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Preface

The book Roads to Quoz, by William Least Heat-Moon, describes
that author’s search for the mysterious reward that awaits the curious
traveler, as much in the journey as the destination. This monograph
describes the current authors’ search, perhaps equally quixotic, to un-
derstand the mysteries of quasivarieties. As with Least Heat-Moon, we
started with less ambitious objectives, but followed where the road led.
You are invited to travel with us, and share the pleasures.

This being a mathematical journey, we begin with some definitions.
A variety is the class of all algebras (of the same similarity type)

that satisfy some given set of equations. For example, the variety of
abelian groups is defined by the group axioms and commutativity:

x(yz) ≈ (xy)z

x1 ≈ x

xx−1 ≈ 1

xy ≈ yx.

Varieties, also known as equational classes, are characterized by being
closed under homomorphic images, subalgebras and direct products.

A quasivariety is the set of all algebras (of the same type) that
satisfy some given set of implications

s1 ≈ t1 & · · · & sn−1 ≈ tn−1 → sn ≈ tn

where each si, ti is a term. We allow n = 1, so that equations count
as implications, and varieties are also quasivarieties. For example, the
quasivariety of all abelian groups with no element of order 5 is defined
by the above equations and the implication

x5 ≈ 1→ x ≈ 1.

Quasivarieties are characterized by being closed under subalgebras, di-
rect products and ultraproducts.

Quasivarieties came into being as solutions to concrete algebra
problems, perhaps beginning with Mal’cev’s 1939 characterization of
semigroups that can be embedded into groups [122, 123]. By the
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1970’s, quasivarieties of various algebraic systems were being studied
in their own right. Of course, when one is studying quasivarieties of
a specific type of algebra, say groups or lattices, then the structural
properties of those algebras play a crucial role. But there are also
some general methods that apply, and our goal in this monograph is
to formalize and investigate some of those principles.

Both Garrett Birkhoff and A. I. Mal’cev suggested that quasiva-
rieties could be studied in terms of their lattice of subquasivarieties
[33, 125]. That is the approach we take, though as always, in the ex-
amples we must delve into the structure of particular types of algebras.

In this monograph we restrict our attention to locally finite qua-
sivarieties of finite type, i.e., with only finitely many operations and
relations. This is in part because this investigation arose from our
study of certain finitely generated quasivarieties, and our desire to find
a common method for dealing with those various situations. But also,
the remarkable properties of locally finite quasivarieties seem to justify
this restriction. Meanwhile, we have continued in parallel our investi-
gation into subquasivariety lattices for general quasivarieties [17].

We can summarize the results as follows. Our goal is to develop
methods for working with locally finite quasivarieties of finite type.
These tools are used to analyze the structure of the lattice Lq(K) of
subquasivarieties of such a quasivariety K. It turns out that the lattice
Lq(K) is both algebraic and dually algebraic, join semidistributive,
and it is a fermentable lattice. Quasivarieties that are completely join
irreducible or completely meet irreducible in Lq(K) are characterized,
and likewise quasivarieties that are completely join prime or completely
meet prime.

For any finite algebra T ∈ K, there is a finite set E(T) of quasi-
equations such that, for any subquasivariety Q ≤ K, it is the case that
T /∈ Q if and only if Q satisfies ε for some ε ∈ E(T). Moreover, given
T and its congruence lattice Con T, it is straightforward to find the
quasi-equations in E(T). For each quasi-equation ε in E(T), there is a
finite list U1, . . . ,Uk of finite algebras in K such that an algebra S ∈ K

satisfies ε if and only if S contains no Ui as a subalgebra.
Since Lq(K) is algebraic, every subquasivariety of K is a meet of

completely meet irreducible quasivarieties. For every completely meet
irreducible quasivariety M in Lq(K), there is a finite algebra T, not in
M, such that M = 〈ε〉 for a quasi-equation ε in E(T). Quasivarieties Q
that are finitely based relative to K are then the intersection of finitely
many such quasivarieties 〈εi〉, with each εi in E(Ti) for some Ti not
in Q. Thus finitely based quasivarieties can also be characterized in
terms of omitting finitely many subalgebras.
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The methods are illustrated by applying them to quasivarieties of
1-unary and 2-unary algebras, lattices, abelian groups, and pure unary
relational structures.





CHAPTER 1

Introduction and Background

1.1. Introduction

The properties of a quasivariety are reflected in the structure of
its lattice of subquasivarieties. For example, a subquasivariety S of a
quasivariety K is finitely based relative to K if and only if S is dually
compact in the lattice of subquasivarieties of K. In order to understand
how quasivarieties work, we need general methods to analyze their
lattices of subquasivarieties.

Let Lq(K) denote the lattice of subquasivarieties of a quasivariety
K. The goal of this monograph is to present algorithms that enable us
to describe the structure of Lq(K) when K is a quasivariety of locally
finite structures of finite type. Most of our examples are unary algebras
and pure unary relational structures, but we also consider quasivarieties
of lattices and abelian groups. The theory developed here applies to
structures of arbitrary finite type.

The basic properties of lattices Lq(Q), without the locally finite
and finite type restriction on Q, were studied by Viktor Gorbunov and
his Siberian school. These results are presented in Gorbunov’s book
[77]. Further refinements were obtained by Adaricheva and Nation
[19]; see also [18]. The basic properties that are known to hold in
general lattices of quasivarieties can be summarized as follows. (A
more complete discussion is in the Appendix.) For any quasivariety Q,
the lattice Lq(Q) of subquasivarieties

• is dually algebraic,
• is join semidistributive,
• is atomic,
• supports an equaclosure operator,
• has the Jónsson-Kiefer property.

These properties can be derived most easily from representations of
the subquasivariety lattices. Recall that a subset of a complete lattice is
an algebraic subset if it is closed under arbitrary meets and nonempty
directed joins. The characterization theorem of Gorbunov and Tu-
manov [79] says that Lq(Q) is isomorphic to the lattice Sp(L, R) of all
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2 1. INTRODUCTION AND BACKGROUND

algebraic subsets of an algebraic lattice L that are closed with respect
to a distributive binary relation R; see Section 5.2 of Gorbunov [77].

The representation theorem of Adaricheva and Nation [19] says that
Lq(Q) is dually isomorphic to the congruence lattice of a semilattice
with operators. Applying Hyndman et al. [87], we see that for any
quasivariety Q there exist an algebraic lattice L and a monoid H of
operators on L, with each operator in H preserving arbitrary meets and
nonempty directed joins, such that Lq(Q) is isomorphic to Sp(L, H), the
lattice of all H-closed algebraic subsets of L.

It has been known for some time, however, that when K is a locally
finite quasivariety of finite type, then there are additional restrictions.
For varieties, we refer to Hobby and McKenzie [83] or Kiss and Kearnes
[104]. With respect to quasivarieties, see Gorbunov [77] or Freese et
al. [70]. For example, if K is locally finite and has finite type, and
Lq(K) is finite, then it is a lower bounded homomorphic image of a
free lattice. This is not true for general quasivarieties: Lq(Q) can be a
finite lattice that is not lower bounded [19]. Also, for K locally finite of
finite type, the lattices Lq(K) satisfy quasi-equations that do not hold
in general subquasivariety lattices [70, 77]. Indeed, a quasi-identity
holds in all lattices of quasivarieties if and only if it is a consequence of
join semidistributivity (Gorbunov [77], Theorem 5.2.9, based on [78]).
See Section 4.2 for a discussion of these differences.

Our investigation of the structure of subquasivariety lattices begins
with an analysis of the completely join irreducible and completely meet
irreducible quasivarieties in Lq(K), where K is locally finite and has
finite type. Further, we will be concerned with the join and meet
dependencies in Lq(K). These results can be turned into algorithms
for working with concrete locally finite quasivarieties of finite type. We
will illustrate this by considering in depth a moderately complicated
quasivariety of unary algebras, plus quasivarieties of 1-unary algebras
and pure unary relational structures. When the calculations become
involved or tedious, we turn to the Universal Algebra Calculator to aid
in the analysis.

The main results of this monograph can be summarized as follows.
We begin with an organized presentation of the elementary, well known
results (up through Theorem 18), and proceed from there. Let K be a
locally finite quasivariety of finite type.

• The quasivariety 〈T〉 generated by a finite algebra in K is
compact in Lq(K) (Lemma 9).
• The lattice Lq(K) is both algebraic and dually algebraic (The-

orem 10).
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• A quasivariety is completely join irreducible in Lq(K) if and
only if it is generated by a single finite quasicritical algebra
(Theorem 13).
• Every compact quasivariety has a canonical join representation

in Lq(K) (Theorem 18).
• For any finite algebra T ∈ K, we explicitly construct a finite

set E(T) of quasi-equations such that, for any subquasivariety
Q ≤ K, we have T /∈ Q if and only if Q satisfies ε for some
ε ∈ E(T) (Theorem 31).
• Every completely meet irreducible quasivariety in Lq(K) is de-

fined by a quasi-equation ε ∈ E(T) for some finite quasicritical
algebra T (Theorem 35). However, not every such quasivariety
need be meet irreducible.
• For any finite algebra T and ε ∈ E(T), there is a finite set

of finite algebras U1, . . . ,Uk such that an algebra A ∈ K

satisfies ε if and only if A omits each Uj as a subalgebra
(Theorem 54).
• A quasivariety Q ≤ K is finitely based relative to K if and only

if there exist finitely many quasicritical algebras V1, . . . ,Vm

such that for any algebra A ∈ K, we have A ∈ Q if and only
if A omits each Vj as a subalgebra (Theorem 60).
• Lq(K) is a fermentable lattice (Corollary 74).

A principal tool in the analysis is reflection congruences, which are
discussed in Section 2.2. A second tool is characterizing satisfaction of
quasi-equations by omitted subalgebras, which is done in Section 2.3.

From our point of view, though, the algorithms that enable us to
prove these results are as exciting as the consequences themselves. In
Chapter 5 we apply the method to a variety M of 2-unary algebras
with 0. The small quasicritical algebras, the quasivarieties they gen-
erate, and the relations between them in Lq(M) are determined. The
variety M in itself has no particular importance, but it is complicated
enough to be interesting and provide a good test for the algorithms.

Then in Chapter 6 we apply the method to 1-unary algebras satis-
fying f rx ≈ f sx. This yields a straightforward derivation of results of
Kartashov [96, 97, 98, 99, 102]. Finally, in Chapter 7 we consider
quasivarieties of pure unary relational structures.

The authors would like to thank colleagues who collaborated on
various parts of this project. Ralph Freese added the test for qua-
sicriticality to the Universal Algebra Calculator. David Casperson,
Jesse Mason and Brian Schaan worked with us on unary algebras with
a 2-element range. We worked with Joel Adler on quasivarieties of
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1-unary algebras, and with Kira Adaricheva on unary relational struc-
tures. The section on pseudoquasivarieties incorporates joint work with
Steffen Lempp and Kira Adaricheva. Joy Nishida has been involved in
studying the closely related topic of congruence lattices of semilattices
with operators. Brian Davey, Lucy Ham, Marcel Jackson, and Tomasz
Kowalski from the algebra seminar at Latrobe University provided a
careful critique of an earlier version of the book. All these folk have
contributed to the mathematics, and likewise to our enjoyment, of this
investigation.

1.2. Background

Let us informally review the basic universal algebra that will be
used in the sequel.

The type of a class of algebras or structures consists of their oper-
ation symbols and relation symbols, with their respective arities. The
class has finite type if it has only finitely many such symbols, each of
finite arity. In general, a structure may have both operations and rela-
tions. Structures with only operations are termed algebras, while those
with only relations are called pure relational structures.

Note to the reader: Up until Chapter 7, our results are stated in
terms of algebras, rather than more general structures. This is perhaps
more familiar territory for most readers. But the results are true for
structures as well, and the changes required for this adaptation are
straightforward.

Likewise, in this monograph we work in languages that contain
an equality relation ≈. There are times when it is useful to consider
implicational classes in languages without equality; see, for example,
[17, 51, 132, 139].

Our notation from universal algebra is standard. In particular,
given a structure T, then Sg(X) denotes the substructure generated
by a subset X ⊆ T , and Cg(Y ) denotes the congruence generated by
a set of pairs Y ⊆ T 2. We write S ≤ T to mean that S is isomorphic
to a substructure of T, that is, there is an embedding h : S → T.
Subdirect products are denoted by T ≤s U1 × · · · ×Uk, meaning that
T ≤ U1 × · · · ×Uk and the projection maps πih are surjective.

Terms in a set of variables X are the smallest collection such that

(1) each x ∈ X is a term;
(2) if t1, . . . , tm are terms and f is an operation symbol of arity m

in the type, then f(t1, . . . , tm) is a term.
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An atomic formula is an expression of the form s ≈ t where s, t are
terms, or R(s1, . . . , sn) where s1, . . . , sn are terms and R is a relation
symbol in the type.

A quasi-equation (or definite Horn sentence) is an implication of
the form α1 & · · · & αk → β where α1, . . . , αk, β are atomic formulas.
The antecedent is allowed to be empty (k = 0), so that atomic formulas
themselves are quasi-equations.

Examples of quasi-equations from the language of lattices include
distributivity and join semidistributivity:

x ∧ (y ∨ z) ≈ (x ∧ y) ∨ (x ∧ z)

x ∨ y ≈ x ∨ z → x ∨ y ≈ x ∨ (y ∧ z).

An example from the language of groups would be x2 ≈ 1→ xy ≈ yx,
saying that transpositions are central.

We say that a structure S satisfies a quasi-equation ϕ if the impli-
cation is true for every substitution σ : X → S of elements of S for the
variables. We say that S satisfies a collection Φ of quasi-equations if S
satisfies every ϕ ∈ Φ.

The quasi-equations satisfied by a class K of structures are often
referred to as its quasi-identities.

A class of structures Q is a quasivariety if there is a set of quasi-
equations Φ such that Q is the set of all structures (of the given type)
that satisfy Φ. The classic characterization of quasivarieties uses the
class operators: for a collection X of structures of the same type,

• H(X) denotes all homomorphic images of structures in X,
• S(X) denotes all isomorphic copies of substructures of struc-

tures in X,
• P(X) denotes all direct products of structures in X,
• U(X) denotes all ultraproducts of structures in X,
• R(X) denotes all reduced products of structures in X.

Note that P(X) and R(X) include the empty product, which is a 1-
element structure with all possible relations of the type holding. The
classes H(X), S(X), etc. are taken to be closed under isomorphism, by
convention.

Theorem 1. The following are equivalent for a class Q of structures
of the same type.

(1) Q is a quasivariety.
(2) Q is closed under S, P and U.
(3) Q = SPU(Q).
(4) Q = SR(Q).
(5) Q = SUP(Q).
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Let us denote the quasivariety generated by X as Q(X).

Corollary 2. If X is a collection of structures of the same type,
then

Q(X) = SR(X) = SPU(X) = SUP(X) .

Theorem 1 is Corollary 2.3.4 in Gorbunov’s book [77], based on
Mal’cev [124], and incorporating ideas of  Loś (see [44]), Mal’cev [121],
Horn [84], Chang and Morel [45] and Frayne, Morel and Scott [66].
Our Lemma 7 gives part of the proof.

Of particular importance to us is the case when X consists of finitely
many structures, say X = {X1, . . . ,Xk}. In that case, any ultraproduct
of members of X is isomorphic to some Xj. This has the following
consequence.

Corollary 3. If X is a finite set of structures, then Q(X) =
SP(X).

If Φ is a set of atomic formulas, then the class of all models of Φ
is called a variety. In that case we have the familiar characterization
of Birkhoff [31]: A class V of structures is a variety if and only if
HSP(V) = V. The variety generated by a collection X of structures is
denoted V(X).

Let Q be a quasivariety and T ∈ Q. Since quasivarieties need not
be closed under homomorphic images, for a congruence θ ∈ Con T the
quotient T/θ may or may not be in Q. Those congruences θ such that
T/θ ∈ Q are called Q-congruences. The Q-congruences of T form a
complete meet subsemilattice of Con T, denoted ConQ T.

If Q is a quasivariety and X any set, then there is a free structure
FQ(X) with the properties

• X generates FQ(X);
• FQ(X) ∈ Q;
• if T ∈ Q, then any map h0 : X → T extends to a homomor-

phism h : FQ(X)→ T.

For any collection C of structures, the free structure is constructed as
a subdirect product of substructures of members of C. Thus if V is the
variety HSP(Q), then FV(X) = FQ(X). The difference is that every
homomorphic image of the free structure lies in V, but not necessarily
in Q.

A quasivariety Q is locally finite if every finitely generated structure
in Q is finite. This is equivalent to the free structure FQ(n) being finite
for every positive integer n.

A quasivariety is finitely generated if it is generated by a finite col-
lection of finite structures. It is not hard to see that every finitely
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generated quasivariety is locally finite. Proofs can be found in the uni-
versal algebra textbooks of Bergman [27] (Theorem 3.49), Burris and
Sankappanavar [39] (Theorem II.10.16), or McKenzie, McNulty and
Taylor [119] (Theorem 4.99). These theorems are stated for varieties,
but since FV(X)(Y ) = FQ(X)(Y ) for any set of structures X and set Y ,
a quasivariety is locally finite if and only if the variety it generates is
locally finite.

A locally finite quasivariety need not be finitely generated. The
example of pseudocomplemented distributive lattices (or p-algebras)
is given in Bergman [27], Theorem 4.55. Monadic algebras provide a
similar example, given as Exercises 4.10.3 and 4.11.15 in McKenzie,
McNulty and Taylor [119].

For a quasivariety K, let Lq(K) denote the lattice of quasivarieties
contained in K, ordered by containment. That is, P ≤ Q in Lq(K) if
every structure in P is also in Q, and every structure in Q is in K. Like-
wise, for a variety V, let Lv(V) denote the lattice of varieties contained
in V. If V is the variety and K the quasivariety generated by a finite
structure, then the lattices Lv(V) and Lq(K) may be finite or infinite,
in either order.

Consider the variety V(A) and the quasivariety Q(A) generated by
a finite algebra A. Then of course Q(A) ⊆ V(A), but it can easily
happen that Lv(V(A)) is finite, while Lq(Q(A)) is infinite. In particu-
lar, if A lies in a congruence distributive variety, then V(A) will have
only finitely many subvarieties, by Jónsson’s Lemma [91]. But for the
same algebra, the quasivariety Q(A) can have uncountably many sub-
quasivarieties. A classical example of this phenomenon is the result of
Grätzer and Lakser that the quasivariety generated by the 8-element
lattice M3,3 contains continuum many subquasivarieties [82].

On the other hand, when Q(A) ⊂ V(A), it is possible to have
Lq(Q(A)) finite and Lv(V(A)) infinite. Let N1

2 denote the 3-element
semigroup on the set {a, 0, 1} with a2 = 0, the element 0 a zero
and 1 a unit. Then Carlisle [41, 62] showed that |Lv(V(N1

2))| =
ℵ0, while straightforward calculations using Corollary 34 yield that
|Lq(Q(N1

2))| = 5.
In a probabilistic sense, almost all finite algebras are quasiprimal,

by a theorem of Murskĭı [129]. For a finite quasiprimal algebra B,
it happens that Q(B) = V(B), and Lq(Q(B)) = Lv(V(B)) is a finite
distributive lattice. The classical theory of these well-behaved algebras
and the quasivarieties they generate is surveyed in Section A.6 of the
Appendix.

A variety is finitely based if it is determined by finitely many atomic
formulas. Let V be a variety and K a quasivariety of the same type.



8 1. INTRODUCTION AND BACKGROUND

If V ≤ K, then V is finitely based relative to K if V is determined by
finitely many atomic formulas in addition to the axioms of K. Likewise,
a quasivariety is finitely based if it is determined by finitely many quasi-
equations, and similarly for a subquasivariety Q ≤ K being finitely
based relative to K. Of course, when K is itself finitely based (as often
is the case), these notions are the same.

Let us quickly review the better-known finite basis results for vari-
eties, following largely the survey in Maróti and McKenzie [120]. High-
lights include the Oates-Powell theorem that the variety generated by
a finite group is finitely based [140], Kruse’s theorem that the variety
generated by a finite ring is finitely based [111], and Baker’s theorem
that a finitely generated congruence distributive variety is finitely based
[24]. McKenzie proved that a finitely generated congruence modular
variety with a cardinal bound on the size of its subdirectly irreducible
members is finitely based [117], and Willard proved the corresponding
result for congruence meet semidistributive varieties [169].

There are many examples of finitely generated varieties that are
not finitely based. A couple of the originals are Lyndon’s 7-element
algebra [114] and Murskĭı’s 3-element groupoid [128]. Bryant showed
that a finite group with a distinguished element as a constant need not
be finitely based [37].

Turning to quasivarieties, Ol’̌sanskĭı showed that the quasi-identities
of a finite group are finitely based if and only if every Sylow subgroup
of the group is abelian [141]. Belkin in [26] proved that a finite ring
has a finite basis for its quasi-identities if and only if the ring satisfies
x3 ≈ 0→ x2 ≈ 0 and x2 ≈ y2 ≈ xyx ≈ 0→ xy ≈ 0. Sapir proved that
the quasi-identities of a finite completely simple semigroup are finitely
based if and only if it is a rectangular group (the direct product of
a group and a rectangular band), all Sylow subgroups of which are
abelian [148, 149].

Other examples of finitely generated quasivarieties that are not
finitely based include a 10-element lattice (Belkin [26]) and an 18-
element semigroup with an additional unary operation (Lawrence and
Willard [112]).

Our examples in Chapter 5 of finitely based and non-finitely based
quasivarieties are unary algebras with a constant 0 and a two-element
range {0, 1}. A criterion for when such an algebra generates a finitely
based quasivariety (Theorem 88 below) was given in Casperson et
al. [43]. See also [30, 42, 85, 100]. In particular, these papers provide
lots of examples of finitely based and non-finitely based quasivarieties.
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A quasivariety K is relatively congruence distributive if the lattice
of K-congruences ConK T is distributive for every T ∈ K. As an ana-
logue to Baker’s theorem for varieties, Pigozzi proved that every finitely
generated relatively congruence distributive quasivariety has a finite
basis of quasi-equations [143]. See Blok and Pigozzi [36], Dziobiak
[56], Nurakunov and Stronkowski [138] for related results on relatively
congruence distributive quasivarieties.

The relatively congruence distributive theorem was extended to
finitely generated, relatively congruence meet semidistributive quasi-
varieties by Dziobiak, Maróti, McKenzie and Nurakunov [60]. An ear-
lier version is that SP(K) is finitely axiomatizable when K is a finite
collection of finite algebras such that SP(K) has pseudocomplemented
congruence lattices and HS(K) ⊆ SP(K).

Pigozzi conjectured that every finitely generated relatively congru-
ence modular quasivariety is finitely based. The best progress to date
is the result of Dziobiak, Maróti, McKenzie and Nurakunov that if a
finitely generated relatively congruence modular quasivariety also gen-
erates a congruence modular variety, then it is finitely based [60].

1.3. Review of complete lattices

This section contains a short review of some lattice theory that we
will use. More complete accounts include Davey and Priestley [47],
Grätzer [81], and Nation [131]. There is also a good summary in
McKenzie, McNulty and Taylor [119].

A lattice is a partially ordered set in which every pair of elements
x, y has a greatest lower bound, denoted x ∧ y and called the meet,
and a least upper bound, denoted x∨y and called the join. A complete
lattice is a partially ordered set in which every subset X has a greatest
lower bound, denoted

∧
X, and a least upper bound, denoted

∨
X.

The least element of a complete lattice L is denoted by 0L, and its
greatest element by 1L. By convention,

∨
∅ = 0L and

∧
∅ = 1L.

The dual of a partially ordered set P = 〈P,≤〉 is the ordered set
Pd = 〈P,≤d〉 where a ≤d b iff a ≥ b. If P is a lattice or complete
lattice, then so is Pd, with the meet and join operations interchanged.
For any lattice notion, there is a dual notion obtained by interchanging
≤ and ≥, ∧ and ∨,

∧
and

∨
.

A complete meet semilattice is a partially ordered set S in which
every subset X has a greatest lower bound

∧
X. This includes that S

should have a greatest element, 1S =
∧
∅. The crucial observation is

that a complete meet semilattice is in fact already a complete lattice,
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with its join given by
∨

X =
∧
{s ∈ S : s ≥ x for all x ∈ X}.

That is, the least upper bound of a set is the meet of all its upper
bounds, as long as that meet exists.

This leads us directly to the notion of a closure system. A closure
system is a complete meet subsemilattice of a complete lattice. The
most important cases are closure systems S that consist of a collection
of subsets of a set U with the property that S is closed under arbitrary
intersections, and hence a complete meet subsemilattice of the power
set lattice P(U). Closure systems always form a complete lattice.

Examples of closure systems include the following.

(1) The collection of all closed sets in a topological space.
(2) The collection of all substructures of a structure, denoted

Sub S.
(3) The collection of all congruence relations on a structure, de-

noted Con S.
(4) For a fixed quasivariety Q, the collection of all congruence re-

lations θ on a structure S such that S/θ ∈ Q, denoted ConQ S.

An element a of a lattice L is meet irreducible if a =
∧
X for a

finite nonempty set X implies a ∈ X. The element a is completely
meet irreducible if a =

∧
X for an arbitrary set X ⊆ L implies a ∈ X.

A completely meet irreducible element a in a complete lattice has a
unique upper cover,

a∗ =
∧
{x ∈ L : x > a}.

The notions of join irreducible, completely join irreducible, and the
unique lower cover a∗ are defined dually, interchanging meet and join.

An element p of a lattice L is join prime if p ≤ ∨X for a finite
nonempty set X implies p ≤ x for some x ∈ X. The element p is
completely join prime if p ≤ ∨X for an arbitrary set X ⊆ L implies
p ≤ x for some x ∈ X. Of course, meet prime and completely meet
prime are defined dually. In a complete lattice, completely join prime
and completely meet prime elements come in pairs: if p is completely
join prime, then q =

∨{x ∈ L : x � p} is completely meet prime, and
L is the disjoint union of the filter ↑p = {x ∈ L : x ≥ p} and the ideal
↓q = {x ∈ L : x ≤ q}.

An element c of a complete lattice L is compact if whenever c ≤ ∨X
for a subset X ⊆ L, there is a finite subset F ⊆ X such that c ≤ ∨F .
Clearly 0L is compact, and the join of finitely many compact elements
is compact.
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A complete lattice is algebraic if every element is a (possibly infinite)
join of compact elements. That is, L is algebraic if for every x ∈ L,
x =

∨{c ∈ L : c ≤ x and c is compact}.
Most of the important lattices that arise in algebra are either al-

gebraic or dually algebraic. Substructure lattices Sub S, congruence
lattices Con S, and lattices of relative congruences ConQ S are all alge-
braic. On the other hand, lattices of subvarieties Lv(V) and lattices of
subquasivarieties Lq(Q) are dually algebraic (because these lattices are
each dually isomorphic to the corresponding lattice of theories, which
is algebraic).

Algebraic lattices have some strong structural properties. A lattice
L is weakly atomic if whenever a < b in L, there exist elements u,
v such that a ≤ u ≺ v ≤ b. A complete lattice is upper continuous
if for every chain D in L and every a ∈ L, a ∧ ∨D =

∨
d∈D(a ∧ d).

Equivalently, a ∧∨D =
∨
d∈D(a ∧ d) for every nonempty up-directed

set contained in L.

Theorem 4. Let L be an algebraic lattice.

(1) L is weakly atomic.
(2) L is upper continuous.
(3) Every element of L is a meet of completely meet irreducible

elements.

Part (3) is particularly important for quasivarieties because, when
applied to congruence lattices Con S or to relative congruence lattices
ConQ S, it yields subdirect decompositions into subdirectly irreducible
structures (Birkhoff [31]).

Corollary 5. (1) Every structure is a subdirect product of subdi-
rectly irreducible structures.

(2) Every structure in a quasivariety Q is a subdirect product of
structures that are subdirectly irreducible within Q.

Structures that are in a quasivariety Q and have no proper subdirect
decomposition with factors in Q are called Q-subdirectly irreducible.

The join semidistributive law is the quasi-equation

(SD∨) x ∨ y ≈ x ∨ z → x ∨ y ≈ x ∨ (y ∧ z).

Lattices of subquasivarieties Lq(Q) are known to be dually algebraic
and join semidistributive [77]. Indeed, since being dually algebraic
implies lower continuity, Lq(Q) satisfies the more general join semidis-
tributive law,

u ≈ x ∨ zi for all i ∈ I implies u ≈ x ∨
∧

i∈I

zi.
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Section A.3 of the Appendix sketches a proof that a subquasivariety
lattice Lq(Q) has the even stronger Jónsson-Kiefer Property; see Corol-
lary 155.



CHAPTER 2

Structure of Lattices of Subquasivarieties

2.1. Completely join irreducible quasivarieties

Remember that the lattice Lq(K) of all subquasivarieties of a quasi-
variety K is dually algebraic and join semidistributive. The goal of this
section is to characterize the completely join irreducible quasivarieties
in Lq(K). Most of the results in this section can be found in Section 5.1
of Gorbunov’s book [77].

Let us begin with some general considerations. It is convenient to
use 〈T〉 to denote the quasivariety generated by an algebra T in K,
that is 〈T〉 = Q(T) for a single algebra T. It will cause no confusion
to also use 〈ε〉 to denote the quasivariety consisting of all algebras in
K that satisfy a quasi-equation ε.

Finite joins of quasivarieties have a simple description.

Lemma 6. Let K be any quasivariety. Consider subquasivarieties
Q, R ≤ K and an algebra T ∈ K. Then T ∈ Q ∨R if and only if T is
a subdirect product of algebras in Q and R.

Proof. If T ≤ A×B with A ∈ Q and B ∈ R, then T ∈ Q ∨ R.
Conversely, assume T ∈ Q ∨ R = SPU(Q ∪ R). An ultraproduct of

algebras in Q ∪ R is isomorphic to either an ultraproduct of algebras
in Q or ultraproduct of algebras in R, and both Q and R are closed
under ultraproducts. Hence T ∈ SP(Q∪R), wherefore it is a subdirect
product of algebras in Q and R. �

Infinite joins of quasivarieties require more care. Recall Corollary 2,
that for any class of structures X, the quasivariety generated by X is
given by

Q(X) = SR(X) = SPU(X) = SUP(X) .

The characterization Q(X) = SR(X) = SPU(X) is a fundamental theo-
rem of model theory. There is a complete proof in Chapter V of Burris
and Sankappanavar [39]; see Theorem V.2.25. Note that the equality
SR(X) = SPU(X) just reflects the fact that any filter on a boolean
algebra (in this case the boolean algebra 2I , where I is the index set
for a direct product) is an intersection of ultrafilters.

13
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One version of the characterization of quasivarieties in Theorem 1
and Corollary 2 may be unfamiliar to many readers, viz., that Q(X) =
SUP(X). Since that is the version we use in the proof of Lemma 9,
and the proof in Gorbunov [77] is rather roundabout, let us give a
direct, elementary proof that this is equivalent to one of the standard
characterizations.

Lemma 7. If X is a collection of algebras of the same type, then
SR(X) = SUP(X).

Proof. Since direct products and ultraproducts are special types
of reduced products, and R2(X) = R(X), it is clear that SUP(X) ⊆
SR(X).

For the reverse inclusion, consider an algebra A ∈ SR(X). Then
there exist a collection Bi (i ∈ I) of algebras in X, a filter F on I, and
an embedding γ : A ≤ (

∏
i∈I Bi)/≡F . We may assume ∅ /∈ F , else A

is trivial.
For each a ∈ A, choose a representative δ(a) of the ≡F -class γ(a).

Since γ is one-to-one, we have δ(a) ≡F δ(c) if and only if a = c. If
we use the notation [[x = y]]S = {i ∈ S : xi = yi}, this becomes
[[δ(a) = δ(c)]]I ∈ F iff a = c. The homomorphism property of γ can
then be written as

[[f(δ(a1), . . . , δ(ak)) = δ(f(a1, . . . , ak))]]I ∈ F
whenever f is a fundamental operation of arity k and a1, . . . , ak ∈ A.

The next observation, however simple, is crucial.

Lemma 8. If a, c ∈ A and T ⊆ S = [[δ(a) = δ(c)]]I , then δ(a)|T =
δ(c)|T in the direct product

∏
i∈T Bi.

Continuing with the proof of Lemma 7, let D =
∏

S∈F (
∏

i∈S Bi).
We describe an ultrafilter V on F and an embedding β : A ≤ D/≡V .
This will show that A ∈ SUP(X).

Let V0 be the collection of all sets ↓S ∩F = {T ∈ F : T ⊆ S} with
S ∈ F . Note that (↓S1 ∩F )∩ (↓S2 ∩F ) =↓(S1 ∩ S2)∩F , and S1 ∩ S2

is in F when S1, S2 ∈ F . Thus V0 is closed under finite intersections
and does not contain the empty set. Hence V0 can be extended to an
ultrafilter V on F .

Let ε : A → D be defined by ε(a)S = δ(a)|S, that is, ε(a) is the
vector whose S-th component is the projection of δ(a) onto

∏
i∈S Bi.

Then define β(a) = ε(a)/≡V . We must show that β is an embedding,
i.e., one-to-one and a homomorphism.

Let a, c ∈ A and suppose β(a) = β(c), so that ε(a) ≡V ε(c). Thus
[[ε(a) = ε(c)]]F is in V ; in particular, it is nonempty. Hence there exists
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an S0 ∈ F such that ε(a)S0 = ε(c)S0 , i.e., δ(a)|S0 = δ(c)|S0 . Therefore
[[δ(a) = δ(c)]]I ⊇ S0, whence it is in F and a = c.

It remains to show that

[[f(ε(a1), . . . , ε(ak)) = ε(f(a1, . . . , ak))]]F ∈ V
whenever f is a fundamental operation of arity k and a1, . . . , ak ∈ A.
But we know that

S1 = [[f(δ(a1), . . . , δ(ak)) = δ(f(a1, . . . , ak))]]I ∈ F.
By Lemma 8, for every T in ↓S1 ∩ F we have f(δ(a1), . . . , δ(ak))|T =
δ(f(a1, . . . , ak))|T . Thus ↓S1 ∩F is contained in [[f(ε(a1), . . . , ε(ak)) =
ε(f(a1, . . . , ak))]]F , whence the latter is in V . �

Recall from Corollary 3 that if X consists of finitely many finite
algebras, then Q(X) = SP(X). In particular, if T is finite, then 〈T〉 =
SP(T).

Lemma 9. Assume that K has finite type, and let T be a finite
algebra in K. Then 〈T〉 is compact in the lattice of subquasivarieties
of K.

Proof. Let Hi for i ∈ I be quasivarieties contained in K, and
suppose that T is in their join, which is the quasivariety generated by
X =

⋃
i∈I Hi. Then T ∈ SUP(X), so that T ≤ A for some algebra A

that is an ultraproduct of algebras Bj for j ∈ J , say A =
∏

j∈J Bj/≡U ,
and each Bj is a product of algebras from X. Since T is a finite al-
gebra of finite type, there is a (long) first-order sentence saying that
an algebra B contains a subalgebra isomorphic to T. Since this holds
in the ultraproduct, the set of indices j such that T can be embedded
into the algebra Bj is in the ultrafilter U . In particular, it is nonempty,
so T can be embedded into some Bj0 . Now Bj0 =

∏
k∈K Ck with each

Ck ∈ X =
⋃
i∈I Hi. Again because T is finite, only finitely many k’s

are needed, so that T ≤ ∏k∈F Ck for some finite subset F ⊆ K. But
now only finitely many Hi’s are involved, and thus 〈T〉 is compact. �

If follows of course that the quasivariety generated by finitely many
finite algebras in K is compact in Lq(K). Mal’cev observed that, in
general, a quasivariety Q is generated by a single algebra if and only
if whenever A, B ∈ Q there exists C ∈ Q such that both A and
B are embeddable into C; see [124, 59]. For example, if A and B
each contain an element that is idempotent for all operations, then
〈A〉 ∨ 〈B〉 = 〈A × B〉. On the other hand, if C2 and C3 are 1-unary
algebras that are cycles of length 2 and 3, respectively, then 〈C2〉∨〈C3〉
is not generated by a single algebra.
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Easy examples show that a finitely generated quasivariety need not
be compact in Lq(K) if K does not have finite type. In order not to
disrupt the flow of thought, we defer these examples to Section 2.6 at
the end of this chapter.

Theorem 10. If K is a locally finite quasivariety of finite type,
then the lattice of quasivarieties Lq(K) is both algebraic and dually
algebraic.

Proof. Every subquasivariety lattice Lq(K) is dually algebraic.
Assuming that K is locally finite and has finite type, we use Lemma 9
to show that it is also algebraic.

Let Q1, Q2 be quasivarieties in K with Q1 < Q2. Then there is
a quasi-equation µ that holds in Q1 but not in Q2. Hence there is a
finitely generated algebra T ∈ Q2 \ Q1. Since K is locally finite, T is
finite. Then 〈T〉 is a compact quasivariety below Q2 but not below Q1

in Lq(K). �

An argument only slightly more involved shows that finite algebras
generate compact varieties in the lattice Lv(V) of subvarieties of a lo-
cally finite variety V of algebras; see Theorem 49 in Section 2.6. Thus
these lattices are also algebraic and dually algebraic.

Whenever L is a complete lattice and c is compact in L, then by
Zorn’s Lemma there exist elements that are maximal with respect to
being not above c. Any such element is necessarily completely meet
irreducible. Applying this to Lq(K) yields the following.

Corollary 11. Let T be a finite algebra in a quasivariety K of
finite type. For any quasivariety Q with T /∈ Q, there exists a completely
meet irreducible quasivariety maximal with respect to being above Q but
not above 〈T〉 in Lq(K).

For a finite algebra T in K, let us define κ(T) to be the set of all
quasivarietes N ≤ K that are maximal with respect to the property
that T /∈ N. Corollary 11 guarantees that κ(T) is nonempty, and we
will see shortly that it is finite. Theorem 31 and the discussion following
it show how we can determine which quasivarieties are in κ(T).

A lattice is spatial when every element is a join of completely join
irreducible elements. A lattice is dually spatial when every element is a
meet of completely meet irreducible elements. Every algebraic lattice
is dually spatial. Our lattices Lq(K) are both algebraic and dually
algebraic, so we have this consequence.

Corollary 12. If K is a locally finite quasivariety of finite type,
then Lq(K) is both spatial and dually spatial.
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Now we turn to identifying the completely join irreducible quasiva-
rieties in Lq(K).

A finite algebra T is quasicritical if T is not in the quasivariety
generated by its proper subalgebras. The origins of the next theorem
are lost in antiquity.

Theorem 13. Let K be a locally finite quasivariety of finite type.
A quasivariety is completely join irreducible in Lq(K) if and only if it
is generated by a single finite quasicritical algebra.

The proof employs a technical lemma that will be used again later.
Recall that Q(X) denotes the quasivariety generated by a set X of
algebras.

Lemma 14. Let K be a locally finite quasivariety of finite type. Let
S1, . . . ,Sm be finite algebras in K, and let T be a finite quasicritical
algebra in K. If Q(S1, . . . ,Sm) = Q(T), then T ≤ Sj for some j.

Proof. Recall that ∆ = ∆T denotes the least congruence on T.
The fact that T ∈ Q(S1, . . . ,Sm) = SP(S1, . . . ,Sm) means that T is a
subdirect product of subalgebras of the algebras Sj. Thus in ConK T
there is a decomposition ∆T =

∧
i≤n ϕi where for each i there exists ji

such that T/ϕi ≤ Sji .
For each i ≤ n, let Ri

∼= T/ϕi. Since Ri ≤ Sji is in Q(T), we
have Ri ≤ T` for some `. Thus in ConK T there is a decomposition
ϕi =

∧
k ψik with T/ψik ≤ T for each k.

So ∆T =
∧
i

∧
k ψik with each T/ψik ≤ T. Since T is quasicritical,

there is a pair (i0, k0) such that ∆T = ψi0k0 . But then ϕi0 =
∧
k ψi0k =

∆T, whence T = T/∆T ≤ Sji0 , as desired. �

The proof of the one direction of Theorem 13 is now readily finished.
Let T be a finite quasicritical algebra in K. The fact that 〈T〉 is
compact means that if 〈T〉 were completely join reducible, then it would
be join reducible. So assume that 〈T〉 = Q1 ∨ · · · ∨Qm in Lq(K). Then
T can be written as a subdirect product, T ≤s S1×· · ·×Sm with each
Si ∈ Qi. Since each Qi ≤ 〈T〉, it follows that Q(S1, . . . ,Sm) = 〈T〉. By
Lemma 14, T ≤ Sj for some j. Then 〈T〉 ≤ 〈Sj〉 ≤ Qj ≤ 〈T〉, whence
Qj = 〈T〉. Thus 〈T〉 is completely join irreducible.

For the converse, we use this lemma of Mal’cev [126]:

Lemma 15. Every algebra can be embedded into an ultraproduct of
its finitely generated subalgebras.

It remains to show that if Q is a completely join irreducible qua-
sivariety, then Q is generated by a quasicritical algebra. However, Q
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is generated by any algebra T that is in Q but not in its lower cover
Q∗. By Mal’cev’s lemma, T can be chosen to be finitely generated, and
hence finite, since K is locally finite. Such an algebra of minimal size
must be quasicritical. This completes the proof of Theorem 13.

Because the lattice of quasivarieties is dually algebraic, every quasi-
variety is determined by the completely join irreducible quasivarieties
it contains, or equivalently for K locally finite, by the quasicritical
algebras it contains.

