 𝑡𝑖 ∈ 𝑃𝑖
𝑧 otherwise.

To enforce a relation 𝑥𝑖 → 𝑦𝑖 fromQ, we use

ℓ(𝑡) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

0̂ if 𝑡 = 0̂

𝑧1 if 𝑡 = 𝑧1
𝑦𝑖 if 𝑡 = 𝑡𝑖 ∈ 𝑃𝑖 and 𝑥𝑖 ≤ 𝑡𝑖 ≤ 𝑦𝑖 in P𝑖

𝑧1 if 𝑡 = 𝑡𝑖 ∈ 𝑃𝑖 and 𝑡𝑖 � 𝑦𝑖 in P𝑖

𝑧 otherwise.
�

These results provide some limited support for Conjectures (A) and (B),
but we are far from the general case, if indeed the conjectures are true.

8.3. An age-old question answered

The tower latticeT is drawn in Figure 8.17. We take the set of operators
ℎ𝑖𝑗 for 1 ≤ 𝑖, 𝑗 ≤ 𝑖+ 1, where

ℎ𝑖𝑗(𝑥) =

{︃
1 if 𝑥 ≥ 𝑏𝑖
𝑎𝑖𝑗 otherwise.

We claim that P = Sp(T, 𝐻) is the ascending linear sum of lattices
Sub B𝑛. Indeed, the proper𝐻-closed algebraic subsets ofT are of the form
S+̇B𝑘+̇ . . . +̇B2 where S is any subsemilattice of B𝑘; here we use +̇ to
denote the glued linear sum.

To see this, consider any element 𝑥 with 𝑏𝑘+1 ≤ 𝑥 < 𝑏𝑘. Then ℎ𝑖𝑗(𝑥) =
𝑎𝑖𝑗 for all 𝑖 ≤ 𝑘 and 𝑗 ≤ 𝑖+ 1, so that the entire interval [𝑏𝑘, 1] is contained
in Sg(𝑥). On the other hand, ℎ𝑖𝑗(𝑥) = 1 whenever 𝑖 > 𝑘.

Now P satisfies no lattice identities, because subsemilattice lattices sat-
isfy no identities [47]. Moreover, we know that 1 + P is a subquasivariety
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1 = 𝑏0

𝑏2

𝑎21 𝑎22 𝑎23

𝑏1

𝑎11 𝑎12

Figure 8.17. The tower lattice T of Section 8.3. The ele-
ments 𝑏𝑗 (𝑗 ∈ 𝜔) form a descending chain, and for 𝑗 ≥ 1 the
interval [𝑏𝑗, 𝑏𝑗−1] is the boolean lattice B𝑗+1.

lattice by Corollary 7.10. But clearly it does not contain a copy of the free
lattice FL(𝑋) for |𝑋| ≥ 3; indeed, 1 + P contains no infinite antichain,
while FL(3) does.

Problems 16 and 17 of [1] asked whether every subquasivariety lattice
Lq(𝒦) that satisfies no lattice identities must have a sublattice isomorphic
to FL(3). The lattice 1+P shows that the answer is negative.



CHAPTER 9

Representing distributive dually algebraic lattices

In this dark, when we all talk at once, some of us must learn
to whistle. – Walt Kelly
И казалось, что ещё немного - и решение будет найдено,
и тогда начнется новая, прекрасная жизнь; и обоим
было ясно, что до конца ещё далеко-далеко и что самое
сложное и трудное только ещё начинается. – Антон
Чехов, Дама с собачкой

Years ago, Tumanov proved that every finite distributive lattice is iso-
morphic to a lattice of subquasivarieties ([111], our Theorem 2.66). This
chapter deals with dually algebraic, distributive lattices.

Theorem 9.1 is that every distributive dually algebraic lattice can be rep-
resented as Sp(S, 𝐻) with S an algebraic lattice and 𝐻 a monoid of oper-
ators. As a consequence, every linear sum 1 + D with D distributive and
dually algebraic is isomorphic to a lattice of subquasivarieties Lq(𝒦) with
equality, which is Corollary 9.12.

Theorem 9.18 is that every distributive lattice that is both algebraic and
dually algebraic, and has its least element dually compact, is isomorphic to
Lq(𝒦) for some quasivariety 𝒦 with equality. On the other hand, Exam-
ple 2.61 was that the chain (𝜔 + 1)𝑑, which is distributive, algebraic and
dually algebraic, can be represented as Sp(S, 𝐻), but is not isomorphic to
any subquasivariety lattice Lq(𝒦) in a language with equality, because the
lattice is not atomic, as required by Theorem 2.60.

9.1. Distributive dually algebraic lattices as Sp(S, 𝐻)

In this section we prove the following result.

Theorem 9.1. Every distributive dually algebraic lattice can be repre-
sented as Sp(S, 𝐻)with S an algebraic lattice and𝐻 a monoid of operators.

LetD be an algebraic distributive lattice, andP the join semilattice of its
compact elements, so thatD is isomorphic to the ideal lattice ℐ(P). We are
going to show thatD𝑑 is representable as Sp(ℐ(K), 𝐻) for a semilatticeK,
withP andK related by a semilattice homomorphism 𝜇 : K→ P. We note

253
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in advance thatK and P are both join semilattices with 0; P is distributive,
though K need not be so.

Recall that a (∨, 0)-semilattice Q is distributive if whenever 𝑢 ≤ 𝑥 ∨ 𝑦
in Q, there exist 𝑎, 𝑏 ∈ 𝑄 such that 𝑎 ≤ 𝑥, 𝑏 ≤ 𝑦, and 𝑢 = 𝑎 ∨ 𝑏. This is
equivalent to saying that the lattice of ideals ℐ(Q) is a distributive lattice.
We will eventually need a lemma of E. T. Schmidt [105].

Lemma 9.2. Let Q be a distributive semilattice with 0, and let 𝐹 be a
finite subset of 𝑄. Then there exists a finite distributive subsemilattice E of
Q with 𝐹 ⊆ 𝐸 ⊆ 𝑄.

The next lemma is also useful.
Lemma 9.3. Let K be a (∨, 0)-semilattice and S = ℐ(K) its ideal lat-

tice. Consider a map ℎ : S→ S, and let ℎ0 : K→ S be the restriction of ℎ
to K.

(1) The map ℎ preserves nonempty directed joins if and only if
(a) ℎ0 is order-preserving, and
(b) ℎ(𝑥) =

⋁︀{ℎ0(𝑘) : 𝑘 ∈ 𝐾 and 𝑘 ≤ 𝑥} for all 𝑥 ∈ 𝑆.
(2) Assume that ℎ satisfies the property of (1). Then ℎ preserves arbi-

trary meets if and only if
(a) ℎ(1𝑆) = 1𝑆 , and
(b) if 𝑥, 𝑦𝛼 (𝛼 ∈ 𝐴) are elements of 𝐾 such that 𝑥 ≤ ℎ0(𝑦𝛼) for

all 𝛼, then there exists 𝑧 ∈ 𝐾 such that 𝑧 ≤ 𝑦𝛼 for all 𝛼 and
𝑥 ≤ ℎ0(𝑧).

Note that an operator ℎ need not preserve non-directed joins, nor need it
map compact elements to compact elements. Thus the proof of the lemma
requires a slight bit of care.

Proof. Surely the conditions in (1) are necessary for ℎ to preserve di-
rected joins, since for any 𝑥 ∈ 𝐿, {𝑘 ∈ 𝐾 : 𝑘 ≤ 𝑥} is a directed set.

Conversely, assume that ℎ satisfies the conditions of (1). The fact that
ℎ0 is order-preserving, along with (1b), implies that ℎ is order-preserving.
So it remains to show that ℎ(

⋁︀
𝑑𝑖) ≤

⋁︀
ℎ(𝑑𝑖) whenever 𝐷 = {𝑑𝑖 : 𝑖 ∈ 𝐼}

is a directed subset of 𝑆. Since S is algebraic, it suffices to show that for a
compact element 𝑘, 𝑘 ≤ ℎ(

⋁︀
𝑑𝑖) implies 𝑘 ≤ ⋁︀

ℎ(𝑑𝑖).
Assume 𝑘 ≤ ℎ(

⋁︀
𝑑𝑖) =

⋁︀{ℎ0(𝑐) : 𝑐 ∈ 𝐾 and 𝑐 ≤ ⋁︀
𝑑𝑖}. By the

compactness of 𝑘, there is a finite subset 𝑐1, . . . , 𝑐𝑚 such that 𝑘 ≤ ℎ0(𝑐1) ∨
· · · ∨ ℎ0(𝑐𝑚). By the compactness of 𝑐𝑗 and the directedness of 𝐷, each
𝑐𝑗 ≤ 𝑑𝑖𝑗 for some 𝑖𝑗 ∈ 𝐼 . Let 𝑑ℓ be such that 𝑑𝑖𝑗 ≤ 𝑑ℓ for 1 ≤ 𝑗 ≤ 𝑚, so
that 𝑒 = 𝑐1 ∨ · · · ∨ 𝑐𝑚 ≤ 𝑑ℓ. Then 𝑘 ≤ ℎ0(𝑐1)∨ . . .∨ ℎ0(𝑐𝑚) ≤ ℎ0(𝑒) since
ℎ0 preserves order, and ℎ0(𝑒) ≤ ℎ(𝑑ℓ) ≤

⋁︀
𝑖∈𝐼 ℎ(𝑑𝑖), as desired.

If ℎ preserves arbitrary meets, then of course ℎ(1𝑆) = 1𝑆 (the empty
meet). Suppose that ℎ also satisfies property (1). In particular, when 𝑦𝛼 (𝛼 ∈
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𝐴) are compact elements, then
⋀︀
𝛼∈𝐴 ℎ0(𝑦𝛼) ≤ ℎ(

⋀︀
𝛼∈𝐴 𝑦𝛼) =

⋁︀{ℎ0(𝑘) :
𝑘 ∈ 𝐾 and 𝑘 ≤ 𝑦𝛼 for all 𝛼}. Thus whenever 𝑥 is compact and 𝑥 ≤ ℎ0(𝑦𝛼)
for all 𝛼, there is a finite subset 𝑘1, . . . , 𝑘𝑚 such that each 𝑘𝑗 ≤

⋀︀
𝑦𝛼 and

𝑥 ≤ ℎ0(𝑘1) ∨ · · · ∨ ℎ0(𝑘𝑚). Taking 𝑧 = 𝑘1 ∨ · · · ∨ 𝑘𝑚 we have 𝑧 ≤ ⋀︀
𝑦𝛼

and 𝑥 ≤ ℎ0(𝑧) since ℎ0 preserves order. Thus (2) holds.
Conversely, assume that ℎ satisfies (1) and (2). We want to show that for

any set {𝑢𝛼 : 𝛼 ∈ 𝐴} ⊆ 𝑆 we have
⋀︀
ℎ(𝑢𝛼) ≤ ℎ(

⋀︀
𝑢𝛼). So consider any

compact element 𝑘 such that 𝑘 ≤ ⋀︀
ℎ(𝑢𝛼), i.e., 𝑘 ≤ ℎ(𝑢𝛼) for all 𝛼 ∈ 𝐴.

Arguing as before, by virtue of (1), for each 𝛼 there exists 𝑦𝛼 ∈ 𝐾 such that
𝑦𝛼 ≤ 𝑢𝛼 and 𝑘 ≤ ℎ0(𝑦𝛼). By (2), there exists 𝑧 ∈ 𝐾 such that 𝑧 ≤ 𝑦𝛼 for
all 𝛼 and 𝑘 ≤ ℎ0(𝑧). Then 𝑧 ≤

⋀︀
𝑦𝛼 ≤

⋀︀
𝑢𝛼, whence ℎ0(𝑧) ≤ ℎ(

⋀︀
𝑢𝛼).

Therefore 𝑘 ≤ ℎ(
⋀︀
𝑢𝛼), as desired. �

We assume that the distributive algebraic lattice D is given, with P its
semilattice of compact elements, so that D = ℐ(P). We want to show that
there is a (∨, 0)-semilatticeK, and a set 𝐻 of operators on ℐ(K), such that
D ∼=𝑑 Sp(ℐ(K), 𝐻). Throughout, we let S = ℐ(K), which is of course an
algebraic lattice.

First we describe a set of six conditions that a (∨, 0)-semilattice might
satisfy, and show that whenK satisfies them we get ℐ(P) ∼=𝑑 Sp(ℐ(K), 𝐻),
which is Theorem 9.5. Afterwards, we prove that for every distributive semi-
lattice P there exists such a K. The properties we consider are:

(C0) K has a largest element 1𝐾 iff P has a largest element 1𝑃 , i.e., iff
1𝐷 is compact inD.

(C1) There is a surjective join homomorphism 𝜇 : K→ P.
(C2) 𝜇(𝑥) = 0𝑃 iff 𝑥 = 0𝐾 .
(C3) Let K† = K ∖ {0𝐾 , 1𝐾}, the partial semilattice obtained by re-

moving 0𝐾 and 1𝐾 if there is one. (References to 1𝐾 in the sequel
should be omitted if K has no largest element.) There is a map
𝑓 : (𝐾†)2 → 𝐾† such that for all 𝑢, 𝑘, ℓ ∈ 𝐾†,
(a) 𝑓(𝑢, 𝑘) � 𝑢,
(b) 𝑘 ≤ 𝑓(𝑢, 𝑘) = 𝑓(𝑢, 𝑓(𝑢, 𝑘)),
(c) 𝑘 ≤ ℓ implies 𝑓(𝑢, 𝑘) ≤ 𝑓(𝑢, ℓ),
(d) 𝑓(𝑢, 𝑘) = 𝑘 ≤ ℓ implies 𝑓(𝑢, ℓ) = ℓ,
(e) 𝜇(𝑓(𝑢, 𝑘)) = 𝜇(𝑘),
(f) 𝜇(ℓ) ≤ 𝜇(𝑘) < 1𝑃 implies ℓ ≤ 𝑓(ℓ, 𝑘).

(C4) There is a subset𝐵 ⊆ 𝐾† such that𝐵 join-generates𝐾†, i.e., every
𝑢 ∈ 𝐾† is a join of finitely many members of 𝐵. Moreover, there
is a map 𝑔 : 𝐵 ×𝐾 → 𝐾 such that for all 𝑏 ∈ 𝐵 and 𝑘, ℓ ∈ 𝐾,

𝑘 ≤ 𝑏 ∨ ℓ iff ℓ ≥ 𝑔(𝑏, 𝑘).

Note 𝑔(𝑏, 𝑘) ≤ 𝑘.
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(C5) 𝜇(𝑘) = 1𝑃 implies 𝑘 = 1𝐾 or there exist 𝑢1, . . . , 𝑢𝑛, 𝑣1, . . . , 𝑣𝑛
such that
∙ 𝑢𝑖 ≤ 𝑣𝑖 and 𝜇(𝑢𝑖) = 𝜇(𝑣𝑖) < 1𝑃 for each 𝑖,
∙ ⋁︀

𝑢𝑖 = 𝑘 and
⋁︀
𝑣𝑖 = 1𝐾 .

Observe that conditions (C3b)–(C3d) say that, for each 𝑢, the range of
𝑓(𝑢, *) is an order filter of fixed points of 𝑓(𝑢, *). Condition (C4) is remi-
niscent of Wehrung’s definition of fermentability [113].

If such a semilattice K exists then the monoid 𝐻 will be generated by
two types of operators. In accordance with Lemma 9.3(1), we define the
maps on K and extend them naturally to S. For each 𝑢 in 𝐾†, define 𝑧𝑢 by
extending the map

𝑧𝑢(𝑥) =

{︃
𝑥 if 𝑥 = 𝑓(𝑢, 𝑥) or 𝑥 = 1𝐾 ,

0𝐾 otherwise

for 𝑥 ∈ 𝐾. Note 𝑧𝑢(𝑢) = 0𝐾 by (C3a).
For each 𝑢 ∈ 𝐾, define ℓ𝑢 by ℓ𝑢(𝑥) = 𝑥 ∨ 𝑢.

Lemma 9.4. If (C0)–(C5) hold, then each 𝑧𝑢 (𝑢 ∈ 𝐾†) and each ℓ𝑢
(𝑢 ∈ 𝐾) is an operator.

Proof. By Lemma 9.3(1), both types of maps preserve nonempty di-
rected joins, and both types preserve 1𝐾 . It remains to check that the prop-
erty of Lemma 9.3(2b) holds for 𝑧𝑢 and ℓ𝑢.

Let 𝑥, 𝑦𝛼 (𝛼 ∈ 𝐴) be such that 𝑥 ≤ 𝑧𝑢(𝑦𝛼) for all 𝛼. We claim that
𝑓(𝑢, 𝑥) has the property of (2b). Without loss of generality 𝑥 > 0 and
thus 𝑧𝑢(𝑦𝛼) = 𝑦𝛼 = 𝑓(𝑢, 𝑦𝛼) for all 𝛼. But 𝑥 ≤ 𝑦𝛼 implies 𝑓(𝑢, 𝑥) ≤
𝑓(𝑢, 𝑦𝛼) = 𝑦𝛼 for all 𝛼, while 𝑥 ≤ 𝑓(𝑢, 𝑥) = 𝑧𝑢(𝑓(𝑢, 𝑥)) also holds. So in
Lemma 9.3(2b), we can take 𝑧 = 𝑓(𝑢, 𝑥).

First we show that ℓ𝑏 preserves arbitrary meets for each 𝑏 ∈ 𝐵 from
condition (C4). Assume 𝑥, 𝑦𝛼 (𝛼 ∈ 𝐴) are such that 𝑥 ≤ ℓ𝑏(𝑦𝛼) = 𝑦𝛼 ∨ 𝑏
holds for all 𝛼. By property (C4), then 𝑦𝛼 ≥ 𝑔(𝑏, 𝑥) for all 𝛼, while 𝑥 ≤
𝑏 ∨ 𝑔(𝑏, 𝑥) = ℓ𝑏(𝑔(𝑏, 𝑥)). Thus we can take 𝑧 = 𝑔(𝑏, 𝑥) for Lemma 9.3(2b).

Clearly ℓ0𝐾 and ℓ1𝐾 (when 1𝐾 exists) preserve meets, so consider 𝑢 ∈
𝐾†. Then there exist 𝑏1, . . . , 𝑏𝑚 ∈ 𝐵 such that 𝑢 = 𝑏1 ∨ · · · ∨ 𝑏𝑚, whence
the map ℓ𝑢 = ℓ𝑏1 ∘ · · · ∘ ℓ𝑏𝑚 also preserves arbitrary meets. �

Theorem 9.5. If the semilattice K and the maps 𝜇, 𝑓 , 𝑔 satisfy (C0)–
(C5), then with S = ℐ(K) and𝐻 the monoid generated by the operators 𝑧𝑢,
ℓ𝑢 above, we have Sp(S, 𝐻) ∼=𝑑 ℐ(P).
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Thus, assuming we can find a semilatticeK with the desired properties,
we want to establish a dual isomorphism between 𝐻-closed algebraic sub-
sets of S and ideals of the semilatticeP. The proof of Theorem 9.5 requires
a series of lemmas.

Let S be an algebraic lattice with a monoid of operators 𝐻 . Recall that
an element 𝑥 ∈ 𝑆 is fully invariant if ℎ(𝑥) ≥ 𝑥 for every ℎ ∈ 𝐻 . The fully
invariant elements form a complete sublattice of S (Theorem 1.22). Every
algebraic subset has a least element, and the fully invariant elements of S
are precisely those elements that can be the least element of an 𝐻-closed
algebraic subset. Moreover, in view of the operators ℓ𝑢 for every compact 𝑢,
the 𝐻-closed algebraic subsets of our particular S are exactly the principal
filters ↑𝑥 with 𝑥 fully invariant. We record this thusly.

Lemma 9.6. If S = ℐ(K) and ℓ𝑢 is in𝐻 for every 𝑢 ∈ 𝐾, then𝐴 ⊆ 𝑆 is
an𝐻-closed algebraic subset if and only if𝐴 = ↑𝑥0 for some fully invariant
element 𝑥0 ∈ 𝑆. Hence Sp(S, 𝐻) ∼=𝑑 Φ, the sublattice of S consisting of all
fully invariant elements.

It is a dual isomorphism because filters reverse inclusion.

Proof. Assume that ℓ𝑢 ∈ 𝐻 for every compact 𝑢. Let 𝑥 ∈ 𝐴 where 𝐴
is an 𝐻-closed algebraic subset, and consider any 𝑦 ≥ 𝑥. Then ℓ𝑢(𝑥) =
𝑥 ∨ 𝑢 is in 𝐴 for every compact 𝑢 ≤ 𝑦. Since these form a directed set,
𝑦 =

⋁︀
𝑢≤𝑦 ℓ𝑢(𝑥) is in 𝐴. Thus ↑𝑥 ⊆ 𝐴. �

So, given K satisfying (C0)–(C5), it remains to identify the fully in-
variant elements of S = ℐ(K). The elements of S are ideals of K, and in
view of Lemma 9.3, for each 𝑋 ∈ 𝑆 and ℎ ∈ 𝐻 we have that ℎ(𝑋) is the
ideal generated by {ℎ(𝑘) : 𝑘 ∈ 𝑋}. An ideal 𝑋 is fully invariant exactly
when 𝑋 ⊆ ℎ(𝑋) for every ℎ ∈ 𝐻 . As ℓ𝑢(𝑘) ≥ 𝑘 for every 𝑢, 𝑘 ∈ 𝐾, we
concentrate on the operators 𝑧𝑢 with 𝑢 ∈ 𝐾†.

Lemma 9.7. An ideal 𝑋 of K is a fully invariant element of S if and
only if either 1𝐾 ∈ 𝑋 (in which case 𝑋 = 𝐾 itself), or for every 𝑢 ∈ 𝐾†

and 𝑘 ∈ 𝑋 , there exists 𝑘′ ∈ 𝑋 such that 𝑘 ≤ 𝑘′ = 𝑓(𝑢, 𝑘′).

Proof. Because 𝑧𝑢(𝑘) ∈ {𝑘, 0𝐾} for every 𝑘 ∈ 𝐾, we have 𝑧𝑢(𝑋) ≤ 𝑋
for any ideal. The condition of the lemma says that 𝑘 ≤ 𝑘′ = 𝑧𝑢(𝑘

′), and so
avoids proper containment. �

For each ideal 𝐽 ∈ ℐ(P), let 𝐼𝐽 = 𝜇−1(𝐽) = {𝑘 ∈ 𝐾 : 𝜇(𝑘) ∈ 𝐽}. By
property (C1), every 𝐼𝐽 is an ideal of K.

Lemma 9.8. If (C0)–(C5) hold, then each 𝐼𝐽 is a fully invariant element
of S.
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Proof. If 𝐽 = 𝑃 itself, then 𝐼𝐽 = 𝐾 which is fully invariant, so assume
𝐽 ⊂ 𝑃 ; in particular, 1𝑃 /∈ 𝐽 . It suffices to show that for every 𝑢 ∈ 𝐾†,
and every 𝑘 with 0 < 𝑘 ∈ 𝐼𝐽 , there is an element 𝑘′ such that 𝑘 ≤ 𝑘′ ∈ 𝐼𝐽
and 𝑧𝑢(𝑘′) = 𝑘′. By assumptions (C3b) and (C3e), 𝑘′ = 𝑓(𝑢, 𝑘) has these
properties. �

Lemma 9.9. If 𝑋 is a fully invariant element of S, then 𝑋 = 𝐼𝐽 for
some ideal 𝐽 of P.

Proof. Assume that 𝑋 is fully invariant, and let 𝐽 be the ideal of P
generated by {𝜇(𝑘) : 𝑘 ∈ 𝑋}. Clearly 𝑋 ⊆ 𝐼𝐽 ; we want to show 𝐼𝐽 ⊆ 𝑋 .

If 𝐽 = {0𝑃}, then 𝑋 = {0𝐾} = 𝐼𝐽 by condition (C2), so assume
𝐽 > {0𝑃}.

Next suppose 1𝑃 /∈ 𝐽 . Let 0𝐾 < 𝑘 ∈ 𝐾 and let 𝜇(𝑘) = 𝑝 < 1𝑃 , and
consider an element ℓ ∈ 𝐾 with 𝜇(ℓ) ≤ 𝑝. We want to show that ℓ ∈ 𝑋 .
Now by condition (C3f) we have ℓ ≤ 𝑓(ℓ, 𝑘), while by Lemma 9.7 there
exists 𝑤 ∈ 𝑋 with 𝑘 ≤ 𝑤 = 𝑓(ℓ, 𝑤). Thus ℓ ≤ 𝑓(ℓ, 𝑘) ≤ 𝑓(ℓ, 𝑤) = 𝑤 ∈ 𝑋
using (C3c), whence ℓ ∈ 𝑋 .

Finally, assume 1𝑃 ∈ 𝐽 , so that 𝜇(𝑘) = 1𝑃 for some 𝑘 ∈ 𝑋 . We want
to show 1𝐾 ∈ 𝑋 . By condition (C5), either 𝑘 = 1𝐾 , in which case we are
done, or there exist 𝑢1, . . . , 𝑢𝑛, 𝑣1, . . . , 𝑣𝑛 such that 𝑢𝑖 ≤ 𝑣𝑖 and 𝜇(𝑢𝑖) =
𝜇(𝑣𝑖) < 1𝑃 for each 𝑖, with

⋁︀
𝑢𝑖 = 𝑘 and

⋁︀
𝑣𝑖 = 1𝐾 . Now we repeat the

previous argument for each 𝑖. As 𝜇(𝑢𝑖) = 𝜇(𝑣𝑖) < 1𝑃 , by (C3f) we have
𝑣𝑖 ≤ 𝑓(𝑣𝑖, 𝑢𝑖). Meanwhile 𝑢𝑖 ≤ 𝑘 implies 𝑢𝑖 ∈ 𝑋 , whence by Lemma 9.7
there exists 𝑤𝑖 ∈ 𝑋 such that 𝑢𝑖 ≤ 𝑤𝑖 = 𝑓(𝑣𝑖, 𝑤𝑖). Combining yields 𝑣𝑖 ≤
𝑓(𝑣𝑖, 𝑢𝑖) ≤ 𝑓(𝑣𝑖, 𝑤𝑖) = 𝑤𝑖 ∈ 𝑋 , whence 𝑣𝑖 ∈ 𝑋 . But then 1𝐾 =

⋁︀
𝑣𝑖 ∈ 𝑋 ,

as desired. �

Corollary 9.10. If (C0)–(C5) hold, then 𝑋 is a fully invariant element
of S if and only if 𝑋 = 𝐼𝐽 for some ideal 𝐽 of P.

Now we are set up to prove Theorem 9.5. We have that D = ℐ(P), and
the fully invariant elements of S = ℐ(K) form a lattice dually isomorphic
to ℐ(P), via the map 𝐽 ↦→ ↑ 𝐼𝐽 . It remains to observe that the map is sur-
jective and 𝐽 ≤ 𝐽 ′ if and only if 𝐼𝐽 ≤ 𝐼𝐽 ′ , using the assumptions that 𝜇 is
surjective and order preserving. Lemma 9.6 then says that this map is a dual
isomorphism.

To complete the proof of Theorem 9.1, we must show that, given the
semilattice P, such a K satisfying (C0)–(C5) exists. By Lemma 9.2, every
finite subset ofP is contained in some finite distributive subsemilatticeE ≤
P. As the penultimate step for finding K, we will construct for each finite
distributive E ≤ P a semilattice KE and maps 𝜇, 𝑓E, 𝑔E that satisfy (C0)–
(C5) with respect to E.
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We may assume that 0𝑃 ∈ 𝐸, in symbols 0𝐸 = 0𝑃 , since the type is
(∨, 0)-semilattices. Also E has a largest element 1𝐸 , which may or may not
be 1𝑃 . Let 𝐸† = 𝐸 ∖ {0𝑃 , 1𝑃}. Take KE = (E† × 𝜔) ∪ {0𝑃 , 1𝑃} but only
adding 1𝑃 if P has a largest element 1𝑃 . This is a join semilattice with

(𝑝, 𝑖) ∨ (𝑞, 𝑗) =

{︃
(𝑝 ∨ 𝑞, 𝑖 ∨ 𝑗) if 𝑝 ∨ 𝑞 < 1𝑃 ,

1𝑃 otherwise.

and 0𝑃 , 1𝑃 behaving as usual.
Now define

𝜇(0𝑃 ) = 0𝑃 ,

𝜇((𝑞, 𝑖)) = 𝑞,

𝜇(1𝑃 ) = 1𝑃 .

Clearly this is a join homomorphism.
For property (C3), for each (𝑞, 𝑖) define

𝑓E((𝑞, 𝑖), (𝑟, 𝑗)) = (𝑟,max(𝑖+ 1, 𝑗)).

Note that 𝑓E((𝑞, 𝑖), (𝑟, 𝑗)) = (𝑟, 𝑗) iff 𝑗 ≥ 𝑖+ 1. With that observation, one
can check properties (C3a)–(C3f).

Our next lemma is well-known.