Remark. We have not defined quasicritical for infinite algebras.
The definition should of course be one that enables us to prove the
analogue of Theorem 13 for general quasivarieties.

Applying Lemma 14 with m = 1 and S, T both quasicritical yields
an important consequence.

Theorem 16. Let K be a locally finite quasivariety of finite type. If
S and T are distinct finite quasicritical algebras in K, then 〈S〉 6= 〈T〉.

Let us pause to examine how the preceding results relate to the
structure of Lq(K). First, it follows from Mal’cev’s lemma that a com-
pact quasivariety can be generated by finitely many, finitely generated
algebras. Thus when K is locally finite of finite type, the compact qua-
sivarieties in Lq(K) are generated by finitely many, finite algebras. In
fact, let us show that there is a canonical such representation in this
case.

Recall that for subsets A, B of a lattice L, we say that A refines B,
written A � B, if for every a ∈ A there exists b ∈ B with a ≤ b. We
say that an element c ∈ L has a canonical join representation if there
is a finite set D ⊆ L such that c =

∨
D irredundantly, and whenever

c =
∨
E with E finite, then D � E. The canonical join representation

D necessarily consists of an antichain of join irreducible elements. The
canonical part is that no element of D can be omitted or replaced by
a set of lower elements in the lattice.

Dual refinement, written A� B, and canonical meet representation
are defined dually. Note that, because of the quantification, A� B is
not the same as B � A.

Standard lattice theory arguments give the canonical join represen-
tation for compact elements (Gorbunov [75]).

Theorem 17. Let c be a compact element in a complete, lower
continuous, join semidistributive lattice L. Then c has a canonical
join representation in L.

Of course, the canonical joinands of a compact element must be
completely join irreducible.
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Theorem 17 applies to Lq(Q) for any quasivariety Q, because it
is join semidistributive and dually algebraic, with the latter property
implying lower continuity.

Theorem 18. For any quasivariety Q, the compact elements of
Lq(Q) have a canonical join representation.

When K is a locally finite quasivariety of finite type, we know ex-
actly what the compact quasivarieties in Lq(K) are, viz., those gen-
erated by finitely many finite quasicritical algebras. In Section 4.1,
we will refine this observation considerably by showing that Lq(K) is
fermentable; see Corollary 74.

It is hard to see exactly what this decomposition says about the
structure of a finite algebra T ∈ K. So let us look at a direct proof
of the canonical form for the quasivariety generated by a single finite
algebra. The technical lemma that does all the work requires some
setup.

Let T be a finite algebra in a locally finite quasivariety K of finite
type. Let

S = {θ ∈ ConK T : T/θ ≤ T},
i.e., S consists of those K-congruences on T such that the factor algebra
is isomorphic to a subalgebra of T. Of course, ∆T ∈ S. We say that
Φ ⊆ ConK T is a maximal meet representation of ∆T in S if

(i) Φ ⊆ S,
(ii) ∆T =

∧
Φ,

(iii) if Ψ ⊆ S, ∆T =
∧

Ψ and Ψ� Φ, then Φ ⊆ Ψ.

(This is the standard definition of a maximal meet representation, rel-
ativized to meets where the meetands are required to lie in S.)

Lemma 19. Let T be a finite algebra in a locally finite quasivariety
K of finite type, and define S as above. Let Φ = {ϕ1, . . . , ϕm} be a
maximal meet representation of ∆T in S. For i ≤ m, let Si ∼= T/ϕi.
Then

(1) 〈T〉 = 〈S1〉 ∨ · · · ∨ 〈Sm〉,
(2) whenever 〈T〉 = Q1 ∨ · · · ∨ Qn in Lq(K), then

{〈S1〉, . . . , 〈Sm〉} � {Q1, . . . ,Qn}.

Proof. The first part holds because T ≤ S1×· · ·×Sm and Si ≤ T
for all i. For part (2), we must show that if 〈T〉 = Q1 ∨ · · · ∨ Qn, then
for all Si there exists Qj such that 〈Si〉 ≤ Qj, i.e., Si ∈ Qj.

Now 〈T〉 ≤ Q1 ∨ · · · ∨ Qn means that T ≤s R1 × · · · × Rn with
each Rj ∈ Qj. That is, there exist congruences ψj on T such that
∆T =

∧
j ψj and T/ψj ∼= Rj.
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Meanwhile, Qj ≤ 〈T〉 means that each Rj ≤ Tnj , implying that
Rj ≤s Uj1×· · ·×Ujnj with each Ujk ≤ T. (Note though, the algebras
Ujk need not be in Qj.) Thus in each ConK Rj there are congruences
θjk such that ∆Rj

=
∧
k θjk and Rj/θjk ∼= Ujk. By the Noether Iso-

morphism Theorems, there are congruences θ̂jk ∈ ConK T such that

ψj =
∧
k θ̂jk and T/θ̂jk ∼= Ujk. Hence ∆T =

∧
j

∧
k θ̂jk.

For each i ≤ m, consider the restrictions θ̂jk|Si . Clearly we have

∆Si =
∧
j

∧
k θ̂jk|Si . Again by the Isomorphism Theorems, there are

congruences θ̃jk ∈ ConK T such that ϕi =
∧
j

∧
k θ̃jk and T/θ̃jk ∼=

Si/θ̂jk|Si . Thus

T/θ̃jk ∼= Si/θ̂jk|Si ≤ T/θ̂jk ∼= Ujk ≤ T

whence each θ̃jk is in S.

Let Θ̃ denote the collection on those congruences θ̃jk. Then Θ̃ ⊆ S,

∆T =
∧

Θ̃ and Θ̃ � Φ. By the maximality of Φ, this implies Φ ⊆ Θ̃.

That is, for each i ≤ m there exists a pair (ji, ki) such that ϕi = θ̃jiki .

A fortiori, ϕi =
∧
k θ̃jik.

Recall that ψji =
∧
k θ̂jik, whence ψji |Si =

∧
k θ̂jik|Si . Again using

the Isomorphism Theorems, the congruence ψ̃ji ≥ ϕi such that T/ψ̃ji
∼=

Si/ψji |Si satisfies ψ̃ji =
∧
k θ̃jik. Thus ψ̃ji = ϕi.

Now

T/ψ̃ji
∼= Si/ψji |Si ≤ T/ψji

∼= Rji ∈ Qji ,

whence Si ∼= T/ϕi ∈ Qji , as desired. �

While we will see more complex instances of Lemma 19 in later
chapters, the abelian group Z2

p, with congruence lattice Mp+1, provides
a simple example. The maximal meet representation Φ of ∆ in S need
not be unique, and the factors Si = T/ϕi need not be distinct. Indeed,
two quasivarieties 〈Si〉 and 〈Sj〉 could be equal or comparable. But the
maximal quasivarieties in the set {〈S1〉, . . . , 〈Sk〉} are uniquely deter-
mined, and they are the members of the canonical join representation
of 〈T〉.

Theorem 20. Let T be a finite algebra in a locally finite quasiva-
riety K of finite type, and let

S = {θ ∈ ConK T : T/θ ≤ T},
For i ≤ k, let Si ∼= T/ϕi. Then the maximal quasivarieties in the set
{〈S1〉, . . . , 〈Sk〉} are the members of the canonical join representation
of 〈T〉 in Lq(K).
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Note that the canonical join representation of 〈T〉 can be found
effectively given T and its K-congruence lattice.

Corollary 21. Every finite algebra is either quasicritical or a
subdirect product of quasicritical subalgebras.

The corollary has an elementary proof; see Lemma 68.
While we have shown that 〈T〉 is completely join irreducible when T

is quasicritical, we have not described a method for determining exactly
which quasicritical algebras are in 〈T〉. For any given algebra A, one
can determine whether A ≤ Tn for some n, by comparing the subdirect
decompositions of A with a list of subalgebras of T. (The Universal
Algebra Calculator can be of assistance here.) But it is harder to tell
whether, or when, a list of quasicritical algebras in 〈T〉 is complete.

Indeed, a finitely generated quasivariety might contain uncount-
ably many subquasivarieties. The classical example is that the quasi-
variety generated by the modular lattice M3,3 contains infinitely many
quasicritical algebras and 2ℵ0 subquasivarieties [82]. Lemma 112 and
Corollary 113 show that the quasivariety 〈T3〉 generated by a 3-element
unary algebra likewise contains infinitely many quasicriticals and 2ℵ0

subquasivarieties. Both these quasivarieties are in fact Q-universal; see
Section 5.5.

2.2. Reflections

Given an algebra T in a quasivariety K, and a subquasivariety
Q ≤ K, the reflection of Q in T is the congruence

ρTQ =
∧
{θ ∈ ConK T : T/θ ∈ Q}.

When working with a single algebra, we may omit the superscript T.
Note that if we fix a quasivariety K, then for a subquasivariety

Q ≤ K the reflection ρQ will be a K-congruence, i.e., T/ρQ ∈ K. As
long as we are interested in the lattice of subquasivarieties Lq(K), it
makes sense to restrict our attention to the lattice ConK T of all K-
congruences of T, i.e., all congruences θ such that T/θ ∈ K.

Lemma 22. Let T be a finite algebra in a quasivariety K of finite
type. The reflection map ρ : Lq(K)→ ConK T has these properties.

(1) ρQ is the least congruence such that T/θ ∈ Q.
(2) In particular, T ∈ Q if and only if ρQ = ∆.
(3) If Q ≤ R, then ρQ ≥ ρR.
(4) ρQ∨R = ρQ ∧ ρR.
(5) More generally, ρ∨Qi =

∧
ρQi.

(6) If ρQi = θ for all i ∈ I, then ρ∧Qi = θ.
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The proofs are left to the reader. For part (4), note that an algebra
satisfies S ∈ Q ∨ R if and only if S is a subdirect product of algebras
in Q and R (Lemma 6). Then for (5), use compactness (Lemma 9).

Let us say that a congruence θ is a reflection congruence if θ = ρQ
for some quasivariety Q. Note that reflection congruences are closed
under meets, since

∧
ρQi = ρ∨Qi . Thus the reflection congruences form

a complete meet subsemilattice of ConK T. Of course, ∇ = ρT and ∆ =
ρK are reflection congruences, where T denotes the trivial quasivariety
generated by a 1-element structure with all possible relations of the
type holding.

Because the reflection congruences on T are closed under arbitrary
meets, they form a closure system. Thus we can define a reflection
closure operator γT on ConK T. For θ ∈ ConK T, let

γT(θ) =
∧
{ρTQ : Q ∈ Lq(K) and ρTQ ≥ θ}.

Then γT is a closure operator, with γT(θ) being the least reflection
congruence on T containing θ. A K-congruence θ is a reflection con-
gruence if and only if γT(θ) = θ. Again we omit the superscript T
when the context is clear.

Lemma 23. Let θ ∈ ConK T. Then

(1) θ ≥ ρ〈T/θ〉;
(2) θ is a reflection congruence if and only if θ = ρ〈T/θ〉.

Proof. Let B = T/θ and B = 〈B〉. The first statement of the
lemma follows from B = T/θ ∈ B. For the second part, if θ = ρB then
clearly it is a reflection congruence. Conversely, assume θ = ρQ. This
implies B = T/θ ∈ Q, whence B ≤ Q and ρB ≥ ρQ. Combining with
(1) yields ρB ≥ ρQ = θ ≥ ρB. �

This gives us an effective method for deciding whether a given con-
gruence θ is a reflection congruence.

Theorem 24. A congruence θ ∈ ConK T is a reflection congruence
if and only if for all ϕ ∈ ConK T, T/ϕ ∈ 〈T/θ〉 implies ϕ ≥ θ.

The next result summarizes the options, followed by some useful
consequences.

Corollary 25. Let θ ∈ ConK T.

(1) If θ is a reflection congruence, then ρ〈T/θ〉 = θ = γ(θ).
(2) If θ is not a reflection congruence, then ρ〈T/θ〉 < θ < γ(θ).

Corollary 26. Let α be an atom in ConK T. Then α is a reflec-
tion congruence if and only if T /∈ 〈T/α〉.



2.2. REFLECTIONS 23

Corollary 27. If ϕ ≤ ψ ≤ θ in ConK T and θ/ψ is not a re-
flection congruence in T/ψ, then θ/ϕ is not a reflection congruence in
T/ϕ.

Theorem 24 will be applied repeatedly in Chapter 5 to find the
reflection congruences for small algebras.

An elementary argument shows that if a quotient algebra T/θ sat-
isfies a quasi-equation ε, and σ is an automorphism of T, then T/σ(θ)
also satisfies ε. Hence T/θ ∈ Q if and only if T/σ(θ) ∈ Q. This
observation has the following useful consequence.

Lemma 28. Every reflection congruence is characteristic, that is,
σ(ρQ) = ρQ for every automorphism σ ∈ Aut T.

Thus if θ ∈ ConK T and there is an automorphism σ such that
σ(θ) 6= θ, then θ is not a reflection congruence. Indeed, whenever ϕ,
θ are distinct congruences in ConK T with T finite and T/ϕ ∼= T/θ,
then of course T/ϕ ∈ 〈T/θ〉, so ρ〈T/θ〉 ≤ ϕ ∧ θ < θ, and θ is not a
reflection congruence. In practice, this comes up often.

The results thus far in this section did not require local finiteness.
At this point in the discussion, let us fix a locally finite quasivariety
K of finite type. Our long-range goals are to describe completely meet
irreducible quasivarieties in Lq(K) (Theorem 35) and to find κ(T) for
quasicritical algebras (Theorem 37). The analysis requires some setup.

Let T be a finite (not necessarily quasicritical) algebra in K. Let
X be a finite set of variables, large enough so that T has a generating
set with |X| elements. Let W(X) be the term algebra (absolutely
free algebra) in the type of K generated by X, and let FK(X) be the
free algebra over K generated by X. Set ϕ : W(X) � FK(X) to
be the homomorphism that evaluates each term in the free algebra.
Finally, for a pair of terms u, v ∈ W(X), let CgK(u ≈ v) denote the
K-congruence on FK(X) generated by (ϕ(u), ϕ(v)).

Fix a surjective homomorphism m : FK(X) � T. For each element
a in T , pick a term ta ∈ W (X) in (mϕ)−1(a). Set H to be the set of
equations

H = {f(ta1 , . . . , tan) ≈ tb | f is an n-ary basic operation and

fT(a1, . . . , an) = b}.

The diagram of T is the conjunction

&
ψ∈H

ψ.
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The point of all this setup is that we have found pairs of terms so that
∨

ψ∈H

CgK(ψ) = kerm

in ConK FK(X).
Often the conjunction H includes more information than necessary.

In practice, it is convenient to use diag(T) to denote any conjunction
ψ1 & ψ2 & · · · & ψk of a subset of H such that

CgK(ψ1) ∨ · · · ∨ CgK(ψk) = kerm.

For each minimal congruence α � ∆ in ConK T, choose elements a,
b ∈ T such that α = CgK(a, b). Then form the quasi-equation

εT,α : diag(T)→ ta ≈ tb.

For example, if T is the unary algebra ({a, b, c}, f) with f(a) = b and
f(b) = c = f(c), and α = Cg(b, c), then εT,α can be written as

f 3(x) ≈ f 2(x)→ f 2(x) ≈ f(x).

Theorem 29. Let K be a locally finite quasivariety of finite type,
and let T be a finite algebra in K. The following are equivalent for a
quasivariety Q ≤ K and an atom α in ConK T.

(1) Q ≤ 〈εT,α〉 in Lq(K).
(2) εT,α is in the theory of Q.
(3) For every A ∈ Q, A satisfies εT,α.
(4) For every A ∈ Q, if h : T → A is a homomorphism, then

α ≤ kerh.
(5) α ≤ ρTQ .
(6) γ(α) ≤ ρTQ .

Thus Q satisfies εT,α if and only if α ≤ ρTQ .

Indeed, it is easy to see that each successive pair is equivalent, and
this yields in particular (2) ⇔ (5). In words, Theorem 29 says that
〈εT,α〉 is the largest quasivariety Q such that ρTQ ≥ α.

Corollary 30. If α is an atom in ConK T, then γ(α) = ρT〈εT,α〉.

Proof. First, take Q = 〈εT,α〉 in Theorem 29. Then (1) ⇒ (6)
yields γ(α) ≤ ρT〈εT,α〉. For the reverse inclusion, choose a quasivariety

R such that γ(α) = ρTR . Then (6) ⇒ (1) yields R ≤ 〈εT,α〉. Taking
reflections, we obtain γ(α) = ρTR ≥ ρT〈εT,α〉, as desired. �

Note that the equivalence of (2) and (4) in Theorem 29 means
that, for practical purposes, εT,α is independent of the choice of the
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pair (a, b) generating α. For if α = CgK(a, b) = CgK(c, d), then the
quasi-equation diag(T)→ ta ≈ tb is equivalent to diag(T)→ tc ≈ td.

Theorem 31. Let K be a locally finite quasivariety of finite type.
Let T be a finite algebra in K, and let α1, . . . , αn be the set of atoms
in ConK T. Let Q be any quasivariety in Lq(K). Then T /∈ Q if and
only if Q satisfies εT,αi for some i.

Proof. Clearly, if the theory of Q contains one of these quasi-
equations, then T /∈ Q because T fails it under the substitution by
mϕ, where mϕ : W(X)→ T is the map used to construct εT,α.

Conversely, assume T /∈ Q. Then ρTQ > ∆, and hence ρTQ ≥ α for
at least one atom α of ConK T. By Lemma 29, this implies that Q

satisfies εT,α. �

Corollary 32. If T is a finite algebra in a locally finite quasi-
variety K of finite type, then the quasivariety 〈T〉 has finitely many
lower covers in Lq(K), each of the form 〈T〉 ∧ 〈εT,α〉 for some atom α
of ConK T.

Clearly, the quasi-equation εT,α can be defined in the same way
for any principal congruence in ConK T. Theorem 31 shows why the
quasi-equations for atoms of the K-congruence lattice are our primary
interest.

If a finite algebra T is quasicritical, then the proper subalgebras
of T generate a quasivariety S with T /∈ S. Then ρTS ≥ α for some
atom α of ConK T, and hence every proper subalgebra of T satisfies
the corresponding quasi-equation εT,α.

On the other hand, 〈T〉 is join irreducible in Lq(K) when T is qua-
sicritical, so S ≤ 〈T〉∗, while 〈T〉∗ = 〈T〉 ∧ 〈εT,β〉 for some (possibly
different) atom β. There is a useful criterion to decide whether the
lower cover 〈T〉∗ is the quasivariety S generated by the proper subal-
gebras of T.

Theorem 33. Let T be a quasicritical algebra in a locally finite
quasivariety K of finite type, and let S be the quasivariety generated by
the proper subalgebras of T. The following are equivalent.

(1) For all n ≥ 2, if U ≤ Tn, then either U ∈ S or T ≤ U.
(2) S = 〈T〉∗.
Proof. First assume (1), and consider any finite algebra U ∈ 〈T〉.

Then U ≤ Tn for some n, whence by (1) either U ∈ S or T ≤ U. In
the latter case, 〈U〉 = 〈T〉. Thus every finite algebra in 〈T〉 that does
not generate 〈T〉 is contained in S. Since every subquasivariety of K
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is determined by the finite algebras it contains (by local finiteness), we
conclude that S = 〈T〉∗.

Conversely, assuming that S = 〈T〉∗, consider a subalgebra U ≤ Tn.
If 〈U〉 < 〈T〉, then U ∈ 〈T〉∗ = S. On the other hand, if 〈U〉 = 〈T〉
then T ≤ U by Lemma 14 with m = 1. Thus (1) holds. �

Problem 2 of Chapter 8 asks whether there is a bound B, perhaps
depending on T, such that it suffices to check property (1) for n ≤ B.
Meanwhile, the algebra seminar at Latrobe University (Brian Davey,
Lucy Ham, Marcel Jackson, and Tomasz Kowalski) observed that a
slightly stronger condition can often be used to show that S = 〈T〉∗.

Corollary 34. Let T be a quasicritical algebra in a locally finite
quasivariety K of finite type, and let S be the quasivariety generated by
the proper subalgebras of T. The following are equivalent.

(1) If U ≤ T2 and either coordinate projection is onto T, then
T ≤ U.

(2) For all n ≥ 2, if U ≤ Tn and some coordinate projection is
onto T, then T ≤ U.

Moreover, these conditions imply that S = 〈T〉∗.
The proof of equivalence, by induction on n, is left to the reader.

Clearly property (1) of the corollary is easily checked, while property
(2) implies Theorem 33(1).

2.3. Completely meet irreducible quasivarieties

Now let us apply the results of the previous section to the structure
of Lq(K). Recall that every quasivariety in Lq(K) is a meet of com-
pletely meet irreducible quasivarieties. Our next result identifies those
quasivarieties that are completely meet irreducible.

Theorem 35. Let K be a locally finite quasivariety of finite type.
Let Q be a completely meet irreducible quasivariety in Lq(K). Then
Q = 〈εT,α〉 for a quasicritical algebra T ∈ K and some congruence
α � ∆ in ConK T.

Proof. Let Q be a completely meet irreducible quasivariety, and
let Q∗ denote its unique upper cover in Lq(K). Then Q = 〈ϕ〉 for any
quasi-equation ϕ that is in the theory of Q but not in the theory of Q∗.

Consider any finite algebra S ∈ Q∗ \ Q, whence 〈S〉 ≤ Q∗ but
〈S〉 � Q, and apply Theorem 31. Then S ∈ Q∗ implies that Q∗ fails εS,β
for every atom β of ConK S, while S /∈ Q implies that Q satisfies εS,β0
for some β0 � ∆. By the preceding paragraph, we have Q = 〈εS,β0〉.
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Note that Q∗ = Q ∨ 〈S〉 in Lq(K). By the lower continuity of
Lq(K), there is a minimal quasivariety W such that Q∗ = Q ∨ W.
The join semidistributivity of Lq(K) makes this minimal W unique.
Moreover, W is completely join irreducible, so W = 〈T〉 for a finite
quasicritical algebra (Theorem 13). Thus Q = 〈εT,α〉 for some atom α
of ConK(T). �

By Theorem 16, there is a unique choice for the quasicritical algebra
T generating W in the proof of Theorem 35. However, there may be
other quasicritical algebras S with 〈T〉 < 〈S〉 ≤ Q∗. For any such S
we also have Q = 〈εS,β〉 for some atom β. This situation is illustrated
by the pentagon at the bottom of the lattice Lq(M) of Figure 21 in
Chapter 5, with Q 7→ 〈T5〉, S 7→ T2, and T 7→ T1.

The converse of Theorem 35 is false. Examples of meet reducible
quasivarieties 〈εT,α〉 with T quasicritical and α � ∆ are given in Propo-
sitions 111(11), 115 and 154. The situation when this occurs is de-
scribed in Corollary 63.

Recall that for a finite algebra T in K, κ(T) denotes the set of all
quasivarietes N ≤ K that are maximal with respect to the property
that T /∈ N, and that any N ∈ κ(T) is completely meet irreducible.
The rest of this section will be devoted to results for deciding which
quasivarieties 〈εT,α〉 comprise κ(T). The quasivarieties 〈εT,α〉 for dif-
ferent atoms α need not all be distinct, nor need they all be in κ(T).

Theorem 36. Let T be a finite algebra in a locally finite qusivariety
K of finite type. For atoms α, β � ∆ in ConK T, the following are
equivalent.

(1) εT,β implies εT,α.
(2) 〈εT,β〉 ≤ 〈εT,α〉 in Lq(K).
(3) ρT〈εT,β〉 ≥ ρT〈εT,α〉 in ConK T.

(4) γT(β) ≥ γT(α) in ConK T.

Proof. Clearly, (1) and (2) are equivalent, while (3) and (4) are
equivalent per Corollary 30. Moreover, (2) implies (3) because re-
flection is order-reversing. Conversely, assume that (3) holds, so that
ρT〈εT,β〉 ≥ ρT〈εT,α〉 = γ(α). Applying the implication (6) ⇒ (2) of Theo-

rem 29 to α and Q = 〈εT,β〉 yields 〈εT,β〉 ≤ 〈εT,α〉, which is (2). �

Because reflection reverses order, we have the following consequence.

Theorem 37. Let T be a finite algebra in a locally finite qusivariety
K of finite type. Then 〈εT,α〉 ∈ κ(T) if and only if γT(α) is minimal
among the nonzero reflection congruences of T.
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We should be very explicit about this connection. Given a com-
pletely meet irreducible quasivariety Q, and any finite algebra T in
Q∗ \ Q, we have Q ∈ κ(T). Then Q = 〈εT,α〉 for some atom α � ∆ in
ConK T. Moreover, γT(α) is a minimal nonzero reflection congruence
in ConK T. However, T may have more than one minimal nonzero
reflection congruence, in which case |κ(T)| > 1.

Among the finite algebras T ∈ Q∗\Q, there is a unique quasicritical
one W with 〈W〉 minimal, so that 〈W〉∗ ≤ Q. This reflects the fact
that Lq(K) is join semidistributive.

However, 〈W〉 need not be the only quasivariety minimal with re-
spect to being not below Q = 〈εT,α〉 when Q is completely meet irre-
ducible. There may be other quasivarieties with this property. These
are each generated by a finite quasicritical algebra, but by join semidis-
tributivity 〈T〉 will be the only one that is below Q∗. The set of algebras
R such that 〈R〉 is minimal with respect to not being below 〈εT,α〉 will
be denoted N(T, α). We give an algorithm for finding it in the next
section.

The generic situation surrounding a completely meet irreducible
quasivariety Q in Lq(K) is illustrated in Figure 1. The corresponding
diagram for a completely join irreducible quasivariety 〈T〉 is given in
Figure 2.

Corollary 38. The following are equivalent for a finite algebra
T ∈ K.

(1) 〈T〉 is join prime in Lq(K).
(2) 〈T〉 is completely join prime in Lq(K).
(3) |κ(T)| = 1.
(4) There is a unique minimal nonzero reflection congruence in

ConK T.

Moreover, if T satisfies these properties and α ∈ ConK T is an atom
such that γ(α) is the minimal nonzero reflection congruence, then for
every subquasivariety Q ≤ K, either 〈T〉 ≤ Q or Q ≤ 〈εT,α〉. Thus
〈εT,α〉 is completely meet prime in Lq(K).

Corollaries 55 and 58 contain additional information along these
lines. In particular, the corollary above applies when ConK T has a
unique atom, i.e., when T is K-subdirectly irreducible.

Let us introduce one more bit of terminology. McKenzie showed in
[115] that a finite, subdirectly irreducible lattice L that is a bounded
homomorphic image of a free lattice has a splitting equation ϕ with the
property that for any lattice variety V, we have L /∈ V if and only if
V satisfies ϕ. For example, the splitting equation for the pentagon N5
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Q ∨ 〈R〉

Q∗

Q

〈W〉∗

〈W〉

〈R〉∗

〈R〉
〈S〉

〈S〉∗

1

Figure 1. Typical situation starting with Q completely
meet irreducible. (Ticks indicate covers.) Here both
S and W are quasicritical algebras in Q∗ \ Q, so that
Q = 〈εS,α〉 = 〈εW,β〉 for some α, β. The algebra W
is the unique quasicritical with the additional property
that 〈W〉∗ ≤ Q. Note Q ∈ κ(S) and Q ∈ κ(W), since it
is maximal with respect to not containing each. Mean-
while, R is a quasicritical algebra such that 〈R〉∗ ≤ Q

but 〈R〉 � Q∗, so that 〈R〉 ∈ N(T, α) although Q /∈
κ(R).

in lattices is the modular law. Analogously, for any finite structure T
in a locally finite quasivariety K of finite type, we have that T /∈ Q for
a subquasivariety Q ≤ K if and only if Q satisfies εT,α for some atom
α of ConK T (Theorem 31). Hence we refer to the quasi-equations
εT,α as the semi-splitting quasi-equations of T; their satisfaction by a
quasivariety corresponds to omitting the structures in N(T, α) (The-
orem 54). If T has a unique minimal reflection congruence, so that
there is up to equivalence only one εT,α, then we refer to εT,α as the
splitting quasi-equation for T.

Remark. McKenzie’s characterization of splitting lattices, i.e., lat-
tices that generate a completely join prime lattice variety, is that L is
a splitting lattice if and only if L is finite, subdirectly irreducible, and
a bounded homomorphic image of a free lattice [115]. For other vari-
eties of algebras, we have the following. Recall that an algebra A is
weakly projective in a class K if A ∈ K and whenever A is a homo-
morphic image of an algebra B ∈ K, then A embeds into B. (This
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〈T〉 ∧ Q2

Q2

〈T〉∗

Q∗
2

〈T〉
Q1

Q∗
1

1

Figure 2. Typical situation starting with 〈T〉 com-
pletely join irreducible. Here Q1 = 〈εT,α〉 and Q2 =
〈εT,β〉, say. It can also happen that 〈T〉 ∧ Q2 = 〈T〉∗.
Ticks indicate covers.

is slightly weaker than the categorical notion of projective.) It is easy
to see that a finite, weakly projective, subdirectly irreducible algebra
A in a variety V generates a subvariety V(A) that is completely join
prime in Lv(V). In that case, A has a splitting equation ϕ with the
property that for any subvariety W ≤ V, we have A /∈W if and only if
W satisfies ϕ. Splitting lattices need not be weakly projective, so this
condition is sufficient but not necessary for an algebra to generate a
splitting variety.

In Chapters 5–7 there are many examples where 〈εT,α〉 is not in
κ(T) for one or more atoms α. A sufficient condition is provided by the
next corollary, which is a consequence of Corollary 26 and Theorem 37.

Corollary 39. If α is an atom in ConK T and T/α satisfies εT,α,
then α is a reflection congruence and 〈εT,α〉 ∈ κ(T).

2.4. Quasivarieties of modular lattices

In this section we examine some quasivarieties of modular lattices.
One of the first real theorems of lattice theory is due to Richard

Dedekind [50].

Theorem 40. The following are equivalent for a lattice L.

(1) L satisfies the quasi-equation

x ≥ y → x ∧ (y ∨ z) ≈ y ∨ (x ∧ z).
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Mk

1

Figure 3. The lattice Mk with k atoms.

(2) L satisfies the equation

x ∧ ((x ∧ y) ∨ z) ≈ (x ∧ y) ∨ (x ∧ z).

(3) L does not contain the pentagon N5 as a sublattice.

A lattice satisfying the properties of Theorem 40 is called modular.
Let M denote the class of all modular lattices. Dedekind’s characteri-
zation of modular lattices by exclusion of the pentagon as a sublattice
was the motivation for McKenzie’s description of splitting lattices and
splitting varieties [115].

Dedekind also showed that if a modular lattice L has a finite max-
imal chain of length k, then every maximal chain in L has length k.
We then say that k is the dimension of L. Recall that every finite
dimensional, subdirectly irreducible, modular lattice is simple [32].

Our goal is to describe a lower segment of the subquasivariety
lattice Lq(M). The results are illustrated in Figure 5. In this sec-
tion, because we are dealing with both varieties and quasivarieties,
we use the notation V(X) and Q(X). Thus V(X) = HSP(X) and
Q(X) = SPU(X) = 〈X〉.

Jónsson’s Lemma, here stated for lattices, is a basic tool for con-
gruence distributive varieties [91].

Lemma 41. Let X be a collection of lattices. The finitely subdirectly
irreducible lattices in V(X) are contained in HSU(X).

For k ≥ 3, including infinite cardinals, let Mk be the 2-dimensional
lattice with k atoms; see Figure 3. In particular, Mω has a countably
infinite number of atoms. It turns out that the variety and quasivariety
generated by Mω are the same.

Theorem 42. V(Mω) = Q(Mω).

Theorem 42 is a special case of a slightly more general result. For an
integer m ≥ 0, let Lm be the class of lattices K such that every maximal
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chain of K has length at most m. For such a lattice, the length `(K) is
the length of the longest chain in K. (The term dimension is normally
reserved for lattices in which every maximal chain has the same length,
such as modular or semimodular lattices.)

Theorem 43. For each m ≥ 0, V(Lm) = Q(Lm).

Proof. As always, Q(Lm) ⊆ V(Lm). For the reverse inclusion,
recall that the subdirectly irreducible lattices in V(Lm) are contained
in HSU(Lm) by Jónsson’s Lemma. Since having the length of chains
bounded by m is a first-order property, the class Lm is closed under
ultraproducts. Even more clearly, Lm is closed under sublattices and
homomorphisms. Thus each subdirectly irreducible lattice in V(Lm) is
itself in Lm. Every lattice in V(Lm) is a subdirect product of these,
whence V(Lm) ⊆ Q(Lm). �

Theorem 42 is just the case m = 2 of Theorem 43. Note that for
any infinite cardinal κ, V(Mκ) = V(Mω) = Q(Mω) = Q(Mκ), since
varieties and quasivarieties are determined by their finitely generated
members.

We also use the following variant.

Theorem 44. Let L be a finite lattice such that every subdirectly
irreducible lattice in HS(L) is isomorphic to a sublattice of L. Then
V(L) = Q(L).

Proof. By Jónsson’s Lemma, the hypothesis implies that every
subdirectly irreducible lattice in V(L) is a sublattice of L, whence
V(L) ⊆ Q(L). �

Theorem 44 applies to the lattices Mk for 3 ≤ k < ω and the first
lattice M3,3 in Figure 4. Likewise, the theorem applies to the lattices
Mk,` with k atoms in the lower diamond and ` atoms in the upper one,
where k, ` ≥ 3.

Now consider the second lattice M+
3,3 in Figure 4. Note that M+

3,3 is
a quasicritical lattice that is a subdirect product of M3,3 and 2. Thus
Q(M+

3,3) < Q(M3,3) while V(M+
3,3) = V(M3,3).

The main result of this section extends to quasivarieties a classic
result of Jónsson for varieties of modular lattices. Jónsson’s result [92]
is the equivalence of parts (1), (2) of the next theorem and M3,3 /∈ V(L).
(An earlier version is in Grätzer [80].)

Theorem 45. The following are equivalent for a modular lattice L.

(1) L ∈ V(Mω).



2.4. QUASIVARIETIES OF MODULAR LATTICES 33

u v

x y

M3,3

1

u v

x y

M+
3,3

1

Figure 4. The lattices M3,3 and M+
3,3

T

D

Q(M3)

Q(M4)

Q(M5)

Q(Mω)

Q(M+
3,3)

Q(M3,3)

Q(M+
3,3) ∨ Q(Mω)

1

Figure 5. Segment of the lattice Lq(M) of quasivari-
eties of modular lattices. Here T denotes all 1-element
lattices, D denotes distributive lattices. Ticks indicate
covers. The interval [Q(M+

3,3),Q(M3,3)] contains un-
countably many quasivarieties.
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u vt

t′

x y z

z′

M+
3,3

1

Figure 6. The lattice M+
3,3 with labels used in the proof

of Theorem 45.

(2) L satisfies the equation

(ξ2) x ∧ (y ∨ (u ∧ v)) ∧ (u ∨ v) ≤ y ∨ (x ∧ u) ∨ (x ∧ v).

(3) L satisfies the equation

(ξ3) x ∧ (y ∨ (u ∧ v)) ∧ (u ∨ v) ≤ u ∨ (v ∧ (x ∨ y)) ∨ (x ∧ y).

(4) M+
3,3 /∈ Q(L).

(5) L satisfies the quasi-equation

(ξ5) diag(M+
3,3)→ x ≈ y.

Figure 5 illustrates the theorem.

Proof. The equivalence of (1) and (2) is due to Jónsson [92]. The
lattice Mω satisfies (ξ3), so (1) implies (3), while M3,3 fails (ξ3), whence
(3) implies (4).

The congruence lattice Con M+
3,3 is isomorphic to 2×2. One atom,

α = Cg(z, z′) using the labels in Figure 6, is not a reflection congruence
by Lemma 23(2), as M+

3,3/α
∼= M3,3 and M+

3,3 ∈ Q(M3,3). The other

atom, β = Cg(x, y) is a reflection congruence as M+
3,3/β

∼= 2. Note
that the quasi-equation (ξ5) is εM+

3,3,β
. The equivalence of (4) and (5)

then follows from Corollary 38.
It remains to show that say (5) implies (2), or equivalently, that if

a modular lattice L fails (ξ2), then it fails (ξ5). Assume we are given a
quadruple (x, y, u, v) of elements from L such that

¬(ξ2) x ∧ (y ∨ (u ∧ v)) ∧ (u ∨ v) � y ∨ (x ∧ u) ∨ (x ∧ v).
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We will make a series of substitutions, until we obtain a new failure
(x′, y′, u′, v′) of (ξ2) such that the new elements generate a sublattice
of L isomorphic to either M3,3 or M+

3,3, in which case they fail (ξ5). To
simplify the calculations and notation, we make the substitutions one
at a time, and avoid subscripts and superscripts on the variables.

Step 1. It is given that (x, y, u, v) is a failure of (ξ2). Substitute
x 7→ x′ = x∧ (u∨v). Check that (x′, y, u, v) is a failure of (ξ2), because
the substitution fixes the left-hand side of (ξ2) and lowers the right-
hand side. In addition, the new quadruple satisfies satisfies (dropping
the prime)

(P1) x ≤ u ∨ v.
Step 2. Let (x, y, u, v) be a failure of (ξ2) satisfying (P1). Substitute

y 7→ y′ = y ∧ (u ∨ v). Then (x, y′, u, v) is a failure of (ξ2) that still
satisfies (P1), and in addition (dropping the prime)

(P2) y ≤ u ∨ v.
Step 3. Let (x, y, u, v) be a failure of (ξ2) satisfying (P1)–(P2).

Substitute u 7→ u′ = u ∨ (x ∧ y). Then (x, y, u′, v) fails (ξ2), still
satisfies (P1)–(P2), and in addition (dropping the prime)

(P3) u ≥ x ∧ y.
Step 4. Let (x, y, u, v) be a failure of (ξ2) satisfying (P1)–(P3).

Substitute v 7→ v′ = v ∨ (x ∧ y). Then (x, y, u, v′) fails (ξ2), still
satisfies (P1)–(P3), and in addition (dropping the prime)

(P4) v ≥ x ∧ y.
Step 5. Let (x, y, u, v) be a failure of (ξ2) satisfying (P1)–(P4).

Substitute x 7→ x′ = x ∧ (y ∨ (u ∧ v)). Then (x′, y, u, v) fails (ξ2), still
satisfies (P1)–(P4), and in addition (dropping the prime)

(P5) x ≤ y ∨ (u ∧ v).

Step 6. Let (x, y, u, v) be a failure of (ξ2) satisfying (P1)–(P5).
Substitute y 7→ y′ = y ∧ (x ∨ (u ∧ v)). Then (x, y′, u, v) fails (ξ2), still
satisfies (P1)–(P5), and in addition (dropping the prime)

(P6) y ≤ x ∨ (u ∧ v).

Step 7. Let (x, y, u, v) be a failure of (ξ2) satisfying (P1)–(P6).
Substitute u 7→ u′ = u ∨ (v ∧ (x ∨ y)). Then (x, y, u′, v) fails (ξ2), still
satisfies (P1)–(P6), and in addition (dropping the prime)

(P7) u ≥ v ∧ (x ∨ y).
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Verifying that (ξ2) still fails after Step 7 requires some care. Clearly
the substitution v 7→ v′ can only raise the left-hand side of (ξ2). To see
that the right-hand side is unchanged, use (P6) and modularity:

y ∨ (x ∧ u′) ∨ (x ∧ v) = y ∨ (x ∧ (u ∨ (v ∧ (x ∨ y)))) ∨ (x ∧ v)

≤ y ∨ (x ∧ (u ∨ (v ∧ (x ∨ (u ∧ v))))) ∨ (x ∧ v)

= y ∨ (x ∧ (u ∨ (v ∧ x) ∨ (u ∧ v))) ∨ (x ∧ v)

= y ∨ (x ∧ (u ∨ (v ∧ x))) ∨ (x ∧ v)

= y ∨ (x ∧ u) ∨ (v ∧ x) ∨ (x ∧ v)

= y ∨ (x ∧ u) ∨ (x ∧ v).

Step 8. Let (x, y, u, v) be a failure of (ξ2) satisfying (P1)–(P7).
Substitute v 7→ v′ = v ∨ (u ∧ (x ∨ y)). Then (x, y, u, v′) fails (ξ2), still
satisfies (P1)–(P7), and in addition (dropping the prime)

(P8) v ≥ u ∧ (x ∨ y).

The calculation is similar to Step 7.
Step 9. Let (x, y, u, v) be a failure of (ξ2) satisfying (P1)–(P8).

Substitute x 7→ x′ = x ∨ (y ∧ u ∧ v). Then (x′, y, u, v) fails (ξ2), still
satisfies (P1)–(P8), and in addition (dropping the prime)

(P9) x ≥ y ∧ u ∧ v.

Step 10. Let (x, y, u, v) be a failure of (ξ2) satisfying (P1)–(P9).
Substitute y 7→ y′ = y ∨ (x ∧ u ∧ v). Then (x, y′, u, v) fails (ξ2), still
satisfies (P1)–(P9), and in addition (dropping the prime)

(P10) y ≥ x ∧ u ∧ v.

Step 11. Let (x, y, u, v) be a failure of (ξ2) satisfying (P1)–(P10).
Substitute u 7→ u′ = u ∧ (x ∨ y ∨ v). Then (x, y, u′, v) fails (ξ2), still
satisfies (P1)–(P10), and in addition (dropping the prime)

(P11) u ≤ x ∨ y ∨ v.

Step 12. Let (x, y, u, v) be a failure of (ξ2) satisfying (P1)–(P11).
Substitute v 7→ v′ = v ∧ (x ∨ y ∨ u). Then (x, y, u, v′) fails (ξ2), still
satisfies (P1)–(P11), and in addition (dropping the prime)

(P12) v ≤ x ∨ y ∨ u.
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Now, with (x, y, u, v) a failure of ξ2 such that (P1)–(P12) hold, let

z = u ∧ v ∧ (x ∨ y)

t = (u ∧ v) ∨ x ∨ y
z′ = u ∧ v
t′ = x ∨ y.

We claim that x, y, u, v generate a sublattice of L isomorphic to M+
3,3,

as in Figure 6, or M3,3 if z = z′ and t = t′. Indeed, the conditions
(P1)–(P12) ensure that {x, y, z, x∧y, x∨y} and {u, v, z, u∧v, u∨z} are
sublattices isomorphic to M3, and the definition of z, t, z′, t′ takes care
of the rest. Since (ξ2) fails we have x 6= y. Thus (x, y, z, z′, u, v, t, t′)
witnesses a failure of (ξ5). This completes the proof. �

On the other hand, Grätzer and Lakser showed that the interval
[Q(M+

3,3),Q(M3,3)] in Lq(M) is uncountable. Indeed, a refinement of
their proof by Adams and Dziobiak [1, 54] shows that Q(M3,3) is Q-
universal; see Section 5.5.

Theorem 46. The quasivariety Q(M3,3) is Q-universal. The in-
terval [Q(M+

3,3),Q(M3,3)] in Lq(M) contains 2ℵ0 subquasivarieties.

2.5. Quasivarieties of abelian groups

The variety A of abelian groups provides another simple example of
the results in this chapter. The variety is not locally finite, but it has
finite type, and results such as Corollary 11 apply to its finite members.
Quasivarieties of abelian groups were first described by Vinogradov
[166].

Every quasivariety is determined by its finitely generated members,
and every finitely generated abelian group is a direct sum of copies of
the integers Z and prime-power cyclic groups Zpk . The completely join
irreducible subquasivarieties in Lq(A) are either 〈Zpk〉 for some prime
power or 〈Z〉. The latter is join irreducible because every nontrivial
subgroup of Z is isomorphic to itself. Each quasivariety of abelian
groups is determined by which of the groups Zpk and Z it contains.

Note that Zpk ≤ Zpk+1 , so for each prime p the quasivarieties of
this form are an ascending chain in Lq(A). Each quasivariety 〈Zpk〉 is
(completely) join prime, and its semi-splitting quasi-equation is

pkx ≈ 0→ pk−1x ≈ 0.

Of course the quasivariety 〈pkx ≈ 0 → pk−1x ≈ 0〉 consists of all
abelian groups with no element of order pk, including all torsion-free
abelian groups.
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On the other hand, 〈Z〉 is finitely join prime, but not completely
join prime. Indeed, 〈Z〉 ≤ ∨q∈Q〈Zq〉 for any infinite collection Q of
prime powers.

Let us say that a set S of integers is hereditary if m |n and n ∈ S
implies m ∈ S.

Theorem 47. Every quasivariety of abelian groups is determined by
the prime-power or infinite cyclic groups it contains. For a quasivariety
Q ≤ A, this is either

(1) {Zq : q ∈ S} for a finite hereditary set S of prime powers, or
(2) {Z} ∪ {Zq : q ∈ T} for an arbitrary hereditary set T of prime

powers.

An easy consequence of this theorem is that Lq(A) is a distributive
lattice. Looking ahead to Section 5.5, it follows that A is not Q-
universal, since Lq(K) satisfies no nontrivial lattice identity when K is
a Q-universal quasivariety, by Lemma 116 (Adams and Dziobiak [1]).

The results in Kearnes [103] may be regarded as a far-reaching
generalization of the analysis in this section.

2.6. Quasivarieties of infinite type

The structure of the lattice of subquasivarieties is not nearly as nice
when the type is not finite. Not surprisingly, in view of the proof of
Lemma 9, when the type of K is infinite, a finitely generated quasiva-
riety Q(T) need not be compact in Lq(K). When a variety of algebras
W is not locally finite, a finitely generated variety V(T) need not be
compact in Lv(W).

In order not to confuse ourselves any more than necessary, we or-
ganize this section rather carefully. It is convenient to consider general
structures, with a type that may have operations and/or relations. We
begin with definitions.

A structure T is Q-compact in a quasivariety K if the subquasi-
variety Q(T) = 〈T〉 is compact in the lattice Lq(K). Equivalently,
T is Q-compact in K if whenever T ∈ Q({Bi : i ∈ I}) for a set of
structures Bi ∈ K, then there exists a finite subset F ⊆ I such that
T ∈ Q({Bi : i ∈ F}).

Similarly, a structure T is V -compact in a variety W if the sub-
variety V(T) is compact in Lv(W). Thus T is V -compact in W if
whenever T ∈ V({Bi : i ∈ I}) for a set of structures Bi ∈ W, then
T ∈ V({Bi : i ∈ F}) for some finite subset F ⊆ I.

The question we want to address is: For ∗ ∈ {Q, V }, under what
conditions on K or W does T finite imply that T is ∗-compact? The
results are summarized in the table of Figure 7.
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Observation: If T is V -compact in W, then T is Q-compact in
any quasivariety K ⊆W. This is just because Q(X) ⊆ V(X).

In this terminology, Theorem 9 takes the following form.

Theorem 48. If T is a finite structure in a quasivariety K of finite
type, then T is Q-compact in K.

The analogous result for varieties concerns local finiteness.

Theorem 49. Let W be a locally finite variety, and assume that
the type of W has only finitely many relations (and arbitrarily many
operations). Then every finite structure T ∈W is V -compact in W.

Proof. First consider the case when W is a variety of algebras,
without relations (other than ≈) in the type. Assume T ∈ V({Bi :
i ∈ I}) with each Bi ∈ W. Then there exist a sequence of struc-
tures (Cj)j∈J with {Cj : j ∈ J} ⊆ {Bi : i ∈ I}, a subalgebra
S of

∏
j∈J Cj with an embedding f : S ≤ ∏

j∈J Cj, and a surjec-

tive homomorphism h : S � T. Let {s1, . . . , sn} be a complete set
of preimages of the elements of T, where n = |T |. Since W is lo-
cally finite, S′ = Sg({s1, . . . , sn}) is a finite subalgebra of

∏
j∈J Cj.

Since S′ is finite, there is a finite set of indices F ⊆ J such that
πFf : S′ ≤ ∏j∈F Cj is one-to-one, and hence an embedding. More-

over, the restriction h|S′ : S′ → T is surjective, so T is in the variety
generated by {Cj : j ∈ F}, which is a finite subset of the Bi’s. Thus
T is V -compact in W.

Now suppose that the type of W contains finitely many relations.
Recall that for general structures, if g : A → B is a homomorphism,
then g(RA) ⊆ RB for each relation R in the type. In our situation,
this means that if R is a k-ary relation symbol and (t1, . . . , tk) /∈
RT, then for any s1, . . . , sk ∈ S with h(si) = ti for i ≤ k, we have
(s1, . . . , sk) /∈ RS. That, in turn, means there exists j ∈ J such that
(s1j, . . . , skj) /∈ RCj . Thus we need to enlarge F to a set G ⊇ F such
that whenever s1, . . . , sk ∈ S ′ and (s1, . . . , sk) /∈ RS′

, there is an in-
dex j ∈ G witnessing this fact. Since S′ is finite and the type has only
finitely many relation symbols, this can be done keeping G finite. With
this modification, the proof goes through exactly as for algebras. �

Corollary 50. If W is a locally finite variety of finite type, then
the lattice of subvarieties Lv(W) is both algebraic and dually algebraic.

The proof mimics that of Theorem 10.
The analogue for varieties of a quasicritical structure is the notion of

a critical structure. A structure T is critical if it is finite and not in the
variety generated by the proper homomorphic images of substructures
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of T, in symbols, T /∈ (HS \ I)(T). The role of critical structures in
locally finite varieties is summarized in Neumann [134], Sections 5.1
and 5.4.

• A locally finite variety is generated by its critical members.
• Every completely join irreducible subvariety of a locally finite

variety is generated by a critical structure.
• The variety generated by a critical structure need not be join

irreducible.
• Distinct critical structures can generate the same variety.
• Every finite structure is in the variety generated by its critical

subfactors.

Critical groups played an important part in the proof of the finite basis
theorem for finite groups, Oates and Powell [140].

Let us look at some examples to show that the conditions in The-
orems 48 and 49 are needed.

Example 1: varieties W of finite type but not locally finite, with a
finite algebra T not V -compact. In the variety A of abelian groups, for
a prime p, Zp is in the variety generated by {Zq : q prime, q 6= p}. In
the variety L of lattices, the diamond M3 is in the variety generated
by all finite (lower) bounded lattices, but not in the variety generated
by any finite set of them [48].

Example 2: a quasivariety Q locally finite but having infinitely
many relations in the type, with a finite structure T not Q-compact.
Pure relational structures, which we consider in more detail in Chap-
ter 7, provide an easy example. Let the type of Q consist of countably
many unary predicates Pi (i ∈ ω), and let Q satisfy x ≈ y, so that
Q contains only 1-element structures (with different sets of predicates
holding); cf. Theorem 159. In Q, for k ∈ ω let Bk be the structure such
that Pix holds in Bk iff i ≥ k, and let Bω be the structure such that
every Pi (i ∈ ω) is empty. Then Bω

∼=
∏

k∈ω Bk, so Bω ∈
∨
k∈ω〈Bk〉,

but no finite subset suffices. Indeed, the structures in any finite col-
lection {Bk1 , . . . ,Bkm} all satisfy the atomic formula Pnx for every
n ≥ max(k1, . . . , km), which Bω does not. Hence Bω /∈ ∨i≤m〈Bki〉.
Thus 〈Bω〉 is not compact in Lq(Q).

Example 3: a quasivariety R of algebras, not locally finite, having
no relations but infinitely many operations, with a finite algebra T not
Q-compact. The idea of Example 2 can be converted to an example
using 2-element algebras. Let the type of R consist of unary functions
fi (i ∈ ω). For k ∈ ω, let Ck be the algebra with base set {a, b} and
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operations

fCk
i (a) = b for all i,

fCk
i (b) =

{
a if i < k,

b if i ≥ k.

In
∏

k∈ω Ck, let S be the subalgebra consisting of all sequences that are
eventually constant. It is easy to see that S is a subalgebra of

∏
k∈ω Ck.

Let F be the filter on ω consisting of all subsets ↑n = {k : k ≥ n}, so
that the congruence ≡F on

∏
k∈ω Ck identifies all sequences that are

eventually equal. Restricted to S we have two congruence classes, [a]
containing all sequences that are eventually a, and [b] containing all
sequences that are eventually b. The algebra Cω := S/≡F has

fCω
i [a] = [b] fCω

i [b] = [a]

for all i. Again Cω ∈
∨
k∈ω〈Ck〉, since it is a subalgebra of a reduced

product, but no finite subset suffices. For the algebras in any finite col-
lection {Ck1 , . . . ,Ckm} all satisfy fnx ≈ fny for n ≥ max(k1, . . . , km),
while Cω fails that equation. Therefore Cω /∈

∨
i≤m〈Cki〉, and we con-

clude that 〈Cω〉 is not compact in Lq(R).
The theorems and examples in this section, with the observation

that V -compact implies Q-compact, are summarized in Figure 7.

finite loc. fin., loc. fin., not loc. fin.,
type fin. m. rel. inf. m. rel. fin. m. rel.

Q-compact Yes, Th 48 Yes, Obsv No, Ex 2 No, Ex 3
V -compact No, Ex 1 Yes, Th 49 No, Obsv No, Obsv

Figure 7. Q-compactness versus V -compactness. The
table summarizes the conditions on a variety or quasi-
variety K under which every finite structure T in K is
Q-compact or V -compact. The abbreviations are as fol-
lows. “loc. fin.” is locally finite, “fin. m. rel.” is finitely
many relations, “inf. m. rel.” is infinitely many relations.
“Th” refers to the theorem number, “Ex” to the example
number, and “Obsv” to the observation above.





CHAPTER 3

Omission and Bases for Quasivarieties

3.1. Characterizing quasivarieties by excluded subalgebras

In this section we show that if K is a locally finite quasivariety of
finite type, T is a finite algebra in K, and α � ∆ in ConK T, then the
quasivariety 〈εT,α〉 consists of all algebras in K that omit a finite list of
forbidden subalgebras. A slight variation finds the quasivarieties that
are minimal with respect to not being contained in 〈εT,α〉. Both these
results are in Theorem 54. As a consequence, subquasivarieties that
are finitely based relative to K can be characterized by the exclusion
of finitely many subalgebras (Theorem 60).

The first observation just restates what it means to satisfy εT,α.

Lemma 51. An algebra A satisfies εT,α if and only if kerh ≥ α for
every homomorphism h : T→ A.

This gives us a useful method for testing whether A satisfies εT,α.
From the congruence lattice of T, one can find all the homomorphic
images of T with h(T) ∈ K and kerh � α. Form a list of these:
Z1, . . . ,Zn. If Zj ≤ A for some j, then A fails εT,α. Otherwise,
A satisfies εT,α. (The algebras Z1, . . . ,Zn comprise the set B(T, α)
defined below.)

These observations in turn lead to results about excluded subalge-
bras. Let us record first the crude form, which is interesting in itself,
before going to refined versions.

Theorem 52. Let K be a locally finite quasivariety of finite type.
Let

ε : &i si ≈ ti → u ≈ v

be a quasi-equation in the language of K. Then there exist finite alge-
bras B1, . . . ,Bk ∈ K such that for all A ∈ K, A satisfies ε if and only
if Bj � A for all j.

Proof. Let F be the K-free algebra generated by the variables
of ε. By hypothesis, F is finite. In ConK F, let η =

∨
i CgK(si, ti), and

let τ = CgK(u, v). Let

B = {θ ∈ ConK F : θ ≥ η, θ � τ}
43
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and let {B1, . . . ,Bk} = {F/θ : θ ∈ B}. (We may if desired take only
those Bj that are minimal with respect to the embedding order ≤.)

An algebra A ∈ K satisfies ε if and only if for every homomorphism
h : F→ A, we have kerh ≥ η implies kerh ≥ τ . Hence A satisfies ε if
and only if Bj � A for all j. �

Let us refine this observation. There are two natural orders con-
nected with algebras in K:

• A ≤ B if A is a subalgebra of B,
• A ≤q B if 〈A〉 ≤ 〈B〉, i.e., A ≤ Bn for some n.

The latter is in general only a quasi-order, but a partial order when
restricted to finite quasicritical algebras in a locally finite quasivariety
K of finite type, by Theorem 16. Of course, A ≤ B implies A ≤q B.

With each quasivariety 〈εT,α〉 we associate three finite sets of finite
algebras.

• B(T, α) = {Z1, . . . ,Zn} consists of all T/θ with θ � α in
ConK T.
• O(T, α) = {U1, . . . ,Uk} consists of the algebras that are min-

imal in (B(T, α),≤).
• N(T, α) = {R1, . . . ,Rm} consists of the quasicritical algebras

that are minimal in (B(T, α),≤q).
Note that it is relatively straightforward to find these sets of alge-

bras from the labeled lattice of K-congruences of T. It may even hap-
pen that O(T, α) contains only T itself, as happens with K-subdirectly
irreducible algebras (see Lemma 56). For complicated cases, the Uni-
versal Algebra Calculator can be of assistance. The UA Calculator
was used to compute some of the congruence lattices in Chapter 5; see
Figures 19, 25, 27, 28, 29, 30, 33 and 36.

It is possible that 〈Z〉 = 〈Z′〉 for distinct Z, Z′ ∈ B(T, α), not
both quasicritical. Likewise, it may be that 〈U〉 ≤ 〈U′〉 for distinct U,
U′ ∈ O(T, α), e.g., if U ≤ U′ ×U′. The next lemma addresses these
technical difficulties.

Lemma 53. For any finite algebra T ∈ K and α � ∆ in ConK T,
the following hold.

(1) For any Z ∈ B(T, α), there exists a quasicritical algebra Z′ ∈
B(T, α) such that Z′ ≤ Z.

(2) If U ∈ O(T, α), then U is quasicritical.

Hence N(T, α) ⊆ O(T, α) ⊆ B(T, α).

Proof. If Z ∈ B(T, α) is not quasicritical, then it is a subdirect
product of its proper subalgebras, and at least one of those factors Z′
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is not above α in ConK T. If U ∈ O(T, α) were not quasicritical, then
applying the same argument to U would contradict the minimality of
U in the subalgebra order. �

With these sets in hand, Theorem 52 takes the following useful
form.

Theorem 54. Let K be a locally finite quasivariety of finite type.
Let T be a finite algebra in K and α � ∆ in ConK T.

(1) For any algebra A ∈ K, we have A ∈ 〈εT,α〉 if and only if A
omits U as a subalgebra for all U ∈ O(T, α).

(2) For any quasivariety Q ≤ K, we have Q ≤ 〈εT,α〉 if and only
if R /∈ Q for all R ∈ N(T, α).

Let us consider several consequences. We can begin by adding to
the equivalences of Corollary 38.

Corollary 55. Let T be a finite algebra in K. Then 〈T〉 is com-
pletely join prime in Lq(K) if and only if there is an atom α ∈ ConK T
such that N(T, α) = {T}.

Looking ahead to the quasivariety M of Chapter 5 we can see this
phenomenon in the table of Figure 22, where the quasivarieties gener-
ated by the algebras T1, T3, T4, F1, R6, R8 and P2 have N(T, α) =
{T}. An even stronger condition is that O(T, α) = {T}, enjoyed by
T1, T3, T4 and R6 in that table.

We say that an algebra T ∈ K is K-subdirectly irreducible if ConK T
has a unique atom, called the K-monolith. Finite K-subdirectly irre-
ducible algebras are the analogue for quasivarieties of finite projective
subdirectly irreducible algebras for varieties, in the sense that if T is
finite and K-subdirectly irreducible, then T ∈ SPU(X) for a collection
of algebras X ⊆ K, then T ≤ B for some B ∈ X. (The argument
resembles the proof of Lemma 9.)

Corollary 56. The following are equivalent for a finite algebra in
a locally finite quasivariety K of finite type.

(1) T is K-subdirectly irreducible.
(2) O(T, α) = {T} for some atom α ∈ ConK T.

Note that this implies N(T, α) = {T}. Moreover, if T is K-subdirectly
irreducible with K-monolith α, then for any algebra A ∈ K we have
A ∈ 〈εT,α〉 if and only if A omits T as a subalgebra.

Proof. To see that (1) implies (2), note that the only congruence
in ConK T not above α is ∆, the identity congruence, and T/∆ ∼= T.
Hence O(T, α) = {T}.
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Conversely, assume O(T, α) = {T}, so that for algebras S ∈ K we
have S satisfies εT,α if and only if T � S. Then T/α satisfies εT,α,
so it is a reflection congruence by Corollary 39. If T had a non-zero
K-congruence θ with θ � α, then likewise T/θ satisfies εT,α. But since
α is an atom of ConK T, then α ∧ θ = ∆, whence T ≤ T/α ×T/θ so
that T satisfies εT,α, a contradiction. Therefore α is the unique atom
of ConK T, and T is K-subdirectly irreducible, as desired. �

The next observations are routine but useful.

Corollary 57. Let K be a locally finite quasivariety of finite type,
and let T be a finite algebra in K. Let α be an atom of ConK T, and
let ξ be a K-congruence maximal with respect to ξ � α. Then T/ξ is
K-subdirectly irreducible. Moreover, T is a subdirect product of such
K-subdirectly irreducible factors.

Corollary 58. Let K be a locally finite quasivariety of finite type.
For i ∈ I, let Ti be finite algebras in K and αi � ∆ in ConK Ti.

(1) An algebra A ∈ K satisfies A ∈ ∧i∈I〈εTi,αi〉 if and only if A
omits U for all U ∈ ⋃i∈I O(Ti, αi). If the index set I is finite,
it suffices to consider only those U ∈ ⋃i∈I O(Ti, αi) that are
minimal with respect to subalgebra inclusion.

(2) A quasivariety Q ≤ K satisfies Q ≤ ∧i∈I〈εTi,αi〉 if and only if
R /∈ Q for all R ∈ ⋃i∈I N(Ti, αi). If the index set I is finite,
it suffices to consider only those R ∈ ⋃i∈I N(Ti, αi) that are
minimal with respect to quasivariety inclusion.

The formulation of Corollary 58(1) is applied repeatedly in Chap-
ter 5 to describe quasivarieties 〈T〉 contained in our test variety M.

Since Lq(K) is algebraic, every subquasivariety of K is a meet of
completely meet irreducible quasivarieties. For every completely meet
irreducible quasivariety M in Lq(K), there are a finite quasicritical
algebra T, not in M, and an atom α of ConK T such that M = 〈εT,α〉.
If we write an arbitrary subquasivariety W ≤ K as W =

∧
i∈I〈εTi,αi〉,

Corollary 58(1) takes the following form.

Corollary 59. Let K be a locally finite quasivariety of finite type,
and let W ≤ K.

(1) There is a set O(W) of finite quasicritical algebras, not in W,
such that an algebra A ∈ K is in W if and only if U � A for
every U ∈ O(W).

(2) There is a set N (W) of finite quasicritical algebras, not in W,
such that a quasivariety Q ≤ K satisfies Q ≤W if and only if
R /∈ Q for every R ∈ N (W).
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We can gather some of the preceding results into a characterization
of finitely based quasivarieties in K.

Theorem 60. Let K be a locally finite quasivariety of finite type.
The following are equivalent for a quasivariety Q ⊆ K.

(1) Q is finitely based relative to K.
(2) Q is dually compact in Lq(K).
(3) There are finitely many quasicritical algebras Ti ∈ K and

atoms αi of ConK Ti such that

Q = 〈εT1,α1〉 ∧ · · · ∧ 〈εTn,αn〉.
(4) There are finitely many finite quasicritical algebras R1, . . . ,Rm

such that for any quasivariety W ≤ K, we have W ≤ Q if and
only if Ri /∈W for all i.

(5) There are finitely many finite quasicritical algebras U1, . . . ,Uk

such that for any algebra A ∈ K, we have A ∈ Q if and only
if A omits every Uj as a subalgebra.

Proof. The equivalence of (1) and (2) is due to the general du-
ality between quasivarieties and quasi-equational theories. Moreover,
since Lq(K) is algebraic, every element is a meet of completely meet
irreducible quasivarieties. These have the form 〈εT,α〉 with T quasicrit-
ical, which are clearly finitely based relative to K. The dually compact
quasivarieties are just the meets of finitely many of these, adding the
equivalence of (3).

Assume that (3) holds. Then for any quasivariety W ≤ K, we have
W � Q if and only if W � 〈εTi,αi〉 for some i. Applying Theorem 54
(1) yields that V ∈W for some V ∈ ⋃n

j=1 O(Ti, αi), and thus (5).

Clearly, (5) implies (4). (In practice, the Ri’s are a subset of the
Uj’s, since some of the latter could generate comparable quasivarieties.)

Now assume (4). Since R1, . . . ,Rm /∈ Q, we know by Theorem 31
that, for each i, Q satisfies εRi,αi for some atom αi. (We need only
consider those Ri such that 〈Ri〉 is minimal with respect to being not
below Q, since those will be included in the list. Even then, for some i
it may be that Q satisfies εRi,α and εRi,β with γ(α) and γ(β) distinct
minimal reflection congruences in γ(Ri); in that case, both should be
included.) Thus Q ≤ ∧

i〈εRi,αi〉 holds. Letting
∧
i〈εRi,αi〉 = N, we

want to show that Q = N, so that property (3) holds.
Suppose to the contrary that Q < N. Then there is a completely

meet irreducible quasivariety, which is 〈εS,β〉 for some finite quasicritical
algebra S and atom β, such that 〈εS,β〉 ≥ Q but 〈εS,β〉 � N. Moreover,
the algebras V1, . . . ,V` of N(S, β) have the property that, for any
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quasivariety W ≤ K, we have W � 〈εS,β〉 if and only if Vj ∈ W for
some j.

The inclusion Q ≤ 〈εS,β〉 implies that Vj /∈ Q for all j, whence
by the assumption (4) means that for each j there exists i such that
Ri ∈ 〈Vj〉. On the other hand, N � 〈εS,β〉 implies that Vj0 ∈ N for
some j0. Choose i0 such that Ri0 ∈ 〈Vj0〉. Combining these yields

〈Ri0〉 ≤ 〈Vj0〉 ≤ N ≤ 〈εRi0
,αi0
〉,

a contradiction. Thus Q =
∧
i〈εRi,αi〉, as desired. �

An anonymous referee pointed out that local finiteness plays an
essential role in Theorem 60. Let J denote the quasivariety of all 1-
unary algebras satisfying fx ≈ fy → x ≈ y. This is of course finitely
based, but there are infinitely many quasicritical algebras Dk (k ≥ 2)
that are minimal with respect to not being in J , consisting of a cycle
C of length k and one additional point d with d /∈ C but f(d) ∈ C.
For each of these, 〈Dk〉 � J but 〈Dk〉∗ ≤ J . (This last fact can be
verified using Corollary 34.)

Next we describe the order and dual dependencies on the com-
pletely meet irreducible quasivarieties in Lq(K). The completely meet
irreducibles are of the form 〈εT,α〉, so Theorem 54 applies.

Recall the notion of dual refinement. For subsets of a (quasi)-
ordered set, we write A � B to mean that for all a ∈ A there exists
b ∈ B with a ≥ b. This is not the same as B � A. When applying
dual refinement to sets of algebras ordered by ≤q, it is convenient to
use the notation A�q B.

Theorem 61. Let K be a locally finite quasivariety of finite type.
Let S, T ∈ K with α � ∆ in ConK T and β � ∆ in ConK S. The
following are equivalent in Lq(K).

(1) 〈εT,α〉 ≤ 〈εS,β〉.
(2) O(S, β) � O(T, α), i.e., for all V ∈ O(S, β) there exists

U ∈ O(T, α) such that V ≥ U.
(3) N(S, β) �q N(T, α), i.e., for all W ∈ N(S, β) there exists

R ∈ N(T, α) such that 〈W〉 ≥ 〈R〉.

Of course, 〈W〉 ≥ 〈R〉 if and only if R ∈ 〈W〉. Rather than prove
the results separately, let us extend the previous theorem to include
dual dependencies

∧
i∈I〈δi〉 ≤ 〈ε〉 in Lq(K). Since completely meet

irreducible quasivarieties are dually compact in Lq(K), it suffices to
consider only finite index sets.
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Theorem 62. Let K be a locally finite quasivariety of finite type.
For i ∈ I, let S, Ti ∈ K with αi � ∆ in ConK Ti and β � ∆ in
ConK S. The following are equivalent in Lq(K).

(1)
∧
i∈I〈εTi,αi〉 ≤ 〈εS,β〉.

(2) O(S, β) � ⋃
i∈I O(Ti, αi), i.e., for all V ∈ O(S, β) there

exists U ∈ ⋃i∈I O(Ti, αi) such that V ≥ U.
(3) N(S, β) �q

⋃
i∈I N(Ti, αi), i.e., for all W ∈ N(S, β) there

exists R ∈ ⋃i∈I N(Ti, αi) such that 〈W〉 ≥ 〈R〉.
Since Theorem 62 includes Theorem 61, and parts (2) and (3) of

each are similar, let us prove carefully only the equivalence of (1) and
(2) of Theorem 62.

Proof. Suppose that (1) fails, so that
∧
i〈εTi,αi〉 � 〈εS,β〉. Then

there is an algebra B ∈ ∧i〈εTi,αi〉 \ 〈εS,β〉. By Theorem 54, there is
an algebra V ∈ O(S, β) such that V ≤ B. Then V likewise satisfies
V ∈ ∧i〈εTi,αi〉 \ 〈εS,β〉. It follows that for all U ∈ ⋃O(Ti, αi) we have
U � V. Thus (2) fails.

Conversely, suppose that (2) fails, so that for some V ∈ O(S, β) we
have U � V whenever U ∈ ⋃O(Ti, αi). Again applying Theorem 54,
we obtain V ∈ 〈εTi,αi〉 for all i, whence V ∈ ∧i〈εTi,αi〉 \ 〈εS,β〉. Thus
(1) fails. �

The following corollary will be used in Propositions 111(11) and
154.

Corollary 63. 〈εT1,α1〉∧〈εT2,α2〉 = 〈εS,β〉 if and only if O(S, β) =
min(O(T1, α1)∪O(T2, α2)), where min(X) denotes the set of minimal
members of X with respect to subalgebra inclusion.

Proof. By the preceding theorem, 〈εT1,α1〉 ∧ 〈εT2,α2〉 = 〈εS,β〉 is
equivalent to

O(S, β)� O(T1, α1) ∪O(T2, α2)� O(S, β).

Since O(S, β) is an antichain, the conclusion follows. �

3.2. Pseudoquasivarieties

A pseudoquasivariety is a collection K of finite structures that
is closed under taking substructures and finite direct products, i.e.,
SPfin(K) = K. At least the first half of the basic theorem on pseudo-
quasivarieties is due to C. J. Ash [23]; see also Chapter 2 of Gorbunov
[77].

Theorem 64. Let K be a pseudoquasivariety of structures of finite
type. Fix any quasivariety Y with K ⊆ Y. Then the following hold.
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(1) K is the set of all finite structures in the quasivariety Q =
SPU(K).

(2) There is a set O(K) of finite quasicritical algebras in Y such
that for any finite algebra A ∈ Y, we have A ∈ K if and only
if U � A for all U ∈ O(K).

The universal quasivariety Y just provides a frame of reference, e.g.,
lattices or all algebras of the given type.

Proof. First note that K is the set of all finite models in Y of a
set Σ of first-order sentences. Indeed, for each k > 0 we can rewrite

|A| = k =⇒ A ∼= B1 OR · · · OR A ∼= Bm

as a first-order sentence, where B1, . . . ,Bm are the k-element algebras
in K.

Let Q = SPU(K) and let Qfin denote the finite members of Q.
Clearly K ⊆ Qfin. For the reverse containment, let C ∈ Qfin. Write
the algebra C as a subdirect product of Q-subdirectly irreducible al-
gebras, C ≤ C1 × · · · ×Cn. Each Cj is a finite algebra in U(K), and
hence in K by the preceding observation. Since K is closed under S
and P by assumption, then C ∈ K, as desired.

For the second part, let R denote the quasivariety generated by all
finite algebras in Y , and write R =

⋃
Rn with R1 ⊆ R2 ⊆ · · · and each

Rn a finitely generated quasivariety. In particular, each Rn is locally
finite, and the theory from Section 3.1 applies.

Consider the quasivarieties Q ∩ Rn. By Corollary 59(1), there is a
set On of finite quasicritical algebras such that for every finite algebra
D ∈ Rn, we have D ∈ Q ∩Rn if and only if U � D for all U ∈ On. So
let O(K) =

⋃
On.

If A is a finite algebra in Y , then A ∈ Rn0 for some n0. If A /∈ K,
i.e., A /∈ Q by (2), then U ≤ A for some U ∈ On0 ⊆ O(K). On
the other hand, if V ≤ A for some V ∈ O(K), then again by the
construction in Section 3.1 the elements of V represent a failure of
some quasi-equation holding in Q, whence A /∈ Q and A /∈ K. �

An easy way to produce pseudoquasivarieties is to reverse engineer
the characterization.

Theorem 65. Let Y be a quasivariety of algebras of finite type. Let
E be a collection of finite Y-subdirectly irreducible algebras. Then the
class K of all finite algebras A in Y such that U � A for all U ∈ E is
closed under S and Pfin, and hence a pseudoquasivariety.

For a concrete example, let E be a collection of prime power inte-
gers, and let E be the collection of all cyclic groups Zq for q ∈ E. Then
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K consists of all finite abelian groups with no element of order q for
any q ∈ E. The quasivariety Q = SPU(K) is determined by the laws
pkx ≈ 0 → pk−1x ≈ 0 for all q = pk ∈ E. Note that Q contains all
torsion-free abelian groups. (See also Section 2.5.)

But examples from Chapter 5 show that the condition that the
algebras in E be Y-subdirectly irreducible is not necessary for the con-
clusion.

Following Adaricheva, Hyndman, Lempp and Nation [16], we define
the class D of interval dismantlable lattices by

(1) 1 ∈ D,
(2) if L is a finite lattice and there exists a join prime element

p ∈ L such that ↑ p ∈ D and ↓κ(p) ∈ D, then L ∈ D, where
κ(p) =

∨{x ∈ L : x � p},
(3) only these lattices are in D.

Thus L is interval dismantlable if it can be partitioned into an ideal
and a filter, each of which can be partitioned into an ideal and a filter,
etc., until you reach 1-element lattices. It is straightforward that D is
closed under taking sublattices and finite direct products.

In order to work with these lattices, we note that the following are
equivalent for a finite lattice L.

(1) L = I∪̇F for some disjoint proper ideal I and filter F .
(2) L contains a nonzero join prime element.
(3) L contains a non-one meet prime element.
(4) There is a surjective homomorphism h : L→ 2.
(5) Some generating set X for L can be split into two disjoint

nonempty subsets, X = Y ∪̇Z, such that
∧
Y �

∨
Z.

(6) Every generating set X for L can be split into two disjoint
nonempty subsets, X = Y ∪̇Z, such that

∧
Y �

∨
Z.

So if L contains no join prime element, then it is not interval dis-
mantlable. If L contains no join prime element, but every proper
sublattice does, then it is minimally interval non-dismantlable. If L
contains an interval non-dismantlable sublattice, then L is interval non-
dismantlable.

Note that it follows from (2) and (3) that every finite meet semidis-
tributive or join semidistributive lattice is interval dismantlable. The
atoms of a finite meet semidistributive lattice are join prime; dually,
the coatoms of a finite join semidistributive lattice are meet prime.

In view of conditions (5) and (6) above, let us say that a subset X
of a lattice L is divisible if it can be divided into two disjoint nonempty
subsets Y and Z such that

∧
Y �

∨
Z; else X is indivisible.
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With respect to part (1) of Theorem 64, we can find a set of quasi-
equations that determine D. For each n ≥ 3, let Xn = {x1, . . . , xn} be
a set of n variables. Consider the quasi-equations

(δn) &∅⊂Y⊂Xn

∧
Y ≤

∨
(Xn \ Y )→ x1 ≈ x2 .

For example, δ3 is

x ≤ y ∨ z& y ≤ x ∨ z& z ≤ x ∨ y&x ∧ y ≤ z&x ∧ z ≤ y& y ∧ z ≤ x

→ x ≈ y .

Any indivisible subset A of a lattice L with |A| ≤ n satisfies the hy-
pothesis of δn. On the other hand, by symmetry the conclusion could
be replaced by xi ≈ xj for any i 6= j. Hence the quasi-equation δn
expresses that L contains no indivisible subset of size k for 1 < k ≤ n.
In particular, δn implies δn−1.

The main result of [16] is that the quasi-equations δn characterize
interval dismantlable lattices.

Theorem 66. A finite lattice is interval dismantlable if and only
if it satisfies δn for all n ≥ 3, that is, the lattice contains no indivisible
subset of more than one element.

Proof. First, assume that L is interval dismantlable. For every
n ≥ 3 and a ∈ Ln, we want to show that δn holds under the substitution
xi 7→ ai. If a1 = a2, then the conclusion of δn holds. If a1 6= a2, then the
sublattice S = Sg(a1, . . . , an) is nontrivial and interval dismantlable,
and hence S has a decomposition S = I∪̇F into a proper ideal and
filter. Let Y = {ai : i ∈ F} and Z = {aj : aj ∈ I}. Then

∧
Y ∈ F

and
∨
Z ∈ I, whence

∧
Y �

∨
Z, so that the corresponding inclusion

in the hypothesis of δn fails. Thus δn holds for every substitution.
Conversely, let us show that every finite lattice that satisfies all δn

is interval dismantlable. We do so by induction on |L|. To begin, the
1-element lattice satisfies every δn and is in D. So consider a finite
lattice L with |L| > 1. Choose a generating set X = {a1, a2, . . . , ak}
for L with a1 6= a2. Since L satisfies δk and the conclusion fails, there is
a nontrivial splitting X = Y ∪̇Z with

∧
Y �

∨
Z. This splits L into a

proper ideal and filter, L = I∪̇F , and each of these is a smaller lattice
that satisfies δn for all n. By induction, both I and F are interval
dismantlable, and so L is also. �

Any class of finite lattices closed under sublattices can be charac-
terized by the exclusion of its minimal non-members. Minimal interval
non-dismantlable lattices include M3, the four examples in Figure 8,
and the duals of the two that are not self-dual. The lattices in the



3.2. PSEUDOQUASIVARIETIES 53

figure all fail δ4. By varying the lattices in the corners of the bottom
example, one can construct at least twenty more. But to show that the
pseudoquasivariety D is not finitely based, we need an infinite sequence
of minimal interval non-dismantlable lattices, such that any finite col-
lection of the quasi-equations δj is satisfied in at least one of them. The
next theorem provides this by generalizing the middle example.

1

1

1

1

Figure 8. Four minimal interval non-dismantlable lattices

Theorem 67. There is a sequence of minimal interval non-dismant-
lable lattices Kn (n ≥ 4) such that each Kn satisfies δj for 3 ≤ j < n,
but fails δn.

Proof. For n ≥ 4, we construct a lattice Kn as follows. The
carrier set is n× (n− 2) = {(i, j) : 0 ≤ i < n and 0 ≤ j < n− 2}, with
the order given by (i, j) ≤ (k, `) if j ≤ ` and either 0 ≤ k− i ≤ `− j or
n+k− i ≤ `−j, plus a top element T and bottom element B. Thus we
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are thinking of the first coordinates modulo n, as if wrapped around a
cylinder. The covers in the middle portion of the lattice are given by
(i, j) ≺ (i, j + 1) and (i, j) ≺ (i+ 1 mod n, j + 1) where 0 ≤ i < n and
0 ≤ j < n − 3. The middle portion of the lattice K5 is illustrated in
Figure 9.

For a generating set, we can take X = {(i, 0) : i < n}. This has the
property that any pair of distinct elements of X meets to B, while the
join of any n−1 is T . Thus Kn fails δn and is interval non-dismantlable.

In view of the circular symmetry, we may consider the maximal
sublattices not containing the generator (0, 0). These are easily seen
to be S0 = Kn \ {(0, j) : j < n− 2} and T0 = Kn \ {(j, j) : j < n− 2}.
Both these sublattices are interval dismantlable. For we have S0 =
↑(1, 0) ∪̇ ↓(n− 1, n− 3), with the filter being dually isomorphic to the

lattice Co(n− 2) of convex subsets of an n−2 element chain, and hence
meet semidistributive, and the ideal being isomorphic to Co(n− 2) and
hence join semidistributive. Likewise T0 = ↑(n−1, 0) ∪̇ ↓(n−2, n−3),
with the filter being meet semidistributive and the ideal being join
semidistributive.

To see that Kn satisfies δj for 3 ≤ j < n, consider an arbitrary
generating set X for Kn. For each k with 0 ≤ k < n, the set Sk =
Kn\{(k, `) : ` < n−2} is a proper sublattice of Kn. Hence X 6⊆ Sk, i.e.,
X contains an element of the form (k, `) for each k < n. Thus |X| ≥ n.
So every subset of Kn with fewer than n elements generates a proper
sublattice, which is interval dismantlable. Therefore Kn satisfies δj for
j < n. �

0 1 2 3 4
0

1

2

1

Figure 9. Middle portion of the lattice K5; add top
and bottom elements for the whole lattice.

The original notion of dismantlability is that a finite lattice is dis-
mantlable if it can be reduced to a 1-element lattice by successively
removing doubly irreducible elements. These lattices were character-
ized independently by Ajtai [22] and Kelly and Rival [109], as those
lattices not containing an n-crown for n ≥ 3. Dismantlable lattices
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do not form a pseudoquasivariety, as they are not closed under finite
direct products.

More generally, we can define a sublattice dismantling of a lattice
to be a partition of the lattice into two nonempty, complementary sub-
lattices. A finite lattice is said to be sublattice dismantlable if it can
be reduced to 1-element lattices by successive sublattice dismantlings.
Clearly both the original dismantlable lattices and interval dismant-
lable lattices are sublattice dismantlable, and this class does form a
pseudoquasivariety. It would be interesting to characterize sublattice
dismantlable lattices.





CHAPTER 4

Analyzing Lq(K)

4.1. Algorithms

To further investigate the structure of Lq(K), where K is a locally
finite quasivariety of finite type, we want algorithms to determine

(1) the quasicritical algebras T in K,
(2) the order on join irreducible quasivarieties, i.e., when 〈T〉 ≤
〈S〉,

(3) the join dependencies, i.e., when 〈T〉 ≤ 〈S1〉 ∨ · · · ∨ 〈Sn〉 non-
trivially.

Let us show how these problems can be answered locally.
That is, given a finite algebra T ∈ K, we can determine which

among T and its subalgebras are quasicritical, and the embedding order
on those. Moreover, we can find all the minimal nontrivial join covers
〈T〉 ≤ 〈S1〉 ∨ · · · ∨ 〈Sn〉 of 〈T〉 in Lq(K). On the other hand, the
quasivariety K may have infinitely many other quasicritical algebras
U, including some with 〈U〉 ≤ 〈T〉 or 〈T〉 ≤ 〈U〉, and there may be
no way to find these except by an infinite exhaustive search. There are
no algorithms for the global structure of Lq(K).