Lemma 9.11. Let G be a distributive lattice satisfying the descending
chain condition. For each pair 𝑥, 𝑧 ∈ 𝐺 there is a least element 𝑧 ∖ 𝑥 with
the property

𝑥 ∨ 𝑦 ≥ 𝑧 iff 𝑦 ≥ 𝑧 ∖ 𝑥.
Although KE need not be distributive, because we have collapsed the

top, each principal ideal ↓ (𝑝, 𝑖) is distributive, and that is enough to yield
condition (C4). Set 𝐵E = 𝐾E ∖ {1𝑃}, which contains 0𝑃 and all (𝑝, 𝑖) with
𝑝 ∈ 𝐸†. Remember that we want to find 𝑔E(𝑏, 𝑘) on 𝐵E ×𝐾E such that

𝑘 ≤ 𝑏 ∨ ℓ iff ℓ ≥ 𝑔E(𝑏, 𝑘).

Clearly 𝑔E(0𝑃 , 𝑘) = 𝑘. For 𝑏 = (𝑝, 𝑖), check that the following map works:

𝑔E((𝑝, 𝑖), 𝑘) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
0𝑃 if 𝑘 = 0𝑃 ,

(1𝑃 ∖ 𝑝, 0) if 𝑘 = 1𝑃 and 𝑝 ∨ 𝑟 = 1𝑃 for some 𝑟 < 1𝑃 ,

1𝑃 if 𝑘 = 1𝑃 and 𝑝 ∨ 𝑟 = 1𝑃 implies 𝑟 = 1𝑃 ,

(𝑞 ∖ 𝑝, 𝑗 ∖ 𝑖) if 𝑘 = (𝑞, 𝑗).

Property (C5) holds trivially forKE, since 𝜇(𝑘) = 1𝑃 only for 𝑘 = 1𝑃 .
Now forK we take

∑︀
KE/𝜃, where
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∙ ∑︀
KE is the direct sum of the semilattices KE over all finite dis-

tributive 0-subsemilatticesE ofP, that is, all finitely nonzeromem-
bers of the direct product. An element of the direct sum will be
denoted ⟨𝑥E⟩,
∙ 𝜃 is the join semilattice congruence that collapses all 𝑥 in the direct
sum such that 𝑥E = 1𝑃 for some E. This congruence class is an
order filter in the direct sum, which we denote as 1𝐾 .

It remains to define 𝜇, 𝑓 , and 𝑔 onK and check properties (C0)–(C5).
For an element 𝑘 ∈ K, let 𝜇(𝑘) =

⋁︀
𝜇(𝑥E). Since 𝜇 is a join ho-

momorphism on each component and 𝜃 is a join-congruence, 𝜇 is a join
homomorphism.

The definition of 𝑓(𝑢, 𝑘) is componentwise, extending the maps 𝑓E on
eachKE that were defined above. For 𝑢, 𝑣 ∈ 𝐾, define

𝑢 ∧E 𝑣 =
⋁︁
{𝑒 ∈ 𝐸 : 𝑒 ≤ 𝑢 and 𝑒 ≤ 𝑣}

which makes sense even when 𝑢 /∈ 𝐸 and/or 𝑣 /∈ 𝐸. Consider 𝑢, 𝑘 ∈ 𝐾†,
so that neither is the zero vector and neither contains an entry 1𝑃 . Define

𝑓(𝑢, 𝑘)E =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
(𝑟,max(𝑖+ 1, 𝑗)) if (𝑢E, 𝑘E) = ((𝑞, 𝑖), (𝑟, 𝑗)),

(𝑞 ∧E 𝜇(𝑘), 𝑖+ 1) if (𝑢E, 𝑘E) = ((𝑞, 𝑖), 0𝑃 ),

(𝑟, 𝑗) if (𝑢E, 𝑘E) = (0𝑃 , (𝑟, 𝑗)),

0𝑃 if (𝑢E, 𝑘E) = (0𝑃 , 0𝑃 ).

There are many cases, but it is straightforward to check that conditions
(C3a)–(C3f) hold in

∑︀
KE/𝜃.

For condition (C4), we choose 𝐵 to be the set of all 𝑥 ∈ ∑︀
KE such

that 𝑥E is nonzero for exactly one component E0, and 𝑥E0 ̸= 1𝑃 . For 𝑏 ∈ 𝐵
with 𝑏E0 ̸= 0𝑃 and 𝑘 ∈ 𝐾, let

𝑔(𝑏, 𝑘)E =

{︃
𝑔E0(𝑏E0 , 𝑘E0) if E = E0,

𝑘E otherwise

and check that this works.
Now we turn to condition (C5). In the direct sum, it is possible to have

𝑘 < 1𝐾 but 𝜇(𝑘) = 1𝑃 , viz., when
⋁︀
𝜇(𝑘E) = 1𝑃 . Suppose that such a

𝑘 has nonzero entries 𝑘E1 , . . . , 𝑘E𝑛 . For each 𝑖, let 𝑢𝑖 be the corresponding
element from 𝐵, with 𝑢𝑖 having its only nonzero entry 𝑢E𝑖

= 𝑘E𝑖
. (This is

some (𝑝, 𝑗) from 𝑃 × 𝜔, and 𝜇(𝑢𝑖) = 𝑝.) Then 𝑘 =
⋁︀
𝑢𝑖 and 𝜇(𝑢𝑖) < 1𝑃 .

Let F be a finite distributive subsemilattice of P such that 𝐹 ⊇ 𝐸1 ∪
· · · ∪ 𝐸𝑛. For each 𝑖, let 𝑣𝑖 be the element with

(𝑣𝑖)E =

{︃
𝑘E𝑖

if E = E𝑖 or E = F,

0𝑃 otherwise.
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Surely 𝜇(𝑣𝑖) = 𝜇(𝑢𝑖), but
⋁︀
𝑣𝑖 = 1𝐾 because (

⋁︀
𝑣𝑖)F = 1𝑃 .

Thus we have foundK satisfying (C0)–(C5), which proves Theorem 9.1.
Observe that the natural weak equaclosure operator Γ on Sp(S, 𝐻) for this
construction is the identity map.

Combining the theorem with Corollary 7.10 gives a particularly nice
consequence.

Corollary 9.12. Let D be a dually algebraic, distributive lattice. Then
1+D is isomorphic to Lq(𝒦) for a quasivariety of structures with equality.

9.2. Lattices of order ideals as Sp(S, 𝐻)

Lattices𝒪(P) of order ideals of an ordered set have a well-known char-
acterization [30, 58]; for the proof see Lemma 8.1.

Lemma 9.13. A lattice is isomorphic to 𝒪(P) for some ordered set P if
and only if it is distributive, algebraic, and dually algebraic.

In the next section, we will show that these lattices are subquasivariety
lattices. The result of the previous section yields the weaker result that the
lattices 𝒪(P) are representable as lattices of algebraic subsets with oper-
ators. The simpler proof for this case may be instructive. (Earlier results
for lattices of order ideals are in [63]. See also Example 2.61 and Subsec-
tion 8.2.4 above.)

Theorem 9.14. For any ordered setP, the lattice𝒪(P) is isomorphic to
a lattice Sp(S, 𝐻) with S an algebraic lattice and𝐻 a monoid of operators.

Proof. In fact, we will represent (𝒪(P))𝑑 ∼= 𝒪(P𝑑).
Let S = 𝒪(P). Thus 0S = ∅ and 1S = 𝑃 .

Lemma 9.15. S is an algebraic and dually algebraic lattice. Its compact
members are the finitely generated order ideals.

The monoid 𝐻 will contain operators ℓ𝑢 for every 𝑢 ∈ 𝑃 . Define ℓ𝑢 by
ℓ𝑢(𝐼) = 𝐼 ∨ ↓𝑢, which is in fact 𝐼 ∪ ↓𝑢.

Lemma 9.16. Each ℓ𝑢 is an operator.

The crucial observation is that ℓ𝑢 preserves meets because in S,

ℓ𝑢(
⋀︁
𝑗

𝐼𝑗) = (
⋀︁
𝑗

𝐼𝑗)∨ ↓𝑢 = (
⋂︁
𝑗

𝐼𝑗)∪ ↓𝑢 =
⋂︁
𝑗

(𝐼𝑗 ∪ ↓𝑢) =
⋀︁
𝑗

ℓ𝑢(𝐼𝑗).

Now for any ideal𝑀 of P, let
𝐴𝑀 = {𝐼 ∈ S : 𝐼 ⊇𝑀}

= ↑𝑀.
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We claim that the map 𝛼 : 𝑀 ↦→ 𝐴𝑀 is a dual isomorphism of 𝒪(P) onto
Sp(S, 𝐻).

It is not hard to see that𝐴𝑀 is an𝐻-closed algebraic subset of S. On the
other hand, if𝐴 is any𝐻-closed algebraic subset, then it has a least element
𝑁 . Because of the maps ℓ𝑢 we have ↑𝑁 ⊆ 𝐴, whence ↑𝑁 = 𝐴. Since 𝛼 is
containment-reversing, it is a dual isomorphism. �

9.3. Lattices of order ideals as Lq(𝒦)
Recall that in Lq(𝒦), the quasivariety ⟨𝑥 ≈ 𝑦⟩ is dually compact. In this

sectionwewill show that whenP is an ordered set such that the least element
∅ of 𝒪(P) is dually compact, then 𝒪(P) ∼= Lq(𝒦) for a quasivariety with
equality. As a bonus, the natural equaclosure operator on Lq(𝒦) will be the
identity map!

First, we need this lemma.

Lemma 9.17. The following are equivalent for an ordered set P.
(1) ∅ is dually compact in 𝒪(P).
(2) P has only finitely many minimal elements, and for each 𝑝 ∈ 𝑃 ,

there exists a minimal element𝑚 ∈ 𝑃 with 𝑝 ≥ 𝑚.

Proof. Let𝑀 denote the set of minimal elements of P.
First assume that (2) fails. If there exists an element 𝑝0 ∈ 𝑃 that is above

no minimal element, choose a maximal chain 𝐶 in ↓𝑝0. Then∅ =
⋀︀
𝑐∈𝐶 ↓𝑐

witnesses that ∅ is not dually compact in 𝒪(P). If on the other hand every
element is above a minimal element, but there are infinitely many minimal
elements, then for each 𝑚 ∈ 𝑀 let 𝐾𝑚 = {𝑥 ∈ 𝑃 : 𝑥 � 𝑚}. Each 𝐾𝑚

contains all the other minimal elements, so no intersection of finitely many
of them is empty, while

⋂︀
𝑚∈𝑀 𝐾𝑚 = ∅ since 𝑝 ≥ 𝑚 implies 𝑝 /∈ 𝐾𝑚. This

again shows that ∅ is not dually compact.
Now assume that (2) holds, and that ∅ =

⋂︀
𝑗∈𝐽 𝐼𝑗 for some collection

of order ideals. For each minimal element 𝑚 there is an index 𝑗𝑚 such that
𝑚 /∈ 𝐼𝑗𝑚 . Since the finite intersection

⋂︀
𝑚∈𝑀 𝐼𝑗𝑚 is an ideal containing no

minimal elements, and every element is above a minimal element, it must
be empty. Thus ∅ is dually compact. �

Theorem 9.18. If the least element ∅ of 𝒪(P) is dually compact, then
𝒪(P) is isomorphic to Lq(𝒫) for some quasivariety 𝒫 with equality.

Define the variety 𝒫0 to have a constant 𝑒 and unary functions 𝜂𝑝 for
𝑝 ∈ 𝑃 , satisfying the following laws.

(i) 𝜂2𝑝𝑥 ≈ 𝜂𝑝𝑥
(ii) 𝜂𝑝𝜂𝑞𝑥 ≈ 𝜂𝑞𝜂𝑝𝑥
(iii) 𝜂𝑝𝜂𝑞𝑥 ≈ 𝜂𝑝𝑥 whenever 𝑝 ≤ 𝑞
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(iv) 𝜂𝑚1 . . . 𝜂𝑚𝑘
𝑥 ≈ 𝑒 where {𝑚1, . . . ,𝑚𝑘} is the set 𝑀 of minimal

elements of P.
Note that (iii) implies (i).

The free 𝒫0-algebra generated by a singleton 𝑎 is easy to construct. The
elements have a canonical form: either 𝑎 or 𝜂𝑝1 . . . 𝜂𝑝𝑘𝑎 where {𝑝1, . . . , 𝑝𝑘}
is an antichain inP. This is unique up to the order of the operations, and 𝑒 =
𝜂𝑚1 . . . 𝜂𝑚𝑘

𝑥. The operations are such that 𝜂𝑞(𝜂𝑝1 . . . 𝜂𝑝𝑘𝑎) = 𝜂𝑟1 . . . 𝜂𝑟ℓ𝑎
where {𝑟1, . . . , 𝑟ℓ} is the set of minimal elements of {𝑞, 𝑝1, . . . , 𝑝𝑘}.

Example 9.19.

Consider Figure 9.1. In the upper left is a small distributive lattice D
with J(D) = {𝑝, 𝑞, 𝑟}, indicated by solid (red) vertices. These form the
ordered setP such thatD ∼= 𝒪(P). Thus the variety𝒫0 will have a constant
𝑒 and operations 𝜂𝑝, 𝜂𝑞, and 𝜂𝑟.

The free algebra F𝒫0(𝑎) is in the lower middle. The solid (black) arrow
indicates 𝜂𝑞, the dashed (blue) arrows are 𝜂𝑝, and the dotted (red) arrows are
𝜂𝑟; the loops for fixed points are not drawn (e.g., 𝜂𝑝(𝜂𝑝𝑎) = 𝜂𝑝𝑎).

The upper right gives the representation of D as Lq(𝒫0). There are 3
quasicritical algebras in 𝒫0, which are subalgebras of F𝒫0(𝑎). The free al-
gebraF𝒫0(𝑎) generates𝒫0, while Sg(𝜂𝑝𝑎) generates ⟨𝜂𝑝𝑥 ≈ 𝑥⟩, and Sg(𝜂𝑟𝑎)
generates ⟨𝜂𝑟𝑥 ≈ 𝑥⟩.

Lemma 9.20. The free 𝒫0-algebra F𝒫0(𝑎) satisfies the quasi-equation
(v) 𝜂𝑝𝑥 ≈ 𝜂𝑞𝑦 → 𝜂𝑞𝑥 ≈ 𝑥 whenever 𝑝 � 𝑞.

Proof. Let 𝑝 � 𝑞. Suppose 𝜂𝑝𝑥 ≈ 𝜂𝑞𝑦 in F𝒫0(𝑎), where say 𝑥 =
𝜂𝑟1 . . . 𝜂𝑟𝑘𝑎 and 𝑦 = 𝜂𝑠1 . . . 𝜂𝑠ℓ𝑎. (We allow 𝑘 = 0 or ℓ = 0.) Then the
sets of minimal elements satisfy min{𝑝, 𝑟1, . . . , 𝑟𝑘} = min{𝑞, 𝑠1, . . . , 𝑠ℓ}.
Since 𝑝 � 𝑞, that means 𝑟𝑖 ≤ 𝑞 for some 𝑖. This in turn implies 𝜂𝑞𝑥 = 𝑥 by
(iii). �

Now let 𝒫1 be the quasivariety generated by the free algebra F𝒫0(𝑎).
That is, 𝒫1 = Q(F𝒫0(𝑎)), whence 𝒫1 ≤ 𝒫0 with F𝒫1(𝑎) = F𝒫0(𝑎). The
laws (i)–(v) hold in 𝒫1; we do not know whether or not they completely
describe it.

The next two lemmas and theorem show that subquasivarieties of 𝒫1 are
determined (relative to 𝒫1) by 1-variable quasi-equations.

Lemma 9.21. Let S be a finitely generated subalgebra of F𝒫1(𝑎). Then
S is a subdirect product of its 1-generated subalgebras, which are retracts.

Proof. Consider a finitely generated subalgebra S = Sg(𝑥, 𝑦, . . . , 𝑧) of
F𝒫1(𝑎). Then say 𝑥 = 𝜂𝑝1 . . . 𝜂𝑝𝑘𝑎 and 𝑦 = 𝜂𝑞1 . . . 𝜂𝑞ℓ𝑎, etc. The map
𝜂𝑝1 . . . 𝜂𝑝𝑘 is a retraction of S onto Sg(𝑥). �
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𝑝 𝑟

𝑞

𝑥 ≈ 𝑒 ≈ 𝜂𝑝𝜂𝑟𝑥

𝜂𝑝𝑥 ≈ 𝑥 𝜂𝑟𝑥 ≈ 𝑥

𝜂𝑞𝑥 ≈ 𝑥

𝒫0

𝑒

𝜂𝑝𝑎 𝜂𝑟𝑎

𝜂𝑞𝑎

𝑎

Figure 9.1. Illustrating Example 9.19.

Recall the following standard equivalence (see, e.g., Theorem 5.1 of
[45]).

Lemma 9.22. For any quasivariety𝒦 and structureT ∈ 𝒦, the following
are equivalent.

(1) T is projective in 𝒦.
(2) T is a retract of a 𝒦-free structure.
(3) For any S ∈ 𝒦, any surjective homomorphism ℎ : S � T is a

retraction.

For our purposes, a slightly weaker versions of projectivity suffices. A
structure S is semi-projective in a quasivariety 𝒦 if whenever it is a homo-
morphic image of some T ∈ 𝒦, then it embeds into T, i.e., S ≤ T.

By Lemma 9.21, the 1-generated subalgebras of F𝒫(𝑎) are projective.
Let us state the next theorem somewhat more generally than needed for 𝒫1,
in hopes that it can be used elsewhere as well. For 𝒫1, take 𝑘 = 1. Since
structures in 𝒫1 may be infinite, we cannot ignore ultraproducts; that fact
necessitates a detour into the land of reducts.
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In what follows, we say that a structure T is𝑚-generated if T = Sg(𝐴)
for some 𝐴 ⊆ 𝑇 with |𝐴| ≤ 𝑚.

Theorem 9.23. Fix an integer 𝑘 > 0. Let 𝒬 be a quasivariety that is
generated by a set 𝒳 of structures. Assume that for each 𝑚 > 0 and every
finite subset 𝐹 of the operation and relation symbols of the language of 𝒬,
there is a 𝐺 ⊇ 𝐹 such that the following properties hold in the quasivariety
𝒬′ generated by the reducts of the structuresT ∈ 𝒳 to𝐺. Let T′ denote the
reduct of T to 𝐺.

(1) For eachT ∈ 𝒳 , every finitely generated substructure of the reduct
T′ is semi-projective in 𝒬′.

(2) For eachT ∈ 𝒳 , every finitely generated substructure of the reduct
T′ is a subdirect product of its 𝑘-generated 𝐺-substructures.

(3) There are finitely many isomorphism types I1, . . . , I𝐵 of 𝐺-structures
such that for each T ∈ 𝒳 and 𝐴 ⊆ 𝑇 with |𝐴| ≤ 𝑚, it holds that
Sg𝐺(𝐴)

∼= I𝑗 for some 𝑗.

Then every quasi-equation in the language of 𝒬 is equivalent, modulo the
theory of 𝒬, to a set of quasi-equations in 𝑘 or fewer variables. Thus every
subquasivariety of 𝒬 is determined, relative to 𝒬, by quasi-equations in at
most 𝑘 variables.

Proof. Let 𝛽 be a quasi-equation in the language of𝒬 in say𝑚 variables.
Without loss of generality 𝑚 > 𝑘. Moreover, 𝛽 involves only finitely many
operation and relation symbols; call this set 𝐹 . Let 𝐺 ⊇ 𝐹 be such that the
properties of the theorem hold.

Let S be a structure in𝒬 that fails 𝛽. We may assume that S is generated
by elements witnessing a failure of 𝛽, so that S is 𝑚-generated. Now S ∈
SPU(𝒳 ). Thus S ≤ P =

∏︀
𝑗∈𝐽 R𝑗 with eachR𝑗 =

∏︀
𝑘∈𝐾𝑗

T𝑘/𝑈𝑗 for some
appropriate index sets 𝐽 , 𝐾𝑗 (𝑗 ∈ 𝐽), structures T𝑘 ∈ 𝒳 (𝑘 ∈ 𝐾𝑗), and
ultrafilters 𝑈𝑗 on 𝐾𝑗 .

This representation carries over to the reducts. That is, S′ ≤ P′ =∏︀
𝑗∈𝐽 R

′
𝑗 with each R′

𝑗 =
∏︀

𝑘∈𝐾𝑗
T′
𝑘/𝑈𝑗 for some appropriate index sets

and ultrafilters, where again T′ denotes the reduct to 𝐺.
Now consider S′′, the𝐺-substructure of S′ generated by the chosen fail-

ure of 𝛽. Then, taking substructures, we get S′′ ≤ P′′ =
∏︀

𝑗∈𝐽 R
′′
𝑗 with each

R′′
𝑗 =

∏︀
𝑘∈𝐾𝑗

W𝑘/𝑈𝑗 and eachW𝑘 an𝑚-generated𝒬′-substructure of T′
𝑘.

By assumption (3), there are only finitely many isomorphism types for
an𝑚-generated reduct ofT′ to𝐺, say I1, . . . , I𝐵. Hence eachW𝑗

∼= Iℓ𝑗 for
some ℓ𝑗 . So each 𝑗-th ultraproduct R′′

𝑗 =
∏︀

𝑘∈𝐾𝑗
W𝑘/𝑈𝑗 is isomorphic to

some Iℓ𝑗 . Therefore S′′ ≤∏︀
𝑗 Iℓ𝑗 , and the ultraproduct is gone. Without loss

of generality this last representation is subdirect (the projections are onto).
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Since 𝛽 fails in S′′, it fails in some Iℓ0 . Now Iℓ0
∼= W0 ≤ T′

0 for some
T0 ∈ 𝒳 . By (2), Iℓ0 is a subdirect product of some of its 𝑘-generated 𝒬′-
substructures. Therefore 𝛽 fails in some 𝑘-generated substructure J0 of Iℓ0 .
Note J0 is a subdirect factor of I0, which is a subdirect factor of S′′. By
assumption (1), J0 embeds into S′′.

Now J0 is 𝑘-generated. Hence there is some substitution 𝜎 mapping
{𝑥1, . . . 𝑥𝑚} to a set of terms in at most 𝑘 variables such that J0 fails 𝜎(𝛽).
But J0 ≤ S′′. Thus S′′, and hence S, also fails 𝜎(𝛽).

Clearly 𝛽 implies any substitution 𝜎(𝛽), and we have just shown that if
𝛽 fails, then some 𝑘-variable 𝜎(𝛽) fails. Therefore, under the assumptions
of the theorem, each quasi-equation 𝛽 is equivalent in 𝒬 to Σ(𝛽), the set of
all substitutions 𝜎(𝛽) of 𝑘-variable terms into 𝛽, which is the claim of the
theorem. �

Lemma 9.21 shows that (1) and (2) of Theorem 9.23 hold for 𝒫1 with
𝑘 = 1, while (3) holds because reducts of 𝒫1 to finitely many operations
are locally finite. So we turn our attention to describing 1-variable quasi-
equations in the language of 𝒫1.

Lemma 9.24. The following are true in 𝒫1 and Lq(𝒫1).
(1) 𝜂𝑝𝑒 ≈ 𝑒 for all 𝑝 ∈ 𝑃 .
(2) &𝑚∈𝑀𝜂𝑚𝑥 ≈ 𝑥→ 𝑥 ≈ 𝑒
(3) If 𝑝 ≤ 𝑞, then 𝜂𝑝𝑥 ≈ 𝑥 implies 𝜂𝑞𝑥 ≈ 𝑥.
(4) 𝜂𝑝1 . . . 𝜂𝑝𝑘𝑥 ≈ 𝑥 is equivalent to 𝜂𝑝1𝑥 ≈ 𝑥 & . . . & 𝜂𝑝𝑘𝑥 ≈ 𝑥.
(5) 𝜂𝑝1 . . . 𝜂𝑝𝑘𝑥 ≈ 𝑥 → 𝜂𝑞𝑥 ≈ 𝑥 is equivalent to 𝜂𝑞𝑥 ≈ 𝑥 whenever

𝑝𝑖 � 𝑞 for all 𝑖.
(6) If say 𝑝1 ≤ 𝑞, then 𝜂𝑝1 . . . 𝜂𝑝𝑘𝑥 ≈ 𝑥→ 𝜂𝑞𝑥 ≈ 𝑥 holds in 𝒫1.
(7) Let 𝐴 = {𝑝1, . . . , 𝑝𝑘} and 𝐵 = {𝑞1, . . . , 𝑞ℓ} be antichains in P.

The identity 𝜂𝑝1 . . . 𝜂𝑝𝑘𝑥 ≈ 𝜂𝑞1 . . . 𝜂𝑞ℓ𝑥 is equivalent to 𝜂𝑟1 . . . 𝜂𝑟𝑛𝑥 ≈
𝑥, where {𝑟1, . . . , 𝑟𝑛} is the set of minimal elements of the symmet-
ric difference 𝐴Δ𝐵.

Proof. Items (1) and (2) follow from laws (iii) and (iv).
For (3), assume 𝑝 ≤ 𝑞 and 𝜂𝑝𝑥 = 𝑥. Then 𝜂𝑞𝑥 = 𝜂𝑞𝜂𝑝𝑥 = 𝜂𝑝𝑥 = 𝑥

where we have used laws (ii) and (iii).
Item (4) follows easily from laws (i) and (ii).
For (5), let S be an algebra in 𝒫1 that does not satisfy 𝜂𝑞𝑥 ≈ 𝑥. Choose

𝑠 ∈ 𝑆 such that 𝜂𝑞𝑠 ̸= 𝑠, and consider 𝑡 = 𝜂𝑝1 . . . 𝜂𝑝𝑘𝑠. Then 𝜂𝑝1 . . . 𝜂𝑝𝑘𝑡 = 𝑡.
Suppose 𝜂𝑞𝑡 = 𝑡. Then 𝜂𝑝1𝑥 = 𝑡 = 𝜂𝑞𝑡 where 𝑥 = 𝜂𝑝2 . . . 𝜂𝑝𝑘𝑠. By (v)
we conclude that 𝜂𝑞𝑥 = 𝑥. Continuing in this manner, we eventually get
𝜂𝑞𝑠 = 𝑠, a contradiction. Therefore 𝜂𝑝1 . . . 𝜂𝑝𝑘𝑥 ≈ 𝑥 → 𝜂𝑞𝑥 ≈ 𝑥 fails in S,
as witnessed by 𝑡.

Item (6) follows from (3).
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For (7), assume that 𝜂𝑝1 . . . 𝜂𝑝𝑘𝑥 ≈ 𝜂𝑞1 . . . 𝜂𝑞ℓ𝑥 holds in a subquasivariety
of 𝒫1, and say 𝑞1 is such that 𝑝𝑖 � 𝑞1 for all 𝑖. Applying law (v) repeatedly,
we obtain

𝜂𝑝1 . . . 𝜂𝑝𝑘𝑥 ≈ 𝜂𝑞1 . . . 𝜂𝑞ℓ𝑥 =⇒ 𝜂𝑞1𝜂𝑝2 . . . 𝜂𝑝𝑘𝑥 ≈ 𝜂𝑝2 . . . 𝜂𝑝𝑘𝑥

=⇒ 𝜂𝑞1𝜂𝑝3 . . . 𝜂𝑝𝑘𝑥 ≈ 𝜂𝑝3 . . . 𝜂𝑝𝑘𝑥

=⇒ · · · =⇒ 𝜂𝑞1𝑥 ≈ 𝑥.

On the other hand, if 𝜂𝑟𝑥 ≈ 𝑥 holds for all the minimal elements in 𝐴Δ𝐵,
it is easy to derive the original identity, using (3). �

Note that it follows from (3) that for any subquasivariety 𝒬 ≤ 𝒫1, the
set of all 𝑝 ∈ 𝑃 such that 𝜂𝑝𝑥 ≈ 𝑥 holds in𝒬 is an order filter. Also, by (2),
any reference to 𝑒 in a quasi-equation can be replaced by &𝑚∈𝑀𝜂𝑚𝑥.

Now we can handle the general case.

Lemma 9.25. Every quasi-equation in 𝒫1 is equivalent to a collection of
identities 𝜂𝑝𝑥 ≈ 𝑥.

Proof. The general form of a quasi-equation is

($) &𝑅𝑖,𝑆𝑖
𝜂𝑟1 . . . 𝜂𝑟𝑘𝑥 ≈ 𝜂𝑠1 . . . 𝜂𝑠ℓ𝑥→ 𝜂𝑢1 . . . 𝜂𝑢𝑚𝑥 ≈ 𝜂𝑣1 . . . 𝜂𝑣𝑛𝑥

over some collections 𝑅1, 𝑆1, . . . , 𝑅𝑡, 𝑆𝑡, 𝑈, 𝑉 of finite subsets of 𝑃 . Argu-
ing as in the proof of (7), we first split the right hand side to show that ($)
is equivalent to a set of quasi-equations of the form

($) &𝑅𝑖,𝑆𝑖
𝜂𝑟1 . . . 𝜂𝑟𝑘𝑥 ≈ 𝜂𝑠1 . . . 𝜂𝑠ℓ𝑥→ 𝜂𝑞𝑥 ≈ 𝑥.