It is useful to record an elementary lemma that is used often. (A
stronger version is Theorem 20.)

Lemma 68. Every finite algebra is either quasicritical or a subdirect
product of quasicritical subalgebras.

Proof. If a finite algebra T is not quasicritical, then it is a subdi-
rect product of proper subalgebras, say T ≤ S1×· · ·×Sk. By induction,
each Sj is a subdirect product of its quasicritical subalgebras. �

For an element c and a finite subset A of a lattice L, we say that
A is a join cover of c if c ≤ ∨A. The join cover is nontrivial if c � a
for all a ∈ A. Recall that for subsets A, B of L, we say that A refines
B, or B refines to A, if for every a ∈ A there exists b ∈ B with a ≤ b.
This is written A� B. A join cover c ≤ ∨A is minimal if whenever
c ≤ ∨B and B � A, then A ⊆ B. Thus a minimal join cover consists

57
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of an antichain of join irreducible elements, such that no element of A
can be omitted or replaced by a set of smaller elements.

Lemma 69. Let K be a locally finite quasivariety of finite type. If
T is a finite algebra in K, then every nontrivial join cover of 〈T〉 in
the quasivariety lattice Lq(K) refines to one of finitely many nontrivial
join covers 〈T〉 ≤ 〈R1〉 ∨ · · · ∨ 〈Rk〉 with each Rj a finite quasicritical
algebra in H(T). The nontrivial join covers of 〈T〉 come from subdirect
decompositions of T.

Proof. Recall that every quasivariety in Lq(K) is a join of com-
pletely join irreducible quasivarieties, and that these are of the form
〈S〉 with S a finite quasicritical algebra in K. If T is finite, then 〈T〉 is
compact in Lq(K). Combining these facts, we see that every nontrivial
cover of 〈T〉 refines to one of the form 〈T〉 ≤ 〈S1〉∨· · ·∨〈Sm〉 with each
Sj quasicritical. Then T ≤ R1 × · · · ×Rn with each Ri in some 〈Sj〉,
and we can assume that this representation is irredundant and that no
Ri can be replaced by a set of its subalgebras. (There may be more
than one Ri for a given Sj, but they can all be taken to be quasicriti-
cal.) Since the cover is assumed to be nontrivial, this corresponds to a
proper subdirect decomposition of T into quasicritical algebras in K.
There are only finitely many such, and they can be read off from the
lattice of K-congruences of T, labeled by the isomorphism type of the
factors T/θ.

The subdirect decomposition gives 〈T〉 ≤ 〈R1〉∨· · ·∨〈Rn〉. Taking
only the quasivarieties 〈Ri〉 that are maximal among those on this list,
and renumbering, yields 〈T〉 ≤ 〈R1〉 ∨ · · · ∨ 〈Rk〉. �

Now we consider the order relation on join irreducible quasivarieties.

Theorem 70. Let K be a locally finite quasivariety of finite type.
Let S and T be finite algebras in K. If 〈T〉 ≤ 〈S〉 in Lq(K), then
either

(1) T ≤ S, or
(2) there are quasicritical algebras R1, . . . ,Rm (m ≥ 1) with each

Rj in H(T) ∩K such that

〈T〉 ≤ 〈R1〉 ∨ · · · ∨ 〈Rm〉 ≤ 〈S〉
in Lq(K).

There may be infinitely many quasicritical algebras S of the first type.
The second type correspond to subdirect decompositions of T where the
factors are all in 〈S〉, so there are only finitely many candidates for the
algebras R1, . . . ,Rm.
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Proof. Again we write T as a subalgebra of a direct product of
algebras in 〈S〉, say T ≤ R1 × · · · × Rm minimally with each Ri in
〈S〉. If some projection is an embedding, then m = 1 and we have the
first option. Otherwise, this is a proper subdirect decomposition of T,
and we have the second option. Again, these can be read off from the
labeled congruence lattice of T. Of particular interest is the case when
the join in (2) represents a trivial cover, so that 〈T〉 < 〈R〉 ≤ 〈S〉 with
R ∈ H(T) and T ≤ Rm. �

Of course, if T is k-generated and T < S, then there is a subalgebra
U ≤ S with at most k + 1 generators such that T < U ≤ S, and
because of local finiteness there are only finitely many candidates for
U. However, it may happen that no such U is quasicritical, and we are
primarily interested in the embedding order on quasicritical algebras.
There the situation is more complicated. In Proposition 84 and Figure
12 of Section 4.5 we will see an example of a quasicritical algebra Z1

that is covered by infinitely many quasicritical algebras Zn (n ≥ 2)
in the set of quasicriticals ordered by subalgebra inclusion. Thus we
cannot expect to find a direct method to determine all the quasicritical
algebras covering a given algebra T in the embedding order.

On the other hand, the fact that T ≺ S in the embedding order
need not mean that 〈T〉 is covered by 〈S〉 as quasivarieties, and indeed
the quasivarieties 〈Zn〉 in Section 4.5 form a chain (Figure 13). We
do not know whether it is possible for a finitely generated quasivariety
〈T〉 to have infinitely many upper covers in Lq(K) when K is locally
finite and has finite type. This is Problem 5 in Chapter 8.

In Section 5.3 we will see how part (2) of the previous theorem can
be useful. From the congruence lattice of the algebra R1 in Figure 25,
we see that R1 has a subdirect representation R1 ≤ T1×R2. However,
T1 ≤ R2, so R1 ≤ R2

2 and hence 〈R1〉 ≤ 〈R2〉. Similarly we obtain
R1 ≤ T1 × R3 ≤ R2

3 and so 〈R1〉 ≤ 〈R3〉. But more subtly, R1 ≤
T2 × F1 with both T2, F1 ≤ R7, and hence 〈R1〉 ≤ 〈R7〉. This last
inclusion is not immediately apparent just from inspecting ConK R1.

Now let us consider how we can analyze the structure surrounding
the quasivariety 〈T〉 generated by a finite algebra in K. Suppose we
are given T, and that we know

• the quasicriticals S1, . . . ,Sk that are properly in S(T),
• the quasicriticals U1, . . . ,U` that are properly inHS(T)\S(T),
• the order and dependencies on 〈S1〉, . . . , 〈Sk〉, 〈U1〉, . . . , 〈U`〉,

that is, when one quasivariety is below the join of others.

We may assume inductively that all this information is known for the
algebras properly in HS(T).
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Now we start on 〈T〉 itself. The first question is: Is T quasicritical?
This can be reliably answered by the Universal Algebra Calculator. If
the answer is NO, then 〈T〉 is in the quasivariety generated by its
quasicritical subalgebras S1, . . . ,Sk, for which we already know the
information, and we are done.

If the answer is YES, meaning that T is quasicritical, add T to the
list of quasicriticals: S1, . . . ,Sk,T and the order relations 〈Sj〉 < 〈T〉.
It remains to add the information on order and dependencies contained
in ConK T.

If T is K-subdirectly irreducible, then 〈T〉 is completely join prime
in Lq(K). In this case 〈T〉 ≤ 〈R〉 holds only when T ≤ R, by Corol-
laries 55 and 56. Moreover, we never have T < Si or T < Uj for the
algebras in our list, since those are properly in HS(T). So there is no
more information to add.

But if T is subdirectly reducible in K, then we consider in turn each
irredundant proper decomposition ∆ = θ1 ∧ · · · ∧ θm in ConK T with
all factors T/θ quasicritical, and hence either T/θ ∼= Si or T/θ ∼= Uj

for one of the quasicriticals in our list. (Note that the congruences θ
need not be meet irreducible, but if T/θ is not quasicritical, then that
θ can be replaced by a meet of larger congruences where the factors
are quasicritical.)

Let Rk
∼= T/θk for 1 ≤ k ≤ m. Then of course we have 〈T〉 ≤

〈R1〉 ∨ · · · ∨ 〈Rm〉. Because T is quasicritical, at least one Ri must
come from U1, . . . ,U`.

Again there are two possibilities. If for some Rp (necessarily one
of the Uj’s) we have Rj ∈ 〈Rp〉 for all j, then 〈T〉 < 〈Rp〉. On the
other hand, if there is no such Rp, then 〈T〉 ≤ 〈R1〉 ∨ · · · ∨ 〈Rm〉 is a
nontrivial join cover in Lq(K). Examples of both types, inclusions and
nontrivial dependencies, will appear in the lattice of subquasivarieties
of M described in Chapter 5.

This analysis could be summarized as follows. Given a finite algebra
T ∈ K, we look at the irredundant subdirect decompositions of T into
quasicritical algebras in K. These give us relations of the forms

(1) 〈T〉 ≤ 〈R1〉 ∨ · · · ∨ 〈Rk〉 with each Rj ∈ H(T) ∩K,
(2) 〈T〉 ≤ 〈V1〉 ∨ · · · ∨ 〈Vm〉 ≤ 〈S〉 with each Vj ∈ H(T) ∩K.

The second option is closely related to the first. Because T is finite,
there are only finitely many relations of these types.

The other type of order relation that holds among the compact
elements of Lq(K) are those 〈T〉 ≤ 〈S〉 that arise from embeddings
T ≤ S. For these, we basically have to construct the larger algebra.
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Offhand, there could be infinitely many such extensions that are mini-
mal in the sense that T < S, but there is no quasicritical algebra with
T < U < S. However, the Universal Algebra Calculator can be used
to find the subalgebras of a given algebra S.

4.2. Fermentability

In this section we describe some properties of subquasivariety lat-
tices Lq(K) that hold when K is a locally finite quasivariety of finite
type, but not necessarily in the lattice Lq(Q) for an arbitrary quasiva-
riety. Let us begin with a little lattice theory, taken from Chapter II of
[69] but based on work of Day [49], Jónsson [94] and McKenzie [115].

We begin by considering lower boundedness for finitely generated
lattices. A lattice homomorphism h : K → L is a lower bounded
homomorphism if for every element a ∈ L, the inverse image h−1(↑a)
= {w ∈ K : h(w) ≥ a} is either empty or has a least element. A
finitely generated lattice L is a lower bounded lattice if it is a lower
bounded homomorphic image of a finitely generated free lattice, i.e., if
there is a surjective lower bounded homomorphism h : FL(X) � L for
some finite set X. Lower bounded lattices initially arose in the context
of sublattices of free lattices and projective lattices.

Let L be a lattice. We say that a subset A ⊆ L has the minimal
join cover refinement property if for every a ∈ A, every nontrivial finite
cover a ≤ ∨C can be refined to one of finitely many minimal finite
covers M � C, so that a ≤ ∨M , all of which satisfy M ⊆ A. We say
that L has the minimal join cover refinement property if the property
holds with A = L.

Let D0(L) be the set of all join prime elements of L, i.e., the set
of all elements that have no nontrivial join cover. Given Dk(L), define
Dk+1(L) to be the set of all p ∈ L such that every nontrivial join cover
of p refines to a join cover contained in Dk(L), i.e., p ≤ ∨C nontrivially
implies there exists B � C with p ≤ ∨B and B ⊆ Dk(L). Note that
if p ∈ A where A ⊆ L has the minimal join cover refinement property,
then p ∈ Dk+1(L) if and only if every minimal nontrivial join cover of
p is contained in Dk(L).

Clearly Dk(L) ⊆ Dk+1(L) for all k ∈ ω. Let D(L) =
⋃
k∈ω Dk(L).

The basic theorem on lower bounded lattices can be stated thusly.

Theorem 71. For a finitely generated lattice L, the following are
equivalent.

(1) L is a lower bounded lattice, i.e., there is a surjective lower
bounded homomorphism h : FL(X) � L for some finite set
X.
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(2) For every finitely generated lattice K, every homomorphism
h : K→ L is lower bounded.

(3) D(L) = L.

Moreover, if L satisfies these properties then it is join semidistributive
and L has the minimal join cover refinement property.

Examples of lower bounded lattices include any finitely generated
sublattice of a free lattice [94], and the subalgebra lattice of any finite
semilattice [10, 70]. For an extension of lower boundedness to lattices
that may not be finitely generated, see Adaricheva and Gorbunov [14].

With these tools in hand, we return to lattices of subquasivarieties.
The restriction to locally finite quasivarieties of finite type brings a
strong restriction, due to Adaricheva, Dziobiak and Gorbunov [12],
based on Adaricheva [10].

Theorem 72. Let K be a locally finite quasivariety of finite type.
If Lq(K) is finite, then it is a lower bounded lattice.

It is this fact that will be generalized in Theorem 74 below. On the
other hand, there are finite lower bounded lattices that do not support
any equaclosure operator (e.g., those in Figure 50 in the Appendix).
A lattice that does not support an equaclosure operator cannot be
represented as Lq(Q) for any quasivariety Q.

1

Figure 10. Leaf lattice L4 that is isomorphic to Lq(Q)
for a quasivariety Q, but not to Lq(K) for any locally
finite quasivariety K of finite type.

The lattice Co(4) of convex subsets of a 4-element chain does not
support an equaclosure operator, so it cannot be represented as a sub-
quasivariety lattice. As Co(4) is not lower bounded, neither is any
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lattice containing it as a sublattice. However, the leaf lattice L4 in
Figure 10 is isomorphic to Lq(Q) for a quasivariety Q constructed in
[19], though it contains Co(4). By Theorem 72, there is no locally
finite quasivariety K of finite type such that L4

∼= Lq(K). The similar
lattice 1+Co(4) is isomorphic to a lattice of H-closed algebraic subsets
Sp(L, H) for a pair (L, H), also from [19], but we don’t know whether
1 + Co(4) can be represented as a lattice of subquasivarieties. (See
Section A.2 of the Appendix for the representation of subquasivariety
lattices by lattices of algebraic subsets.)

In the next lemma, the length of a finite lattice L is the maximum
length of a chain in L, where a chain c0 < c1 < · · · < cn has length n.

Lemma 73. If the length of ConK T is k, then the quasivariety 〈T〉
is in Dk−1(Lq(K)).

Proof. If ConK T has length 1, then T is simple, and hence 〈T〉
is join prime and in D0(Lq(K)). If the length is k ≥ 2, then either T
is K-subdirectly irreducible, in which case 〈T〉 is join prime in Lq(K),
or else the minimal nontrivial join covers of 〈T〉 correspond to proper
subdirect decompositions of T, with each factor having a shorter K-
congruence lattice, and hence being in Dk−2(Lq(K)) by induction. �

A lattice is fermentable if it is
∨

-generated by some set A of join
irreducible elements such that

(a) A has the minimal join cover refinement property,
(b) A ⊆ D(L).

These lattices were introduced in Wehrung [167], generalizing Pudlák
and Tůma [146].

To see that Lq(K) is fermentable when K is a locally finite quasiva-
riety of finite type, we take A to be the collection of all quasivarieties
〈T〉 with T quasicritical. By Lemma 69, every join cover of such a 〈T〉
refines to a cover 〈T〉 ≤ 〈R1〉 ∨ · · · ∨ 〈Rk〉 with each Rj a quasicritical
algebra in H(T). By Lemma 73 we have 〈T〉 ∈ D(Lq(K)). Combining
these facts yields the following result.

Theorem 74. If K is a locally finite quasivariety of finite type,
then the lattice of subquasivarieties Lq(K) is fermentable.

Fermentability carries strong consequences for the structure of Lq(K).
In particular, we have the following result of Wehrung [167], found in-
dependently by Semenova [154].

Theorem 75. Every fermentable lattice can be embedded into a
direct product of finite lower bounded lattices.
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Let LBfin denote the class of finite lower bounded lattices, and let
Q(LBfin) be the quasivariety it generates.

Corollary 76. If K is a locally finite quasivariety of finite type,
then the lattice Lq(K) is in Q(LBfin).

It is easy to find quasi-equations that hold in Q(LBfin). Remember
that every sublattice of a lower bounded lattice is lower bounded. Let
M be a finite subdirectly irreducible lattice that is not lower bounded,
with (a, b) a critical pair for M. Then M cannot be embedded into any
lower bounded lattice, and so Q(LBfin) satisfies

diag(M)→ a ≈ b.

In particular, we could take M to also be join semidistributive, e.g.,
M = Co(4), the lattice of convex subsets of a 4-element chain. Every
lattice Lq(K), with K a locally finite quasivariety of finite type, satisfies
these quasi-equations.

On the other hand, every lattice Sub S of subsemilattices of a finite
semilattice is isomorphic to Lq(K) for a quasivariety of one-element
structures with finitely many relations, by Theorem 159, and these
lattices satisfy no nontrivial lattice equation [71].

When we compare the situation for subquasivariety lattices with-
out the locally finite, finite type restriction, a different picture emerges.
The next theorem combines results of Adaricheva, Gorbunov and Tu-
manov [15, 78, 164]. Let QL denote the class of all subquasivariety
lattices Lq(Q), and let 〈SD∨〉 denote the quasivariety of all join semidis-
tributive lattices.

Theorem 77. Q(QL) = 〈SD∨〉, that is, subquasivariety lattices
generate 〈SD∨〉.

Proof. Any join semidistributive lattice can be embedded into an
ultraproduct of finite join semidistributive lattices. Thus the quasiva-
riety 〈SD∨〉 is generated by its finite members.

Moreover, every finite join semidistributive lattice K can be embed-
ded into a lattice of algebraic subsets Sp(L) for some algebraic lattice L.
Note that if K is not lower bounded, then L will necessarily be infinite.

Finally, Sp(L) is isomorphic to Lq(Q) for a quasivariety of one-
element structures, by Theorem 159. Thus a finite join semidistributive
lattice embeds into Lq(Q) for some quasivariety Q. �

There is a 4-generated join semidistributive lattice that cannot
be embedded into any lower continuous, join semidistributive lattice;
in particular, it cannot be embedded into any subquasivariety lattice
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Lq(Q). This is Example 4.4.15 in Gorbunov [77], reproduced as Ex-
ample 4-1.32 in [20]. It follows from the proof of Theorem 77 that the
class of lattices that can be embedded into subquasivariety lattices is not
first-order axiomatizable [106].

Lemma 73 has another, more local consequence for calculations in
Lq(K) when K is locally finite and finite type.

In general, if a lattice L is algebraic and join-generated by its com-
pact join irreducible elements, then L is determined by the order on
J(L) and the join covers p ≤ ∨Q with p ∈ J(L) and Q a finite subset
of J(L). If in addition J(L) has the minimal join cover refinement prop-
erty, then we only need the minimal nontrivial join covers, i.e., those
where Q is minimal in the sense of refinement (�), of which there are
only finitely many. (Recall that A refines B, written A � B, if for
every a ∈ A there exists b ∈ B with a ≤ b.) And if also J(L) ⊆ D(L),
then we need only the minimal nontrivial join covers p ≤ ∨Q with

∨
Q

also minimal in the order ≤ of L. That is, if p ≤ ∨Q and p ≤ ∨R
and

∨
Q ≤ ∨R, we keep only p ≤ ∨Q. (See Section II.4 of Freese,

Ježek and Nation [69] or Section 9 of Adaricheva, Nation and Rand
[21].) Thus, if a lattice L satisfies

(1) L is algebraic and dually algebraic,
(2) J(L) has the minimal join cover refinement property,
(3) J(L) ⊆ D(L),

then L is determined by its so-called E-basis, consisting of the order
on J(L) and the finite nontrivial join covers p ≤ ∨Q with p and each
q ∈ Q join irreducible, that are nonrefinable and have

∨
Q minimal

in L.
All this applies to Lq(K) when K is a locally finite quasivariety of

finite type.

Corollary 78. If K is a locally finite quasivariety of finite type,
then Lq(K) is determined by

(1) the order 〈S〉 ≤ 〈T〉 on quasivarieties generated by quasicriti-
cal algebras in K,

(2) the nonrefinable join covers 〈S〉 ≤ 〈T1〉 ∨ · · · ∨ 〈Tm〉 with S
and each Ti quasicritical, and

∨
i〈Ti〉 minimal in Lq(K).

This corollary can be useful when computing Lq(K) for a specific
quasivariety K.

4.3. Equational quasivarieties

Before tackling a concrete example of a quasivariety lattice Lq(K),
let us record in this section some observations that will be useful when
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we do so. We consider the question: which subquasivarieties are equa-
tional? That is, which subquasivarieties of a quasivariety K are deter-
mined, relative to K, by sets of equations?

The equational quasivarieties play an important role in the struc-
ture of the lattice Lq(K), as they determine the so-called equaclosure
operator. This was introduced in Dziobiak [55], with additional prop-
erties found in [13] and [19]; see Section A.4 of the Appendix for a
description. But also, we will see equational quasivarieties in the lat-
tice Lq(M) used to illustrate the general method in Chapter 5.

Here are three ways in which equational quasivarieties arise, in in-
creasing generality.

(1) If F is a finite K-free algebra, then within K the quasi-equation
diag(F) → s ≈ t is equivalent to s ≈ t, since the premises
always hold. Hence 〈diag(F)→ s ≈ t〉 is equal to 〈s ≈ t〉.

(2) If V is a variety contained in K, and F is a V-free algebra, then
the quasivariety V∧ 〈diag(F)→ s ≈ t〉 is equal to V∧ 〈s ≈ t〉,
which is equational.

(3) For any quasi-equation β : (&i si ≈ ti) → u ≈ v, if W is
the variety determined by the premises (&i si ≈ ti) of β, then
W ∧ 〈β〉 is equational, being equal to W ∧ 〈u ≈ v〉.

The first type can give us meet irreducible equational quasivarieties,
and the meet of equational quasivarieties is of course equational. The
latter two indicate ways in which meet reducible equational quasivari-
eties can be formed.

This is at least a start on this aspect of the problem, and again it
is illustrated in Chapter 5.

4.4. The atoms of Lq(K)

Now we turn to describing the quasivarieties that are atoms of
Lq(K) when K is locally finite. In describing atoms, we must deal
with algebras and relational structures separately.

The basic result for atoms in quasivariety lattices of algebras is due
to Ahmad Shafaat [159].

Theorem 79. Let K be a locally finite quasivariety of algebras of
finite type. Then B is an atom in Lq(K) if and only if B = 〈T〉 for a
finite algebra T such that |T | > 1 and

(†) if U ≤ T2 and |U | > 1, then T ≤ U.

Note that, since T ≤ T2 via the diagonal embedding, an algebra T
satisfying (†) has no proper subalgebra with more than one element,
and hence is quasicritical.
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Proof. Let B be an atom of Lq(K). Then B is completely join
irreducible, so it is generated by a finite quasicritical algebra T. Since
〈T〉∗ is the trivial quasivariety, T can have no proper subalgebra with
more than one element. Theorem 33 then applies to yield (†).

Conversely, consider an algebra T satisfying (†). As noted above,
this implies that T is quasicritical with no non-singleton proper subal-
gebra. Corollary 34 then says that 〈T〉∗ is the quasivariety generated
by the proper subalgebras of T, which in this case is the trivial quasi-
variety. �

Theorem 79 is easy to apply, since it is straightforward to check the
condition (†) for a given finite algebra T.

Corollary 80. Let K be a locally finite quasivariety of algebras
of finite type. If T ∈ K with |T | = 2, then 〈T〉 is an atom of Lq(K).

Proof. Let T be a 2-element algebra in K, say T = {a, b}. Clearly
every proper subalgebra of T has one element. Consider a subalgebra
S ≤ T2 with |S| > 1. If (a, a) and (b, b) are both in S, then they form
a subalgebra isomorphic to T. If neither is in S, then |S| = 2, so the
projection maps must be one-to-one, and hence isomorphisms.

Thus we may assume say (b, b) ∈ S and (a, a) /∈ S. It follows that b
is an idempotent element under all the operations of T. Now at least
one of (a, b), (b, a) is in S, say the former. Then {(a, b), (b, b)} forms a
subalgebra of S isomorphic to T via the first projection, as desired. �

Corollary 80 does not extend to 3-element algebras. In fact, the
quasivariety generated by a 3-element algebra can be Q-universal, and
hence have 2ℵ0 subquasivarieties. See Adams and Dziobiak [2] and our
Section 5.5.

Corollary 81. Let K be a locally finite quasivariety of algebras
of finite type. If 〈T〉 is an atom of Lq(K), then T is generated by at
most 2 elements. Thus Lq(K) has only finitely many atoms.

Without local finiteness, Lq(Q) can have infinitely many atoms, as
we have seen for abelian groups in Section 2.5. See e.g. Sapir [150] or
Dziobiak, Ježek and Maróti [58] for other examples.

Algebras that generate minimal subvarieties of a locally finite vari-
ety V, i.e., the atoms of the lattice of subvarieties Lv(V), are described
in Kearnes and Szendrei [107]. An earlier survey by Szendrei [163]
describes the minimal subvarieties of many classical varieties. Also,
Bergman and McKenzie [28] proved that every locally finite, congru-
ence modular, minimal variety is minimal as a quasivariety. They also
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gave examples to show that neither “local finiteness” nor “congruence
modularity” can be dropped.

We say that a pure relational structure R is full if every possible re-
lation hold in R, i.e., AR = Rn for each n-ary relation in the type. The
characterization of atoms in lattices of quasivarieties of pure relational
structures is due to Gorbunov and Tumanov [78].

Theorem 82. Let K be a locally finite quasivariety of pure rela-
tional structures of finite type. Then C is an atom in Lq(K) if and only
if C = 〈R〉 where either

(1) |R| = 1 and R is not full, or
(2) |R| = 2 and R is full.

Proof. Again C is generated by a quasicritical structure R. Let
P0 denote the 1-element full structure in K, and note P0 =

∏
∅ 6= R.

If |R| = 1, then R is not full and {R,P0} is a subquasivariety of K
contained in C, whence equal to C. If |R| > 1, then |R| = 2 as T has
no nontrivial proper substructure. Let R = {x, y}. If some relation
A(x) or B(y) or C(x, y) failed to hold in R, then either R or R2

would contain a nonfull 1-element substructure, which would generate
a proper subquasivariety of C, a contradiction. �

Theorem 82 is illustrated in the quasivarieties of Chapter 7.
We leave the case of mixed algebraic structures, with both opera-

tions and relations, as a exercise for the reader.
Recall that a lattice is biatomic if whenever p � 0 and p ≤ a∨b, then

there exist atoms q ≤ b and r ≤ c with p ≤ q∨ r. Adaricheva and Gor-
bunov [13] showed that any atomic lattice supporting an equaclosure
operator is biatomic; see Section A.4 of the Appendix. In particular,
this applies to lattices of subquasivarieties Lq(K).

4.5. The variety Z

Let us illustrate these methods by applying them to subquasiva-
rieties of a variety Z of unary algebras. The variety Z is similar to,
but simpler than, the variety M considered in Chapter 5, making it
perhaps more appropriate for a first example.

Let Z be the variety of 2-unary algebras with operations f , g satis-
fying

f 2x ≈ fx ≈ gfx g2x ≈ gx ≈ fgx.

Note that if an element a in an algebra in Z satisfies fa = a, then
ga = gfa = fa = a. Similarly, ga = a implies fa = a.
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Within this variety, let Z0 denote the 1-element algebra, and con-
sider the following algebras, which are drawn in Figure 11.

(1) Let X denote the algebra with universe {a, b} and fa = ga =
fb = gb = b.

(2) Let Y1 denote the algebra with universe {a, b} and fa = ga =
a, fb = gb = b.

(3) Let Y2 denote the algebra with universe {a, b, c, d} and fa =
fb = c, ga = gb = d with c, d fixed under both operations.

(4) Let Y3 denote the algebra with universe {a, b, c, d, e, h} and
fa = gb = d, fb = fc = e, ga = gc = h with d, e, h fixed
under both operations.

(5) Let Y4 denote the algebra with universe {a, b, c, d, e} and fa =
fb = gc = d, ga = gb = fc = e with d, e fixed under both
operations.

(6) Let Z1 be the free algebra on one generator, with elements x,
fx, gx.

(7) For n ≥ 2 let Zn be the algebra generated by a1, . . . , an with
fa1 = ga2, fa2 = ga3, . . . , fan = ga1.

Each of the algebras listed above is quasicritical. The algebras
X and Z1 are the 1-generated quasicriticals in Z, while Y1, Y2 and
Z2 are the 2-generated quasicriticals, and Y3, Y4 and Z3 are the 3-
generated quasicriticals. All the quasicritical algebras in Z except X,
Y1 and Z1 itself are obtained by gluing together copies of Z1 in various
ways. We have singled out the algebras Zn, obtained by gluing faj =
gaj+1 cyclically, to illustrate some particular phenomena in Lq(Z). The
algebras Y2, Y3 and Y4 are other variations of the gluing construction.

The embedding order on these quasicritical algebras is given in
Figure 12. Clearly Z1 < Zn for n ≥ 2, while {Zn : n ≥ 2} forms
an antichain with respect to embedding.

Note that Y1 < Z1. Corollary 80 and straightforward calculations
using the criterion of Theorem 33 yield the following covering relations.

Lemma 83. In Lq(Z) we have 〈Z0〉 ≺ 〈Y1〉 ≺ 〈Z1〉.
Proposition 84. In the ordered set of quasicritical algebras of Z

ordered by embedding, Zn covers Z1: there is no quasicritical algebra
S ∈ Z with Z1 < S < Zn.

Proof. For n ≥ 2, the subalgebra of Zn obtained by removing a
generator ai, that is Zn \ {ai}, is in the quasivariety generated by Z1,
and hence so is every proper subalgebra. But the only quasicritical
algebras in 〈Z1〉 are Y1 and Z1 by Lemma 83. �
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Figure 11. Small quasicritical algebras in Z

This validates one of the claims of Theorem 70, that a quasicritical
algebra can have infinitely many upper covers in the set of quasicritical
algebras ordered by embedding.

The next proposition collects facts about the quasivarieties gen-
erated by some of these algebras, based on the algorithms earlier in
this chapter and routine calculations. Note for the calculations that
because Z is a variety, ConZ T = Con T for any T ∈ Z.
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Z0

Z1

X Y1

Y2Y3

Y4

Z2 Z3 Z4

1

Figure 12. Small quasicritical algebras in Z ordered by embedding

Proposition 85. The quasivarieties generated by these small qua-
sicritical algebras have the following properties.

(1) X is a 2-element simple algebra, so 〈X〉 is a join prime atom
of Lq(Z).

(2) Y1 is a 2-element simple algebra, so 〈Y1〉 is a join prime atom
of Lq(Z).

(3) Y2 is subdirectly irreducible, so 〈Y2〉 is join prime in Lq(Z).
(4) Y3 ≤ Y2

2, so 〈Y3〉 ≤ 〈Y2〉. However, Y3 has a unique minimal
nonzero reflection congruence (with Y3/α ∼= Z2), so 〈Y3〉 is
join prime.

(5) Y4 ≤ X×Z2, so 〈Y4〉 ≤ 〈X〉∨〈Y2〉. Also 〈Y2〉∨〈Z2〉 < 〈Y4〉
due to the embeddings.

Because an atom of Lq(Z) must be 〈T〉 for a quasicritical algebra
T with at most 2 generators, the only atoms are 〈X〉 and 〈Y1〉.

Now we turn to the quasivarieties 〈Zn〉.
Proposition 86. The quasivarieties 〈Zn〉 have these properties.

(1) Each 〈Zn〉 for n ≥ 1 is join prime in Lq(Z).
(2) 〈Z0〉 ≺ 〈Y1〉 ≺ 〈Z1〉 in Lq(Z).
(3) 〈Z1〉 < 〈Zn〉 for all n ≥ 2.
(4) 〈Zn〉 ≤ 〈Zn−1〉 for all n > 2.
(5) Thus 〈Z0〉 < 〈Z1〉 < · · · < 〈Z4〉 < 〈Z3〉 < 〈Z2〉.
(6)

⋂
n≥2〈Zn〉 = 〈Z1〉, and hence 〈Z1〉 is not finitely based.

These results are illustrated in the segment of Lq(Z) in Figure 13.
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〈Z0〉

〈Y1〉

〈Z1〉

〈Z2〉

〈Z3〉

〈Z4〉

1

Figure 13. Segment of Lq(Z). Ticks indicate known covers.

Proof. Each 〈Zn〉 is join prime because the reflection into 〈X〉
is the unique minimal nonzero reflection congruence on Zn. Indeed,
the congruence θ =

∨
1≤i≤n Cg(fai, gai) is the smallest nonzero char-

acteristic congruence, and reflection congruences are characteristic by
Lemma 28. Thus (1) holds, while (2) is Lemma 83. Part (3) is due to
the embedding Z1 < Zn.

For (4), on an algebra Zn with n > 2, define the congruences ψi
for 1 ≤ i ≤ n to have one block [fai, ai, gai] and the rest singletons.
Then Zn/ψi ∼= Zn−1 and ψ1 ∩ ψ2 = ∆, so that Zn ≤ Z2

n−1. Hence
〈Zn〉 ≤ 〈Zn−1〉. Part (5) just summarizes this.

To prove (6), let T ∈ ⋂n≥2〈Zn〉 be an algebra with more than one
element. We may assume that T is a finitely generated quasicritical
algebra, say with k generators. If k = 1 then T ∼= X or T ∼= Z1; the
former is impossible because X /∈ 〈Z2〉 (as it satisfies the semi-splitting
quasi-equation for Z2, which is diag(Z2) → fx ≈ gx), and the latter
is what we are trying to prove. So assume k > 1. Then in particular
T ∈ 〈Zk+1〉, so that T ≤ Zm

k+1 for some m. But then the projection
maps πj : T → Zk+1 are onto k-generated subalgebras of Zk+1, and
as observed in the proof of Proposition 84, the proper subalgebras of
Zk+1 are all in 〈Z1〉. Thus T ∈ 〈Z1〉, as desired. It follows that 〈Z1〉 is
not dually compact in Lq(Z), i.e., not finitely based. �

Note that part (6) of the preceding theorem shows that even a
quasivariety of finite height in Lq(Z) need not be finitely based.
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It was observed in part (4) of Proposition 85 that 〈Y3〉 ≤ 〈Y2〉.
Gluing copies of Z1 in a cycle, but using faj = gaj+1 or faj = faj+1

or gaj = faj+1 or gaj = gaj+1 in different patterns, yields various
other quasicritical algebras. In this way one can find infinitely many
quasicritical algebras in 〈Y2〉, similar to what was done for 〈Z2〉 with
the algebras Zn. We leave the details as an exercise for the reader.

Thus we see how the algorithms can be used to analyze the structure
of Lq(Z). The variety M of Chapter 5 turns out to be a good deal more
complicated, but in interesting ways.

4.6. Synopsis

Here is a synopsis of the plot so far. Let K be a locally finite
quasivariety of finite type. The lattice Lq(K) of subquasivarieties is
algebraic, dually algebraic, join semidistributive, and fermentable. It is
also atomic, admits an equaclosure operator, and satisfies the Jónsson-
Kiefer property. These latter properties are discussed in Sections A.3
and A.4 of the Appendix.

The compact quasivarieties are those generated by a finite set of
finite algebras. Each compact quasivariety has a canonical join repre-
sentation as a join of finitely many completely join irreducibles. The
completely join irreducible quasivarieties are exactly those generated by
a single finite quasicritical algebra T. Note that such a join irreducible
quasivariety 〈T〉 may contain infinitely many other quasivarieties 〈S〉
with S quasicritical. The quasivariety 〈T〉 is join prime in Lq(K) if and
only if T has a unique minimal nonzero reflection K-congruence.

For each finite algebra T and atom α � ∆ of ConK T, choose a
pair a, b ∈ T such that α = CgK(a, b). Then define the quasi-equation

εT,α : diag(T)→ ta ≈ tb

where ta, tb are terms that evaluate to a, b respectively in T. The basic
result is that for any quasivariety Q, we have that T /∈ Q if and only if
Q satisfies εT,α for some α. The completely meet irreducible quasivari-
eties in Lq(K) are all of the form 〈εT,α〉, but not conversely, and meet
representations of finitely based varieties in terms of completely meet
irreducibles need not be canonical.

Now, for a finite algebra T ∈ K, let

E(T) = {εT,α : α � ∆}
λ(T) = {〈ε〉 : ε ∈ E(T)}
κ(T) = {N ∈ Lq(K) : N is maximal w.r.t. T /∈ N}.
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Then κ(T) ⊆ λ(T) since the quasivarieties in κ(T) are completely meet
irreducible.

However, within λ(T) all sorts of things can happen. For distinct
atoms α, β � ∆ in ConK T, the quasivarieties 〈εT,α〉 and 〈εT,β〉 could
be distinct and incomparable. But it is also possible that 〈εT,α〉 =
〈εT,β〉, or that 〈εT,α〉 < 〈εT,β〉. Concrete examples of these phenomena
will be given in Section 5.2. In addition, a quasivariety 〈εT,α〉 in λ(T)
can be meet reducible.

For any finite algebra T ∈ K and atom α of ConK T there exist
finite sets N(T, α) ⊆ O(T, α) that determine whether a quasivariety
Q ≤ K satisfies Q ≤ 〈εT,α〉 by exclusion, with respect to subquasiva-
rieties or subalgebras, respectively. That is, for an algebra A ∈ K,
A ∈ 〈εT,α〉 holds if and only if U � A for all U ∈ O(T, α), and for
a quasivariety Q ≤ K, we have Q ≤ 〈εT,α〉 if and only if R /∈ Q for
all R ∈ N(T, α). This information can be used to describe the or-
der and dual dependence on the meet irreducible quasivarieties, and
to characterize when a quasivariety is finitely based. For example, a
subquasivariety Q of a locally finite quasivariety K of finite type is
finitely based relative to K if and only if there exist finitely many finite
quasicritical algebras R1, . . . ,Rm such that 〈Ri〉 � Q but 〈Ri〉∗ ≤ Q
for all i, and for any subquasivariety W ≤ K, if W � Q then Rj ∈ W

for some j. This is not true without the local finiteness assumption.
When T ∈ K is finite, then 〈T〉 has only finitely many nontrivial

minimal join covers 〈T〉 ≤ 〈S1〉 ∨ · · · ∨ 〈Sn〉 in Lq(K), and these can
be found by inspecting ConK T. It is this property that makes Lq(K)
fermentable.



CHAPTER 5

Unary Algebras with 2-element Range

5.1. The variety generated by M

The previous sections have included various algorithms for working
with locally finite quasivarieties of finite type. We will illustrate these
algorithms by applying them to quasivarieties contained in the variety
M generated by a particular 3-element algebra M described below.
Conveniently, because the quasivariety for our example is the whole
variety M = HSP(M), we have ConM T = Con T for all T ∈M.

The type of M is (1, 1, 0), i.e., it has two unary operations, denoted
f and g, and a constant, denoted 0. The universe of M is {0, 1, 2} and
its operations are given in Figure 14.

f g
0 0 0
1 0 1
2 1 0

Figure 14. The operations of M. Note that Rows(M),
the rows of the operation table, is an order ideal in 22.

Unary algebras with a constant 0 and a 2-element range {0, 1} for
their operations were studied in Casperson et al. [43]. There it was
shown that if the rows of the operation table form an order ideal of
2n, then the algebra has a finite basis for its quasi-equations. This
applies to our algebra M. In fact, Theorem 88 below shows that the
2-variable quasi-equations of Q(M) form a basis. (The basis is given
in Proposition 110(1); later in the chapter, the algebra M is desig-
nated as T3.) Nonetheless, we shall see that Q(M) contains infinitely
many finite quasicritical algebras, and it contains uncountably many
subquasivarieties.

Finding an equational basis for the variety M = V(M) is not hard.

Theorem 87. The variety M is determined by the equations

f 2x ≈ fgx ≈ 0 g2x ≈ gx gfx ≈ fx f0 ≈ g0 ≈ 0.

75
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Proof. If V is any variety of unary algebras, perhaps with con-
stants, then the diagram of the free algebra FV(2) forms an equational
basis for V. As observed early on by Birkhoff [31], if V is generated
by a finite unary algebra, then FV(2) is finite, and thus V is finitely
based. In our case, the free algebra FM(2) consists of two copies of
FM(1) glued together at 0. Hence any 2-variable identity s(x) ≈ t(y)
satisfied by M is equivalent to two 1-variable identities, s(x) ≈ 0 and
t(x) ≈ 0. Thus the diagram of FM(1), given in the theorem statement,
is a basis for M. �

The free algebra F1 = FM(1) generated by x, and its quasicritical
homomorphic images, are illustrated in Figure 15. The quasicritical
algebras in HS(F1) and HS(F2) are referred to as the small quasicriti-
cal algebras. These algebras are actually in H(F1) and H(F2), and can
be described by the elements of the free algebra equated by homomor-
phisms. These descriptions are provided in Figure 17. Although F1 is
quasicritical, Fk is not when k > 1. The small quasicritical algebras in
M are illustrated in Figures 15 and 16. In the figures, solid arrows rep-
resent the operation f , while dashed arrows indicate g. Note that T3 is
isomorphic to M. The 1-element algebra T0, though not quasicritical,
is included in these figures for reference.

x

fx

F1

gx

0

x

fx ⌘ 0gx

T2

x

fx gx ⌘ 0

T3

T0
x ⌘ 0

x

T1

fx ⌘ 0

gx ⌘ x

x T4

fx ⌘ gx

0

x
T5

fx ⌘ gx ⌘ 0

Figure 15. Homomorphic images of F1 that are quasicritical.

In the next two sections we shall apply our algorithms to the small
quasicritical algebras of M. First, the 1-generated algebras will be
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Figure 16. Homomorphic images of F2 that are quasicritical.

considered, and then those that are 2-generated. (All the 1-generated
algebras of M are quasicritical; not so the 2-generated algebras.) In
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alg # gen # elts equated free algebra elements

F1 1 4
T0 1 1 x ≡ 0
T1 1 2 x ≡ gx and fx ≡ 0
T2 1 3 fx ≡ 0
T3 1 3 gx ≡ 0
T4 1 3 fx ≡ gx
T5 1 2 fx ≡ gx ≡ 0
P2 2 5 fx ≡ gy and gx ≡ fy
R1 2 5 fx ≡ fy and gx ≡ gy
R2 2 4 fx ≡ fy and gx ≡ gy ≡ 0
R3 2 4 fx ≡ fy ≡ gx ≡ gy
R4 2 4 fx ≡ gy ≡ 0 and gx ≡ fy
R5 2 4 fx ≡ gx ≡ gy and fy ≡ 0
R6 2 4 fx ≡ gx ≡ fy and gy ≡ 0
R7 2 5 fx ≡ gy and fy ≡ 0
R8 2 6 fx ≡ gy

Figure 17. Small quasicritical algebras as homomor-
phic images of F1 and F2.

Section 5.4, we show that Lq(M) is uncountable. Section 5.5 proves
the stronger fact that the quasivariety 〈T3〉 is Q-universal.

5.2. Illustrating the algorithms: 1-generated algebras

Let T be a small quasicritical algebra in M. To analyze the struc-
ture of Lq(M) surrounding 〈T〉, we need the following information.

• A list of the small quasicritical algebras in M, given in Fig-
ure 17.
• A chart giving the embedding relations amongst the small qua-

sicriticals, given in Figure 18.
• The labeled congruence lattice of T. (For the 1-generated

algebras considered in this section, this information can be
read off from the congruence lattice of the free algebra on one
generator, given in Figure 19.) Throughout, for u, v ∈ T, we
use the notation u ≡ v to represent the congruence Cg(u, v).
• Inductively, inclusions 〈R〉 ≤ 〈S〉 for quotient algebras R ∼=

T/ϕ, S ∼= T/θ. (In other words, when R ≤ Sn for some n.)
• A list of the reflection congruences of ConK T, obtained by

applying Theorem 24 to the above information.
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T0

F1T4T2T3

T5

R2 R3R4 R5R6 R1 P2R7

T1

R8

Figure 18. Small quasicritical algebra embeddings in M

T0

fx ⌘ gx ⌘ 0T5T1

T2 T3

fx ⌘ 0 fx ⌘ gx

gx ⌘ 0

gx ⌘ x

F1

T4

Figure 19. The congruence lattice of F1.

Given an algebra R, the set of all quasivarieties maximal with re-
spect to not being above 〈R〉 is denoted κ(R). Each quasivariety U

in κ(R) is completely meet irreducible with upper cover U∗. Given
an atom α in the K-congruence lattice of R, the quasivariety U(R, α)
is defined by the quasi-equation εR,α, i.e., diag(R) → s ≈ t where
α = Cg(s, t). Recall that λ(R) denotes the set of quasivarieties of the
form U(R, α) with α an atom of the K-congruence lattice. Further
recall that κ(R) ⊆ λ(R), but this may be a proper containment. If

U(R, α) is in κ(R), then we write Û(R, α) to emphasize this fact.
The format of the analysis in these sections is this: For each small

quasicritical algebra T in M we determine some or all of the following
information.
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(1) A list of some useful quasi-equations satisfies by T, including
a basis for 〈T〉 if known.

(2) A list of the small quasicritical algebras in 〈T〉.
(3) Some small quasicritical algebras such that 〈S〉 is minimal with

respect to 〈S〉 � 〈T〉, as in Theorem 54(2).
(4) Some small quasicritical algebras such that S is minimal with

respect to S /∈ 〈T〉. (So every proper subalgebra of S is in
〈T〉; compare Theorem 54(1).)

(5) Description of the lower cover 〈T〉∗ if known.
(6) A list of the reflection congruences of Con T. (These are in-

dicated by solid dots in the figures.)
(7) γT(α) for the atoms α of Con T.
(8) The diagram diag(T).
(9) The set of E(T) of quasi-equations εT,α for atoms α of Con T.

(Then λ(T) is the set of all 〈εT,α〉 with εT,α ∈ E(T).)
(10) κ(T) using Theorem 37.

(11) Quasi-equations for U(T, α) and/or Û(T, α).

(12) Description of U(T, α) and/or Û(T, α) by omitted subalge-
bras, i.e., O(T, α) from Theorem 54. (The sets O(T, α) and
N(T, α) for small quasicritical algebras are given in Figure 22.)

(13) A segment of Lq(M) relating to T.

A couple of comments are in order. These calculations are done in
a rather different order than presented. We would probably start with
(2): Given a pair of algebras, we can determine whether S ∈ SP(T)
from the labeled congruence lattice of S and the subalgebras of T.
Except near the bottom of Lq(M), the quasivariety 〈T〉 may contain
infinitely many quasicriticals, so the list will necessarily be incomplete.

Then we would do the rather straightforward computations for (6)–
(12). For an atom α of the congruence lattice, the reflection ρ〈T/α〉 is
either α or ∆, depending on whether or not α is a reflection congruence.
This information is implicit in (6). If T has a unique minimal nonzero
reflection congruence, then 〈T〉 is join prime; if not, we can find its
minimal nontrivial join covers from the subdirect decompositions of T.

With respect to part (5), we should admit that we do not really
have a good method for describing 〈T〉∗ in general, but we can do
so for some of the small quasivarieties. Of course, we do know that

〈T〉∗ = 〈T〉 ∧ Û(T, α) for some atom α, and sometimes Theorem 33 or
Corollary 34 applies to show that 〈T〉∗ is the quasivariety generated by
the proper subalgebras of T.

A summary of our investigation of the lower part of Lq(M) is
recorded in the table of Figure 20. The table gives some inclusions
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and nontrivial join covers in Lq(M). This information is illustrated in
the schematic diagram of Lq(M) in Figure 21. The table includes only
the inclusions that appear to be covers in the figure; the partial picture
of Lq(M) in Figure 21 also uses the embeddings given in Figure 18.

Figure 22 lists the sets O(T, α) and N(T, α) for those pairs (T, α)

such that 〈εT,α〉 ∈ κ(T), i.e., 〈εT,α〉 = Û(T, α) is maximal in Lq(M)
with respect to not containing 〈T〉. Recall that 〈εT,α〉 ∈ κ(T) if the re-
flective closure γT(α) is a minimal nonzero reflection congruence. Then
B(T, α) consists of the factor algebras T/ϕ with ϕ � α in ConM T,
O(T, α) is the collection of minimal members of B(T, α) with respect
to subalgebra inclusion ≤, and N(T, α) is the set of minimal members
of B(T, α) with respect to quasivariety inclusion ≤q. Theorem 54 then
states that a finite algebra A ∈M satisfies εT,α if and only if U � A for
every U in O(T, α), or equivalently, R /∈ 〈A〉 for every R ∈ N(T, α).

In (3) and (4) we are looking for algebras S such that S /∈ 〈T〉,
so that 〈T〉 satisfies εS,β for some atom β of Con S. Part (3) asks for
minimality with respect to quasivariety inclusion order, while (4) asks
for minimality with respect to subalgebra inclusion. With the order-
correct partial diagram of Lq(M) in Figure 21, we can identify small
quasicritical algebras with 〈S〉 � 〈T〉 for part (3), that are at least
minimal among the quasivarieties generated by small quasicriticals, if
not overall. Likewise, using Figure 18, we can find the small quasicrit-
ical algebras that are minimal with respect to S � T; those that also
satisfy S /∈ 〈T〉 are listed in part (4).

By Theorem 60, if we can find a complete list for (3) or (4), then the
corresponding quasi-equations εS,β satisfied by T form a basis for 〈T〉.
For some small quasicritical algebras in M, a basis for 〈T〉 can be found
this way. For others, we may know that 〈T〉 is finitely based without
knowing whether the lists in (3) and (4) are complete. Regardless of
whether 〈T〉 is finitely based, the information in (3) allows us to address
(1), the quasi-equations satisfied by T.

This completes our outline of the calculations.
A unary algebra with 0 is an algebra with unary operations f1, . . . , fk

and a constant 0 satisfying fj(0) ≈ 0 for all j. Such an algebra A has 2-
element range if there exists an element 1 ∈ A such that fj(x) ∈ {0, 1}
for all j and all x ∈ A. Let f(x) denote the vector (f1(x), . . . , fk(x)).
Then Rows(A) is the collection of vectors {f(x) : x ∈ A}. This just
consists of the set of rows of the operation table of A. Note that for a
unary algebra with 0 and 2-element range, Rows(A) ⊆ 2k.

Now unary algebras with 0 and 2-element range do not form a quasi-
variety, but one can talk about those contained in a given quasivariety.
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Fact Reason

〈T0〉 ≤ 〈Tj〉 for j = 1, 5 T0 ≤ Tj for j = 1, 5
〈T1〉 ≤ 〈T2〉 T1 ≤ T2

〈T1〉 ≤ 〈F1〉 T1 ≤ F1

〈T1〉 is join prime κ(T1) = {〈T5〉}
〈T2〉 ≤ 〈R7〉 T2 ≤ R7

〈T2〉 ≤ 〈T1〉 ∨ 〈T5〉 T2 ≤ T1 ×T5

〈T3〉 ≤ 〈Rj〉 for j = 2, 4, 6 T3 ≤ Rj for j = 2, 4, 6
〈T3〉 is join prime κ(T3) = {〈gx ≈ 0→ fx ≈ 0〉}

〈T4〉 ≤ 〈Rj〉 for j = 3, 5, 6 T4 ≤ Rj for j = 3, 5, 6
〈T4〉 is join prime κ(T4) = {〈fx ≈ gx→ fx ≈ 0〉}
〈T5〉 is join prime κ(T5) = {〈fx ≈ gx ≈ 0→ x ≈ 0〉}
〈F1〉 ≤ 〈R1〉 F1 ≤ R1

〈F1〉 ≤ 〈R8〉 F1 ≤ R8

〈F1〉 is join prime κ(F1) = {〈fx ≈ 0〉}
〈R1〉 ≤ 〈R2〉 R1 ≤ T1 ×R2 ≤ R2

2

〈R1〉 ≤ 〈R3〉 R1 ≤ T1 ×R3 ≤ R2
3

〈R1〉 ≤ 〈T2〉 ∨ 〈F1〉 ≤ 〈R7〉 R1 ≤ T2 ×F1 ≤ R2
7

〈R1〉 ≤ 〈T5〉 ∨ 〈F1〉 R1 ≤ T5 ×F1

〈R2〉 ≤ 〈T3〉 ∨ 〈T5〉 R2 ≤ T3 ×T5

〈R3〉 ≤ 〈T4〉 ∨ 〈T5〉 R3 ≤ T4 ×T5

〈R4〉 ≤ 〈T3〉 ∨ 〈T5〉 R4 ≤ T3 ×T5

〈R5〉 ≤ 〈T4〉 ∨ 〈T5〉 R5 ≤ T4 ×T5

〈R6〉 is join prime κ(R6) = {〈fx ≈ gx ≈ fy & gy ≈ 0
→ fx ≈ 0〉}

〈R7〉 ≤ 〈R4〉 R7 ≤ T1 ×R4 ≤ R2
4

〈R7〉 ≤ 〈R5〉 R7 ≤ T1 ×R5 ≤ R2
5

〈R7〉 ≤ 〈T5〉 ∨ 〈F1〉 R7 ≤ T5 ×F1

〈R8〉 ≤ 〈T4〉 R8 ≤ T1 ×T4 ≤ T2
4

〈R8〉 ≤ 〈P2〉 R8 ≤ T1 ×P2 ≤ P2
2

〈R8〉 is join prime κ(R8) = {〈fx ≈ gy → fy ≈ 0〉}
〈P2〉 ≤ 〈T3〉 P2 ≤ T2

3

〈P2〉 is join prime κ(P2) = {〈fx ≈ gy & gx ≈ fy
→ fx ≈ gx〉}

Figure 20. Fun facts about small quasicriticals!

Given a unary algebra A, we say that Rows(A) is uniquely witnessed
if A satisfies f(x) ≈ f(y)→ x ≈ y.

The main result of Casperson et al. [43] can be stated as follows.
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〈T0〉

〈T5〉

〈T1〉 ∨ 〈T5〉

〈T1〉
〈T2〉

〈R8〉
〈F1〉

〈R1〉

〈R7〉

〈P2〉

〈T3〉 〈T4〉

〈R2〉 〈R3〉 〈R4〉 〈R5〉 〈R6〉

1

Figure 21. The bottom of Lq(M), derived from the in-
formation in Figures 18 and 20. The diagram gives the
order, but not joins and meets. Ticks indicate covers.

Theorem 88. Let A be a unary algebra with 0 and 2-element range.

(1) The quasivariety 〈A〉 is finitely based if and only if Rows(A)
is an order ideal of 2k.

(2) If Rows(A) is an order ideal of 2k and uniquely witnessed,
then 〈A〉 has a basis of 2-variable quasi-identities.

Looking at the small quasicritical algebras in our variety M, we
see that F1, R1, R7, R8 and P2 do not have a 2-element range, but
the remaining ones do. The rows form an order ideal for some of the
small quasicriticals in M with a 2-element range: T1, T2, T3, T5, R2,
R4, R6. So for these algebras the corresponding quasivarieties 〈A〉 are
finitely based. On the other hand, the rows do not form an order ideal
for T4, R3 and R5, and the quasivarieties they generate are not finitely
based.

Of the finitely based quasivarieties, the rows are uniquely witnessed
for T1, T3 and R6. Their quasivarieties have a basis of 2-variable quasi-
identities, which we can find using Theorem 60, because the minimal
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Alg. Atom 〈εT,α〉 O(T, α) N(T, α)

T1 gx ≡ 0 〈gx ≈ 0〉 = 〈T5〉 T1 T1

T2 gx ≡ 0 〈gx ≈ 0〉 = 〈T5〉 T1 T1

T2 gx ≡ x 〈fx ≈ 0→ gx ≈ x〉 T2,T5 T2,T5

T3 fx ≡ 0 〈gx ≈ 0→ fx ≈ 0〉 T3 T3

T4 fx ≡ 0 〈fx ≈ gx→ fx ≈ 0〉 T4 T4

T5 x ≡ 0 〈fx ≈ gx ≈ 0→ x ≈ 0〉 T5 T5

F1 fx ≡ 0 〈fx ≈ 0〉 = 〈T1〉 ∨ 〈T5〉 T3,T4,F1 F1

R1 fx ≡ 0 〈fx ≈ 0〉 = 〈T1〉 ∨ 〈T5〉 T3,T4,F1 F1

R1 x ≡ y 〈fx ≈ fy & gx ≈ gy → x ≈ y〉 T2,T5,R1, T2,T5,R1

R2,R3

R2 fx ≡ 0 〈gx ≈ 0→ fx ≈ 0〉 T3 T3

R2 x ≡ y 〈fx ≈ fy & gx ≈ gy ≈ 0 T5,R2 T5,R2

→ x ≈ y〉
R3 fx ≡ 0 〈fx ≈ gx→ fx ≈ 0〉 T4 T4

R3 x ≡ y 〈fx ≈ fy ≈ gx ≈ gy → x ≈ y〉 T5,R3 T5,R3

R4 gx ≡ 0 〈gx ≈ 0→ fx ≈ 0〉 T3 T3

R4 gx ≡ x 〈fx ≈ gy ≈ 0 & gx ≈ fy T5,R4 T5,R4

→ gx ≈ x〉
R5 gy ≡ 0 〈fx ≈ gx→ fx ≈ 0〉 T4 T4

R5 gy ≡ y 〈fx ≈ gx ≈ gy & fy ≈ 0 T5,R5 T5,R5

→ gy ≈ y〉
R6 fx ≡ 0 〈fx ≈ gx ≈ fy & gy ≈ 0 R6 R6

→ fx ≈ 0〉
R7 fx ≡ 0 〈fx ≈ 0〉 = 〈T1〉 ∨ 〈T5〉 T3,T4,F1 F1

R7 fx ≡ y 〈fx ≈ gy & fy ≈ 0→ fx ≈ y〉 T5,R4,R5,R7 T5,R7

R8 fy ≡ 0 〈fx ≈ gy → fy ≈ 0〉 T3,T4,R8,P2 R8

P2 fx ≡ gx 〈fx ≈ gy & gx ≈ fy T3,P2 P2

→ fx ≈ gx〉

Figure 22. Sins of omission. Recall that an algebra
A ∈ M satisfies εT,α if and only if S � A for all S ∈
O(T, α), and a quasivariety Q ≤ M satisfies εT,α if and
only if U /∈ Q for all U ∈ N(T, α) (Theorem 54). In cases
where 〈εT,α〉 = 〈εS,β〉, the simpler of the two equivalent
quasi-equations is given in the third column.
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algebras not in 〈A〉 are 2-generated. Indeed, we will see in Proposi-
tion 99(12) that for S ∈M, Rows(S) is uniquely witnessed if and only
if none of T2, T5 and R1 is a subalgebra of S. It turns out that some
of the other small quasivarieties have a 2-variable basis as well.

Let us note a decomposition that plays a crucial role for unary
algebras with 0. The glued sum of two algebras A, B ∈ M, denoted
A ∗B, is the algebra whose universe is A ∪B with A ∩B = {0}, with
its operations inherited from A and B. Note that A, B ≤ A ∗B and
that it is a subdirect product of A and B. Thus A ∗B is certainly not
quasicritical when the factors are nontrivial.

As an example, for k > 1 the free algebra Fk ∼= F1 ∗ · · · ∗ F1 with
k factors. Thus Fk ∈ 〈F1〉.

The next lemma also uses this construction.

Lemma 89. The only quasicritical algebras of M in the quasivariety
〈fx ≈ 0〉 are T1, T2 and T5. Moreover, 〈fx ≈ 0〉 = 〈T1〉 ∨ 〈T5〉.

Proof. Let A be any finite algebra in 〈fx ≈ 0〉. Then the struc-
ture of A is determined by the action of the operation g, which satisfies
g2x ≈ gx. Thus it is easy to see that

(i) A is generated by G = {a ∈ A : a 6= g(b) for all b 6= a};
(ii) A is the set union of the subalgebras Sg(a) for a ∈ G;

(iii) each of these is isomorphic to T1, T2 or T5 (according as to
whether g(a) = a, a 6= g(a) 6= 0 or g(a) = 0);

(iv) pairwise, for a 6= b, Sg(a)∩Sg(b) is either {0} or {0, g(a)}, the
latter case occurring when g(a) = g(b).

It follows that A = S1∗· · ·∗Sm where each subalgebra Si is isomorphic
to T1, T2, T5 or a “fan” {a1, . . . , ak, c, 0} with k ≥ 2 and c = f(aj) for
all j. These fans can be embedded in Tk

2 and so are not quasicritical:
in the congruence lattice of a fan, ∆ =

⋂
1≤i≤k ψi where ψi is the

congruence whose only non-singleton block is {aj : j 6= i} ∪ {c}.
Thus 〈fx ≈ 0〉 contains only the quasicriticals T1, T2, T5. More-

over, since T2 ≤ T1 ×T5, we have 〈fx ≈ 0〉 = 〈T1〉 ∨ 〈T5〉. �

Lemma 90. If a quasivariety Q ≤M does not satisfy fx ≈ 0, then
F1 ∈ Q.

Proof. Such a quasivariety Q must contain a 1-generated quasi-
critical algebra not isomorphic to T1, T2 or T5. By looking at the
embeddings of Figure 18, we see that Q must contain T1 and at least
one of T3, T4, F1. From the congruence lattice of F1, given in Fig-
ure 19, we see that F1 ≤ T1×T3 and F1 ≤ T1×T4. Thus F1 ∈ Q. �

The quasivariety 〈T5〉 warrants special attention.
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Lemma 91. 〈T5〉 = 〈gx ≈ 0〉 = 〈fx ≈ gx〉 < 〈fx ≈ 0〉.
Proof. If gx ≈ 0 holds in a quasivariety Q ≤ M, then using the

substitution x 7→ fx and the equations of M yields fx ≈ g(fx) ≈ 0,
and in particular fx ≈ gx. If fx ≈ gx holds in Q, then the substi-
tution x 7→ gx gives gx ≈ g(gx) ≈ g(fx) ≈ 0. So the equations are
equivalent in M and imply fx ≈ 0. In view of Lemma 89, T5 is the
only quasicritical algebra satisfying those equations. �

Let us begin our case-by-case analysis of the quasivarieties gener-
ated by the small quasicritical algebras in M. We start with T1, which
is fairly straightforward because it is a simple algebra that satisfies
fx ≈ 0.

Proposition 92. The algebra T1 satisfies the following.

(1) 〈T1〉 = 〈gx ≈ x〉.
(2) The only quasicritical algebra in 〈T1〉 is T1.
(3) Q ≤ 〈T1〉 if and only if Q omits T2, T5 and F1.
(4) S ∈ 〈T1〉 if and only if S omits T2, T3, T4, T5 and F1.
(5) 〈T1〉∗ = 〈T0〉.
(6) T1 is simple, so its reflection congruences are ∆ and ∇.
(7) γT1(∇) = ∇ is the congruence x ≡ 0.
(8) diag(T1) is fx ≈ 0 & gx ≈ x.
(9) E(T1) = {εT1,x≡0}.

(10) κ(T1) = λ(T1) = {Û(T1, x ≡ 0)}.
(11) Û(T1, x ≡ 0) = 〈gx ≈ 0〉 = 〈T5〉.
(12) S ∈ Û(T1, x ≡ 0) if and only if S omits T1.
(13) See Figure 26 for the segment of Lq(M) related to T1.

Proof. The algebra T1 satisfies the equation gx ≈ x. Applying
f and using one of the defining equations of M gives 0 ≈ fgx ≈ fx,
so gx ≈ x implies fx ≈ 0. In view of Lemma 89, T1 is the only
quasicritical algebra that satisfies these two equations. Furthermore
〈T1〉∗ = 〈T0〉.

The congruence lattice of T1 is a 2-element chain with the non-
identity congruence defined by x ≡ 0. This implies that κ(T1) =

λ(T1) = {Û(T1, x ≡ 0)}, and Lemma 56 gives (12).
As the defining relations for T1 from F1 are fx ≡ 0 and gx ≡ x, the

quasi-equation εT1,x≡0 is gx ≈ x & fx ≈ 0→ x ≈ 0. The substitution
x 7→ gx applied to εT1,x≡0 yields g2x ≈ gx & fgx ≈ 0 → gx ≈ 0.
Since the hypothesis of this is always true in M, the equation gx ≈ 0

holds in Û(T1, x ≡ 0). Conversely, assume that an algebra A satisfies
gx ≈ 0 and that the hypothesis of εT1,x≡0 for the element a ∈ A. This
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means that g(a) = 0 and g(a) = a, so a = 0, which is the conclusion
of εT1,x≡0. Thus gx ≈ 0 and εT1,x≡0 are equivalent in M, which is the
first part of (11). Lemma 91 then gives 〈gx ≈ 0〉 = 〈T5〉. �

Proposition 93. The algebra T2 satisfies the following.

(1) 〈T2〉 = 〈fx ≈ 0, gx ≈ 0→ x ≈ 0〉.
(2) The quasicritical algebras in 〈T2〉 are T1 and T2.
(3) Q ≤ 〈T2〉 if and only if Q omits T5 and F1.
(4) S ∈ 〈T2〉 if and only if S omits T3, T4, T5 and F1.
(5) 〈T2〉∗ = 〈T1〉.
(6) All four congruences of T2 are reflection congruences: ∆, ∇,

gx ≡ x, gx ≡ 0.
(7) γT2(α) = α for the atoms gx ≡ x and gx ≡ 0.
(8) diag(T2) is fx ≈ 0.
(9) E(T2) = {εT2,gx≡x, εT2,gx≡0}.

(10) κ(T2) = λ(T2) = {Û(T2, gx ≡ x), Û(T2, gx ≡ 0)}.
(11) Û(T2, gx ≡ x) is above 〈R2〉∨〈R3〉∨〈R6〉 but not above 〈T5〉,

Û(T2, gx ≡ 0) = 〈gx ≈ 0〉 = 〈T5〉.
(12) S ∈ Û(T2, gx ≡ x) if and only if S omits T2 and T5,

S ∈ Û(T2, gx ≡ 0) if and only if S omits T1.
(13) See Figure 26 for the segment of Lq(M) related to T2.

Proof. The algebra T2 satisfies fx ≈ 0 and gx ≈ 0 → x ≈ 0,
so we can use Lemma 89 to see that the only quasicritical algebras in
〈T2〉 are T1 and T2.

The congruence lattice of T2 is isomorphic to 2 × 2 with atoms
given by gx ≡ 0 and gx ≡ x; it appears as an upper quotient in
Figure 19. The quasi-equation εT2,gx≡0, which is fx ≈ 0 → gx ≈ 0, is
equivalent to gx ≈ 0. To see this apply the substitution x 7→ gx for one
direction, and note that an equation always implies a quasi-equation

whose conclusion is that equation. Thus Û(T2, gx ≡ 0) = 〈gx ≈ 0〉,
which by Lemma 91 is 〈T5〉.

The largest congruence in Con T2 that is not above gx ≡ x is

gx ≡ 0. By Theorem 54, S ∈ 〈εT2,gx≡x〉 = Û(T2, gx ≡ x) if and only if
S omits T2/∆ and T2/(gx ≡ 0), that is, if and only if S omits T2 and
T5. Similarly, as T1 is a subalgebra of T2, we have S ∈ 〈εT2,gx≡0〉 =

Û(T2, gx ≡ 0) if and only if S omits T1. �

Let us temporarily postpone the quasivariety 〈T3〉 to Section 5.4.
Note that T3 = M, which is the algebra generating the variety M.
The quasivariety 〈T3〉 is exceedingly interesting because it contains all
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the quasicritical algebras Pn that are used to show that M contains
uncountably many subquasivarieties.

Proposition 94. The algebra T4 satisfies the following.

(1) 〈T4〉 is not finitely based. Its quasi-identities include

(εR1,x≡y) fx ≈ fy & gx ≈ gy → x ≈ y,

(εP2,fx≡0) fx ≈ gy & gx ≈ fy → fx ≈ 0,

and the quasi-equations εPn,fx1≡gx1 for n ≥ 2 of Theorem 112.
(2) The quasicritical algebras in 〈T4〉 include T1, F1 and R8.
(3) If Q ≤ 〈T4〉 then Q omits T2, T5, R1 and P2.
(4) If S ∈ 〈T4〉 then S omits T2, T3, T5, R1, R3 and P2.

(5) 〈T4〉∗ = 〈T4〉 ∧ Û(T4, fx ≡ 0) ≥ 〈R8〉.
(6) All three congruences of T4 are reflection congruences: ∆, ∇,

fx ≡ 0.
(7) γT4(fx ≡ 0) = ρT4

〈fx≈0〉 is fx ≡ 0.

(8) diag(T4) is fx ≈ gx.
(9) E(T4) = {εT4,fx≡0}.

(10) κ(T4) = λ(T4) = {Û(T4, fx ≡ 0)}.
(11) Û(T4, fx ≡ 0) = 〈fx ≈ gx→ fx ≈ 0〉.
(12) S ∈ Û(T4, fx ≡ 0) if and only if S omits T4.

Proof. The congruence lattice of T4 is the 3-element chain which
appears as an upper quotient in Figure 19. Its atom is determined by
fx ≡ 0, and T4/(fx ≡ 0) is isomorphic to T5.

As observed earlier, 〈T4〉 is not finitely based by Theorem 88. �

There are quasivarieties between 〈R8〉 and 〈T4〉 in Lq(M). For

example, let P†3 be the algebra F3/ψ where

ψ = (fx2 ≡ fx1) ∨ (fx3 ≡ gx2) ∨ (gx1 ≡ gx3),

which is the first algebra drawn in Figure 23. Then the Universal
Algebra Calculator shows that P†3 is quasicritical, while one can easily

check that R8 ≤ P†3 ≤ T1 × T2
4. Hence 〈R8〉 < 〈P†3〉 < 〈T4〉. On the

other hand, P†3 /∈ 〈T3〉.
An odd thing happens when we extend this construction. For k ≥ 4,

define P†k to be the algebra Fk/ψ where

ψ = (fx2 ≡ fx1) ∨ (fx3 ≡ gx2) ∨ · · · ∨ (fxk ≡ gxk−1) ∨ (gx1 ≡ gxk) .

The algebras P†4 and P†5 are drawn in Figure 23. But in contrast to P†3,

for k ≥ 4 these algebras satisfy 〈R8〉 < 〈P†k〉 < 〈T3〉, while P†k /∈ 〈T4〉.
Proposition 95. The algebra T5 satisfies the following.
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Figure 23. The algebras P†3, P†4 and P†5

(1) 〈T5〉 = 〈gx ≈ 0〉 = 〈fx ≈ gx〉.
(2) T5 is the only quasicritical algebra in 〈T5〉.
(3) Q ≤ 〈T5〉 if and only if Q omits T1.
(4) S ∈ 〈T5〉 if and only if S omits T1.
(5) 〈T5〉∗ = 〈T0〉.
(6) T5 is simple, so its reflection congruences are ∆ and ∇.
(7) γT5(∇) = ∇ is x ≡ 0.
(8) diag(T5) is fx ≈ gx ≈ 0.
(9) E(T5) = {εT5,x≡0}.

(10) κ(T5) = λ(T5) = {Û(T5, x ≡ 0)}.
(11) Û(T5, x ≡ 0) = 〈fx ≈ gx ≈ 0→ x ≈ 0〉.
(12) S ∈ Û(T5, x ≡ 0) if and only if S omits T5.
(13) See Figure 26 for the segment of Lq(M) related to T5.

Proof. T5 is a 2-element simple algebra, with its top congruence
∇ defined by x ≡ 0. Lemmas 89 and 91 make the claims straight-

forward. Note that Û(T5, x ≡ 0) contains all the small quasicritical
algebras of M except T5. �

The algebra T5 has another nice property: it is not a subalgebra of
any other quasicritical algebra in M (cf. Figure 18).
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Lemma 96. If T5 ≤ S, then S = T5 ∗B for some B ≤ S.

Proof. Let S ∈ M and a ∈ S with Sg(a) ∼= T5. Then f(a) =
g(a) = 0. For any b ∈ S \ {a} we can have neither f(b) = a nor
g(b) = a, because M satisfies gf(x) ≈ f(x) and g2(x) ≈ g(x). Hence
S = {a, 0} ∗B for B = S \ {a}. �

It turns out that 〈F1〉 is also very small and has a 2-variable basis.

Lemma 97. 〈F1〉 has the quasi-equational basis

(εR1,x≡y) fx ≈ fy & gx ≈ gy → x ≈ y,

(εR8,fy≡0) fx ≈ gy → fy ≈ 0.

Proof. First we note that, in the presence of εR1,x≡y, εR8,fy≡0 is
equivalent to fx ≈ gy → fx ≈ y. For assume that, in an algebra
satisfying εR1,x≡y, we have elements x, y such that f(x) = g(y). If
f(x) = y, then f 2(x) = f(y) = 0. On the other hand, if f(y) = 0,
then f(y) = f(f(x)) and g(y) = g(g(y)) = g(f(x)), whence y = f(x)
by εR1,x≡y.

Now let S be any algebra in M satisfying our quasi-equations. We
want to show that S is a subdirect product of copies of T1 and F1.
For any nonzero x ∈ S, Sg(x) ∼= T1 or F1, as the other 1-generated
algebras fail one quasi-equation or the other.

This enables us to identify a minimal generating set A for S, viz.,
A = {a ∈ S : a = g(b) implies a = b}. Moreover, if a ∈ A and
Sg(a) ∼= T1, then S = {0, a}∗(S\{a}). Thus without loss of generality
we may assume that Sg(a) ∼= F1 for all a ∈ A. It remains to figure out
how these subalgebras fit together.

Let B = {f(a) : a ∈ A} and C = {g(a) : a ∈ A}. Using the
equations defining M, we see that S = A ∪ B ∪ C ∪ {0}. Moreover,
applying fx ≈ gy → fx ≈ y and the assumptions of the previous
paragraph, this is a disjoint union.

Now we define a collection of congruences on S.

• Let ϕ be the equivalence whose blocks are A, B, C, {0}.
Clearly this is a congruence with S/ϕ ∼= F1.
• For b ∈ B, let σb be the equivalence relation whose blocks are
{a ∈ A : f(a) = b}, {b}, {a′ ∈ A : f(a′) 6= b}∪C, B\{b}∪{0}.
Again, for each b ∈ B this is a congruence with S/σb ∼= F1.
• For c ∈ C, let τc be the equivalence relation whose blocks are
{c} ∪ {a ∈ A : g(a) = c} and the rest of S. Each τc is likewise
a congruence with S/τc ∼= T1.
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Now it remains only to observe that, in view of εR1,x≡y,

ϕ ∧
∧

b∈B

σb ∧
∧

c∈C

τc = ∆

as desired. �

Proposition 98. The algebra F1 satisfies the following.

(1) 〈F1〉 has the quasi-equational basis

(εR1,x≡y) fx ≈ fy & gx ≈ gy → x ≈ y,

(εR8,fy≡0) fx ≈ gy → fy ≈ 0.

(2) The only quasicritical algebras in 〈F1〉 are T1 and F1.
(3) Q ≤ 〈F1〉 if and only if Q omits T2, T5, R1 and R8.
(4) S ∈ 〈F1〉 if and only if S omits T2, T3, T4, T5, R1, R8 and

P2.
(5) 〈F1〉∗ = 〈T1〉.
(6) The reflection congruences of F1 are ∆,∇, fx ≡ 0,

(fx ≡ 0) ∨ (gx ≡ x), fx ≡ gx ≡ 0.
(7) γF1(fx ≡ 0) = ρF1

〈fx≈0〉 is fx ≡ 0,

γF1(fx ≡ gx) = γF1(gx ≡ 0) is fx ≡ gx ≡ 0.
(8) diag(F1) is x ≈ x.
(9) E(F1) = {εF1,fx≡0, εF1,gx≡0, εF1,fx≡gx}

= {fx ≈ 0, gx ≈ 0, fx ≈ gx}.
(10) κ(F1) = {Û(F1, fx ≡ 0)}.
(11) Û(F1, fx ≡ 0) = 〈fx ≈ 0〉 = 〈T1〉 ∨ 〈T5〉,

U(F1, fx ≡ gx) = U(F1, gx ≡ 0) = 〈fx ≈ gx〉 = 〈T5〉.
(12) S ∈ U(F1, fx ≡ gx) if and only if S omits T1,

S ∈ Û(F1, fx ≡ 0) if and only if S omits T3, T4 and F1.
(13) See Figure 26 for the segment of Lq(M) related to F1.

Proof. The algebra F1 has subalgebras isomorphic to T0, T1 and
T1 ∗T1. The congruence lattice of F1 is given in Figure 19; note that
fx ≡ 0 is its unique minimal nonzero reflection congruence. The equa-
tions in (9) reflect the discussion of Section 4.3. Claims (2) and (11)
use (10) and the characterizations of 〈fx ≈ 0〉 in Lemma 89 and 〈T5〉
in Lemma 91. �

Thus the inclusions in Figure 21 below 〈T5〉 and 〈F1〉 are covers.
As we shall see later, this is also true for 〈R1〉 and 〈R8〉.

In the process of analyzing the lattice of subquasivarieties Lq(M),
we have inadvertently found the lattice of subvarieties Lv(M) The
crucial facts are that V(F1) = M (since Fn = F1 ∗ · · · ∗ F1), and
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κ(F1) = 〈T1〉 ∨ 〈T5〉 = 〈fx ≈ 0〉. The subvariety lattice is given in
Figure 24.

〈T0〉 = 〈x ≈ 0〉

〈F1〉 = M

〈T1〉 ∨ 〈T5〉 = 〈fx ≈ 0〉

〈T5〉 = 〈gx ≈ 0〉 〈T1〉 = 〈gx ≈ x〉

1

Figure 24. The lattice of subvarieties Lv(M)

5.3. Illustrating the algorithms: 2-generated algebras

Now we turn to the 2-generated small quasicritical algebras in M,
except P2, which will be postponed to the next section, along with T3.
Recall that 〈T4〉, 〈R3〉 and 〈R5〉 are not finitely based. For the 1-
generated quasicritical algebras except T4, we were able to find a basis
for 〈T〉 consisting of quasi-equations in at most 2 variables. As per
the discussion following Theorem 88, 〈R6〉 also has a 2-variable basis.
Likewise, 〈R2〉 and 〈R4〉 both have a finite basis, but we don’t know
the number of variables. (A bound is given in [43].) It is unknown
whether 〈R1〉, 〈R7〉, 〈R8〉 or 〈P2〉 are finitely based. In all the cases
where we do not know the quasi-equational basis, the statements of
parts (1)–(4) of the analysis are necessarily weaker!

First we consider R1.

Proposition 99. The algebra R1 satisfies the following.

(1) 〈R1〉 satisfies the quasi-equations

(εT2,gx≡x) fx ≈ 0→ gx ≈ x,

(εR8,fy≡0) fx ≈ gy → fy ≈ 0.

(2) The only quasicritical algebras in 〈R1〉 are T1, F1 and R1.
(3) If Q ≤ 〈R1〉 then Q omits T2, T5 and R8.
(4) If S ∈ 〈R1〉 then S omits T2, T3, T4, T5, P2 and R8.

(5) 〈R1〉∗ = 〈R1〉 ∧ Û(R1, x ≡ y) = 〈F1〉.
(6) The reflection congruences of R1 are ∆,∇, fx ≡ 0, x ≡ y,

(fx ≡ 0) ∨ (gx ≡ 0), (gx ≡ x) ∨ (x ≡ y).
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gx ⌘ 0 x ⌘ yfx ⌘ gxfx ⌘ 0
R3 R2 F1

T3T4T2T5 ⇤ T5

T2 ⇤ T2

T2T2

T5T5T5
T1

T0

R1

Figure 25. Con R1 where R1 = F2/θ for the congru-
ence θ = (fx ≡ fy) ∨ (gx ≡ gy). Here T2 ∗ T2 denotes
the non-quasicritical algebra consisting of two copies of
T2 glued together.

(7) γR1(fx ≡ 0) is fx ≡ 0,
γR1(fx ≡ gx) = γR1(gx ≡ 0) is fx ≡ gx ≡ 0,
γR1(x ≡ y) is x ≡ y.

(8) diag(R1) is fx ≈ fy & gx ≈ gy.
(9) E(R1) = {εR1,fx≡gx, εR1,fx≡0, εR1,gx≡0, εR1,x≡y}

= {fx ≈ gx, fx ≈ 0, gx ≈ 0, εR1,x≡y}.
(10) κ(R1) = {Û(R1, fx ≡ 0), Û(R1, x ≡ y)}.
(11) U(R1, fx ≡ gx) = U(R1, gx ≡ 0) = 〈T5〉,

Û(R1, fx ≡ 0) = 〈fx ≈ 0〉 = 〈T1〉 ∨ 〈T5〉,
Û(R1, x ≡ y) = 〈fx ≈ fy & gx ≈ gy → x ≈ y〉 = 〈R6〉.

(12) S ∈ U(R1, gx ≡ 0) if and only if S omits T1,

S ∈ Û(R1, fx ≡ 0) if and only if S omits T3, T4 and F1,

S ∈ Û(R1, x ≡ y) if and only if S omits T2, T5, R1, R2 and
R3.

(13) See Figure 26 for the segment of Lq(M) related to R1.

Proof. First note that F1 ≤ R1. The inclusions 〈R1〉 ≤ 〈Rj〉 for
j = 2, 3, 7 are explained in Figure 20. There are also join dependencies
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〈R1〉 ≤ 〈T2〉 ∨ 〈F1〉 < 〈T5〉 ∨ 〈F1〉, using T2 ≤ T1 ×T5 and that 〈T5〉
is join prime.

The quasi-equations εR1,fx≡0, εR1,fx≡gx, and εR1,gx≡0 are logically
equivalent to the equations fx ≈ 0, fx ≈ gx, and gx ≈ 0 respectively.

To see that εR1,fx≡0, that is fx ≈ fy & gx ≈ gy → fx ≈ 0,
is equivalent to fx ≈ 0, first note the equation fx ≈ 0 implies any
quasi-equation whose conclusion is fx ≈ 0. Conversely, consider the
substitution y 7→ x in εR1,fx≡0. The hypothesis of the resulting quasi-
equation, fx ≈ fx & gx ≈ gx, is always true, while the conclusion
is fx ≈ 0. Similar arguments show that εR1,gx≡0 and εR1,fx≡gx are
equivalent to their conclusions.

Moreover, since R1 satisfies εR8,fy≡0, then the meet 〈R1〉∗ = 〈R1〉∧
Û(R1, x ≡ y) satisfies both εR8,fy≡0 and εR1,x≡y, whence 〈R1〉∗ = 〈F1〉
by Lemma 97. The proof that Û(R1, x ≡ y) = 〈R6〉 will be given in
Proposition 106. �

Corollary 100. A quasivariety Q ≤M satisfies

fx ≈ fy & gx ≈ gy → x ≈ y

if and only if Q does not contain T2, T5 and R1.

We do not know whether 〈R1〉 is finitely based. In particular, Are
the quasi-equations εT2,gx≡x and εR8,fy≡0 in (1) a basis for 〈R1〉?

The next lemma summarizes some of the equalities of quasivarieties
that have been developed above.

Lemma 101. The following hold in Lq(M).