Applying the same argument to the left hand sides of each quasi-equation
($), we obtain laws of the form

(U) &𝑗 𝜂𝑝𝑗𝑥 ≈ 𝑥→ 𝜂𝑞𝑥 ≈ 𝑥.

But, via (4) and (5), these in turn are equivalent to a set of laws 𝜂𝑡𝑥 ≈ 𝑥. �

Let ℱ(P) denote the set of order filters of P, ordered by reverse set
inclusion. Then 𝒪(P) ∼= ℱ(P) via the complementation map.

The isomorphism 𝜙 : ℱ(P) ∼= Lq(𝒫1) is

𝜙(𝐹 ) =
⋂︁
𝑝∈𝐹

⟨𝜂𝑝𝑥 ≈ 𝑥⟩.

The inverse map 𝜌 : Lq(𝒫1)→ ℱ(P) is

𝜌(𝒬) = {𝑝 ∈ 𝑃 : 𝒬 satisfies 𝜂𝑝𝑥 ≈ 𝑥}.
The crucial step is checking that 𝜙 is surjective, which is Lemma 9.25.
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9.4. Ideals of meet semilattices as Lq(𝒦)
It is useful to view Theorem 9.18 in a general context, as the details of

the construction can obscure an essentially simple idea.
Let S be a meet semilattice with 0. Let 𝒬0 consist of algebras with a

semilattice of operators H ∼= S and a constant 𝑒, such that the least ele-
ment 0S corresponds to the constant operator with 𝜁𝑥 = 𝑒. Then consider
the 1-generated free 𝒬0 algebra F, and let 𝒬 = Q(F) be the quasivariety
generated by F.

The elements of F are of the form 𝜂𝑎 with 𝜂 ∈ H and 𝑎 the generator
of F. These inherit a natural order from S: 𝑎 > 𝜂𝑎 ≥ 𝜅𝑎 ≥ 𝜁𝑎 = 𝑒
whenever 𝜂 ≥ 𝜅. Let ℐ(F) denote the set of nonempty order ideals of F.
Since intersections and unions of order ideals are order ideals, ℐ(F) is a
completely distributive lattice.

The subalgebra Sg(𝜂𝑎) = ↓ 𝜂𝑎 is an order ideal, and the map 𝜂 retracts
F onto ↓ 𝜂𝑎. Hence ↓ 𝜂𝑎 is projective in 𝒬. The reduct to any finite set of
operators is of course locally finite. Thus 𝒬 satisfies exactly the setup for
Theorem 9.23. The quasicritical algebras in 𝒬 are the ideals Sg(𝜂𝑎) = ↓𝜂𝑎
of F, and thus Lq(𝒬) ∼= ℐ(F).

Now ℐ(F) is a special case of𝒪(P). What Theorem 9.18 does is to start
with an ordered setP that has finitely many strongly minimal elements, and
constructs a semilattice S such that ℐ(S) ∼= 𝒪(P). Indeed, in the proof of
that theorem, S is generated by {𝜂𝑝 : 𝑝 ∈ 𝑃}. Laws (i) and (ii) make S a
semilattice, while (iii) says that the order on S under composition reflects
the order onP. Law (iv) makes the constant 𝑒 correspond to the empty order
ideal of P. The proof gives additional information about the subquasivari-
eties of𝒬, which is interesting but not required to establish the isomorphism.

9.5. Recapitulation on distributive, dually algebraic lattices

Summarizing what we do know is easy. Let D be a distributive, dually
algebraic lattice.

∙ D can be represented as Sp(S, 𝐻) for some algebraic lattice S and
monoid of operators 𝐻 .
∙ Hence 1 + D is isomorphic to Lq(𝒦) for some quasivariety 𝒦 of
structures with equality.
∙ IfD is distributive, algebraic and dually algebraic, and 0D is dually
compact, then D ∼= Lq(𝒦) for some quasivariety 𝒦 of structures
with equality.

The conditions of the third bullet are equivalent toD ∼= 𝒪(P) for an ordered
set P with only finitely many minimal elements, and every element above
one of those.
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This allows us to determine completely which chains are subquasivariety
lattices. First, dually algebraic chains are included in the next lemma.

Lemma 9.26. The following are equivalent for a chain S.
(1) S is algebraic.
(2) Every element of 𝑆 is a join of completely join irreducible elements.
(3) S ∼= 𝒪(C) for a chain C.
(4) S is dually algebraic.
(5) Every element of 𝑆 is a meet of completely meet irreducible ele-

ments.

Proof. In a chain, non-zero compact is the same as completely join ir-
reducible. (In a complete lattice with 0, the least element is compact, but
it is not completely join irreducible since 0 =

⋁︀
∅.) Thus (1) and (2) are

equivalent.
Assuming (2), let C be the completely join irreducible elements of S.

Then the map 𝐼 ↦→ 𝐼 ∪ {0} yields 𝒪(C) ∼= ℐ(C ∪ {0}) = S. Also, (3)
implies (1) because any 𝒪(P) is both algebraic and dually algebraic.

Now in general for ordered sets, using order filters, 𝒪(P) ∼=𝑑 ℱ(P) ∼=
𝒪(P𝑑), which shows that (4) and (5) are also equivalent to (3). �

Note that there are no restrictions on the chain C in Lemma 9.26.
Since subquasivariety lattices with equality are always atomic, we have

the following consequence.

Corollary 9.27. The following are equivalent for a dually algebraic chainS.
(1) 0S is dually compact.
(2) 0S is completely meet irreducible.
(3) S has an atom.
(4) S ∼= 𝒪(C) for a chain C with a least element.
(5) S ∼= Lq(𝒦) for some quasivariety 𝒦 of structures with equality.

Turning to distributive lattices in general, what we don’t know remains
immense, but it is pretty clear where to start looking. In trying to represent
a general distributive, dually algebraic D as Lq(𝒦), we need to locate the
subquasivariety ℰ of 1-element structures, determined by the law 𝑥 ≈ 𝑦. So
generally speaking, we want to know

∙ what can the ideal ↓ℰ look like in Lq(𝒦)? and
∙ how does ↓ℰ fit into the whole lattice?

Of course ℰ could be the least element, as in our representation of 𝒪(P)
with 0 dually compact. But the place to begin the investigation is when it
is the top element. Recall Theorem 2.64: L ∼= Lq(𝒦) for a quasivariety of
1-element structures if and only if L ∼= Sp(S), with no operators, for some
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algebraic lattice S. That makes L atomistic. (But atomistic lattices may also
be represented by quasivarieties not satisfying 𝑥 ≈ 𝑦.)

Thus we consider the problem: Which distributive, dually algebraic lat-
tices are isomorphic to Sp(S) for some algebraic lattice S?

Lemma 9.28. If D is distributive and D ∼= Sp(S), then S is a chain.

Proof. If S contains two incomparable elements, say 𝑎 and 𝑏, then the
algebraic subsets {𝑎, 1} and {𝑏, 1} generate a non-distributive sublattice of
Sp(S), isomorphic to the lattice in Figure 3.1. �

Recall also Theorem 1.12, from Gorbunov and Tumanov [52].
Theorem 9.29. A boolean lattice B is isomorphic to Sp(S) for an alge-

braic lattice S if and only if B ∼= 2𝜅 for some 𝜅 with 0 ≤ 𝜅 ≤ ℵ0.
Proof. For 𝑘 finite, 2𝑘 is isomorphic to Sp(k + 1) for a 𝑘 + 1-element

chain, while 2ℵ0 is isomorphic to Sp(𝜔 + 1).
Conversely, suppose B ∼= Sp(S). Then B is dually algebraic, and since

complementation is a dual automorphism, it is also algebraic. ThusB ∼= 2𝐴

where 𝐴 is the set of its atoms. In particular, those atoms are completely
join prime.

But we have also seen that S is an algebraic chain. If in S there were a
proper join

⋁︀
𝐵 = 𝑎 < 1 or

⋀︀
𝐵 = 𝑎 for some (infinite) 𝐵 ⊆ 𝐴, then the

atom {𝑎, 1} of Sp(S) would not be completely join prime, a contradiction.
Thus S must be k+ 1 or 𝜔 + 1. �

This sets us up to apply Theorem 2.65.

Corollary 9.30. A boolean lattice B = 2𝜅 can be represented as Lq(𝒦)
for a quasivariety with equality if and only if 0 ≤ 𝜅 ≤ ℵ0.

Proof. Boolean lattices are algebraic, so Theorem 2.65 indeed applies.
If 𝜅 ≤ ℵ0, then 2𝜅 ∼= Sp(S), so 2𝜅 ∼= Lq(𝒦) for a quasivariety of 1-element
structures. On the other hand, if 2𝜅 ∼= Lq(𝒦), then the subquasivariety ℰ
corresponding to ⟨𝑥 ≈ 𝑦⟩ must be dually compact and isomorphic to some
Sp(S); this is property (I8) of equaclosure operators. The dually compact
elements of 2𝜅 correspond to cofinite subsets; if 𝜅 is infinite and 𝑒 is cofinite
in 2𝜅, then ↓𝑒 ∼= 2𝜅. So in order for ↓𝑒 to be isomorphic to Sp(S), we must
have 𝜅 ≤ ℵ0 by Theorem 9.29. �

In appealing to Theorem 2.65, we have shortcut the representation of
a lattice Sp(S) as Lq(𝒦) for a quasivariety of 1-element structures, from
Adaricheva, Dziobiak, and Gorbunov [14]. That construction is similar to
the longstyle method of Theorem 7.7, except that for 1-element structures
we no longer need the constant 𝑒 nor the requirement that 1S be compact.
Again we refer the reader to [14] for the details.
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Note that for 𝜅 > ℵ0, the lattice 2𝜅 can still be represented as Sp(S, 𝐻)
using operators. This gives us more examples of lattices that are isomor-
phic to some Sp(S, 𝐻) but not to Lq(𝒦) for a quasivariety with equality,
essentially because they fail property (I8) for an equaclosure operator.

Now in an arbitrary distributive D ∼= Sp(S), the lattice D is atomistic
and its atoms are in one-to-one correspondence with 𝑆 ∖{1}. The thing that
keepsD from being boolean is that in S, some elements are infinite joins or
meets of others. (As S is a chain, finite joins and meets are trivial.)

We can think of D as a closure system. Put 𝐴 = 𝑆 ∖ {1}. Since D is
atomistic, the elements of D can be regarded as subsets of 𝐴. The closure
rules for a set 𝑋 to be in D are

𝐵 ⊆ 𝑋 →
⋁︁

𝐵 ∈ 𝑋

𝐵 ⊆ 𝑋 →
⋀︁

𝐵 ∈ 𝑋
running over all infinite subsets 𝐵 ⊆ 𝐴 such that

⋁︀
𝐵 ̸= 1. The sets 𝑋 ⊆

𝐴 satisfying all those rules are closed under joins and meets, making D a
sublattice of 2𝐴. Note that D includes all finite subsets of 𝐴. If 𝑎 ≤ ⋁︀

𝑋
properly in D, then 𝑎 is a limit point of 𝑋 , i.e., 𝑎 =

⋁︀
𝑌 or 𝑎 =

⋀︀
𝑌 for

some infinite 𝑌 ⊆ 𝑋 .
The foregoing description falls short of being a characterization, until we

can determine what sort of rule collections can actually occur. But it does
help to construct examples. Remember that C is an arbitrary chain, and
S = 𝒪(C). Taking C to be an ordinal, or 𝜔 + 𝜔𝑑, or the rational numbers
Q are some possibilities.

As an extreme case, consider the distributive, dually algebraic, atomistic
latticeY𝑋 consisting of an infinite set𝑋 and all its finite subsets, ordered by
inclusion. NowY𝑋 is not isomorphic to any Sp(S): in an infinite chain, not
every point can be either in or a limit point of every infinite subset. But we
cannot eliminate the possibility thatY𝑋 is a subquasivariety lattice Lq(𝒦)!





CHAPTER 10

Problems and an advertisement

Solvitur ambulando. – St. Jerome
Покой нам только снится
– Александр Блок, На поле Куликовом

In this chapter we propose some open problems. The first ten problems
concern the construction project of Chapter 7. Problem (11) asks about rep-
resentations of atomistic lattices, where some loose ends remain. Problems
(12)–(14) are about possible strengthenings of the conditions for an equa-
closure operator. Problems (15)–(18) are about locally finite quasivarieties.
Problems (19)–(20) concern varieties and relative varieties, while (21) asks
about quasivarieties of groups.

We conclude the chapter with a short review of our monograph [62] on
lattices of subqasivarieties of a locally finite quasivariety.

10.1. Problems

(1) Which finite lattices admit a preclop? In other words, when does
the algorithm of Section 4.2 return a positive answer? (See Sec-
tions 4.1–4.2.)

(2) Can every pair (L, 𝛾) with L a finite, lower bounded lattice and 𝛾
an equaclosure operator, such that J(L) ⊆ 𝜏(L), be represented as
the lattice of subsemilattices of a semilattice with operators, L ∼=
Sub(S,∧, 1, 𝐻) with 𝛾 corresponding to the natural equaclosure
operator? There is an algorithm in Section 5.2 to decide this for
any given pair (L, 𝛾), but we don’t know when the answer is YES!
If it is not always possible, what additional restrictions should be
imposed on equaclosure operators?

(3) If such a pair (L, 𝛾) with J(L) ⊆ 𝜏(L) can be represented as
(Sub(S,∧, 1, 𝐻),Γ), when can this be extended to a representa-
tion (Lq(𝒦),Γ) where 𝒦 is a quasivariety with equality?

(4) Find a systematic construction to handle the case J(L) ̸⊆ 𝜏(L),
and decide which of those can be represented as Sub(S,∧, 1, 𝐻).
This is the topic of Section 4.3 and Chapter 6; see also Running
Example 5 in Chapter 7, and Figures A.1 and A.2 in Section A.1.

273
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(5) Find more classes 𝒞 of lattices such that, for a lattice L ∈ 𝒞, it is
straightforward to determinewhetherL ∼= Lq(𝒦) for a quasivariety
𝒦. So far we have satisfactory answers only for distributive lattices
(Theorem 9.18) and atomistic lattices (Theorem 2.65), and even
these answers are not complete in the infinite case.

(6) In particular, is there a class of lattices 𝒞 such that a longstyle repre-
sentation as a subquasivariety lattice is guaranteed for each L ∈ 𝒞?
Onemight count the lattices 1+Sp(S, 𝐻) as such a class (Corollary
7.10), but there may well be something more general.

(7) Often in the course of this book we have represented a finite pair
(L, 𝛾) as (Sub(S,∧, 1, 𝐻),Γ) but then, unless there was an obvi-
ous longstyle representation, not determinedwhether the pair could
be represented as (Lq(𝒦),Γ). It might prove instructive to resolve
some of these cases. In particular, one could look at the pairs
(W, 𝛾𝑗) for 1 ≤ 𝑗 ≤ 5 from Chapter 6, the unresolved pairs in
Appendix A.1, and those in Figures 10.1 to 10.3 below.

(8) We have not used join semidistributivity nor (except in Section 4.3)
lower boundedness? What gives?

(9) Describe Lq(𝒦) for a quasivariety generated by a finite semilattice
with operators, perhaps with simplifying conditions. (This could
help in making step 6 systematic.)

(10) Can the construction project be adapted to the infinite case?
(11) Can every dually algebraic, atomistic lattice that admits an equa-

closure operator be represented as Sp(S, 𝐻)? as Lq(𝒦)? (See The-
orems 2.64, 2.65, 5.13, and 9.30.) In particular, what about the
distributive, dually algebraic, atomistic latticeY𝑋 consisting of an
infinite set 𝑋 and all its finite subsets, ordered by inclusion?

(12) Find a common generalization of conditions (K9) and (K10).
(13) The condition (K9) is a strengthening of (‡) to include infinite index

sets. Is there a similar strengthening of (K10)? (See [19, 91].)
(14) If the condition of Theorem 3.29 for equaclosure operators strictly

stronger than (K10)?
(15) Do the pairs (L, 𝛾) in Figures 7.19 and 7.20 have representations as

(Lq(𝒦),Γ) where 𝒦 is a locally finite quasivariety with equality?
(16) Some properties special to subquasivariety lattices for locally finite

quasivarieties of algebras are found in Freese, Kearnes and Nation
[46]. Do these properties hold for locally finite quasivarieties of
structures, or just algebras? (Tame Congruence Theory was used
in [46].)

(17) More generally, what special properties pertain to lattices of sub-
quasivarieties of algebras, as opposed to more general structures?
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(18) What is the role of finite critical structures in locally finite vari-
eties? (Start with groups, as in H. Neumann [92].)

(19) How does the Zipper Condition affect the natural equaclosure op-
erator on Lq(𝒦)? Can we better describe the connection between
ETh(𝒦) and Lq(𝒦)? Perhaps the quasivariety in Chapter 5 of the
monograph [62] shows this is impossible?

(20) Characterize lattices Lv(𝒱) where 𝒱 is a variety of structures in a
language that may not include equality. For algebras with equality
as the only relation the Zipper Condition and its generalizations
apply [40, 77, 78]. What about general structures with equality?
or structures that may or may not contain equality? For general
structures without equality, see Section A.2.

(21) Find some 𝑄-universal quasivarieties of groups. Is the variety of
all nilpotent groups of rank 2 𝑄-universal?

We conjecture that if L is a finite lower bounded lattice and (L, 𝛾) has
J(L) ⊆ 𝜏(L) and satisfies a few necessary conditions, like (K9) and (K10),
then the pair can be represented as Sub(S,∧, 1, 𝐻) with S = 𝛾𝑑(L). This is
a worthwhile enterprise, because failure to represent will likely lead to more
necessary conditions. The examples in Figures 10.1, 10.2, and 10.3 indicate
some of the complexities, but each of these can be represented using the
algorithm in Section 5.2.

Recall there were also two conjectures in Chapter 8:
(A) For any finite join semidistributive lattice, the linear sum 1+L has

a longstyle representation as a subquasivariety lattice.
(B) More generally, if L is join semidistributive and dually algebraic,

the linear sum 1+ L has a longstyle representation as Lq(𝒦).
While these may be difficult, if true they would tell us a lot about what re-
strictions hold for subquasivariety lattices (in a negative way).

10.2. Advertisement

The monograph The lattice of subquasivarieties of a locally finite qua-
sivariety [62] develops a set of methods for dealing with locally finite qua-
sivarieties of finite type. Here is a quick synopsis of the book.

Let 𝒦 be a locally finite quasivariety of finite type. The goal is to ana-
lyze the structure of the lattice Lq(𝒦) of subquasivarieties of 𝒦. It turns out
that the lattice Lq(𝒦) is both algebraic and dually algebraic, join semidis-
tributive, and it is a fermentable lattice. The completely join irreducible
quasivarieties in Lq(𝒦) are ⟨T⟩ with T a finite quasicritical structure in 𝒦.

For any finite algebra T in a locally finite quasivariety 𝒦 of finite type,
there is a finite set ℰ(T) of quasi-equations such that, for any subquasivariety
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Figure 10.1. Tricky to represent as Sub(S, 𝐻).
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Figure 10.2. Trickier to represent.
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Figure 10.3. Harder yet to represent, but doable.
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𝒬 ≤ 𝒦, it is the case that T /∈ 𝒬 if and only if 𝒬 satisfies 𝜀 for some
𝜀 ∈ ℰ(T). Moreover, given T and its 𝒦-congruence lattice Con𝒦 T, it is
straightforward to find the quasi-equations in ℰ(T). For each quasi-equation
𝜀 in ℰ(T), there is a finite list U1, . . . ,U𝑘 of finite algebras in 𝒦 such that
an algebra S ∈ 𝒦 satisfies 𝜀 if and only if S contains noU𝑖 as a subalgebra.

Since Lq(𝒦) is algebraic, every subquasivariety of 𝒦 is a meet of com-
pletely meet irreducible quasivarieties. For every completely meet irre-
ducible quasivarietyℳ inLq(𝒦), there is a finite quasicritical algebraT, not
inℳ, such thatℳ = ⟨𝜀⟩ for a quasi-equation 𝜀 in ℰ(T). Quasivarieties 𝒬
that are finitely based relative to𝒦 are then the intersection of finitely many
such quasivarieties ⟨𝜀𝑖⟩, with each 𝜀𝑖 in ℰ(T𝑖) for some T𝑖 not in 𝒬. Thus
finitely based quasivarieties can also be characterized in terms of omitting
finitely many subalgebras.

Quasivarieties that are completely join prime or completely meet prime
in Lq(𝒦) are also characterized.

The methods are illustrated in the monograph by applying them to quasi-
varieties of 1-unary and 2-unary algebras, lattices, abelian groups, and pure
unary relational structures.





APPENDIX A

Appendices

A number of Americans, driven mad by the Interstates, awak-
ened. Knowing the frontier trails were gone but for broken
traces and ruts, travelers began seeking highway adventures
in a broadly settled and thoroughly roaded land now rarely
wilderness but still similarly full of challenges and unpre-
dictabilities to sharpen one’s senses, whittle perceptions into
keenness, and carve a lasting mark into memory. . . . Ike’s
Interstates don’t much disturb me any longer because their
76,000 miles did not just open up three million miles of two-
lanes; they also reminded us how to travel in ways that give
a chance to enter the American landscape and to inhabit our
heritage of history and place. I think that may be why, the
week after next, I’ll be headed for Tennessee. There’s this
place I remember not far out of Tullahoma. – William Least
Heat-Moon in Here, There, Everywhere

Если ждать минуты, когда всё, решительно всё будет
готово, никогда не придётсяначинать. –ИванТургенев,
Новь

These appendices contain topics that we thought were interesting and
relevant, but which did not seem to fit into the text anywhere without inter-
rupting the flow of the narrative. Each can be read independently.

AppendixA.1 contains additional representations of finite pairs (L, 𝛾) as
either (Sp(S, 𝐻),Γ) or (Lq(𝒦),Γ). These pairs are generally more challeng-
ing than those in Chapter 7, and illustrate some techniques that are useful in
practice.

Appendix A.2 describes lattices of atomic theories in languages that do
not contain equality. These lattices are isomorphic to the lattice of ideals of
an ordered set. Hence they are distributive, algebraic, and dually algebraic.

Appendix A.3, inspired by a paper of Adams and Dziobiak [7], proposes
a notion of quasicriticality for quasivarieties that may not be locally finite.

279



280 A. APPENDICES

0

𝑧
𝑎

𝑝 𝑏

0̂

�̂�

�̂�

𝑝1

𝑧

𝑧1

�̂�→ �̂�
𝑝1 → 𝑧

�̂�& 𝑧 → 𝑝1
𝑧 ↔ 𝑧1

ℎ 𝑘

0̂ 0̂ 0̂
�̂� �̂� �̂�

�̂� �̂� �̂�
𝑝1 𝑧1 𝑧
𝑧 𝑧1 𝑧
𝑧1 𝑧1 𝑧

Figure A.1. Example A.1: (N, 𝛾3).

A.1. Additional examples

In this section, we give a few more examples of the six-step program.

Example A.1.

The lattice N in Figure A.1 is the same lattice as the top right lattice in
Figure 3.3 and Example 6.4. As mentioned in Section 3.1, this lattice has
four preclops. The operator 𝛾1 = 𝜇 of Figure 3.3 fails (‡), so the pair (N, 𝛾1)
is not representable. The operator 𝛾2, with 𝛾2(𝑝) = 1 and 𝛾2(𝑧) = 𝑧 ∨ 𝑎,
has an easy representation as Sub(Ŝ,∧, 0̂, ℎ), which we leave to the reader.
The operator 𝛾3 of Figure A.1 is representable as indicated there. Since the
representations of both 𝛾2 and 𝛾3 satisfy the condition 𝜛, completing the
construction project through step 6, using a longstyle representation, yields
(N, 𝛾𝑗) as (Lq(𝒦𝑗),Γ) for 𝑗 = 2, 3.

The operator 𝛾4 on N has 𝛾4(𝑧) = 1 and 𝛾4(𝑎) = 𝑏. This can be repre-
sented as Sub(Ŝ,∧, 0̂, ℎ, 𝑘) where Ŝ ∼= 3 × 2, with 𝑧1 > 𝑝 > 𝑧 down the
lower edge and 0̂ > �̂� > �̂� down the upper edge. This is another exercise for
the reader. It does not lead to a longstyle representation as a subquasivariety
lattice; it remains to be determined whether a shortstyle representation can
be found.

Example A.2.
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Figure A.2. A representation of B3[𝑐] from Example A.2.

Let us briefly consider Day’s doubling construction [34]. LetB3 denote
the boolean lattice 23. We have already seen that with the “wrong” closure
operator,B3 fails (‡); this is the first example in Figure 3.3. LetB3[𝑐] denote
the lattice obtained by doubling a coatom. The least closure operator on
B3[𝑐] satisfying (I1)–(I8), which collapses the new coatom to the top, still
fails (K9). Figure A.2 shows that B3[𝑐] with a different closure operator
CAN be represented as Sub(S,∧, 1, 𝐻). (We do not know whether this pair
can be represented as Lq(𝒦) for a quasivariety with equality.)

Likewise, if we double an atom, then B3[𝑎] with its least preclop 𝜇 fails
(K10); this is the example in Figure 3.6. But as Example 7.21, we saw that
B3[𝑎] with a different closure operator has a representation as Lq(𝒦1).

Thus both B3[𝑎] and B3[𝑐] have representations as Sub(S,∧, 1, 𝐻), but
you must choose 𝛾 carefully. Extensions to B𝑛[𝑎] and beyond are in Exam-
ples 7.22 and 7.23.

It seems that if P = m× n is a direct product of two finite chains, and
you double any single point 𝑥, then P[𝑥] with its least equaclosure operator
𝜇 has an easy representation as Sub(S,∧, 1, 𝐻). We do not have a formal
proof of that, though; cf. Example 7.31 and Theorem 8.7.



282 A. APPENDICES

𝑝

0

𝑥
𝑧

𝑦

𝑒 𝑓

𝑧

𝑢

�̂�

𝑥1

𝑥2

0̂

𝑦1

𝑦

𝑣𝑝1

𝑧1

𝑝1 → �̂�, 𝑧
�̂�↔ 𝑥1 ↔ 𝑥2

𝑦 ↔ 𝑦1
𝑧 ↔ 𝑧1

�̂�& 𝑦 → 𝑝1, 𝑧

ℎ 𝑘 ℓ

0̂ 0̂ 0̂ 0̂
�̂� 𝑥2 �̂� �̂�
𝑥1 𝑥2 𝑥1 �̂�

𝑥2 𝑥2 𝑥1 0̂
𝑦 𝑦1 𝑦 𝑦

𝑦1 𝑦1 𝑦 0̂
𝑧 𝑧1 𝑧 𝑧

𝑧1 𝑧1 𝑧 0̂
𝑝1 𝑧1 𝑧 �̂�
𝑢 𝑧1 𝑧 �̂�
𝑣 𝑧1 𝑧 𝑦

Figure A.3. The pair (K, 𝜇) of Example A.3. Note 𝜆𝑢 = 𝑒
and 𝜆𝑣 = 𝑓 .

On the other hand, the lattice K in Figure 3.7 is obtained by doubling
a convex subset with a least element in a distributive lattice, so it is lower
bounded of rank 1. That lattice has only one preclop, and it fails both con-
ditions (K9) and (K10) for an equaclosure operator. Thus K is not repre-
sentable as Sub(S,∧, 1, 𝐻) or Sp(S, 𝐻).

Example A.3.

The latticeK in Figure A.3 admits only one preclop. It took considerable
effort to find the representation of K as Sub(S,∧, 1, 𝐻) indicated in the
figure. Again, we do not know whether K can be represented as Lq(𝒦) for
a quasivariety with equality.

Example A.4.
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The pair (G, 𝜇) from Example 4.7, reproduced here in Figure A.4, is an
interesting challenge. We want to represent (G, 𝜇) as (Sub(T,∧, 1, 𝐻),Γ).

0

𝑠

𝑥

𝑦

𝑧

𝑡

𝑣

𝑤

1

Figure A.4. (G, 𝜇) from Examples 4.7 and A.4

From the figure, we need
𝑣 → 𝑠

𝑦 → 𝑥

𝑥→ 𝑠

𝑠& 𝑡→ 𝑦

𝑣&𝑥→ 𝑦

The semilattice T is drawn in Figure A.5. We have 𝑠1 ∧ 𝑡1 = 𝑦1 and
𝑥1 ∧ 𝑣1 = 𝑦1. Operators will be needed to enforce the remaining arrows,
plus 𝑥0 ↔ 𝑥1, etc. Here we list one set of operators that works, omitting the
fixed points of each operation.