(1) 〈T1〉 = 〈fx ≈ 0 & gx ≈ x〉.
(2) U(R1, gx ≡ 0) = U(R1, fx ≡ gx) = 〈gx ≈ 0〉 = 〈T5〉.
(3) Û(R1, fx ≡ 0) = 〈T1〉 ∨ 〈T5〉.
(4) Û(R1, fx ≡ 0) ∧ Û(R1, x ≡ y) = 〈T1〉.
(5) Û(R1, fx ≡ 0) ∨ 〈R1〉 = 〈T5〉 ∨ 〈F1〉.
Proof. The equality (1) holds as the only quasicritical that satis-

fies fx ≈ 0 and gx ≈ x is T1.
Equations (2) and (3) use Lemmas 89 and 91.
Neither T2 nor T5 satisfy εR1,x≡y but T1 does, giving (4).
Finally, 〈F1〉 ≤ 〈R1〉 but R1 ≤ T5×F1, implying equation (5). �

Figure 26 illustrates Lemma 101 and the structure of the lower
segment in Lq(M).

The congruence lattices of R2, R3, R4, and R5 are all isomorphic
as lattices. The labelings of the congruence lattices only change at the
atoms and the least element; see Figure 27 for two of them.
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hT0i

hT1i

hF1i

bU(T1, x ⌘ 0) =

U(R1, gx ⌘ 0) =

bU(T2, gx ⌘ 0) =

U(F1, fx ⌘ gx)

hT2i

hR1i
bU(R1, x ⌘ y)

hR1i _ bU(R1, x ⌘ y)hT5i _ hF1i

bU(R1, fx ⌘ 0)

= bU(F1, fx ⌘ 0)

= hT5i _ hT1i

hT5i

Figure 26. Segment of Lq(M) related to 〈T1〉, 〈T2〉,
〈T5〉, 〈F1〉 and 〈R1〉. Ticks indicate covers.

• For R2 the atoms are fx ≡ 0 with quotient T5 ∗T5, and x ≡ y
with quotient T3.
• For R3 the atoms are fx ≡ 0 with quotient T5 ∗T5, and x ≡ y

with quotient T4.
• For R4 the atoms are gx ≡ 0 with quotient T5∗T5, and gx ≡ x

with quotient T3.
• For R5 the atoms are gy ≡ 0 with quotient T5∗T5, and gy ≡ y

with quotient T4.

Proposition 102. The algebra R2 satisfies the following.

(1) 〈R2〉 is finitely based and satisfies

(εT2,gx≡x) fx ≈ 0→ gx ≈ x,

(εT4,fx≡0) fx ≈ gx→ fx ≈ 0.

(2) T3,P2,R8,R1,F1,T1 ∈ 〈R2〉.
(3) If Q ≤ 〈R2〉 then Q omits T2, T4 and T5.
(4) If S ∈ 〈R2〉 then S omits T2, T4 and T5.

(5) 〈R2〉∗ = 〈R2〉 ∧ Û(R2, x ≡ y) ≥ 〈T3〉 ∨ 〈R1〉.
(6) The reflection congruences of R2 are ∆,∇, fx ≡ 0, x ≡ y.
(7) γR2(fx ≡ 0) = ρR2

〈fx≈0〉 is fx ≡ 0,

γR2(x ≡ y) = ρR2

〈x≈y〉 is x ≡ y.
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T5T5 T5

T0

T5 ⇤ T5

x ⌘ 0 y ⌘ 0

fx ⌘ 0 x ⌘ y

R2

T3 T4

T5T5 T5

T0

T5 ⇤ T5

x ⌘ 0 y ⌘ 0

fx ⌘ 0 x ⌘ y

R3

Figure 27. Congruence lattices of R2 and R3

(8) diag(R2) is fx ≈ fy & gx ≈ gy ≈ 0.
(9) E(R2) = {εR2,fx≡0, εR2,x≡y}.

(10) κ(R2) = λ(R2) = {Û(R2, fx ≡ 0), Û(R2, x ≡ y)}.
(11) Û(R2, fx ≡ 0) = 〈gx ≈ 0→ fx ≈ 0〉,

〈T5〉∨〈R3〉∨〈R5〉 ≤ Û(R2, fx ≡ 0) but 〈T3〉 � Û(R2, fx ≡ 0),

〈R3〉 ∨ 〈R4〉 ∨ 〈R5〉 ∨ 〈R6〉 ≤ Û(R2, x ≡ y) but 〈T5〉, 〈R2〉 �
Û(R2, x ≡ y).

(12) S ∈ Û(R2, fx ≡ 0) if and only if S omits T3,

S ∈ Û(R2, x ≡ y) if and only if S omits T5 and R2.

Proof. The congruence lattice of R2 is in Figure 27. The qua-
sivariety 〈R2〉 is finitely based by Theorem 88, but we do not know
whether the quasi-equations in (1) form a basis. The crucial observa-
tions are that R1 ≤ R2 × T1 ≤ R2

2, while T3 ≤ R2. The equivalence

Û(R2, fx ≡ 0) = 〈gx ≈ 0 → fx ≈ 0〉 can be derived using the substi-
tution y 7→ x. �

Proposition 103. The algebra R3 satisfies the following.

(1) 〈R3〉 is not finitely based. Its quasi-identities include

(εT2,gx≡x) fx ≈ 0→ gx ≈ x,

(εP2,fx≡gx) fx ≈ gy & gx ≈ fy → fx ≈ gx,

and more generally the quasi-equations εPn,fx1≡gx1 for n ≥ 2
of Theorem 112.

(2) T1,T4,R8,F1,R1 ∈ 〈R3〉.
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(3) If Q ≤ 〈R3〉 then Q omits T2, T5 and P2.
(4) If S ∈ 〈R3〉 then S omits T2, T3, T5 and P2.

(5) 〈R3〉∗ = 〈R3〉 ∧ Û(R3, x ≡ y) ≥ 〈T4〉 ∨ 〈R1〉.
(6) The reflection congruences of R3 are ∆,∇, fx ≡ 0, x ≡ y.
(7) γR3(fx ≡ 0) = ρR3

〈fx≈0〉 is fx ≡ 0,

γR3(x ≡ y) = ρR3

〈x≈y〉 is x ≡ y.

(8) diag(R3) is fy ≈ gy ≈ fx ≈ gx.
(9) E(R3) = {εR3,fx≡0, εR3,x≡y}.

(10) κ(R3) = λ(R3) = {Û(R3, fx ≡ 0), Û(R3, x ≡ y)}.
(11) Û(R3, fx ≡ 0) = 〈fx ≈ gx→ fx ≈ 0〉,

〈T5〉∨〈R2〉∨〈R4〉 ≤ Û(R3, fx ≡ 0) but 〈T4〉 � Û(R3, fx ≡ 0),

〈R2〉 ∨ 〈R4〉 ∨ 〈R5〉 ∨ 〈R6〉 ≤ Û(R3, x ≡ y) but 〈T5〉, 〈R3〉 �
Û(R3, x ≡ y).

(12) S ∈ Û(R3, fx ≡ 0) if and only if S omits T4,

S ∈ Û(R3, x ≡ y) if and only if S omits T5 and R3.

Proof. The congruence lattice of R3 is in Figure 27. The quasi-
variety 〈R3〉 is not finitely based by Theorem 88. Also observe that

R1 ≤ R3×T1 ≤ R3
2 and T4 ≤ R3. The equivalence Û(R3, fx ≡ 0) =

〈fx ≈ gx→ fx ≈ 0〉 follows from the substitution y 7→ x. �

Proposition 104. The algebra R4 satisfies the following.

(1) 〈R4〉 is finitely based and satisfies

(εT5,x≡0) fx ≈ gx ≈ 0→ x ≈ 0,

(εT4,fx≡0) fx ≈ gx→ fx ≈ 0.

(2) T1,T2,T3,R1,P2,F1,R7,R8 ∈ 〈R4〉.
(3) If Q ≤ 〈R4〉 then Q omits T4, T5 and R2.
(4) If S ∈ 〈R4〉 then S omits T4, T5 and R2.

(5) 〈R4〉∗ = 〈R4〉 ∧ Û(R4, gx ≡ x) ≥ 〈T3〉 ∨ 〈R7〉.
(6) The reflection congruences of R4 are ∆,∇, gx ≡ 0, gx ≡ x.
(7) γR4(gx ≡ 0) = ρR4

〈gx≈0〉 is gx ≡ 0,

γR4(gx ≡ x) = ρR4

〈gx≈x〉 is gx ≡ x.

(8) diag(R4) is fx ≈ gy ≈ 0 & gx ≈ fy.
(9) E(R4) = {εR4,gx≡0, εR4,gx≡x}.

(10) κ(R4) = λ(R4) = {Û(R4, gx ≡ 0), Û(R4, gx ≡ x)}.
(11) Û(R4, gx ≡ 0) = 〈gx ≈ 0→ fx ≈ 0〉,

〈T5〉∨〈R3〉∨〈R5〉 ≤ Û(R4, gx ≡ 0) but 〈T3〉 � Û(R4, gx ≡ 0),

〈R2〉 ∨ 〈R3〉 ∨ 〈R5〉 ∨ 〈R6〉 ≤ Û(R4, gx ≡ x) but 〈T5〉, 〈R4〉 �
Û(R4, gx ≡ x).
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(12) S ∈ Û(R4, gx ≡ 0) if and only if S omits T3,

S ∈ Û(R4, gx ≡ x) if and only if S omits T5 and R4.

Proof. The quasivariety 〈R4〉 is finitely based by Theorem 88, but
we do not know whether the quasi-equations in (1) form a basis. Note
that R7 ≤ R4 ×T1 ≤ R2

4 and T3 ≤ R4.

The argument that Û(R4, gx ≡ 0) = 〈gx ≈ 0 → fx ≈ 0〉 is tricky.
For one direction use the substitution x 7→ fx and y 7→ x; for the other
use x 7→ gx and y 7→ x. We leave the details to the reader, noting that
we don’t need them anyway: both quasivarieties are characterized by
omitting T3 as a subalgebra! �

Proposition 105. The algebra R5 satisfies the following.

(1) 〈R5〉 is not finitely based. Its quasi-identities include

(εT5,x≡0) fx ≈ gx ≈ 0→ x ≈ 0,

(εP2,fx≡gx) fx ≈ gy & gx ≈ fy → fx ≈ gx,

and more generally the quasi-equations εPn,fx1≡gx1 for n ≥ 2
of Theorem 112.

(2) T1,T2,T4,R1,F1,R7,R8 ∈ 〈R5〉.
(3) If Q ≤ 〈R5〉 then Q omits T5, R3 and P2.
(4) If S ∈ 〈R5〉 then S omits T5, T3, R3 and P2.

(5) 〈R5〉∗ = 〈R5〉 ∧ Û(R5, gy ≡ y) ≥ 〈T4〉 ∨ 〈R7〉.
(6) The reflection congruences of R5 are ∆,∇, gy ≡ 0, gy ≡ y.
(7) γR5(gy ≡ 0) = ρR5

〈gy≈0〉 is gy ≡ 0,

γR5(gy ≡ y) = ρR5

〈gy≈y〉 is gy ≡ y.

(8) diag(R5) is fx ≈ gx ≈ gy & fy ≈ 0.
(9) E(R5) = {εR5,gy≡0, εR5,gy≡y}.

(10) κ(R5) = λ(R5) = {Û(R5, gy ≡ 0), Û(R5, gy ≡ y)}.
(11) Û(R5, gy ≡ 0) = 〈fx ≈ gx→ fx ≈ 0〉,

〈T5〉∨〈R2〉∨〈R4〉 ≤ Û(R6, gy ≡ 0) but 〈T4〉 � Û(R5, gy ≡ 0),

〈R2〉 ∨ 〈R3〉 ∨ 〈R4〉 ∨ 〈R6〉 ≤ Û(R5, gy ≡ y) but 〈T5〉, 〈R5〉 �
Û(R5, gy ≡ y).

(12) S ∈ Û(R5, gy ≡ 0) if and only if S omits T4,

S ∈ Û(R5, gy ≡ y) if and only if S omits T5 and R5.

Proof. The quasivariety 〈R5〉 is not finitely based by Theorem 88.
This time note that R7 ≤ R5 × T1 ≤ R2

5, while T4 ≤ R5. To see

that Û(R5, gy ≡ 0) = 〈fx ≈ gx → fx ≈ 0〉 use the substitution
y 7→ fx. �

Next, R6 is fairly easy.
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R6

fx ⌘ 0

T5 ⇤ T5

T5T5T5

x ⌘ y y ⌘ 0x ⌘ 0

T0

Figure 28. The congruence lattice of R6 where R6 =
F2/((fx ≡ gx ≡ fy) ∨ (gy ≡ 0)).

Proposition 106. The algebra R6 satisfies the following.

(1) 〈R6〉 = Û(R1, x ≡ y) = 〈fx ≈ fy & gx ≈ gy → x ≈ y〉.
(2) 〈T3〉 ∨ 〈T4〉 ≤ 〈R6〉.
(3) Q ≤ 〈R6〉 if and only if Q omits T2, T5 and R1.
(4) S ∈ 〈R6〉 if and only if S omits T2, T5, R1, R2 and R3.

(5) 〈R6〉∗ = 〈R6〉 ∧ Û(R6, fx ≡ 0) ≥ 〈T3〉 ∨ 〈T4〉.
(6) The reflection congruences of R6 are ∆,∇, fx ≡ 0.
(7) γR6(fx ≡ 0) = ρR6

〈fx≈0〉 is fx ≡ 0.

(8) diag(R6) is fx ≈ gx ≈ fy & gy ≈ 0.
(9) E(R6) = {εR6,fx≡0}.

(10) κ(R6) = λ(R6) = {Û(R6, fx ≡ 0)}.
(11) 〈T5〉∨ 〈R2〉∨ 〈R3〉∨ 〈R4〉∨ 〈R5〉 ≤ Û(R6, fx ≡ 0) but 〈R6〉 �

Û(R6, fx ≡ 0).

(12) S ∈ Û(R6, fx ≡ 0) if and only if S omits R6.

Proof. The congruence lattice of R6 is in Figure 28. Since R6 is
subdirectly irreducible, then 〈R6〉 is join prime. Note that T3, T4 ≤
R6.

Now R6 is a unary algebra with 0 and 2-element range, such that
Rows(R6) is an order ideal of 2k and uniquely witnessed. By The-
orem 88, 〈R6〉 has a basis of quasi-identities in at most 2 variables.
Thus 〈R6〉 is characterized by the 2-generated quasicritical algebras it
omits. Looking at Figure 21, we see that Q � 〈R6〉 if and only if T2,
T5 and R1 are not in Q. But this is exactly the characterization of
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Û(R1, x ≡ y)! We conclude that 〈R6〉 = Û(R1, x ≡ y). This is the
quasivariety of Corollary 100, and we note that it is doubly irreducible,
like 〈T5〉. �

R7

fx ⌘ 0 gx ⌘ 0 fx ⌘ gxy ⌘ fx
F1 R4 R5T2 ⇤ T5

T1 ⇤ T5 T3 T4

T5T5 T5

T0

T5 ⇤ T5T2

T1 x ⌘ y

Figure 29. Con R7 where R7 = F2/((fx ≡ gy) ∨ (fy ≡ 0)).

The case of R7 is similar to that of R1.

Proposition 107. The algebra R7 satisfies the following.

(1) 〈R7〉 satisfies the quasi-equations

(εT5,x≡0) fx ≈ gx ≈ 0→ x ≈ 0,

(εR8,fy≡0) fx ≈ gy → fy ≈ 0.

(2) 〈T2〉 ∨ 〈R1〉 ≤ 〈R7〉.
(3) If Q ≤ 〈R7〉 then Q omits T5 and R8.
(4) If S ∈ 〈R7〉 then S omits T3, T4, T5, R8 and P2.

(5) 〈R7〉∗ = 〈R7〉 ∧ Û(R7, fx ≡ y) ≥ 〈T2〉 ∨ 〈R1〉.
(6) The reflection congruences of R7 are ∆,∇, fx ≡ 0, y ≡ fx,

(fx ≡ 0)∨(y ≡ fx), (gx ≡ x)∨(y ≡ fx), (gx ≡ 0)∨(fx ≡ gx).
(7) γR7(fx ≡ 0) is fx ≡ 0,

γR7(y ≡ fx) is y ≡ fx,
γR7(fx ≡ gx) = γR7(gx ≡ 0) is (fx ≡ gx) ∨ (gx ≡ 0).

(8) diag(R7) is fx ≈ gy & fy ≈ 0.
(9) E(R7) = {εR7,fx≡0, εR7,fx≡y, εR7,gx≡0, εR7,fx≡gx}.
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(10) κ(R7) = {Û(R7, fx ≡ 0), Û(R7, fx ≡ y)}.
(11) U(R7, fx ≡ gx) = U(R7, gx ≡ 0) = 〈gx ≈ 0〉 = 〈T5〉,

Û(R7, fx ≡ 0) = 〈fx ≈ 0〉 = 〈T1〉 ∨ 〈T5〉,
〈R2〉 ∨ 〈R3〉 ∨ 〈R6〉 ≤ Û(R7, fx ≡ 0)

but 〈T5〉, 〈R7〉 � Û(R7, fx ≡ 0).
(12) S ∈ U(R7, gx ≡ 0) if and only if S omits T1,

S ∈ Û(R7, fx ≡ 0) if and only if S omits T3, T4 and F1,

S ∈ Û(R7, fx ≡ y) if and only if S omits T5, R4, R5 and R7.

Proof. The congruence lattice of R7 is in Figure 29. We do not
know whether the quasivariety 〈R7〉 is finitely based. The inclusions
〈R1〉 ≤ 〈R7〉 ≤ 〈R4〉 ∧ 〈R5〉 and the dependency 〈R7〉 ≤ 〈T5〉 ∨ 〈F1〉
are explained in Figure 20.

In the variety M the quasi-equations εR7,fx≡0, εR1,gx≡0 and εR1,fx≡gx
are equivalent to the equations that are their conclusions, i.e., fx ≈ 0,
gx ≈ 0 and fx ≈ gx, respectively. To see this, use the substitution
y 7→ fx and the equations of M. �

We conclude this section with R8.

Proposition 108. The algebra R8 satisfies the following.

(1) 〈R8〉 satisfies the quasi-equations

(εP2,fx≡0) fx ≈ gy & gx ≈ fy → fx ≈ 0,

(εR1,x≡y) fx ≈ fy & gx ≈ gy → x ≈ y,

and more generally the quasi-equations εPn,fx1≡gx1 for n ≥ 2
of Theorem 112.

(2) The quasicritical algebras in 〈R8〉 are T1, F1 and R8.
(3) If Q ≤ 〈R8〉 then Q omits T2, T4, T5, R1 and P2.
(4) If S ∈ 〈R8〉 then S omits T2, T3, T4, T5, R1 and P2.

(5) 〈R8〉∗ = 〈R8〉 ∧ Û(R8, fy ≡ 0) = 〈F1〉.
(6) The reflection congruences of R8 are ∆,∇, fy ≡ 0, fx ≡ y,

fx ≡ fy ≡ 0, y ≡ fx ≡ fy ≡ 0, gx ≡ fx ≡ fy ≡ 0,
(y ≡ fx ≡ fy ≡ 0) ∨ (gx ≡ x).

(7) γR8(fy ≡ 0) = ρR8

〈fy≡0〉 is fy ≡ 0,

γR8(fx ≡ fy) = γR8(fx ≡ 0) is fx ≡ fy ≡ 0,
γR8(fx ≡ gx) = γR8(gx ≡ fy) = γR8(gx ≡ 0) is gx ≡ fx ≡
fy ≡ 0.

(8) diag(R8) is fx ≈ gy.
(9) E(R8) = {εR8,fy≡0, εR8,fx≡fy, εR8,fx≡0, εR8,fx≡gx, εR8,gx≡fy,

εR8,gx≡0}.
(10) κ(R8) = {Û(R8, fy ≡ 0)}.
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T0

R8

(a) (b) (c) (d) (e) (f)

R5 (g) R3 R4 R6 (h) (i) R4 R4
x ≡ gx

T4 T4 T3
T2 T5 ∗ T5 T1 ∗ T5 T3 T3

T5 T5 T1 T5

1

Figure 30. Con R8 where R8 = F2/(fx ≡ gy). The
labels for the diagram are: (a) fx ≡ gx with the non-
quasicritical quotient R8/(a) ≤ T2

4, (b) fy ≡ 0 with
R8/(b) ∼= R7, (c) gx ≡ fy with R8/(c) ∼= P2, (d) fx ≡
fy with the non-quasicritical quotient R8/(d) ≤ T1×T2

4,
(e) gx ≡ 0 with the non-quasicritical quotient R8/(e) ≤
T2

3, (f) fx ≡ 0 with the non-quasicritical quotient
R8/(f) ∼= T2 ∗ T3, (g) fx ≡ y with R8/(g) ∼= F1,
(h) join reducible congruence with non-quasicritical quo-
tient R8/(h) ∼= T2 ∗ T5. (i) join reducible congruence
with non-quasicritical quotient R8/(i) ∼= T3 ∗T5.

(11) U(R8, fx ≡ gx) = U(R8, gx ≡ fy) = U(R8, gx ≡ 0) = 〈T5〉,
U(R8, fx ≡ fy) = U(R8, fx ≡ 0),

U(R8, fx ≡ gx) < U(R8, fx ≡ fy) < Û(R8, fy ≡ 0),

〈T5〉 ∨ 〈R7〉 ≤ Û(R8, fy ≡ 0) but 〈R8〉 � Û(R8, fy ≡ 0).
(12) S ∈ U(R8, fx ≡ gx) if and only if S omits T1,

S ∈ U(R8, fx ≡ 0) if and only if S omits T3, T4 and F1,

S ∈ Û(R8, fy ≡ 0) if and only if S omits T3, T4, R8 and P2.

Proof. The congruence lattice of R8 appears in Figure 30. Note
that the quasi-equation εP2,fx≡0 given in (1) is equivalent to the con-
junction of εT4,fx≡0 and εP2,fx≡gx. We don’t know whether the quasi-
variety 〈R8〉 is finitely based.
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For (5) apply Lemma 97. We have 〈F1〉 ≤ 〈R8〉 ≤ Û(R1, x ≡ y)

and 〈F1〉 ≤ Û(R8, fy ≡ 0), whence 〈F1〉 = 〈R8〉 ∧ Û(R8, fy ≡ 0).
Claim (2) follows from this. �

5.4. Uncountably many subquasivarieties

In this section we show that there are uncountably many subqua-
sivarieties contained in 〈T3〉. We begin by identifying an infinite class
of quasicritical algebras in M.

To see that there are infinitely many quasicritical algebras set Fn
to be the free algebra generated by {x1, x2, . . . , xn}. Consider, for n ≥
2, the algebra Pn that is the homomorphic image of Fn determined
by the join of the congruences fx1 ≡ gxn and fxi+1 ≡ gxi for 1 ≤
i < n. When drawn, Pn looks like an n-pointed star; see Figures 31
and 35. The next lemma shows that each Pn (n ≥ 2) is quasicritical.
Corollary 113 uses the algebras Pn to show that Lq(M) is uncountable.

Lemma 109. There are infinitely many quasicritical algebras in M.

Proof. Fix n ≥ 2. If Pn is not quasicritical, then it is a subdirect
product of proper subalgebras. Every maximal subalgebra of Pn is
isomorphic to the algebra A with universe Pn \ {x1}. That is,

A = {x2, x3, . . . , xn} ∪ {gx1, gx2, . . . , gxn} ∪ {0}.
Assume that b1, b2, . . . , bn in A satisfy fb1 = gbn and fbi+1 = gbi
for 1 ≤ i < n. Set B = {b1, b2, . . . , bn}. We show that B = {0}. To
see this, first assume for some i < n that xi ∈ B, say, xi = bj. Then
fbj+1 = gbj = gxi. But the only element in Pn that satisfies fy = gxi
is xi+1. Thus bj+1 must be xi+1. Continuing in this manner, we obtain
xn = b` for some `. However, if xn = b` then fbu = gb` = gxn with
u ∈ {1, 1 + `}, while no y in A satisfies fy = gxn. Thus xn is not in B.
This means no xi is in B. Now assume that some gxi is in B. If y
satisfies fy = gxi, then y is some xj. Since no xj is in B, neither is
gxi. Thus B = {0}.

To see that Pn is quasicritical, assume that h : Pn → As is an
embedding. Set h(xi) = 〈ai1, ai2, . . . , ais〉. Because we have fx1 = gxn
and fxi+1 = gxi for 1 ≤ i < n, applying h to these elements gives
fa1

j = ganj and fai+1
j = gij for 1 ≤ i < n. By the above argument each

aij is 0, and so h is not an embedding. �

Figure 31 illustrates P3 and two homomorphic images of it that are
quasicritical. The verification that they are quasicritical was done with
the Universal Algebra Calculator.
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x

0

y

fx ⌘ gz

fz ⌘ gy

fy ⌘ gx

P3

z

W1
x

y

fz ⌘ gy

fy ⌘ gx
fx ⌘ gz ⌘ 0

z

x

0

y

fz ⌘ gy

W2

fx ⌘ gx

⌘ fy ⌘ gz

z

Figure 31. Some quasicritical homomorphic images of F3

The next lemma includes the fact that the algebras Pn are all in
〈T3〉.

Proposition 110. The algebra T3 satisfies the following.

(1) 〈T3〉 = 〈fx ≈ gx→ fx ≈ 0, fx ≈ fy & gx ≈ gy → x ≈ y〉.
(2) {R8,F1,T1} ∪ {Pn : n ≥ 2} ⊆ 〈T3〉.
(3) Q ≤ 〈T3〉 if and only if Q omits T2, T4, T5 and R1.
(4) S ∈ 〈T3〉 if and only if S omits T2, T4, T5, R1 and R2.

(5) 〈T3〉∗ = 〈T3〉 ∧ Û(T3, fx ≡ 0) ≥ ∨n≥2〈Pn〉.
(6) All three congruences of T3 are reflection congruences: ∆,∇,

fx ≡ 0.
(7) γT3(fx ≡ 0) = ρT3

〈fx≈0〉 is fx ≡ 0.

(8) diag(T3) is gx ≈ 0.
(9) E(T3) = {εT3,fx≡0}.

(10) κ(T3) = λ(T3) = {Û(T3, fx ≡ 0)}.
(11) The quasicritical algebras in Û(T3, fx ≡ 0) are T5 and every

quasicritical algebra that satisfies gx ≈ 0 → x ≈ 0, so that

Û(T3, fx ≡ 0) = 〈T5〉 ∨ 〈gx ≈ 0→ x ≈ 0〉.
(12) S ∈ Û(T3, fx ≡ 0) if and only if S omits T3.
(13) See Figure 32 for the segment of Lq(M) related to T3.

Proof. The congruence lattice of T3 is a 3-element chain with its
atom defined by fx ≡ 0 and T3/(fx ≡ 0) ∼= T5.



5.4. UNCOUNTABLY MANY SUBQUASIVARIETIES 105

As observed earlier, by Theorem 88 we know that 〈T3〉 has a 2-
variable basis of quasi-identities, and thus is determined by the 2-
generated quasicritical algebras it omits (Theorem 60). These are T2,
T4, T5 and R1. Once we know that, we obtain the quasi-equational
basis consisting of εT4,fx≡0 and εR1,x≡y given in (1).

To see that Pn ∈ 〈T3〉 for n ≥ 2 let ci in T3
n be defined for

1 ≤ i ≤ n− 1 by

ci(j) =





x if j = i,

fx if j = i+ 1,

0 otherwise,

and let

cn(j) =





x if j = n,

fx if j = 1,

0 otherwise.

Then f(c1) = g(cn) and f(ci) = g(ci−1) otherwise. Thus the subalgebra
generated by {c1, . . . , cn} is Pn.

Let us show that (11) holds. Because Û(T3, fx ≡ 0) = 〈gx ≈ 0→
fx ≈ 0〉, it follows that 〈T5〉 ∨ 〈gx ≈ 0 → x ≈ 0〉 ≤ Û(T3, fx ≡ 0).
For the reverse inclusion, assume that A is a quasicritical algebra in

Û(T3, fx ≡ 0). If there exists a 6= 0 in A with g(a) = 0, then also
f(a) = 0 by εT3,fx≡0, so that Sg(a) ∼= T5. However, a /∈ Sg(A \ {a}).
For if f(b) = a, then using the identities of M we have a = f(b) =
gf(b) = g(a) = 0, a contradiction. Likewise, if g(b) = a, then a =
g(b) = gg(b) = g(a) = 0. Thus A ∼= T5 ∗ (A \ {a}), and by its
quasicriticality A ∼= T5. On the other hand, if g(a) 6= 0 for all nonzero
a ∈ A, then A satisfies gx ≈ 0 → x ≈ 0. Thus every quasicritical

algebra in Û(T3, fx ≡ 0) is in either 〈T5〉 or 〈gx ≈ 0 → x ≈ 0〉, and
we conclude that equality holds for the join.

It is easy to see that gx ≈ 0 → x ≈ 0 is equivalent to the con-
junction of the quasi-equations εT3,fx≡0, which is gx ≈ 0 → fx ≈ 0,
and εT5,x≡0, which is fx ≈ gx ≈ 0 → x ≈ 0. Thus we have the meet

〈gx ≈ 0→ x ≈ 0〉 = Û(T3, fx ≡ 0) ∧ Û(T5, x ≡ 0), and it follows that
the lower cover 〈T3〉∗ = 〈T3〉 ∧ 〈gx ≈ 0 → x ≈ 0〉. These facts are
reflected in Figure 32. �

Proposition 111. The algebra P2 satisfies the following.

(1) 〈P2〉 satisfies the quasi-equations

(εT3,fx≡0) gx ≈ 0→ fx ≈ 0,

(εR1,x≡y) fx ≈ fy & gx ≈ gy → x ≈ y,
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bU(T3, fx ⌘ 0) bU(T5, x ⌘ 0)

hT5i

hT3i

Figure 32. The segment of Lq(M) related to 〈T3〉. The
solid dot marks the quasivariety 〈gx ≈ 0 → x ≈ 0〉.
Ticks indicate covers.

y ⌘ gy

fy ⌘ 0

T3

gx ⌘ 0

R4

x ⌘ y

T4

fx ⌘ gx

R3

fx ⌘ 0

R4

T5 T5

T5 ⇤ T5

x ⌘ gx

T3

T5

T0

P2

Figure 33. Con P2 where P2 = F2/((fx ≡ gy) ∨ (gx ≡ fy)).

and all the quasi-equations εPn,fx1≡gx1 for n odd.
(2) T1,F1,R8 ∈ 〈P2〉.
(3) If Q ≤ 〈P2〉 then Q omits T2, T3, T4, T5 and R1.
(4) If S ∈ 〈P2〉 then S omits T2, T3, T4, T5 and R1.
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(5) 〈P2〉∗ = 〈P2〉 ∧ Û(P2, fx ≡ gx) ≥ 〈R8〉.
(6) The reflection congruences of P2 are ∆,∇, fx ≡ gx, x ≡ y,

fx ≡ gx ≡ 0.
(7) γP2(fx ≡ gx) = ρP2

〈fx≈gx〉 is fx ≡ gx,

γP2(fx ≡ 0) = γP2(gx ≡ 0) is fx ≡ gx ≡ 0.
(8) diag(P2) is fx ≈ gy & gx ≈ fy.
(9) E(P2) = {εP2,fx≡0, εP2,fx≡gx, εP2,gx≡0}.

(10) κ(P2) = {Û(P2, fx ≡ gx)}.
(11) U(P2, fx ≡ 0) = U(P2, gx ≡ 0) and this quasivariety is meet

reducible: U(P2, fx ≡ 0) = Û(T4, fx ≡ 0) ∧ Û(P2, fx ≡ gx).
〈T5〉 ∨ 〈R7〉 ∨ 〈R8〉 ∨ 〈P3〉 ≤ U(P2, fx ≡ 0) but 〈T4〉, 〈P2〉 �
U(P2, fx ≡ 0),

〈T5〉 ∨ 〈R3〉 ∨ 〈R5〉 ∨ 〈P3〉 ≤ Û(P2, fx ≡ gx) but 〈P2〉 �
Û(P2, fx ≡ gx).

(12) S ∈ U(P2, fx ≡ 0) if and only if S omits T3, T4, and P2,

S ∈ Û(P2, fx ≡ gx) if and only if S omits T3 and P2.
(13) See Figure 34 for the segment of Lq(M) related to P2.

Proof. The congruence lattice of P2 is illustrated in Figure 33.
The fact that P2 satisfies εPn,fx1≡gx1 for n odd follows from Theorem
112(3). We do not know whether the quasivariety 〈P2〉 is finitely based.

To see that U(P2, fx ≡ 0) = Û(T4, fx ≡ 0)∧ Û(P2, fx ≡ gx), note

that Û(T4, fx ≡ 0) is characterized by omitting T4, Û(P2, fx ≡ gx) by
omitting T3 and P2, while U(P2, fx ≡ 0) is characterized by omitting
all three. Alternatively, straightforward arguments show that εP2,fx≡0

is equivalent to the conjunction of εT4,fx≡0 and εP2,fx≡gx. �

Note that the meet reducible quasivariety 〈εP2,fx≡0〉 in part (11)
provides our first example that the converse of Theorem 35 is false,
that a quasivariety 〈εT,α〉 with T quasicritical and α � ∆ need not be
meet irreducible when it is not in κ(T). This example is generalized in
Proposition 115, and more examples occur in Proposition 154.

For n ≥ 2 let φn denote the quasi-equation εPn,fx1≡gx1 , which is

fx2 ≈ gx1 & fx3 ≈ gx2 & . . . & fxn ≈ gxn−1 &fx1 ≈ gxn

→ fx1 ≈ gx1.

Theorem 112. The algebras Pn with n ≥ 2 satisfy the following:

(1) Pn ≤ T3
n as a subdirect product.

(2) Pn ≤ Tn−1
3 ×T4 as a subdirect product.

(3) Pn satisfies εT4,fx≡0, and hence Pn /∈ 〈T4〉.
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hF1i

hP2i

hT3i

bU(P2, fx ⌘ gx)

U(P2, fx ⌘ 0)

bU(T3, fx ⌘ 0)

hT3i⇤

hP2i⇤

Figure 34. Segment of Lq(M) related to 〈P2〉

(4) Pn satisfies φm if and only if n6 |m.
(5) 〈φm〉 ≤ 〈φn〉 if and only if n |m.

Proof. Item (1) is shown in Proposition 110. The second item was
shown for P3 by computing its congruence lattice using the Universal
Algebra Calculator. The extension to Pn is tedious and left to the
reader, the crucial observation being that Pn has a unique congruence
θ with Pn/θ ∼= T4. A more straightforward calculation yields (3).

To prove (4), we consider various substitutions σ : {x1, . . . , xm} →
Pn such that the hypotheses of φm hold:

fσ(x2) = gσ(x1) & fσ(x3) = gσ(x2) & · · ·
& fσ(xm) = gσ(xm−1) & fσ(x1) = gσ(xm).

Let a1, . . . , an denote the generators of Pn. Note that for any element
b ∈ Pn \ {a1, . . . , an} we have f(b) = 0, and that Pn satisfies gx ≈
0 → x ≈ 0. So if σ(x1) /∈ {a1, . . . , an}, then from hypotheses of φm
we get 0 = fσ(x1) = gσ(xm), which implies σ(xm) = 0. Repeating the
argument, 0 = fσ(xm) = gσ(xm−1) whence σ(xm−1) = 0. Likewise, we
obtain σ(xm−2) = · · · = σ(x1) = 0. In that case the conclusion of φm
holds as well.

Thus we may assume that say σ(x1) = a1, by the circular symmetry
of Pn. But the only element b ∈ Pn with g(b) = f(a1) is b = a2, whence
σ(x2) = a2. Continuing in this fashion, assuming that the hypotheses
of φm hold, we see that σ(xk) = ak mod n for 1 ≤ k ≤ m.

If n |m, then the hypotheses are satisfied, but the conclusion f(x1) ≈
f(x2) fails since f(a1) 6= f(a2). Thus Pn fails φm when n |m. On the
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other hand, if n6 |m, then the hypotheses are satisfied only for the triv-
ial substitution with σ(xk) = 0 for all k, whence Pn satisfies φm. Thus
(4) holds.

In particular, if n6 |m, then the algebra Pn satisfies φm but not φn,
and hence 〈φm〉 � 〈φn〉. This is one direction of (5). For the reverse
direction, assume n |m and let B be an algebra that satisfies φm. Any
substitution σ : {x1, . . . , xn} → B can be extended cyclically to a
substitution σ̂ : {x1, . . . , xm} → B in such a way that if the hypotheses
of φn are satisfied under σ, then the hypotheses of φm are satisfied
under σ̂. Since the two quasi-equations have the same conclusion, we
conclude that B satisfies φn as well. �

Corollary 113. The quasivariety 〈T3〉 has 2ℵ0 subquasivarieties.

Proof. For q prime, 〈φq〉 omits Pn for n = q only. When I is an
arbitrary set of primes,

∧
q∈I〈φq〉 omits Pn exactly when n ∈ I. �

fx2 ⌘ gx1x1 x2

x3

x4

x5

fx3 ⌘ gx2

fx4 ⌘ gx3fx5 ⌘ gx4

fx1 ⌘ gx5

P5

Figure 35. The algebra P5

An alternate proof of Corollary 113 is based on the following obser-
vation.

Lemma 114. If q ≥ 2 is prime, then Pq has a unique minimal
nonzero reflection congruence.

Proof. Figure 33 shows this for P2. Consider an algebra Pq with
q ≥ 3 prime. (P5 is illustrated in Figure 35.) The atoms of Con Pq are

• αjk given by fxj ≡ fxk for j 6= k,
• βj given by fxj ≡ 0 for all j.

Let α =
∨
j 6=k αjk and β =

∨
j βj, and note that α < β. This is

illustrated for q = 3 in Figure 36.
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Any characteristic congruence containing some αjk must be above α
(using q prime), and likewise any characteristic congruence containing
some βj is above β. Since α < β, any nonzero characteristic congruence
contains α. By Theorem 28, every reflection congruence is character-
istic, and hence above α. Thus γPq(α) is the unique minimal nonzero
reflection congruence of Pq. (In fact γPq(α) = α because Pq/α satisfies
φq, but that is not needed.) �

Therefore by Corollary 38, 〈Pq〉 for q ≥ 2 prime is completely join
prime in Lq(M). Also 〈Pq〉 and 〈Pr〉 are incomparable for distinct
primes q and r. Since these are all in 〈T3〉, that quasivariety has 2ℵ0

subquasivarieties.

W1 W1 W1 W2 W2 W2
fx ⌘ 0 fy ⌘ 0 fz ⌘ 0 fx ⌘ fyfy ⌘ fz fx ⌘ fz

P3

�

↵

Figure 36. An ideal in the congruence lattice of P3

where P3 = F3/((fx ≡ gy) ∨ (fy ≡ gz) ∨ (fz ≡ gx)).

Let us pause to note that the algebras Pn provide more examples
of meet reducible quasivarieties 〈εT,α〉 with T quasicritical and α � ∆,
generalizing Proposition 111(11).

Proposition 115. For n ≥ 2,

U(Pn, fx ≡ 0) = Û(Pn, fx ≡ gx) ∧ Û(T4, fx ≡ 0).

Proof. Straightforward arguments, using the circular symmetry of
Pn, show that εPn,fx≡0 is equivalent to the conjunction of εPn,fx≡gx and
εT4,fx≡0. That is, diag(Pn)→ fx ≈ 0 is equivalent to the conjunction
of diag(Pn)→ fx ≈ gx and fx ≈ gx→ fx ≈ 0. �
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5.5. Q-universality of M

A quasivariety K is said to be Q-universal if, for every quasivariety
Q of finite type, Lq(Q) is a homomorphic image of a sublattice of Lq(K).
This notion was introduced by Sapir [152], who showed that certain
quasivarieties of semigroups are Q-universal. Moreover, if K is a Q-
universal quasivariety, then

• |Lq(K)| = 2ℵ0 ,
• the free lattice FL(ω) is a sublattice of Lq(K), whence in par-

ticular Lq(K) satisfies no lattice identity.

For a good discussion of Q-universal quasivarieties, see Adams and
Dziobiak [8].

The quasivarieties known to be Q-universal include deMorgan al-
gebras, distributive p-algebras, Heyting algebras, the quasivariety gen-
erated by the modular lattice M3,3, MV-algebras, commutative rings
with unity, all from [1], Kleene algebras [2], distributive lattices with
a quantifier operation [3], pseudocomplemented semilattices [9], undi-
rected graphs [6] (see also [110]), idempotent semigroups (bands) [7],
Cantor algebras [160], and pointed abelian groups [137].

In this section we show that the quasivariety 〈T3〉 is Q-universal
(whence M is also). This strengthens Corollary 113, and requires a
more detailed analysis of the quasivarieties 〈Pn〉. We employ the fol-
lowing lemma of Adams and Dziobiak [1].

Lemma 116. Let N be a fixed countably infinite set and let Pfin(N)
denote the set of all finite subsets of it. Suppose K is a quasivariety of
finite type that contains a family (AX : X ∈ Pfin(N)) of finite members
satisfying the following conditions:

(P1) A∅ is a trivial member of K;
(P2) if X = Y ∪ Z, then AX ∈ 〈AY 〉 ∨ 〈AZ〉;
(P3) if X 6= ∅ and AX ∈ 〈AY 〉, then X = Y ;
(P4) if AX ≤ B × C for finite B and C ∈ K, then there exist Y

and Z such that AY ∈ 〈B〉, AZ ∈ 〈C〉, and X = Y ∪ Z.