ℎ1 : 𝑡0, 𝑡1 ↦→ 𝑡2, 𝑥0, 𝑦1 ↦→ 𝑥1, 𝑣0, 𝑣1, 𝑠0 ↦→ 𝑠1
ℎ2 : 𝑡1, 𝑡2 ↦→ 𝑡0, 𝑥1, 𝑦1 ↦→ 𝑥0, 𝑣1 ↦→ 𝑣0, 𝑠1 ↦→ 𝑠0
ℎ3 : 𝑡2 ↦→ 𝑡1, 𝑥1, 𝑦1 ↦→ 𝑥0, 𝑣1 ↦→ 𝑣0, 𝑠1 ↦→ 𝑠0
ℎ4 : 𝑡1, 𝑡2 ↦→ 𝑡0, 𝑥1, 𝑦1 ↦→ 𝑥0, 𝑣0 ↦→ 𝑣1, 𝑠0 ↦→ 𝑠1
ℎ5 : 𝑝 ↦→ 1 for all 𝑝 ≥ 𝑡0, 𝑞 ↦→ 𝑠0 for all 𝑞 ≤ 𝑠1
We leave to the reader the task of checking that thesemaps are admissible

and enforce all the arrows.

A.2. Lattices of atomic theories in languages without equality

Lattices of equational theories of algebraic structures have been a rich
topic of investigation, both for specific varieties such as groups, and for uni-
versal algebra. Section 1.3 contains a brief summary and some references.
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𝑥0

𝑡0 𝑦1

𝑥1

𝑣0

𝑠0

𝑠1

𝑡1 𝑣1

𝑡2

1

Figure A.5. The semilattice T

In this appendix, we consider lattices of atomic theories in a language
that does not contain equality. These results are from a seminar in 2010 at
the University of Hawai‘i with Tristan Holmes, Dayna Kitsuwa, J. B. Nation,
and Sheri Tamagawa. The participants were at the time a graduate student,
undergraduate, professor, and high school student, respectively.

Let ℒ be a language without equality. We will construct an ordered set
P such that the lattice of atomic theories in the language ℒ is isomorphic
to the lattice of order ideals of P. Thus the lattice of atomic theories is
distributive, and both algebraic and dually algebraic. We will be concerned
with describing the properties of the ordered sets P that can occur in this
way.

A.2.1. Atomic theories. Let us work in a language ℒ that has a count-
able set of variables𝑋 = {𝑥0, 𝑥1, 𝑥2, . . . }, constants, function symbols, re-
lation symbols, parentheses and commas for punctuation, but no primitive
equality relation. Constants are regarded as nullary functions, but assume
that ℒ has no nullary relations.

Implicitly, the logic used is boolean, with its standard truth values and
functions.

Recall that terms in ℒ are strings of symbols defined thusly.
(1) Each variable 𝑥 ∈ 𝑋 is a term.
(2) Every constant 𝑐 of the language is a term.
(3) If 𝑡1, . . . , 𝑡𝑘 are terms and 𝑓 is a 𝑘-ary function symbol of the lan-

guage, then 𝑓(𝑡1, . . . , 𝑡𝑘) is a term.
(4) Only strings obtained by (1)–(3) are terms.

Two terms are equal only if they are identical.
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The set of terms, with the operations of ℒ acting in the obvious way,
form the term algebra or absolutely free algebra Fℒ(𝑋). The term algebra
is used often, and will be denoted simply F.

No relations hold on F as an algebraic structure. An atomic formula of
ℒ is an expression 𝑅(𝑡1, . . . , 𝑡𝑘) where 𝑅 is a 𝑘-ary relation symbol of ℒ
and 𝑡1, . . . , 𝑡𝑘 are terms. The set of atomic formulas of ℒ will be denoted by
𝒫ℒ, or just 𝒫 .

Since F is an absolutely free algebra, any map 𝜎 : 𝑋 → F can be
extended to a homomorphism. That is, given 𝜎(𝑥) for all 𝑥 ∈ 𝑋 , we define
𝜎(𝑐) = 𝑐 for constants 𝑐, and recursively

𝜎(𝑓(𝑡1, . . . , 𝑡𝑘)) = 𝑓(𝜎(𝑡1), . . . , 𝜎(𝑡𝑘))

for a 𝑘-ary function symbol 𝑓 . Because each term has a unique expression,
this uniquely defines the extension 𝜎 : F → F. We refer to these endo-
morphisms as substitutions, and use Sbn(F) to denote the monoid of all
substitutions.

Generally speaking, a theory is a set of sentences closed under deduc-
tion. In this appendix, we consider only universally quantified atomic for-
mulas, i.e., sentences of the form

∀𝑥1 . . . ∀𝑥𝑚 𝑅(𝑡1(𝑥1, . . . , 𝑥𝑚), . . . , 𝑡𝑘(𝑥1, . . . , 𝑥𝑚))

with 𝑅 a relation symbol and 𝑡1, . . . , 𝑡𝑘 terms. Under the circumstances, we
can suppress the quantification symbols.

The only relevant rule of deduction is then substitution. That is, infer-
ence should be determined solely by the scheme of rules that when 𝑅 is a
relation symbol, 𝑡1, . . . , 𝑡𝑘 terms and 𝜎 a substitution, then

𝑅(𝑡1, . . . , 𝑡𝑘) ⊢ 𝑅(𝜎(𝑡1), . . . , 𝜎(𝑡𝑘)).

Note that the relation ⊢ defined thusly on the set of atomic formulas 𝒫 is
a quasi-order, i.e., reflexive and transitive. As usual, we then define two
atomic formulas Φ, Ψ to be equivalent, denoted Φ ≡ Ψ, if Φ ⊢ Ψ and
Ψ ⊢ Φ. Then ≡ is an equivalence relation on 𝒫 , and ⊢ is a partial order on
𝒫/≡. Let P be the ordered set ⟨𝒫/≡,⊢⟩.

It is not hard to characterize equivalence: 𝑅(𝑠1, . . . , 𝑠𝑘) ≡ 𝑅′(𝑡1, . . . , 𝑡ℓ)
if and only if 𝑅 = 𝑅′ and there is a permutation 𝜋 of the variables such that
the induced substitution has 𝜋(𝑠𝑖) = 𝑡𝑖 for 1 ≤ 𝑖 ≤ 𝑘 = ℓ.

Note in passing that the presence of a primitive equality relation, that
is, a binary relation ≈ that is assumed to be a congruence relation, would
require a more complicated deduction scheme, albeit a familiar one.

A set of atomic formulas Σ ⊆ 𝒫 is an atomic theory if, for all relation
symbols𝑅 and substitutions 𝜎 ∈ Sbn(F), whenever𝑅(𝑡1, . . . , 𝑡𝑘) ∈ Σ then
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𝑅(𝜎(𝑡1), . . . , 𝜎(𝑡𝑘)) ∈ Σ. That is, atomic theories are just sets of atomic
formulas that are closed under substitution, or equivalently, deduction.

Models for atomic theories in languages without equality are discussed
in Blok and Pigozzi [25], Czelakowski [31], Elgueta [39], and Nation [90].
These would be a digression at this point.

A.2.2. Lattices of atomic theories. By general principles, the lattice of
all atomic theories of ℒ, ordered by set inclusion, forms an algebraic lattice
ATh(ℒ). Likewise, given an atomic theory ℬ of ℒ, the set of all theories
containing ℬ forms an algebraic lattice ATh(ℬ). The latter is naturally the
principal filter ↑ℬ in ATh(ℒ), and we obtain ATh(ℒ) by taking ℬ = ∅.

If Φ and Ψ are atomic formulas with Φ ⊢ Ψ, then for atomic theories 𝒯
we have Φ ∈ 𝒯 implies Ψ ∈ 𝒯 . Thus it makes sense to interpret ⊢ as ≥ on
P. With that convention, we have these characterizations.

Theorem A.5. Let ℒ be a language without equality, and consider P =
⟨𝒫/≡,⊢⟩ as above. ThenATh(ℒ) is isomorphic to the lattice of order ideals
𝒪(P).

Theorem A.6. Let ℬ be an atomic theory in ATh(ℒ), corresponding to
an order ideal 𝐼 . Then ATh(ℬ) =↑ℬ ∼= 𝒪(P− 𝐼).

It follows that lattices of atomic theories are distributive, algebraic and
dually algebraic.

Now each atomic formula involves only one relation. So if ℛ denotes
the set of relation symbols ofℒ, then we can write𝒫 as a disjoint union𝒫 =⋃̇︀
𝑅∈ℛ𝒫𝑅, where 𝒫𝑅 denotes all atomic formulas of the form 𝑅(𝑡1, . . . , 𝑡𝑘).

Correspondingly, P =
⋃̇︀
𝑅∈ℛP𝑅.

Corollary A.7. Let ℒ be a language without equality, and let ℬ be an
atomic theory in ℒ. Each lattice ATh(ℒ) and ATh(ℬ) is isomorphic to a
direct product of the corresponding lattices for a language with only one
relation symbol.

For a fixed 𝑅, the greatest element of P𝑅 is the equivalence class of
𝑅(𝑥1, . . . , 𝑥𝑘), each formula in 𝒫𝑅 being obtained from that one by a sub-
stitution. Moreover, up to a permutation of the variables, each atomic for-
mula 𝑅(𝑡1, . . . , 𝑡𝑘) can be obtained from 𝑅(𝑥1, . . . , 𝑥𝑘) by a sequence of
substitutions of the following basic types, perhaps in more than one way.

(1) For variables 𝑥, 𝑦 both appearing in Φ, 𝛽(𝑥) = 𝛽(𝑦) = 𝑥 and
𝛽(𝑧) = 𝑧 for all other 𝑧 ∈ 𝑋 .

(2) For a variable 𝑥 appearing in Φ and a constant 𝑐, 𝛾(𝑥) = 𝑐 and
𝛾(𝑧) = 𝑧 for all other 𝑧 ∈ 𝑋 .
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(3) For a variable 𝑥 appearing inΦ, a function symbol 𝑓 , and variables
𝑦1, . . . , 𝑦𝑚 not appearing in Φ, 𝛿(𝑥) = 𝑓(𝑦1, . . . , 𝑦𝑚) and 𝛿(𝑧) = 𝑧
for all other 𝑧 ∈ 𝑋 .

Type (2) is of course technically a special case of type (3). These basic types
of substitutions give the covering relations in P𝑅.

This analysis yields the first simple properties of P𝑅.

Theorem A.8. For each relation symbol𝑅, the ordered set P𝑅 has these
properties.

(1) P𝑅 has a greatest element.
(2) For each 𝑝 ∈ P𝑅, the filter ↑𝑝 is finite.

Example A.9.

An example would serve us well at this point. Letℒ be the language with
one binary predicate 𝑅, one unary function symbol 𝑓 , and one constant 𝑐.
The atomic formulas that can be obtained by 0, 1 or 2 basic substitutions are

(𝐴0) 𝑅(𝑥, 𝑦) (𝐴9) 𝑅(𝑐, 𝑓(𝑦))

(𝐴1) 𝑅(𝑓(𝑥), 𝑦) (𝐴10) 𝑅(𝑐, 𝑐)

(𝐴2) 𝑅(𝑐, 𝑦) (𝐴11) 𝑅(𝑓(𝑥), 𝑓(𝑥))

(𝐴3) 𝑅(𝑥, 𝑥) (𝐴12) 𝑅(𝑓(𝑥), 𝑓(𝑦))

(𝐴4) 𝑅(𝑥, 𝑐) (𝐴13) 𝑅(𝑓(𝑥), 𝑐)

(𝐴5) 𝑅(𝑥, 𝑓(𝑦)) (𝐴14) 𝑅(𝑦, 𝑓(𝑦))

(𝐴6) 𝑅(𝑓
2(𝑥), 𝑦) (𝐴15) 𝑅(𝑥, 𝑓(𝑐))

(𝐴7) 𝑅(𝑓(𝑐), 𝑦) (𝐴16) 𝑅(𝑥, 𝑓
2(𝑦))

(𝐴8) 𝑅(𝑓(𝑥), 𝑥)

The filter ofP𝑅 consisting of these atomic formulas, ordered by ⊢, is drawn
in Figure A.6.
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(3) For a variable x appearing in Φ, a function symbol f , and variables
y1, . . . , ym not appearing in Φ, δ(x) = f(y1, . . . , ym) and δ(z) = z for
all other z ∈ X.

Type (2) is of course technically a special case of type (3). These basic types
of substitutions give the covering relations in PR.

This analysis yields the first simple properties of PR.

Theorem 4. For each relation symbol R, the ordered set PR has these
properties.

(1) PR has a greatest element.
(2) For each p ∈ PR, the filter ↑p is finite.

An example would serve us well at this point. Let L be the language with
one binary predicate R, one unary function symbol f , and one constant c.
The atomic formulae that can be obtained by 0, 1 or 2 basic substitutions
are

(A0) R(x, y) (A9) R(c, f(y))

(A1) R(f(x), y) (A10) R(c, c)

(A2) R(c, y) (A11) R(f(x), f(x))

(A3) R(x, x) (A12) R(f(x), f(y))

(A4) R(x, c) (A13) R(f(x), c)

(A5) R(x, f(y)) (A14) R(y, f(y))

(A6) R(f2(x), y) (A15) R(x, f(c))

(A7) R(f(c), y) (A16) R(x, f2(y))

(A8) R(x, x)

The filter of PR consisting of these atomic formulae, ordered by ⊢, is drawn
in Figure 1.

A0

A1 A2 A3 A4 A5

A6 A7 A8 A9 A10

A11

A12 A13 A14 A15 A16

Figure 1. Top of PR

In general, the structure at the top of PR is more restricted than indicated
by Theorem 4. Define the depth of an element b in an ordered set with 1 to
be the shortest length of a maximal chain from b to 1.

Figure A.6. Top of P𝑅 in Example A.9
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In general, the structure at the top ofP𝑅 is more restricted than indicated
by Theorem A.8. Define the depth of an element 𝑏 in an ordered set with 1
to be the shortest length of a maximal chain from 𝑏 to 1.

Theorem A.10. Let 𝑅 be a relation symbol in a language ℒ. If 𝑏 is an
element of depth two in P𝑅, then the interval [𝑏, 1] is isomorphic to one of
the ordered sets in Figure A.7.

Note that each of these possibilities occurs in our example. The proof is
by considering all the ways we can construct an atomic formula of depth 2.

Figure A.7. Intervals at the top of P𝑅

A similar analysis would yield all upper intervals of depth 𝑘 for other
small values of 𝑘. The point, though, is that only a few types of intervals
can occur at the top of P𝑅.

Another restriction on the structure of P𝑅 is a consequence of a well-
known result from computer science.

Theorem A.11. For each relation symbol𝑅, the ordered set P𝑅 is a join
semilattice.

Suppose that 𝑅(s𝑖) for 1 ≤ 𝑖 ≤ 𝑘 are expressions that have a com-
mon lower bound in P𝑅. A common lower bound is called a unifier for
𝑅(s1), . . . , 𝑅(s𝑘), and a greatest lower bound is called a most general uni-
fier. The unification algorithm of J. A. Robinson [102] (see e.g. Theorem 4.3
of Lloyd [79]) gives a most general unifier for a set of expressions that can
be unified, i.e., have a common lower bound.

So, to find the join of two expressions 𝑅(s) and 𝑅(t), we may apply the
unification algorithm to the set of all common upper bounds of 𝑅(s) and
𝑅(t). Note that this set is finite by Theorem A.8(2).

A.2.3. Conclusion. Theorems A.5, A.6 and Corollary A.7 show that a
lattice of atomic theoriesATh(ℬ) is isomorphic to the lattice𝒪(P) of order
ideals of an ordered set P. Theorems A.8–A.11 then give some restrictions
on the ordered setsP that occur in this way. These results tend to support the
idea that the complexities of lattices of universal theories in general arise, not
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from the atomic sentences in the axiom system (e.g., reflexivity for equality),
but rather from the quasi-identities (e.g., symmetry and transitivity). This
is hardly surprising!

A.3. In search of quasicriticality

A.3.1. Quasicriticality. A paper by Adams and Dziobiak [7] induced
us to revisit the old problem, How should quasicriticality be defined? for
structures that are not necessarily finite. Adams and Dziobiak proposed the
definition given below, which we have used in this book. This section ex-
plores the advantages of their definition, while the next section suggests a
strengthening, followed by examples.

Definition: A structure T is quasicritical if T is finitely generated and
Q(T)-subdirectly irreducible.

Let us show that their definition has six desirable properties. Moreover,
the arguments are more natural with this general definition.

1. The old definition is that a finite structure T is quasicritical if T is
not in the quasivariety generated by its proper substructures. SinceQ(𝒳 ) =
SP(𝒳 ) when 𝒳 is a collection of finitely many finite structures, the defini-
tions are equivalent for finite structures. (This is true even when the type is
not finite. A finite structure still has only finitely many substructures, so an
ultraproduct of those is isomorphic to one of them.)

2. Quasicriticality is an inherent property of an algebra: whether T is
quasicritical depends only on Q(T).

3. Every finitely generated structure is either quasicritical or a subdirect
product of quasicritical factors. To see this, let T be a finitely generated
structure, and let 𝒬 = Q(T). The lattice Con𝒬T is algebraic, and every
element of an algebraic lattice is a meet of completely meet irreducible el-
ements. If T is not quasicritical, i.e., not subdirectly irreducible in 𝒬, then
it has a subdirect decomposition T ≤∏︀

𝑖 S𝑖 based on the decomposition of
the least elementΔ of Con𝒬 T as a meet of completely meet irreducible𝒬-
congruences. Each factor S𝑖 is finitely generated, in 𝒬, and 𝒬-subdirectly
irreducible. Since Q(S𝑖) ≤ 𝒬, each S𝑖 is a fortiori subdirectly irreducible
in Q(S𝑖).

Recall that every quasivariety is generated by its finitely generated mem-
bers. Indeed, every structure embeds into an ultraproduct of its finitely gen-
erated substructures (Mal’cev [83]). Combining this with property 3 yields:

4. Every quasivariety is determined by its quasicritical members.
5. If a quasivariety 𝒬 is completely join irreducible in Lq(𝒦), then 𝒬

is generated by any T in 𝒬 ∖ 𝒬*. Moreover, T can be chosen to be finitely
generated, and by property 3, quasicritical.
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Now for any quasivariety 𝒦, the lattice Lq(𝒦) is dually algebraic, so
that every subquasivariety is a join of completely join irreducible quasiva-
rieties. Property 5 says that each completely join irreducible quasivariety is
generated by a quasicritical structure.

When 𝒦 is locally finite of finite type, then conversely each quasicriti-
cal structure generates a quasivariety that is completely join irreducible in
Lq(𝒦). The next property says that, without the finiteness conditions, we
still get finite join irreducibility.

6. The quasivarietyQ(T) generated by a quasicritical structure is finitely
join irreducible. If T is finite and of finite type, then Q(T) is completely
join irreducible.

For assume that T is quasicritical and Q(T) = 𝒬1 ∨ · · · ∨ 𝒬𝑚. Then
T ∈ SP(𝒬1 ∪ · · · ∪ 𝒬𝑚), that is, there exist structures S𝑖 ∈ 𝒬𝑖 such that
T ≤ S1 × · · · × S𝑚, and we may take this to be a subdirect product. But
each S𝑖 is in Q(T), whence T ∼= S𝑖 for some 𝑖, and Q(T) = 𝒬𝑖.

If T is finite and of finite type, then Q(T) is compact in Lq(𝒦) for any
quasivariety 𝒦 containing T. (This is Lemma 2.4 of [62].) For compact
elements, join irreducible is the same as completely join irreducible.

A.3.2. Strong quasicriticality. Now we strengthen the definition in a
way that allows us to characterize those structuresT such thatQ(T) is com-
pletely join irreducible.

Definition: A structure T is strongly quasicritical if T is finitely gener-
ated and Q(T)-subdirectly irreducible, and satisfies the condition

(U) If S𝑖 ∈ Q(T) for all 𝑖 ∈ 𝐼 and T ≤ (
∏︀

𝑖 S𝑖)/𝑈 for an ultrafilter 𝑈
on 𝐼 , then there exist 𝑖0 ∈ 𝐼 , a set 𝐽 , and an ultrafilter 𝑉 on 𝐽 such
that T ≤ S𝐽𝑖0/𝑉 .

Let P𝑠 denote the class operator of taking subdirect products.
Lemma A.12. SP(𝒳 ) ⊆ P𝑠S(𝒳 ), whence Q(𝒳 ) = P𝑠SU(𝒳 ).
TheoremA.13. A quasivariety𝒬 is completely join irreducible in Lq(𝒦)

for any𝒦 ⊇ 𝒬 if and only if 𝒬 = Q(T) for a strongly quasicritical algebra.
Proof. Suppose 𝒬 is completely join irreducible. Let T be a quasicrit-

ical algebra in 𝒬 ∖ 𝒬*. By property 5, 𝒬 = Q(T) so T is 𝒬-subdirectly
irreducible and finitely generated. SupposeT ≤ (

∏︀
𝑖 S𝑖)/𝑈 for a collection

S𝑖 (𝑖 ∈ 𝐼) with each S𝑖 ∈ 𝒬. Then 𝒬 =
⋁︀
𝑖Q(S𝑖), whence 𝒬 = Q(S𝑖0)

for some 𝑖0. Therefore T ∈ P𝑠SU(S𝑖0), and since T is 𝒬-subdirectly irre-
ducible, T ∈ SU(S𝑖0), as desired.

Conversely, assume that T is strongly quasicritical and that Q(T) =⋁︀
𝑗ℛ𝑗 in Lq(Q(T)). Then Q(T) = SPU(

⋃︀
𝑗ℛ𝑗), so there exist structures

S𝑖 (𝑖 ∈ 𝐼) in
⋃︀
𝑗ℛ𝑗 such that Q(T) = P𝑠SU(

⋃︀
𝑖 S𝑖). Because T is quasi-

critical and the S𝑖 are in Q(T), we get T ∈ SU(⋃︀𝑖 S𝑖). As T satisfies (U),
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this implies T ∈ SU(S𝑖0) for some 𝑖0. Thus T ∈ Q(S𝑖0) ≤ ℛ𝑗0 ≤ Q(T)
for the appropriate 𝑗0, so that Q(T) = 𝑅𝑗0 , and Q(T) is completely join
irreducible. �

It must be admitted that the condition (U) is not very practical.

A.3.3. Three examples.

Example A.14.

Let L0 be the lattice of subspaces of a 3-dimensional vector space over
the rational numbers. Note that

∙ L0 is 4-generated, modular, and simple.
∙ Every proper sublattice of L0 is 2-distributive, i.e., satisfies
𝑥 ∧ (𝑦 ∨ 𝑧 ∨ 𝑡) = (𝑥 ∧ (𝑦 ∨ 𝑧)) ∨ (𝑥 ∧ (𝑦 ∨ 𝑡)) ∨ (𝑥 ∧ (𝑧 ∨ 𝑡)).
Indeed, the maximal proper sublattices are isomorphic to either 23

orM𝜔 × 2 orM𝜔,𝜔.
We claim that the quasivariety Q(L0) is completely join irreducible.

Consider a finitely generated lattice T in Q(L0) = P𝑠SU(L0). A sub-
lattice of an ultrapower of L0 has height at most 3, and a finitely generated
subdirect product of lattices of bounded height itself has finite height. By
a result of Huhn [61], if T does not contain a projective plane (necessarily
of characteristic 0 by Freese [44]) as a sublattice, then it is 2-distributive.
Thus every finitely generated lattice in Q(L0) that does not contain L0 is
2-distributive. We conclude that Q(L0)* = Q(L0) ∩ 𝒟2.

Example A.15.

We give an example of a lattice K that is quasicritical but not strongly
quasicritical, so that Q(K) is join irreducible but not completely join irre-
ducible.

Consider the lattices K𝑛 (𝑛 ∈ 𝜔) where K0 = 2 × 2 and K1, K2 are
drawn in Figure A.8. Each K𝑛 is generated by {𝑎0, 𝑏0, 𝑐𝑛}. The lattice K,
as drawn in Figure A.9, contains eachK𝑛 as a sublattice (0 and all elements
with subscripts ≤ 𝑛), and K is generated by {𝑎0, 𝑏0, 𝑐, 𝑑}.

Moreover, K embeds into a reduced product of the lattices K𝑛, as fol-
lows. On the index set 𝜔, let 𝐹 be the filter consisting of all sets ↑𝑘 = {𝑗 :
𝑘 ≤ 𝑗 < 𝜔}. We can embed K into

∏︀
K𝑛/𝐹 as follows, where [x] denotes

the equivalence class of x modulo 𝐹 .
∙ 𝑎𝑛 ↦→ [𝑎0, . . . , 𝑎𝑛−1, 𝑎𝑛, 𝑎𝑛, . . . ] and similarly for 𝑏𝑛, 𝑐𝑛, and 𝑑𝑛,
∙ 𝑎 ↦→ [𝑎0, . . . , 𝑎𝑘−1, 𝑎𝑘, 𝑎𝑘+1, . . . ] and similarly for 𝑏 and 𝑐,
∙ 𝑑 ↦→ [𝑑1, . . . , 𝑑𝑘, 𝑑𝑘+1, 𝑑𝑘+2, . . . ],
∙ 𝑎 ↦→ [𝑎1, . . . , 𝑎𝑘, 𝑎𝑘+1, 𝑎𝑘+2, . . . ],
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∙ 0 ↦→ [0, 0, 0, . . . ].
We conclude that Q(K) =

⋁︀
𝑛Q(K𝑛). This is a proper join, since eachK𝑛

is a splitting lattice, that is, a finite subdirectly irreducible projective lattice.
On the other hand,K is quasicritical withQ(K)-critical pair (𝑎, 𝑎). First

note thatK is semidistributive. Hence the quotient latticeK/𝜃 for anyQ(K)
congruence must be semidistributive.

Any congruence onK collapsing a pair (𝑎𝑖, 𝑎𝑖+1) also collapses (𝑐𝑖, 𝑐𝑖+1),
which in turn collapses (𝑏𝑖, 𝑏𝑖+1). Collapsing (𝑏𝑖, 𝑏𝑖+1) then collapses (𝑎𝑖+1, 𝑎𝑖+2).
Thus any congruence 𝜃 that contains a pair (𝑥, 𝑦) from the top part of K
must collapse each of the chains 𝑎𝑘, 𝑎𝑘+1, 𝑎𝑘+2, . . . , and 𝑏𝑘, 𝑏𝑘+1, 𝑏𝑘+2, . . . ,
and 𝑐𝑘, 𝑑𝑘+1, 𝑐𝑘+1, . . . from some point on. This is a lattice congruence, but
not aQ(K)-congruence, because the quotient lattice fails join semidistribu-
tivity. (You can see this with the dotted lines at the bottom of Figure A.9.)
To be a Q(K)-congruence, 𝑎 must be in the class of 𝑎𝑘, 𝑎𝑘+1, . . . , and like-
wise for 𝑏𝑘 and 𝑏, 𝑐𝑘 and 𝑐. (Any one of these implies the others.) It follows
that 𝑑 = (𝑎 ∨ 𝑏) 𝜃 (𝑎 ∨ 𝑏𝑘) = 𝑑𝑘+1; meeting with 𝑎 yields 𝑎 𝜃 𝑎. It remains
to observe that collapsing (𝑏, 0) or (𝑎, 0) forces 𝑎0 𝜃 𝑐0 or 𝑏0 𝜃 𝑑1, respec-
tively, both in the top part. Thus (𝑎, 𝑎) is a Q(K)-critical pair, whenceK is
Q(K)-subdirectly irreducible.

Example A.16.

Let 𝒰 be the longstyle quasivariety with operations 𝜂, 𝑒, and a unary
predicate 𝐵 satisfying these laws:

𝐵(𝑒) 𝜂𝑒 ≈ 𝑒

𝐵(𝑥)↔ 𝐵(𝜂2𝑥)

𝜂𝑥 ≈ 𝜂𝑦 → 𝑥 ≈ 𝑦

𝜂𝑘𝑥 ≈ 𝑥→ 𝑥 ≈ 𝑒 for 𝑘 ≥ 1.

The lattice of subquasivarieties Lq(𝒰) is given in Figure A.10, along with
its (strongly) quasicritical structures. Note that I ≤ H2 and H ≤ H′ ≤ H.
In particular, Q(H) = Q(H′) is completely join irreducible with two non-
isomorphic quasicritical generators, which cannot happen for locally finite
quasivarieties of finite type (Theorem 2.11 of [62]).
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Figure A.8. The latticesK1 andK2 of Example A.15



294 A. APPENDICES

0

𝑏
𝑑

𝑏2

𝑎

𝑎

𝑎2𝑐

𝑐2

𝑑3𝑏1

𝑑2

𝑎1

𝑐1

𝑏0

𝑑1

𝑐0

𝑎0

Figure A.9. The latticeK, a limit of the lattices K𝑛 in Example A.15
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𝑥 ≈ 𝑒

𝐵(𝑥)→ 𝑥 ≈ 𝑒
⟨I⟩

𝐵(𝑥)&𝐵(𝜂𝑥)→ 𝑥 ≈ 𝑒

⟨H⟩ = ⟨H′⟩

𝒰

𝐵(𝑥)

⟨J⟩

𝐵(𝑥)→ 𝐵(𝜂𝑥)

J :
𝐵 𝐵 𝐵 𝐵

𝑒
𝐵

I : 𝑒
𝐵

H′ :
𝐵 𝐵

𝑒
𝐵

H :
𝐵 𝐵

𝑒
𝐵

Figure A.10. Lq(𝒰) and the quasicritical structures in 𝒰
from Example A.16
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