Then K is Q-universal. Moreover, the ideal lattice of FL(ω) is a sub-
lattice of Lq(K).

To apply the lemma to the quasivariety 〈T3〉, take N to be the
set of all prime numbers. For X ∈ Pfin(N), let AX = Pn where n =∏
X =

∏{q : q ∈ X}. Thus, as X varies, n runs over all positive
square-free integers.

We also need to expand our list of quasi-equations. As in the proof
of Lemma 114, the atoms of Con Pn are
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• αjk given by fxj ≡ fxk for 1 ≤ j < k ≤ n,
• βj given by fxj ≡ 0 for all 1 ≤ j ≤ n.

The latter type, however, are not 〈T3〉-congruences, since T3 satisfies
fx ≈ 0 → gx ≈ x, which is εT2,gx≡x. In other words, the atoms of
Con〈T3〉Pn are just the congruences αjk for j < k.

For n ≥ 2 and 1 ≤ j < k ≤ n, let ψnjk denote the quasi-equation
εPn,αjk , which is

fx2 ≈ gx1 & fx3 ≈ gx2 & · · · & fxn ≈ gxn−1 & fx1 ≈ gxn

→ fxj ≈ fxk.

Note that φn is equivalent to ψn12, since fx2 ≈ gx1 is part of the
hypothesis.

Lemma 117. The quasi-equation ψmst is equivalent to ψmdm where
d = gcd(m, t− s).

Proof. By circular symmetry we see that ψmst is equivalent to
ψm(t−s)m. So consider ψmem with 1 ≤ e < m. Whenever the hypothe-
ses hold for a substitution xi 7→ bi in an algebra B, the conclusion
yields f(bm) = f(bm+e) = f(bm+2e) = · · · = f(bm+ke) for all k ≥ 0,
where the subscripts are taken modulo m. The least nonzero subscript
we can obtain in this fashion, i.e., f(bke−`m) is of course gcd(e,m),
with the conclusion f(bm) = f(bd) where d = gcd(e,m). Thus ψmem
implies ψmdm, while clearly ψmdm implies ψmem as in the first part of
the argument. �

Thus it suffices to consider the quasi-equations ψmdm with 1 ≤ d <

m and d |m. Let ψ̂md denote ψmdm as a representative of its class.
A few elementary observations will prove useful.

Lemma 118. If d | e |n, then ψ̂nd implies ψ̂ne.

Lemma 119. ψ̂nd and ψ̂ne together imply ψ̂ng where g = gcd(d, e).

Proof. Assume that ψ̂nd and ψ̂ne both hold in an algebra B ∈
M, and that the hypotheses of the quasi-equations are satisfied for a
substitution xi 7→ bi. Then f(bn) = f(bkd+`e mod n) holds for all k,
` > 0. The least such nonzero value of the subscript is the greatest
common divisor of d and e. �

Lemma 120. If Q satisfies ψ̂nd and R satisfies ψ̂ne, then Q ∨ R

satisfies ψ̂n` where ` = lcm(d, e).

Proof. By Lemma 118, both Q and R satisfy ψ̂n`. �
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Then we upgrade Theorem 112(4)–(5) to the version we need to
apply Lemma 116.

Lemma 121. Let m, n ≥ 2 and d |m, e |n.

(1) The algebra Pn satisfies ψ̂md if and only if n6 |m or n | d.

(2) ψ̂md implies ψ̂ne if and only if n |m and gcd(n, d) | e.
(3) ψ̂md is equivalent to ψ̂ne if and only if n = m and d = e.

Proof. For (1), consider various substitutions σ : {x1, . . . , xm} →
Pn such that the hypotheses of ψ̂md are satisfied. Let a1, . . . , an denote
the generators of Pn. If σ(x1) /∈ {a1, . . . , an}, then as in the proof of
Theorem 112(4) we obtain σ(xj) = 0 for all j, whence the conclusion of

ψ̂md holds as well. So we may assume that say σ(x1) = a1, by the circu-
lar symmetry of Pn. Again arguing as in the proof of Theorem 112(4),
we get σ(xi0+`) = a1+` mod m, as in the proof of Theorem 112(4). Again

using that the hypothesis of ψ̂md hold under the substitution, we must
then have σ(xk) = ak mod n for 1 ≤ k ≤ m. In that event, the entire
hypothesis holds under the substitution exactly when n |m, and the
conclusion fxn ≈ fxd holds exactly when n | d. So if n |m and n 6 | d
then ψ̂md fails in Pm under this substitution, and otherwise it holds for
all substitutions.

For (2), we first show that if the conditions fail then ψ̂md does not

imply ψ̂ne. If n 6 |m then Pn satisfies ψ̂md but not ψ̂ne. If n |m but
gcd(n, d) 6 | e, then let g = gcd(n, d). In Con Pn form αg =

∨{αjk :

g | k − j}. Then Pn/αg satisfies ψ̂ng. Since n |m and g | d, this implies

it satisfies ψ̂md. However, because g6 | e, the algebra Pn/αg fails ψ̂ne. So

again in this case, ψ̂md does not imply ψ̂ne.
Conversely, assume that the conditions of part (2) hold, and that

ψ̂md holds in an algebra B ∈M. Suppose that the hypotheses of ψ̂ne are
satisfied under a substitution xi 7→ bi. As n |m, then the hypotheses

of ψ̂me are also satisfied, whence the conclusion f(bm) = f(bd) holds.
But bm = bn, and as before f(bn) = f(bkg mod n) for all k ≥ 0, where

g = gcd(n, e). Since g | e, we conclude that f(bn) = f(be). Thus ψ̂ne
holds in B, as desired.

Part (3) follows immediately from (2). �

Lemma 122. Let e |n with 1 < e < n. If the algebra B ∈ 〈T3〉
satisfies ψ̂ne but fails ψ̂nk for all k < e, then Pe ∈ 〈B〉.

Proof. For each divisor k of e with 1 ≤ k < e, the algebra B fails

ψ̂nk, so there exist elements bk1, . . . , bkn ∈ B such that f(bki) = g(bk,i−1)
for all i (with subscripts taken mod n), but f(bkn) 6= f(bkd). However,
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f(bke) = f(bkn). Also note that f(bki) 6= 0 for all i, because T3 satisfies
fx ≈ 0→ gx ≈ x.

Enumerate these proper divisors of e as k1, . . . , kt. In the direct
power Bte consider the elements

c1 = (bk11, bk12, . . . , bk1e, . . . , bkt1, bkt2, . . . , bkte),

c2 = (bk12, . . . , bk1e, bk11, . . . , bkt2, . . . , bkte, bkt1),

. . .

ce = (bk1e, bk11, . . . , bk1,e−1, . . . , bkte, bkt1, . . . , bkt,e−1).

Because f(bkn) = f(bke) for all k, we have f(ci) = g(ci−1) for all i (with
subscripts taken mod n).

Let us show that f(c1), . . . , f(ce) are all distinct. If perchance
f(ci) = f(cj) for some pair with 1 ≤ i < j ≤ e, then by the construc-
tion f(cs+i) = f(cs+j) for all s ≥ 0. Thus the subalgebra Sg(c1, . . . , ce)

satisfies ψ̂e,t−s. As usual, this implies that t − s divides e, and hence
t − s = ku for some u. But this clearly fails, so we conclude that the
elements f(c1), . . . , f(ce) are distinct.

This of course implies that c1, . . . , ce are distinct, and these elements
generate a copy of Pe. �

Theorem 123. The quasivariety 〈T3〉 is Q-universal.

Proof. We check that the algebras AX defined above satisfy the
conditions of Lemma 116.

Condition (P1) holds by definition.
For (P2), let X, Y , Z be finite subsets of n with X = Y ∪ Z. Let

x =
∏
X, y =

∏
Y , z =

∏
Z so that AX = Px, AY = Py, AZ = Pz.

If m |n then there is a natural congruence ηnm with Pn/ηnm ∼= Pm. In
our situation we have y |x, z |x and ηxy ∧ ηxz = ∆ in Con Px, since
X = Y ∪ Z implies lcm(y, z) = x. Thus Px ≤ Py × Pz, whence
AX ∈ 〈AY 〉 ∨ 〈AZ〉.

For (P3), assume∅ 6= X 6= Y , and again let x =
∏
X and y =

∏
Y .

If y6 |x then Py satisfies φx while Px does not satisfy φx. On the other
hand, if y |x then Py satisfies ψx1(y+1) but Px does not satisfy ψx1(y+1).
Either way, Px /∈ 〈Py〉, i.e., AX /∈ 〈AY 〉.

For (P4), suppose AX = Px ≤ B × C. Then each quasi-equation

ψ̂xe with 1 ≤ e < x and e |x fails in either B or C. If all these quasi-
equations fail in B, say, then Px ∈ 〈B〉 and we are done. Assuming

that is not the case, choose d minimal such that ψ̂xd holds in B. By

Lemmas 118 and 119, it follows that ψ̂xk holds in B if and only if d | k.
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Likewise, choose e minimal such that ψ̂xe holds in C. Again, ψ̂xk
holds in C if and only if e | k.

If say d = 1, then ψ̂(n, d) holds in B for every d |x. Since every

ψ̂x,d fails in the join, this implies that every ψ̂x,d fails in C, and hene
Px ∈ 〈C〉. So we may assume d > 1, and likewise e > 1.

Similarly, we may assume that ` = lcm(d, e) = x, or else ψ̂(x, `)
holds in 〈B〉 ∨ 〈C〉, whence Px /∈ 〈B〉 ∨ 〈C〉.

Now apply Lemma 122 to obtain Pd ∈ 〈B〉, and likewise Pe ∈ 〈C〉.
Let Y be the set of prime factors of Y , and Z the prime factors of e.
Since lcm(d, e) = x we have X = Y ∪ Z, as desired. �

Corollary 124. The quasivariety 〈T3〉 has 2ℵ0 subquasivarieties,
and the ideal lattice of FL(ω) is a sublattice of Lq(〈T3〉).





CHAPTER 6

1-Unary Algebras

6.1. 1-Unary algebras with and without 0

Now we turn our attention to an entirely different class of algebras.
Our setting is either of two types of algebras.

• N is the variety of all algebras T = 〈T, f〉 with one unary
operation.
• N0 is the variety of all algebras T = 〈T, f, 0〉 with a unary

operation and a constant satisfying f0 ≈ 0.

We are particularly interested in the proper subvarieties of N and N0

that are determined by the equation f rx ≈ f sx for some pair r < s.
Thus, for 0 ≤ r < s, we consider the following varieties.

• Nr,s is all algebras T = 〈T, f〉 with one unary operation satis-
fying f rx ≈ f sx.
• N0

r,s is all algebras T = 〈T, f, 0〉 with a unary operation satis-
fying f rx ≈ f sx and a constant satisfying f0 ≈ 0.

These are of course locally finite varieties. The variety N0 also has
subvarieties 〈f rx ≈ 0〉, but those are contained in N0

r,r+1.
The quasivarieties contained in N were described by Kartashov [96,

97, 98, 99], and the quasivarieties contained in N0 by Kartashov and
Makaronov [102]. (See also Hyndman et al. [86].) Thus in this chapter
we are primarily re-deriving previously known results. Our point in
doing so is to illustrate in a simple setting how the general methodology
reduces these investigations to rather straightforward calculations. In
particular, for any fixed pair r < s, the lattices Lq(Nr,s) and Lq(N0

r,s)
are finite, and can be determined by hand whenever s−r has few prime
factors. We illustrate this in Sections 6.2 and 6.3

In contrast, Viktor Gorbunov showed that the entire varieties N

and N0 are Q-universal as quasivarieties [77]. This can be shown for
N via Lemma 116. For a positive integer n, let J0,n denote the cyclic
1-unary algebra of order n, so that fn(x) = x for all x ∈ J0,n. Let N
be the set of all primes, and for a finite subset X ⊆ N let x =

∏
X,

a square-free integer. It is straightforward to check that the algebras
AX = J0,x satisfy the properties (P1)–(P4) of the lemma. To see that

117
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N0 is Q-universal, we use instead the algebras A+
X = J0,x+0 consisting

of the disjoint union of a cycle and the fixed point 0.
Similar constructions to show the Q-universality of other types of

algebras are given in Basheyeva et al. [25].
Now we turn to the subvarieties N0

r,s and Nr,s. Note that every

finite algebra in N0
r,s has a unique minimal generating set, viz., G =

{x ∈ T : x 6= 0 and f(y) = x implies y = x}. A similar statement
applies to algebras in Nr,s, omitting the reference to 0.

Let us develop some terminology to describe the finite algebras in
these varieties. A component of T is a connected component of the
graph of T. The core of T is given by core(T) =

⋂∞
k=1 range(fk) =

range(fK) for sufficiently large K. Every component has a core which
consists of a cycle or fixed point of f .

For x ∈ T , let N(x) = {y ∈ T : y 6= x and f(y) = x}. (It is more
convenient not to include x when it is a fixed point.) The indegree of
x is given by indeg(x) = |N(x)|. An element p is a branch point if
indeg(p) > 1.

The branch determined by an element y /∈ core(T) is given by
B(y) = {z ∈ T : fk(z) = y for some k ≥ 0}; this includes y itself.
The length of B(y) is the number of elements in the longest chain z,
f(z), . . . , f `−1(z) = y.

There are at least two kinds of folding retractions:

• If two branches meet at a branch point, you can fold the shorter
one into the longer one.
• Any branch off the core can be folded into the core.

These can be formalized thusly. For the former, let x ∈ T and y1,
y2 ∈ N(x) \ core(T). Suppose `1 = length(B(y1)) ≥ length(B(y2)) =
`2. Choose a chain of maximal length z1, f(z1), . . . , f `1−1(z1) = y1 in
B(y1), so that f `1(z1) = x. Then the following map is a retraction of
T onto T \B(y2):

ϕ(t) =

{
t if t /∈ B(y2),

f `1−k(z1) if t ∈ B(y2) and fk(t) = x with k minimal.

For the latter type of folding, let x ∈ core(T) and y ∈ N(x)\core(T), so
that f(y) = x ∈ core(T). For each k ≥ 0 there is a unique zk ∈ core(T)
such that fk(zk) = x. Thus we can define a retraction of T onto T\B(y)
by

ζ(t) =

{
t if t /∈ B(y),

zk if t ∈ B(y) and fk(t) = x with k minimal.
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These folding maps enable us to begin describing the quasicritical
algebras in our varieties. An algebra T is not quasicritical exactly when
there are proper subalgebras Si ≤ T and endomorphisms hi : T → Si
such that

∧
i kerhi = ∆. For 1-unary algebras, the folding retractions

often serve as the desired maps hi.

Lemma 125. Let T be a finite algebra in Nr,s or N0
r,s.

(1) If T has a point x with indeg(x) > 2, then T is not quasicrit-
ical.

(2) If a component of core(T) has more than one branch off it,
then T is not quasicritical.

(3) If core(T) has more than one component with a branch, then
T is not quasicritical.

(4) If T has a branch B(x) that contains a branch point y 6= x,
then T is not quasicritical.

Proof. For (1), let T be an algebra containing an element x with
indeg(x) > 2. Let N(x) = {y1, . . . , ym} where m ≥ 3, with y1 chosen
so that either y1 ∈ core(T) or B(y1) has maximal length among the
branches B(yj). Then B(y2) and B(y3) can be folded separately into
the core or B(y1), as the case may be, and T is not quasicritical.

In parts (2) and (3), the offending branches can be folded separately
into the core, showing that T is not quasicritical.

Part (4) requires a little more effort. Suppose that T contains a
branch that consists of more than a single generator z and its images
f(z), . . . , f `−1(z). Then this branch is contained in a branch B(x) with
x ∈ core(T). Consider a branch point y ∈ B(x) farthest out in the
graph of T, i.e., y is a branch point but y 6= fk(t) for any other branch
point t and k > 0. By (1), we may assume that indeg(x) = 2. Then
there exist points z1, z2 and integers k1, k2, c ≥ 1 such that

• fkj(zj) = y and B(fkj−1(zj)) contains only zj, . . . , f
kj−1(zj)

for j = 1, 2,
• f c(y) = x ∈ core(T) with c minimal.

The branch B(f c−1(y)) may contain other elements not named. This
configuration is illustrated in Figure 37. Without loss of generality k1 ≥
k2, and so there is a retraction folding B(fk2−1(z2)) into B(fk1−1(z1)).

To show that T is not quasicritical, we need a second homomor-
phism ξ of T onto a subalgebra of T such that ker ξ is the identity on
B(fk2−1(z2)). Let C denote the component of T containing x.

(i) For t /∈ C define ξ(t) = t.
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z1

z2

fk1�1(z1)

f(z1)

f(z2)

fk2�1(z2)

x = f c(y)

y

core(T)

f(y)

f(x)

Figure 37. Configuration in the proof of Lemma 125(4)

(ii) For each t ∈ C we have fm(t) = x for some minimal m,
and there is a unique ut ∈ core(T) such that fm(ut) = x. If
t ∈ C \B(fk2−1(z2)), define ξ(t) = ut.

(iii) If t ∈ B(fk2−1(z2)) then t = f j(z2) for some j with 0 ≤ j < k2.
Define ξ(t) = f c+j(z2).

On the component C, the map ξ shifts B(fk2−1(z2)) forward by c and
wraps all other elements around the core, so that the image ξ(C)
consists of its core and a single branch of length k2. In case (iii)
note that fk2−j(t) = y and f c(y) = f c+k2(z2) = x minimally. Thus
fk2−j(ξ(t)) = x = ξ(y). It is not hard to complete the check that ξ has
the required properties. �

Lemma 125 restricts the components of a quasicritical algebra. The
candidates are these forms.

• 0 is a singleton {0}.
• E is a single fixed point {e} with f(e) = e.
• Jk,` where 0 ≤ k < ` is a cyclic algebra with a generator

satisfying fkx = f `x.
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Note k = 0 gives a cycle, while k = k + 1 gives a fixed point. Also
E = J0,1 but sometimes it is nice to distinguish this one. Let S + T
denote the disjoint union. An example is illustrated in Figure 38.

Figure 38. The unary algebra J1,2 + J2,5

Lemma 125(3) says that a quasicritical algebra has at most one
component with a branch, which has the following consequences.

Corollary 126. If an algebra T in Nr,s or N0
r,s has components

Jk,` and Jk′,`′ with k > 0 and k′ > 0, then T is not quasicritical.

Corollary 127. Every quasicritical algebra in Nr,s or N0
r,s has the

form Jk1`1 + · · ·+ Jkm`m for some m ≥ 1, where k1 ≤ r and k2 = · · · =
km = 0 and `j − kj|s− r for each j.

It remains to determine which of these sums is indeed quasicriti-
cal, remembering that quasicritical algebras (and subalgebras!) must
contain 0 in N0

r,s. For a single component, this is easy.

Lemma 128. (1) Every algebra Jk,` in Nr,s with 0 ≤ k < ` and
`− k|s− r is quasicritical, except the 1-element algebra J0,1 = E.

(2) Every algebra Jk,k+1 in N0
r,s with 0 < k is quasicritical.

Proof. If k = 0 and ` > 1, then Jk,` is a nontrivial algebra with no
proper subalgebras, and hence quasicritical. If k > 0, then every proper
subalgebra of Jk,` satisfies fk−1x ≈ f `−1x, so again Jk,` is quasicritical.

�

Turning to algebras with two or more components, it is convenient
to first consider the case when T has a fixed point. In N0

r,s we must
exercise some care to distinguish between 0 and non-0 fixed points.

Lemma 129. (1) If an algebra T in Nr,s has at least two components,
including a component Jk,k+1 with k > 0, then T is not quasicritical.

(2) If an algebra T in N0
r,s has at least two components, and the

component containing 0 is Jk,k+1 with k > 0, then T is not quasicritical.

Proof. In either case, let T = Jk,k+1 + R, where R denotes the
remaining components. Then retractions onto Jk,k+1 and E + R give a
subdirect decomposition of T into subalgebras. �
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Lemma 130. If T in Nr,s or N0
r,s contains a fixed point and has

more than two components, then it is not quasicritical.

Proof. Assume T = U + V + W where U contains a fixed point;
if T ∈ N0

r,s we may suppose 0 ∈ U. Then retractions onto U + V and
U + W give a subdirect decomposition of T into subalgebras. �

Lemma 131. (1) In Nr,s, every algebra Jk,` + E with `− k > 1 and
`− k | s− r is quasicritical. Also, E + E is quasicritical.

(2) In N0
r,s, every algebra Jk,` + 0 with `− k | s− r is quasicritical.

This includes E + 0.

These observations finish the cases with fixed points, including 0.
So for the rest of this section we consider algebras in Nr,s that do not
contain Jk,k+1. Yet another easy lemma helps to reduce the number of
cases.

Lemma 132. If T in Nr,s has components Jk,` and J0,`′ with `′ =
`− k > 1, then T is not quasicritical.

Proof. Under the hypotheses, there are retractions mapping J0,`′

to Jk,` in separate ways, giving a subdirect decomposition of T into
subalgebras. �

Note that Lemma 132 includes the fact that J0,` + J0,` is not qua-
sicritical when ` > 1.

When no component has a branch off its core, the generalization of
Lemmas 130 and 132 is immediate.

Lemma 133. (1) The algebra J0,`+J0,`′ with `, `′ > 1 is quasicritical
if and only if ` 6= `′.

(2) More generally, T = J0,`1 + · · · + J0,`m with m > 1 and `j > 1
for all j is quasicritical if and only if

(i) `i 6= `j for i 6= j,
(ii) there do not exist i, j, i′, j′ with i 6= j, i′ 6= j′ and j 6= j′ such

that `i | `j and `i′ | `j′,
(iii) if `i1 , . . . , `in | `j, then lcm(`i1 , . . . , `in) < `j.

Proof. If `i | `j for some pair i 6= j, there is a retraction of T onto
T \ J0,`j . The conditions ensure that the intersection of the kernels of
two or more such retractions is not ∆. Part (2)(i) is just an important
special case of (2)(ii). Note that the criterion of part (2)(ii) allows
i = i′: if `i | `j and `i | `j′ for j 6= j′, then T is not quasicritical. �

Thus, with respect to (ii), the algebra J0,2 + J0,6 + J0,10 is not qua-
sicritical, as retractions onto J0,2 +J0,6 and J0,2 +J0,10 give a subdirect
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decomposition. Likewise, J0,2 +J0,5 +J0,6 +J0,15 is not quasicritical, as
is seen by using retractions onto J0,2 +J0,5 +J0,15 and J0,2 +J0,5 +J0,6.

With respect to (iii), J0,2 + J0,3 + J0,12 is quasicritical, but J0,4 +
J0,3 + J0,12 is not. In both cases there are two retractions of T onto
T \ J0,12. In the latter case, the intersection of the kernels of those
retractions is ∆, whereas in the former it is not.

Finally, we add a branch to the first component.

Lemma 134. (1) The algebra Jk,` + J0,`′ in Nr,s with k > 0 and
`− k, `′ > 1 is quasicritical if and only if `− k 6 | `′.

(2) More generally, Jk1,`1 + J0,`2 + · · · + J0,`m in Nr,s with k1 > 0
and m > 1 and `1 − k1 > 1 and `j > 1 for j > 1 is quasicritical if and
only if `i 6 | `j for i, j > 1 and i 6= j, and `1 − k1 6 | `j for all j > 1.

Proof. Now, in addition to a retraction onto T\J0,`j when `i | `j or
`1−k1 | `j, there is a retraction folding the branch of the first component
into its core. �

Thus, by part (1), J3,5 + J0,4 is not quasicritical, and indeed the
retractions onto J3,5 and J0,2 + J0,4 give a subdirect decomposition.
However, in the terminology of part (2), it is allowed that `j | `1 − k1

in a quasicritical algebra. For example, J3,7 +J0,2 is quasicritical, since
the only homomorphic images that are subalgebras J0,4 +J0,2 and J0,2,
with kernels that do not meet to ∆.

The preliminary calculations are done, and now we can combine
them to classify the quasicritical algebras in N0

r,s and Nr,s. For the
former, we need only Lemmas 125–131.

Theorem 135. The quasicritical algebras in N0
r,s are

(1) Jk,k+1 for 0 < k ≤ r;
(2) Jk,` + 0 for 0 ≤ k ≤ r, k < ` and `− k | s− r.

Theorem 136. The quasicritical algebras in Nr,s are

(1) Jk,k+1 for 0 < k ≤ r;
(2) Jk,` for 0 ≤ k ≤ r, k + 1 < ` and `− k | s− r;
(3) E + E;
(4) J0,` + J0,`′ for 0 < `, 0 < `′, ` | s− r, `′ | s− r and ` 6= `′;
(5) J0,`1 + · · · + J0,`m with m > 2 and 0 < `j and `j | s− r for all

j, subject to the conditions of Lemma 133(2);
(6) Jk,` + J0,`′ for 0 < k < `, 0 < `′, ` − k | s − r, `′ | s − r and

`− k 6 | `′;
(7) Jk1,`1 +J0,`2 +· · ·+J0,`m with k1 > 0 and m > 2 and `1−k1 > 1

and `j > 1 for j > 1 and `1− k1 | s− r and `j | s− r for j > 1,
subject to the conditions of Lemma 134(2).
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While the conditions for two or more components look ominous,
they are not that bad. If a quasicritical algebra has more than one
component, then at most one can have a branch. Then different con-
ditions apply depending on whether one or none has a branch. Note
that the algebras Jk,` + E of Lemma 131(1) are included in parts (4)
and (6) of Theorem 136.

Corollary 137. If T ∈ N0
r,s is quasicritical, then T is 1-generated.

Corollary 138. If T ∈ Nr,s is quasicritical, then T is generated
by at most 2m + 1 elements, where m is the number of factors in the
prime factorization of s− r.

It follows that each N0
r,s or Nr,s contains only finitely many subqua-

sivarieties. In general, whenever there is a bound N on the number of
generators of quasicritical algebras in a quasivariety Q, then the sub-
quasivarieties of Q are determined by quasi-equations in at most N vari-
ables, and indeed Lq(Q) is determined by the free algebra FQ(N), as in
say [19]. In our case, the quasicritical algebras in N0

r,s are 1-generated,
while for Nr,s this bound is the maximum number of components in a
quasicritical algebra, which is a function of s− r. Writing µ(s− r) to
denote it, the bound µ(s− r) ≤ 2m + 1 of Corollary 138 is pretty bad.
A few small values are easy to find. We have µ(s− r) = 2 if the prime
factorization is s − r = pk for any k ≥ 0, or if s − r = pq. Likewise,
µ(s − r) = 3 if s − r = pkq` with k > 1 or if s − r = p1p2p3. On the
other hand, it follows from Lemma 136(5) that for distinct primes a
lower bound is given by µ(p1 · · · pn) ≥

(
n
bn/2c

)
.

Now let us consider the embedding relations between quasicritical
algebras, and their subdirect decompositions into quasicritical factors.
Remember that S ≤ T implies 〈S〉 ≤ 〈T〉, while S ≤ T1 × · · · × Tm

implies 〈S〉 ≤ 〈T〉∨ · · ·∨ 〈Tm〉; the latter includes 〈S〉 ≤ 〈T〉 whenever
S ≤ Tm. Moreover, every finite algebra is a subdirect product of its
quasicritical quotients. For any locally finite quasivariety Q of finite
type, the quasivariety lattice Lq(Q) is join-generated by the quasivari-
eties 〈T〉 with T ∈ Q quasicritical, subject to these inclusions and join
dependencies.

Analysis of the subdirect decomposition of quasicritical algebras in
N0
r,s or Nr,s is based on the following elementary observations.

Lemma 139. The algebra Jk,` has homomorphic images isomorphic
to

(1) Jk′,`−k+k′ for 0 ≤ k′ ≤ k,
(2) Jk,k+(`−k)/d for d | `− k,
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(3) Jk′,k′+(`−k)/d for 0 ≤ k′ ≤ k and d | `− k.

Proof. The first congruence folds part or all of the branch into
the core. The second wraps the core into a smaller one. The third is
the join of the first two. �

First consider embeddings and subdirect decompositions in N0
r,s.

Lemma 140. The quasicritical algebras in N0
r,s satisfy the following

embedding relations.

(1) Jk,k+1 ≤ Jk′,k′+1 iff k ≤ k′.
(2) Jk,` + 0 ≤ Jk′,`′ + 0 iff k ≤ k′ and `− k = `′ − k′.

Note that, because of the constant, Jk,k+1 � Jk,k+1 +0. Indeed, the
quasivarieties 〈Jk,k+1〉 and 〈Jk,k+1 + 0〉 are incomparable in Lq(N0

r,s):

the former satisfies fkx ≈ 0, while the latter satisfies fx ≈ 0→ x ≈ 0.

Lemma 141. The quasicritical algebras in N0
r,s have these subdirect

decompositions.

(1) Jk,k+1 is subdirectly irreducible for k > 0.
(2) J0,` + 0 is subdirectly irreducible if ` is 1 or a prime power.
(3) Else, whenever `− k = lcm(q1, . . . , qm), then

(i) J0,` + 0 ≤
m∏

i=1

(J0,qi + 0) for k = 0,

(ii) Jk,` + 0 ≤ Jk,k+1 ×
m∏

i=1

(J0,qi + 0) for k > 0,

(iii) Jk,` + 0 ≤ (Jk,k+q1 + 0)×
m∏

i=2

(J0,qi + 0) for k > 0.

These decompositions are irredundant so long as qi 6 | qj for
i 6= j; decompositions of type (iii) are also irredundant when
q1 | qn and q1 < qn for one or more n > 1, and qi 6 | qj for all
pairs i 6= j with i > 1.

A few examples are in order. For the case with k = 0, we have
J0,20 + 0 ≤ (J0,q1 + 0) × (J0,q2 + 0) irredundantly with quasicritical
factors for the sets {q1, q2} = {4, 5} or {4, 10}. Note that while the
congruences giving the factors J0,5 + 0 and J0,10 + 0 are comparable,
the two algebras generate incomparable quasivarieties: the former, but
not the latter, satisfies f 5x ≈ x, while the latter, but not the former,
satisfies f 5x ≈ x→ x ≈ 0.
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Similarly, J0,30 + 0 ≤∏i(J0,qi + 0) irredundantly with quasicritical
factors for the sets {2, 3, 5}, {2, 15}, {3, 10}, {5, 6}, {6, 10}, {6, 15} and
{10, 15}.

For an example with k > 0, we have

J3,7 + 0 ≤ J3,4 × (J0,4 + 0),

J3,7 + 0 ≤ (J3,4 + 0)× (J0,4 + 0),

J3,7 + 0 ≤ (J3,5 + 0)× (J0,4 + 0).

Note that the second and third decompositions fit the pattern of part
(3)(iii) with q1 | q2 properly. The quasivarieties 〈J3,4〉 and 〈J3,4 +0〉 are
incomparable, and the quasivariety inclusions obtained from all three
decompositions should be included in the description of Lq(N0

3,7):

〈J3,7 + 0〉 ≤ 〈J3,4〉 ∨ 〈J0,4 + 0〉,
〈J3,7 + 0〉 ≤ 〈J3,4 + 0〉 ∨ 〈J0,4 + 0〉,
〈J3,7 + 0〉 ≤ 〈J3,4 + 0〉 ∨ 〈J0,4 + 0〉.

The preceding examples concern a particular quasicritical algebra.
Section 6.2 applies Lemmas 140 and 141 to all the quasicritical algebras
in N0

r,s for some small values of r and s, yielding enough information

to completely determine Lq(N0
r,s) for those quasivarieties.

Now we turn to embeddings and subdirect decompositions in Nr,s.

Lemma 142. The quasicritical algebras in Nr,s satisfy the following
embedding relations.

(1) Jk,` ≤ Jk′,`′ iff k ≤ k′ and `− k = `′ − k′.
(2) More generally,

∑
I Jki,`i ≤

∑
J Jmj ,nj if and only if there is a

one-to-one map π : I → J such that Jki,`i ≤ Jmπ(i),nπ(i) holds
for all i, that is, ki ≤ mπ(i) and `i − ki = nπ(i) −mπ(i).

The next lemma is a direct analogue of Lemma 141 for quasicritical
algebras in Nr,s that have one component, or one component plus E.

Lemma 143. The following statements about subdirect decomposi-
tions hold for quasicritical algebras in Nr,s.

(1) Jk,k+1 is subdirectly irreducible for k > 0.
(2) J0,` is subdirectly irreducible if ` > 1 is a prime power.
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(3) Else, whenever `− k = lcm(q1, . . . , qm), then

(i) J0,` ≤
m∏

i=1

J0,qi for k = 0,

(ii) Jk,` ≤ Jk,k+1 ×
m∏

i=1

J0,qi for k > 0,

(iii) Jk,` ≤ Jk,k+q1 ×
m∏

i=2

J0,qi for k > 0.

(4) J0,` + E is subdirectly irreducible if ` is 1 or a prime power.
(5) Else, whenever `− k = lcm(q1, . . . , qm), then

(i) J0,` + E ≤
m∏

i=1

(J0,qi + E) for k = 0,

(ii) Jk,` + E ≤ Jk,k+1 ×
m∏

i=1

(J0,qi + E) for k > 0,

(iii) Jk,` + E ≤ (Jk,k+q1 + E)×
m∏

i=2

(J0,qi + E) for k > 0.

The decompositions in parts (3) and (5) are irredundant so long as
qi 6 | qj for i 6= j; decompositions of type (iii) are also irredundant when
q1 | qn and q1 < qn for one or more n > 1, and qi6 | qj for all pairs i 6= j
with i > 1.

For quasicritical algebras with two or more nontrivial components,
the statements are less straightforward. Nonetheless, there is an al-
gorithm to find the irredundant subdirect decompositions of a given
quasicritical algebra in Nr,s.

Fix a quasicritical algebra T in Nr,s. Our task is to classify the sets
of images T/ϕj that arise when ∆ =

∧
j ϕj irredundantly in Con T =

ConNr,s T. Parts (1)–(3) of Lemma 143 cover the case when T ∼= Jk,`
has a single component. On the other hand, when an algebra has
several components, say T = C1 + · · ·+ Cm, a congruence ϕ =

∧
k ϕk

is ∆ if and only if

(i) the restriction of ϕ to each Ci is ∆,
(ii) ϕ contains no pair (x, y) with x, y in different components.

The following steps outline a way to systematically find all such com-
binations for a quasicritical algebra T = C1 + · · ·+ Cm.

(1) List the homomorphic images of each component Ci.
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(2) Combine these to find the quasicritical proper homomorphic
images of T, which are of the form Dk = Dk1 + · · · + Dknk

where every Dkj is an image of some Ci, and for each i there
exists j such that Dkj is an image of Ci. Keep track of the
kernels ϕk of the corresponding homomorphisms.

(3) Find the subsets S of these kernels such that
∧
k∈S ϕk = ∆

irredundantly in Con T, so that (i) and (ii) above are satisfied.

The results of applying the algorithm to quasicritical algebras with
two components, where the number of combinations is manageable, can
be summarized as follows.

Lemma 144. The quasicritical algebras Jk,`+J0,b in Nr,s have these
subdirect decompositions.

(1) J0,a+J0,b ≤s
∏m

i=1(J0,qi+J0,ri) if and only if lcm(q1, . . . , qm) =
a and lcm(r1, . . . , rm) = b.

(2) J0,a + J0,b ≤s
∏m

i=1 J0,di ×
∏n

j=1(J0,qj + J0,rj) if and only if

lcm(d1, . . . , dm, q1, . . . , qn) = a and lcm(d1, . . . , dm, r1, . . . , rn)
= b.

(3) Jk,k+a+J0,b ≤s
∏m

i=1 Jci,ci+di×
∏n

j=1(Jej ,ej+qj +J0,rj) for k ≥ 0

if and only if max(c1, . . . , cm, e1, . . . , en) = k and
lcm(d1, . . . , dm, q1, . . . , qn) = a and lcm(d1, . . . , dm, r1, . . . , rn)
= b.

We illustrate the procedure with examples of increasing complexity.
The algebra S = J0,2 + J0,5 has components that are prime cycles.

The only images of J0,p for p prime are itself and E. Thus S has five
congruences, with the images J0,2 + J0,5, E + J0,5, J0,2 + E, E + E
and E. The only combination that gives a subdirect decomposition is
J0,2 + J0,5 ≤ (E + J0,5)× (J0,2 + E).

More generally, whenever pi for 1 ≤ i ≤ m are distinct primes, then∑m
i=1 J0,pi ≤

∏m
i=1(J0,pi + E) is the only subdirect decomposition of∑

i J0,pi into quasicritical factors.
The algebra T = J0,4 + J0,5 is only slightly different. When q is

a prime power, then J0,q is subdirectly irreducible. For example, the
first component J0,4 of T has images J0,4, J0,2 and E. Since J0,4 is
subdirectly irreducible, it must be used as a component in some factor
of any decomposition. Thus we obtain J0,4+J0,5 ≤ (J0,4+E)×(E+J0,5)
and J0,4 + J0,5 ≤ (J0,4 + E)× (J0,2 + J0,5).

Next consider U = J0,2 + J0,15. Its homomorphic images are alge-
bras J0,a + J0,b with a ∈ {1, 2} and b ∈ {1, 3, 5, 15}, and E. Moreover,
J0,2 + J0,15 ≤ (J0,a + J0,b) × (J0,c + J0,d) exactly when lcm(a, c) = 2
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and lcm(b, d) = 15. Up to symmetry, we obtain proper subdirect de-
compositions of U for (a, b, c, d) = (2, 1, 1, 15), (2, 3, 1, 5), (2, 3, 1, 15),
(2, 5, 1, 3), (2, 5, 1, 15) and (2, 3, 2, 5). There are also irredundant sub-
direct decompositions with three factors:

U ≤ (J0,a + J0,b)× (J0,c + J0,d)× (J0,e + J0,g)

for the 6-tuples (a, b, c, d, e, g) = (2, 1, 1, 3, 1, 5), (2, 1, 1, 3, 2, 5) and
(2, 1, 2, 3, 1, 5). The decompositions with three factors are irrelevant
for our purpose of determining the structure of Lq(N0,30), since they
give join covers that do not belong to the E-basis (see Corollary 78).
For example, with the first 6-tuple,

〈J0,2 + J0,15〉 ≤ 〈J0,2 + J0,3〉 ∨ 〈J0,2 + J0,5〉
< 〈J0,2 + E〉 ∨ 〈E + J0,3〉 ∨ 〈E + J0,5〉.

(The last inclusion is strict because 〈J0,2 + J0,3〉 ∨ 〈J0,2 + J0,5〉 satisfies
fx ≈ x → x ≈ y.) Hence these triple decompositions, though valid,
may be omitted from our basis for Lq(N0,30), as they can be derived
from those with two factors.

Let V = J0,2 + J0,10. Then J0,2 is a homomorphic image of V. The
subdirect representations involving the image J0,2 are

J0,2 + J0,10 ≤ J0,2 × (E + J0,5),

J0,2 + J0,10 ≤ J0,2 × (E + J0,10),

J0,2 + J0,10 ≤ J0,2 × (J0,2 + J0,5).

The first two give proper join covers in Lq(N0,10), but since J0,2 ≤
J0,2 + J0,5 the last one translates into the quasivariety inclusion

〈J0,2 + J0,10〉 ≤ 〈J0,2〉 ∨ 〈J0,2 + J0,5〉 = 〈J0,2 + J0,5〉.
It is not hard to see that the remaining subdirect representations of
V give inclusions that are refined by these, and hence not part of the
E-basis.

The same argument shows that if a and b are relatively prime, then
〈J0,a + J0,ab〉 ≤ 〈J0,a + J0,b〉.

Now consider W = J2,4 + J0,5, which has a component Jk,` with
k > 0. The images of the first component are E, J1,2, J2,3, J0,2, J1,3

and J2,4. However, we must use either J2,3 or J2,4 as a component to
get the branch. Thus we want the decompositions

J2,4 + J0,5 ≤ J2,3 × (J0,2 + J0,5),

J2,4 + J0,5 ≤ (J2,4 + E)× (E + J0,5).

Replacing J0,2 +J0,5 in the first decomposition by (J0,2 +E)×(E+J0,5)
gives another subdirect representation, but again one not needed for
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the E-basis since 〈J0,2 + J0,5〉 < 〈J0,2 + E〉 ∨ 〈E + J0,5〉 in the lattice of
quasivarieties.

It is worthwhile to record some of the patterns we have seen in these
examples.

Lemma 145. The following subdirect decompositions hold for qua-
sicritical algebras in Nr,s.

(1) J0,` + J0,n ≤ (J0,` + E)× J0,n if n | `.
(2) Jk,` + J0,n ≤ (Jk,` + E)× J0,n if n |(`− k) for k ≥ 0.
(3) Jk,` + J0,n ≤ (Jk,` + E)× (E + J0,n) for k ≥ 0.
(4) Jk,` + J0,n ≤ Jk,k+1 × (J0,`−k + J0,n) for k ≥ 0.

Section 6.3 shows how these methods may be applied to obtain
enough information to determine Lq(Nr,s) for small values of s− r.

Let us also note some information relevant to the structure of
Lq(Nr,s) that is implicit in the above discussion

If T = Jk,` + J0,n is quasicritical, then the quasivariety 〈T〉 is join
irreducible, so 〈Jk,`〉 ∨ 〈J0,n〉 < 〈T〉. If ` − k > 1 and n > 1, then in
fact the join 〈Jk,`〉 ∨ 〈J0,n〉 is not generated by a single algebra.

We have observed that J0,a + J0,b ≤ (E + J0,a)× (E + J0,b). Indeed,
it is not hard to see that 〈E + J0,a〉 ∨ 〈E + J0,b〉 = 〈E + J0,a + J0,b〉.

6.2. Some quasivarieties N0
r,s

In this section we illustrate Theorem 135 and Lemmas 140 and 141
for quasivarieties N0

r,s. The following section similarly illustrates Theo-
rem 136 and Lemmas 142, 143 and 144 for quasivarieties Nr,s. In each
case, this is the information needed to compute the lattice of quasiva-
rieties Lq(N0

r,s) or Lq(Nr,s). These lattices tend to get large, so we only
draw a few of the smaller ones. In view of Corollary 78, only subdi-
rect decompositions that give join covers in the E-basis of Lq(N0

r,s) or
Lq(Nr,s) are included; other, redundant, decompositions are omitted.

Clearly N0
r,s ≤ N0

t,u if and only if r ≤ t and s − r |u − t, and in

that case Lq(N0
r,s) is isomorphic to an ideal of Lq(N0

t,u). This simple
observation can be useful.

For the quasivarieties N0
r,s, let us use the abbreviation J+

k,` = Jk,`+0.

We begin with the quasivariety N0
2,3, which has s− r = 1.

(1) Quasicriticals
J1,2, J2,3, J+

0,1, J+
1,2, J+

2,3.
(2) Embeddings

J1,2 ≤ J2,3,
J+

0,1 ≤ J+
1,2 ≤ J+

2,3.



6.2. SOME QUASIVARIETIES N0
r,s 131

(3) Subdirect decompositions
J+

1,2 ≤ J1,2 × J+
0,1,

J+
2,3 ≤ J2,3 × J+

0,1.

Next we consider N0
2,4, with s− r prime.

(1) Quasicriticals
J1,2, J2,3, J+

0,1, J+
1,2, J+

2,3, J+
0,2, J+

1,3, J+
2,4.

(2) Embeddings
J1,2 ≤ J2,3,
J+

0,1 ≤ J+
1,2 ≤ J+

2,3,

J+
0,2 ≤ J+

1,3 ≤ J+
2,4.

(3) Subdirect decompositions
J+

1,2 ≤ J1,2 × J+
0,1,

J+
2,3 ≤ J2,3 × J+

0,1,

J+
1,3 ≤ J1,2 × J+

0,2,

J+
1,3 ≤ J+

1,2 × J+
0,2,

J+
2,4 ≤ J2,3 × J+

0,2,

J+
2,4 ≤ J+

2,3 × J+
0,2.

The quasivariety N0
1,5 has s− r being a prime power.

(1) Quasicriticals
J1,2, J+

0,1, J+
0,2, J+

0,4, J+
1,2, J+

1,3, J+
1,5.

(2) Embeddings
J+

0,1 ≤ J+
1,2,

J+
0,2 ≤ J+

1,3,

J+
0,4 ≤ J+

1,5.
(3) Subdirect decompositions

J+
1,2 ≤ J1,2 × J+

0,1,

J+
1,3 ≤ J1,2 × J+

0,2,

J+
1,3 ≤ J+

1,2 × J+
0,2,

J+
1,5 ≤ J1,2 × J+

0,4,

J+
1,5 ≤ J+

1,2 × J+
0,4,

J+
1,5 ≤ J+

1,3 × J+
0,4.

Figure 39 shows the lattice Lq(N0
1,3), which is an ideal in Lq(N0

1,5).
This lattice is determined by the quasicritical algebras, embeddings and
subdirect decompositions given above, in that the quasicritical algebras
give join irreducible quasivarieties, the embeddings give order relations
between the join irreducibles, and the subdirect products give further
order relations and join dependencies.
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h0i

hJ+
12i

hJ+
01i hJ12i hJ+

02i

hJ+
13i

N 0
13

Figure 39. The lattice of subquasivarieties Lq(N0
1,3)

Finally we consider N0
1,7, an example with s− r composite.

(1) Quasicriticals
J1,2, J+

0,1, J+
0,2, J+

0,3, J+
0,6, J+

1,2, J+
1,3, J+

1,4, J+
1,7.

(2) Embeddings
J+

0,1 ≤ J+
1,2,

J+
0,2 ≤ J+

1,3,

J+
0,3 ≤ J+

1,4,

J+
0,6 ≤ J+

1,7.
(3) Subdirect decompositions

J+
0,6 ≤ J+

0,2 × J+
0,3,

J+
1,3 ≤ J1,2 × J+

0,2,

J+
1,3 ≤ J+

1,2 × J+
0,2,

J+
1,4 ≤ J1,2 × J+

0,3,

J+
1,4 ≤ J+

1,2 × J+
0,3,

J+
1,7 ≤ J1,2 × J+

0,6,

J+
1,7 ≤ J+

1,2 × J+
0,6,

J+
1,7 ≤ J+

1,3 × J+
0,2,

J+
1,7 ≤ J+

1,3 × J+
0,6,
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J+
1,7 ≤ J+

1,4 × J+
0,3,

J+
1,7 ≤ J+

1,4 × J+
0,6.

6.3. Some quasivarieties Nr,s

We continue by applying Theorem 136 and Lemmas 142, 143 and 144
to various quasivarieties Nr,s.

Note that Nr,s ≤ Nt,u if and only if r ≤ t and s− r |u− t, in which
case Lq(Nr,s) is isomorphic to an ideal of Lq(Nt,u).

The quasivariety N2,3 has s− r = 1.

(1) Quasicriticals
J1,2, J2,3, E + E.

(2) Embeddings
J1,2 ≤ J2,3.

(3) Subdirect decompositions
None, they are all subdirectly irreducible.

The quasivariety N1,3 is an example with s− r prime.

(1) Quasicriticals
J1,2, J0,2, J1,3, E + E, J0,2 + E, J1,3 + E.

(2) Embeddings
J0,2 ≤ J1,3 ≤ J1,3 + E,
J0,2 ≤ J0,2 + E ≤ J1,3 + E.

(3) Subdirect decompositions
J1,3 ≤ J0,2 × J1,2,
J1,3 + E ≤ (J0,2 + E)× J1,2.

The quasivariety N1,3 is a convenient size to illustrate how the pre-
ceding information enables us to draw the lattice of subquasivarieties
Lq(N1,3) in Figure 40. Again, the quasicritical algebras give join irre-
ducible quasivarieties, the embeddings give order relations between the
join irreducibles, and the subdirect products give further order relations
and join dependencies.

Next, the quasivariety N2,4 also has s− r prime.

(1) Quasicriticals
J1,2, J2,3, J0,2, J1,3, J2,4, E + E, J0,2 + E, J1,3 + E, J2,4 + E.

(2) Embeddings
J1,2 ≤ J2,3,
J0,2 ≤ J1,3 ≤ J2,4,
J0,2 + E ≤ J1,3 + E ≤ J2,4 + E,
J0,2 ≤ J0,2 + E,
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〈E〉

〈J0,2〉

〈J0,2 + E〉 〈J1,3〉 〈J1,2〉

〈E + E〉

〈J1,3 + E〉

N1,3

1

Figure 40. The lattice of subquasivarieties Lq(N1,3)

J1,3 ≤ J1,3 + E,
J2,4 ≤ J2,4 + E.

(3) Subdirect decompositions
J1,3 ≤ J0,2 × J1,2,
J2,4 ≤ J0,2 × J2,3,
J1,3 + E ≤ (J0,2 + E)× J1,2,
J2,4 + E ≤ (J0,2 + E)× J2,3.

The quasivariety N1,5 is an example with s− r a prime power.

(1) Quasicriticals
J1,2, J0,2, J0,4, J1,3, J1,5, E+E, J0,2 +J0,4, J0,2 +J1,5, J0,2 +E,
J0,4 + E, J1,3 + E, J1,5 + E.

(2) Embeddings
J0,2 ≤ J0,2 + J0,4,
J0,2 ≤ J0,2 + J1,5,
J0,2 ≤ J0,2 + E,
J0,2 ≤ J1,3 ≤ J1,3 + E,
J0,4 ≤ J0,2 + J0,4,
J0,4 ≤ J0,4 + E,
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J0,4 ≤ J1,5 ≤ J1,5 + E,
J1,5 ≤ J0,2 + J1,5,
J0,2 + J0,4 ≤ J0,2 + J1,5,
J0,2 + E ≤ J1,3 + E,
J0,4 + E ≤ J1,5 + E.

(3) Subdirect decompositions
J1,3 ≤ J1,2 × J0,2,
J1,5 ≤ J1,2 × J0,4,
J0,2 + J0,4 ≤ J0,2 × (J0,4 + E),
J0,2 + J1,5 ≤ J0,2 × (J1,5 + E),
J1,3 + E ≤ (J0,2 + E)× J1,2,
J1,5 + E ≤ (J0,4 + E)× J1,2,
J1,5 + E ≤ (J0,4 + E)× (J1,3 + E).

Finally, the quasivariety N1,7 has s− r composite.

(1) Quasicriticals
J1,2, J0,2, J0,3, J0,6, J1,3, J1,4, J1,7, E + E, J0,2 + E, J0,3 + E,
J0,6 + E, J0,3 + J0,2, J0,6 + J0,2, J0,6 + J0,3, J1,3 + E, J1,4 + E,
J1,7 + E, J1,4 + J0,2, J1,7 + J0,2, J1,3 + J0,3, J1,7 + J0,3.

(2) Embeddings
J0,2 ≤ J0,2 + E,
J0,3 ≤ J0,3 + E,
J0,6 ≤ J0,6 + E,
J0,2 ≤ J0,3 + J0,2,
J0,3 ≤ J0,3 + J0,2,
J0,2 ≤ J0,6 + J0,2,
J0,6 ≤ J0,6 + J0,2,
J0,3 ≤ J0,6 + J0,3,
J0,6 ≤ J0,6 + J0,3,
J0,2 ≤ J1,3 ≤ J1,3 + E,
J0,3 ≤ J1,4 ≤ J1,4 + E,
J0,6 ≤ J1,7 ≤ J1,7 + E,
J0,3 + J0,2 ≤ J1,4 + J0,2,
J0,6 + J0,2 ≤ J1,7 + J0,2,
J0,2 + J0,3 ≤ J1,3 + J0,3,
J0,6 + J0,3 ≤ J1,7 + J0,3.

(3) Subdirect decompositions
J0,6 ≤ J0,2 × J0,3,
J1,3 ≤ J1,2 × J0,2,
J1,4 ≤ J1,2 × J0,3,
J1,7 ≤ J1,2 × J0,6,
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J0,6 + E ≤ (J0,2 + E)× (J0,3 + E),
J1,3 + E ≤ J1,2 × (J0,2 + E),
J1,4 + E ≤ J1,2 × (J0,3 + E),
J1,7 + E ≤ J1,2 × (J0,6 + E),
J1,7 + E ≤ (J1,3 + E)× (J0,3 + E),
J1,7 + E ≤ (J1,4 + E)× (J0,2 + E),
J1,7 + E ≤ (J1,3 + E)× (J0,6 + E),
J1,7 + E ≤ (J1,4 + E)× (J0,6 + E),
J0,3 + J0,2 ≤ (J0,3 + E)× (J0,2 + E),
J0,6 + J0,2 ≤ (J0,6 + E)× J0,2,
J0,6 + J0,2 ≤ (J0,3 + E)× J0,2,
J0,6 + J0,3 ≤ (J0,6 + E)× J0,3,
J0,6 + J0,3 ≤ (J0,2 + E)× J0,3,
J1,4 + J0,2 ≤ J1,2 × (J0,3 + J0,2),
J1,4 + J0,2 ≤ (J1,4 + E)× (J0,2 + E),
J1,3 + J0,2 ≤ J1,2 × (J0,2 + J0,3),
J1,3 + J0,3 ≤ (J1,3 + E)× (J0,3 + E),
J1,4 + J0,2 ≤ J1,2 × (J0,3 + J0,2),
J1,7 + J0,2 ≤ J1,2 × (J0,6 + J0,2),
J1,7 + J0,2 ≤ (J1,4 + E)× J0,2,
J1,7 + J0,3 ≤ J1,2 × (J0,6 + J0,3),
J1,7 + J0,3 ≤ (J1,7 + E)× J0,3,
J1,7 + J0,3 ≤ (J1,3 + E)× J0,3.

To see examples of quasicritical algebras with more than two com-
ponents, consider N0,12. These include J0,2, J0,3, J0,4, J0,6, J0,12 and
E+E. Also, A+B is quasicritical for any distinct pair of E, J0,2, J0,3,
J0,4, J0,6 and J0,12. Finally, the triples J0,2 +J0,3 +J0,4, J0,2 +J0,3 +J0,12

and J0,3 + J0,4 + J0,6 are quasicritical by Theorem 136, for a total of 24
algebras.

It is straightforward to do the corresponding analysis for varieties
such as N0,30 where s− r has more than two distinct prime factors, but
this would strain even the authors’ capacity for tedium.



CHAPTER 7

Pure Unary Relational Structures

7.1. Pure unary relational quasivarieties

The methods developed for quasivarieties in the preceding sections
apply to systems more general than just algebras. For something a little
different, let us turn our attention to pure unary relational structures,
which are sets with finitely many unary predicates A1, . . . , Ak.

Thus the language we are working in has equality and these pred-
icates. A structure is defined by S = 〈S,AS

1 , . . . , A
S
k 〉 where each

AS
j ⊆ S denotes those x ∈ S for which the predicate Ajx holds

in S. A homomorphism h : S → T is a map h : S → T such that
h(AS

j ) ⊆ AT
j for each j. The kernel of a homomorphism h is a (k+ 1)-

tuple kerh = 〈η0, η1, . . . , ηk〉 where

• η0 = {(x, y) ∈ S2 : h(x) = h(y)},
• ηj = {x ∈ S : h(x) ∈ AT

j } for 1 ≤ j ≤ k.

In other words, η0 = h−1(=T) and ηj = h−1(AT
j ) for 1 ≤ j ≤ k.

Correspondingly, a congruence on a relational structure is a (k+1)-
tuple ϕ = 〈ϕ0, ϕ1, . . . , ϕk〉 such that

• ϕ0 is an equivalence relation on S,
• AS

j ⊆ ϕj ⊆ S for 1 ≤ j ≤ k,
• (x, y) ∈ ϕ0 and x ∈ ϕj implies y ∈ ϕj for 1 ≤ j ≤ k.

Thus the kernel of a homomorphism is a congruence. We can use
congruences to form factor structures, and the Isomorphism Theorems
hold.

Congruences are naturally ordered by componentwise inclusion, so
that ϕ ≤ ψ iff ϕj ⊆ ψj for 0 ≤ j ≤ k. The congruences on a structure
S form an algebraic lattice Con S, with least element denoted ∆. Note
that ∆ = 〈=S, AS

1 , . . . , A
S
k 〉.

For a relational structure S and x ∈ S, let ρ(x) be the set of predi-
cates Aj such that Ajx holds in S, i.e., such that x ∈ AS

j .
We use the suggestive notation [x ≡ y] for the congruence Cg(x, y),

and [Ax] for the congruence that adds the predicate Ax to those of S.
Note that the congruence [x ≡ y] includes the pair (x, y) in its first
component and the predicates Ax and Ay for every A ∈ ρ(x) ∪ ρ(y).

137
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An embedding of a structure S into a structure T is a one-to-one
homomorphism h : S→ T such that for every predicate Aj and every
x ∈ S, we have h(x) ∈ AT

j if and only if x ∈ AS
j . Thus S embeds

into T if and only if S is isomorphic to a subset of T with the induced
predicates. As usual, we write S ≤ T to denote the existence of an
embedding.

Products and subdirect products behave as usual. Note that the
empty product is a 1-element structure with all predicates holding.

Quasivarieties are classes closed under embedding, direct products
and ultraproducts. Again they are the models of a set of Horn sentences
in the language. For a quasivariety K and a structure S, the congru-
ences ϕ ∈ Con S such that S/ϕ ∈ K are closed under intersection, and
form an algebraic lattice ConK S.

A finite structure is quasicritical if it is not in the quasivariety
generated by its proper substructures.

There is one minor adjustment that must be made before apply-
ing results for finite algebras to relational structures. Some kinds of
theorems for algebras are normally proved by induction on the size of
the algebra. In each such case, the proof can be modified to apply to
more general structures by using induction on depth in the congruence
lattice. This is a straightforward exercise, which we have done for the
results in this monograph.

Recall that we refer to the quasi-equations εT,α as the semi-splitting
quasi-equations of a structure T, as their satisfaction by a quasivariety
corresponds to omitting the structures in N(T, α) (Theorem 54). In
this context, when ε = εT,α and N(T, α) = {R1, . . . ,Rk}, we may say
that ε is characterized by omitting {R1, . . . ,Rk}.

7.2. Quasicritical lemmas

The next few lemmas, giving necessary conditions for a pure unary
structure to be quasicritical, are variations on a common theme.

Lemma 146. If a pure unary relational structure S contains ele-
ments x, y, z, t with x 6= y, z 6= t, y 6= t and {x, y} 6= {z, t} such that
ρ(x) ⊇ ρ(y) and ρ(z) ⊇ ρ(t), then S is not quasicritical.

Proof. Check that S/[x ≡ y] ∼= S − {y} ≤ S and S/[z ≡ t] ∼=
S− {t} ≤ S while [x ≡ y] ∧ [z ≡ t] = ∆. �

Lemma 147. If a pure unary relational structure S contains distinct
elements x, y, t such that ρ(x) ⊇ ρ(y)∪ρ(t), then S is not quasicritical.

Proof. Apply Lemma 146 with z = x. �
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Lemma 148. If a pure unary relational structure S contains distinct
elements x, y, z such that ρ(x) = ρ(y)∩ρ(z), then S is not quasicritical.

Proof. Check that S/[x ≡ y] ∼= S − {x} ≤ S and S/[x ≡ z] ∼=
S− {x} ≤ S and [x ≡ y] ∧ [x ≡ z] = ∆. �

These lemmas bound the size of a quasicritical pure unary relational
structure. We use the following combinatorial argument.

Lemma 149. Let P be a finite ordered set of width w, and let S be
a set and σ : S → P any map. If |S| > w+1, then there exist elements
x, y, z, t ∈ S with x 6= y, z 6= t, y 6= t and {x, y} 6= {z, t} such that
σ(x) ≥ σ(y) and σ(z) ≥ σ(t).

Proof. If there exist distinct elements x, y, t ∈ S with σ(x) ≥ σ(y)
and σ(x) ≥ σ(t), then the conclusion holds with z = x. To simplify
matters, assume this does not occur.

Let P′ be the image σ(P), and let A be a maximal-sized antichain
in P′ that is maximal in the natural order on maximal-sized antichains;
see [52] or [67]. Then |A| ≤ w, and we can choose a subset X ⊆ S
such that σ|X is a bijection onto A. Since |S| > |X|+ 1, we can choose
distinct elements y, t ∈ S \X.

Because A is a maximal antichain in P′, there are elements x1,
x2 ∈ X such that σ(y) is comparable to σ(x1) and σ(t) is comparable to
σ(x2). If σ(y) ≤ σ(x1) and σ(t) ≤ σ(x2), we get the desired conclusion,
regardless of whether x1 = x2. If say σ(y) ≥ σ(x1) and σ(t) ≤ σ(x2),
we obtain the conclusion by interchanging the roles of y and x1.

By symmetry, that leaves the case σ(y) > σ(x1) and σ(t) > σ(x2).
In view of our initial assumption, σ(y) � σ(xi) for i 6= 1, and σ(t) �
σ(xj) for j 6= 2. This implies that σ(y) and σ(t) are incomparable. If
x1 6= x2, we can replace σ(x1) and σ(x2) by σ(y) and σ(t), respectively,
to obtain a maximal-sized antichain that is strictly above A in the order
on maximal-sized antichains of P′, contrary to the maximality of A.
On the other hand, if x1 = x2, the antichain A \ {σ(x1)} ∪ {σ(y), σ(t)}
is an antichain of strictly larger size, violating that assumption. �

Let us apply Lemma 149 to a pure unary relational structure S
in a type with k predicates, with P being the lattice of subsets of
the relations A1, . . . , Ak and σ being the map ρ. Since the lattice of
subsets of a k-element set has width

(
k
b k
2
c

)
by Sperner’s Theorem [162],

we obtain our desired bound from Lemma 146.

Theorem 150. If the type of a pure unary relational structure S
has k unary relations and |S| >

(
k
b k
2
c

)
+ 1, then S is not quasicritical.
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Let Rk denote the quasivariety of all pure unary relational struc-
tures with k predicates.

Corollary 151. For each finite k ≥ 0, the lattice Lq(Rk) is finite.

For comparison, we note that the quasivariety of structures with
one binary relation, i.e., graphs, is Q-universal (Adams and Dziobiak
[6]; see also [40], [110], [161]).

7.3. One unary relation

The quasivariety R1 consists of structures with a single unary predi-
cate A. It follows from Theorem 150 that a quasicritical structure in R1

has at most 2 elements. Let us determine the quasicritical structures,
and then the lattice of subquasivarieties Lq(R1).

The quasicritical structures in R1 are the structures Hi (1 ≤ i ≤ 4)
described in Figure 41. The embedding relations between quasicriticals
are H1 ≤ H3 and H1 ≤ H4. As an aid to the calculations below, the
congruence lattice of H4, the free R1-structure on 2 elements, is drawn
in Figure 42.

structure elements AHi

H0 x x
H1 x ∅
H2 x, y x, y
H3 x, y x
H4 x, y ∅

Figure 41. Quasicritical structures in R1, and the triv-
ial structure H0

Let H0 denote {x} with the predicate Ax. This is the trivial struc-
ture and not quasicritical; it is in every subquasivariety of R1 as the
empty product.

The 1-generated free structure H1 is {x} with the relation A empty.
As the structure is simple, 〈H1〉 is join prime. Its splitting quasi-
equation is Ax, so that S ∈ 〈Ax〉 if and only if H1 � S.

The structure H2 is {x, y} with Ax, Ay. This is also simple and so
〈H2〉 is join prime. Its splitting quasi-equation is Ax&Ay → x ≈ y,
characterized by omitting H2.

The structure H3 is {x, y} with Ax. Note H1 ≤ H3. This has a
3-element chain for its congruence lattice, with atom [Ay]. Its splitting
quasi-equation is Ax→ Ay, characterized by omitting H3.
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∇
H0

∆
H4

[Ax]
H3

H2

[Ay]
H3

[x ≡ y]
H1

1

Figure 42. Con H4 where H4 = F2(R1)

The 2-generated free structure H4 is {x, y} with the relation A
empty. Note H1 ≤ H4 and H4 ≤ H1 ×H2 and H4 ≤ H1 ×H3 ≤ H2

3.
Its 6-element congruence lattice has atoms [Ax], [Ay] and [x ≡ y]. The
semi-splitting quasi-equations are x ≈ y (omitting H2, H3, H4) and
Ax (omitting H1).

Proposition 152. The quasicritical structures in R1 are H1, H2,
H3 and H4.

Combining this information enables us to draw the lattice Lq(R1)
of Figure 43. It is the finite lattice with join irreducibles 〈Hi〉 for
1 ≤ i ≤ 4 satisfying 〈H1〉 ≤ 〈H4〉 ≤ 〈H3〉 and 〈H4〉 ≤ 〈H1〉 ∨ 〈H2〉.

7.4. Two unary relations

Now we can do the same type of analysis for the class R2 of struc-
tures with two unary relations, say A and B. By Theorem 150, qua-
sicritical structures in R2 have at most 3 elements. The quasicritical
structures in R2 are the structures Ti (1 ≤ i ≤ 3) and Uj (1 ≤ j ≤ 12)
described in Figure 44. The embeddings of these quasicritical struc-
tures are shown in Figure 45.

Let T0 denote {x} with the predicates Ax, Bx. This is the trivial
structure and not quasicritical.

The structure T1 is {x} with Ax. This structure is simple, and 〈T1〉
is join prime. Its splitting quasi-equation is Ax → Bx, characterized
by omitting T1.
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〈H2〉 = 〈Ax〉

〈H0〉

R1

〈H1〉 = 〈x ≈ y〉

〈H4〉 = 〈Ax → x ≈ y〉

〈H3〉 = 〈Ax& Ay → x ≈ y〉〈Ax → Ay〉

1

Figure 43. Quasivariety lattice Lq(R1)

structure elements AUi BUi

T0 x x x
T1 x x ∅
T2 x ∅ x
T3 x ∅ ∅
U1 x, y x, y x, y
U2 x, y x, y x
U3 x, y x, y ∅
U4 x, y x x, y
U5 x, y x x
U6 x, y x y
U7 x, y x ∅
U8 x, y ∅ x, y
U9 x, y ∅ x
U10 x, y ∅ ∅
U11 x, y, z x, y z
U12 x, y, z x y, z

Figure 44. Quasicritical structures in R2

Symmetrically, T2 is {x} with Bx. The structure is simple, and
〈T2〉 is join prime. Its splitting quasi-equation is Bx→ Ax, character-
ized by omitting T2.

The 1-generated free structure T3 is {x} with both relations A, B
empty. Note that T3 ≤ T1×T2. Its congruence lattice has two atoms,
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U1 T1 T3 T2

U2 U3 U7 U5

U6
U10 U9 U8 U4

U11 U12

1

Figure 45. Quasicritical embeddings in R2

[Ax] and [Bx]. The semi-splitting quasi-equations are Ax, character-
ized by omitting T2, T3, and Bx, characterized by omitting T1, T3.

The structure U1 is {x, y} with Ax, Bx, Ay, By. This structure is
simple, so 〈U1〉 is join prime. Its splitting quasi-equation is given by
Ax&Bx&Ay&By → x ≈ y, characterized by omitting U1.

The structure U2 is {x, y} with Ax, Bx, Ay. Note T1 ≤ U2. Its
congruence lattice is a 3-element chain with atom [By]. Thus 〈U2〉 is
join prime with splitting quasi-equation Ax&Bx&Ay → By, charac-
terized by omitting U2.

The structure U3 is {x, y} with Ax, Ay. Note that T1 ≤ U3 ≤ T1×
U2 ≤ U2

2 and U3 ≤ T1×U1. The congruence lattice has three atoms,
[Bx], [By] and [x ≡ y], giving two minimal reflection congruences.
The semi-splitting quasi-equations are Ax&Ay → Bx, equivalent to
Ax → Bx and characterized by omitting T1, and Ax&Ay → x ≈ y,
characterized by omitting U1, U2, U3.

Symmetric to U2, the structure U4 is {x, y} with Ax, Bx, By. Note
T2 ≤ U4. Its congruence lattice is a 3-element chain with atom [Ay].
Thus 〈U4〉 is join prime with splitting quasi-equation Ax&Bx&By →
Ay, characterized by omitting U4.

The structure U5 is {x, y} with Ax, Bx. Note that T3 ≤ U5 ≤
U2 ×U4. The congruence lattice has two atoms, [Ay] and [By]. The
semi-splitting quasi-equations are Ax&Bx → Ay, characterized by
omitting U4 and U5, and Ax&Bx → By, characterized by omitting
U2 and U5.

The structure U6 is {x, y} with Ax, By. Note that T1, T2 ≤ U6 ≤
U2 × U4. Its congruence lattice has two atoms, [Ay] and [Bx]. The
semi-splitting quasi-equations are Ax&By → Ay, characterized by
omitting U4 and U6, and Ax&By → Bx, characterized by omitting
U2 and U6.
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The structure U7 is {x, y} with Ax. Its congruence lattice is drawn
in Figure 46. Note that T1, T3 ≤ U7 ≤ T1 ×U6 ≤ U2

6. Also U7 ≤
T1 ×U4 and U7 ≤ T1 ×U5. Its congruence lattice has three atoms,
[Bx], [By] and [Ay]. The semi-splitting quasi-equations are Ax→ Bx,
characterized by omitting T1; Ax→ By, characterized by omitting T1

and U5; and Ax → Ay, characterized by omitting U4, U5, U6 and
U7. Observe that 〈Ax→ By〉 ≤ 〈Ax→ Bx〉, so that the quasivariety
〈Ax→ By〉 is not in κ(U7), and indeed the reflective closure γU7([By])
is above [Bx].

T0

U7

U3

[Ay]
U6

[By]
U5

[Bx]

T1

[x ≡ y]
U2 U2 U4

U1

1

Figure 46. Con U7 where U7 is {x, y} with the predi-
cate Ax. Solid dots indicate reflection congruences.

Symmetric to U3, the structure U8 is {x, y} with Bx, By. Note
that T2 ≤ U8 ≤ T2 × U4 ≤ U2

4 and U8 ≤ T2 × U1. The con-
gruence lattice has three atoms, [Ax], [Ay] and [x ≡ y], giving two
minimal reflection congruences. The semi-splitting quasi-equations are
Bx&By → Ax, equivalent to Bx→ Ax and characterized by omitting
T2, and Bx&By → x ≈ y, characterized by omitting U1, U4, U8.

Symmetric to U7, the structure U9 is {x, y} with Bx. Note that
T2, T3 ≤ U9 ≤ T2×U6 ≤ U2

6. Also U9 ≤ T2×U2 and U9 ≤ T2×U5.
Its congruence lattice has three atoms, [Ax], [Ay] and [By]. The semi-
splitting quasi-equations are Bx→ Ax, characterized by omitting T2;
Bx → Ay, characterized by omitting T2 and U5; and Bx → By,
characterized by omitting U2, U5, U6 and U9. Similar to the situation
with U7, the quasivariety 〈Bx→ Ay〉 is not in κ(U9).
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The free structure U10 is {x, y} with both relations A, B empty. Of
course T3 ≤ U10. Its subdirect decompositions include U10 ≤ T3×Uj

for 1 ≤ j ≤ 9, U10 ≤ T1 × U8, U10 ≤ T1 × U9, U10 ≤ T2 × U3,
and U10 ≤ T2 ×U7. Some of these give inclusions for quasivarieties,
while others are not minimal covers in Lq(R2). In particular, U10 ≤
T3 × U5 ≤ U2

5, so 〈U10〉 ≤ 〈U5〉. Similarly, 〈U10〉 ≤ 〈U7〉 ≤ 〈U6〉
and 〈U10〉 ≤ 〈U9〉 ≤ 〈U6〉. Since 〈U3〉 < 〈U2〉, the join cover 〈U10〉 ≤
〈T3〉 ∨ 〈U2〉 is not minimal, nor is the join cover 〈U10〉 ≤ 〈T3〉 ∨ 〈U4〉.
The remaining decompositions figure into our description of Lq(R2),
given after Proposition 153. The congruence lattice of U10 has five
atoms, which give the three semi-splitting equations Ax, characterized
by omitting T2 and T3; Bx, characterized by omitting T1 and T3; and
x ≈ y, characterized by omitting Uj for 1 ≤ j ≤ 10.

The structure U11 is {x, y, z} with Ax, Ay, Bz. Note that U3,
U6 ≤ U11. Its subdirect decompositions include U11 ≤ U1 ×U6 and
U11 ≤ U2 ×U6 ≤ U2

2 ×U4. The congruence lattice has four atoms,
giving the three semi-splitting quasi-equations Ax&Ay&Bz → x ≈ y,
characterized by omitting U1, U2, U11; Ax&Ay&Bz → Bx, which
is equivalent to Ax&Bz → Bx, characterized by omitting U2, U6;
Ax&Ay&Bz → Az, which is equivalent to Ax&Bz → Az, charac-
terized by omitting U4, U6.

Symmetric to U11, the structure U12 is {x, y, z} with Ax, By,
Bz. Note that U8, U6 ≤ U12. Its subdirect decompositions include
U12 ≤ U1×U6 and U12 ≤ U4×U6 ≤ U2×U2

4. There are four atoms,
giving the three semi-splitting quasi-equations Ax&By&Bz → y ≈ z,
characterized by omitting U1, U4, U12; Ax&By&Bz → Az, which
is equivalent to Ax&Bz → Az, characterized by omitting U4, U6;
Ax&By&Bz → Bx, which is equivalent to Ax&Bz → Bx, charac-
terized by omitting U2, U6.

Proposition 153. The quasicritical structures in R2 are T1, T2,
T3 and Uj for 1 ≤ j ≤ 12.

Thus Lq(R2) is the finite lattice with join irreducibles 〈Ti〉 for 1 ≤
i ≤ 3 and 〈Uj〉 for 1 ≤ j ≤ 12 satisfying

(1) 〈T3〉 ≤ 〈T1〉 ∨ 〈T2〉,
(2) 〈T1〉 ≤ 〈U3〉 ≤ 〈U2〉,
(3) 〈U3〉 ≤ 〈T1〉 ∨ 〈U1〉,
(4) 〈U5〉 ≤ 〈U2〉 ∨ 〈U4〉,
(5) 〈U6〉 ≤ 〈U2〉 ∨ 〈U4〉,
(6) 〈T1〉 ≤ 〈U7〉,
(7) 〈U7〉 ≤ 〈U6〉,
(8) 〈U7〉 ≤ 〈T1〉 ∨ 〈U4〉,
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(9) 〈U7〉 ≤ 〈T1〉 ∨ 〈U5〉,
(10) 〈T2〉 ≤ 〈U8〉 ≤ 〈U4〉,
(11) 〈U8〉 ≤ 〈T2〉 ∨ 〈U1〉,
(12) 〈T2〉 ≤ 〈U9〉,
(13) 〈U9〉 ≤ 〈U6〉,
(14) 〈U9〉 ≤ 〈T2〉 ∨ 〈U2〉,
(15) 〈U9〉 ≤ 〈T2〉 ∨ 〈U5〉,
(16) 〈T3〉 ≤ 〈U10〉,
(17) 〈U10〉 ≤ 〈U5〉,
(18) 〈U10〉 ≤ 〈U7〉,
(19) 〈U10〉 ≤ 〈U9〉,
(20) 〈U10〉 ≤ 〈T1〉 ∨ 〈U8〉,
(21) 〈U10〉 ≤ 〈T1〉 ∨ 〈U9〉,
(22) 〈U10〉 ≤ 〈T2〉 ∨ 〈U3〉,
(23) 〈U10〉 ≤ 〈T2〉 ∨ 〈U7〉,
(24) 〈U10〉 ≤ 〈T3〉 ∨ 〈U1〉,
(25) 〈U10〉 ≤ 〈T3〉 ∨ 〈U3〉,
(26) 〈U10〉 ≤ 〈T3〉 ∨ 〈U8〉,
(27) 〈U3〉 ≤ 〈U11〉,
(28) 〈U6〉 ≤ 〈U11〉,
(29) 〈U11〉 ≤ 〈U1〉 ∨ 〈U6〉,
(30) 〈U11〉 ≤ 〈U2〉 ∨ 〈U6〉 ≤ 〈U2〉 ∨ 〈U4〉,
(31) 〈U8〉 ≤ 〈U12〉,
(32) 〈U6〉 ≤ 〈U12〉,
(33) 〈U12〉 ≤ 〈U1〉 ∨ 〈U6〉,
(34) 〈U12〉 ≤ 〈U4〉 ∨ 〈U6〉 ≤ 〈U2〉 ∨ 〈U4〉.

The above information completely determines the lattice Lq(R2), though
it is a bit too large to draw practically. Figure 47 shows the order on
the join irreducible quasivarieties in R2.

Incidentally, the quasivariety R2 provides provides further examples
that the converse of Theorem 35 is false, that a quasivariety 〈εT,α〉 with
T quasicritical and α � ∆ need not be meet irreducible when it is not
in κ(T).

Proposition 154. In Lq(R2), 〈εU7,By〉 = 〈εT1,Bx〉 ∧ 〈εU5,By〉 and
〈εU9,Ay〉 = 〈εT2,Ax〉 ∧ 〈εU5,Ay〉.

Proof. Indeed, it is easy to see that Ax → By is equivalent to
the conjunction of Ax → Bx and Ax & Bx → By. Alternatively,
〈Ax→ Bx〉 is characterized by the omission of T1, 〈Ax & Bx → By〉
by the omission of U2 and U5, and 〈Ax → By〉 by the omission T1

and U5. Since T1 ≤ U2, Corollary 63 yields the meet.
The second part is symmetric. �



7.5. ADDING A CONSTANT 147

〈U1〉 〈T1〉 〈T3〉 〈T2〉

〈U3〉 〈U10〉 〈U8〉

〈U2〉 〈U7〉 〈U5〉 〈U9〉 〈U4〉

〈U6〉

〈U11〉 〈U12〉

1

Figure 47. Join irreducible quasivarieties in R2 (order only)

With a good deal of patience, the analysis could be extended to
quasivarieties Rk with more predicates, and perhaps patterns found.

7.5. Adding a constant

An altogether easier option than analyzing Rk is to add a constant
e to the language, with the axioms that Aj(e) holds for all j. If there
are k predicates, let us call this quasivariety Ek.

Applying the argument of Lemma 147, we see that every quasicrit-
ical structure in Ek has exactly two elements, which we will denote by
x and e. The quasicritical structures in Ek can be labeled by the subset
of the predicates such that Ax holds. For example, in E2 there are two
predicates, say A and B, and the quasicritical structures are T∅, TA,
TB and TAB. Moreover, for distinct subsets X, Y we have TX � TY .

The case of E1 with only one predicate is too simple to illustrate
the idea, so let us skip it, noting that there are four quasivarieties: E1,
〈Ax〉, 〈Ax→ x ≈ e〉, 〈x ≈ e〉.

The quasivariety E2 does illustrate the method. The congruence
lattice of the free structure T∅ is given in Figure 48. From this we
observe that T∅ ≤ TA × TB, which is the only nontrivial subdirect
product here. Therefore the lattice of quasivarieties Lq(E2) is generated
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by its four atoms 〈T∅〉, 〈TA〉, 〈TB〉, 〈TAB〉 subject to the relation
〈T∅〉 ≤ 〈TA〉∨〈TB〉. The result is the lattice diagrammed in Figure 49.

T∅
∆

TB

[Bx]
TA

[Ax]

TAB

[x ≡ e]

1

Figure 48. Congruence lattice of the free 1-generated
structure in E2

〈x ≈ e〉

〈x ≈ x〉

〈TA〉 〈T∅〉 〈TB〉 〈TAB〉

〈Bx → x ≈ e〉

〈Ax& Bx → x ≈ e〉

〈Bx〉

〈Ax → Bx〉〈Bx → Ax〉

〈Ax〉〈Ax → x ≈ e〉

1

Figure 49. The lattice of subquasivarieties Lq(E2)

Moreover, it is clear how this works with k predicates. The join
irreducible quasivarieties are the atoms 〈TX〉 for X ⊆ {A1, . . . , Ak}.
These satisfy the relations that 〈TX〉 ≤

∨
j〈TYj〉 whenever

⋂
j Yj = X.

We leave it to the reader to describe the meet irreducible quasivarieties,
an easy exercise.



CHAPTER 8

Problems

Here are some open questions of varying difficulty and importance.

(1) Can one decide when 〈T〉 contains only finitely many subqua-
sivarieties?

Much is known about specific classes of algebras. If T is
a finite quasiprimal algebra, then Lq(〈T〉) is finite; see Sec-
tion A.6, also Blanco et al. [34]. The atoms of Lq(K) were
discussed in Section 4.4. Every 2-element algebra generates
an atom, but Adams and Dziobiak [2] exhibit a 3-element al-
gebra that generates a Q-universal quasivariety. Sapir showed
that there is a Q-universal quasivariety generated by a finite
commutative 3-nilpotent semigroup [152].

The quasivariety generated by a finite abelian group has
finitely many subquasivarieties; see Section 2.5. Shakhova de-
termined which nilpotent groups of class 2 generate a quasi-
variety with only finitely many subquasivarieties [157, 158].
Those nil-2 groups not on her list generate quasivarieties with
continuum many subquasivarieties.

Changing the question just slightly, Sapir characterized
those locally finite varieties V of groups, rings and semigroups
such that Lq(V) is finite [150, 151]. A locally finite variety V

of groups has only finitely many subquasivarieties if and only
if V is generated by a finite abelian group with abelian Sylow
subgroups. A locally finite variety W of rings has only finitely
many subquasivarieties if and only if W is generated by a fi-
nite ring in which every nilpotent subring has zero multiplica-
tion. The characterization for semigroups is more complicated:
Lq(V(S)) is finite if and only if S is one of 20 types of semi-
groups. For more on varieties generated by small semigroups
or monoids, see [61, 88, 89, 113].

(2) Let T be a finite quasicritical algebra, and let S be the quasi-
variety generated by its proper subalgebras. Is there a bound
B, perhaps depending on T, such that S = 〈T〉∗ if and only if,

149
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for all n ≤ B, U ≤ Tn implies either U ∈ S or T ≤ U? (Cf.
Theorem 33, Corollary 34 and Theorem 79.)

(3) Use the criteria of Theorem 60 to prove finite basis results for
quasivarieties.
(a) Does this yield a simple proof of Pigozzi’s relatively con-

gruence distributive result [143]? What about the exten-
sion to relatively congruence meet-semidistributive quasi-
varieties by Dziobiak, Maróti, McKenzie and Nurakunov
[60]? Does this extend to relatively congruence pseudo-
complemented quasivarieties, perhaps with additional con-
ditions, as in McKenzie and Maróti [120]?

(b) Can we prove finite basis theorems for finitely generated
quasivarieties in a locally finite quasivariety K in which
the relative congruence lattices ConK T are modular? (Cf.
[60], [105].)

(4) How can Theorem 60 fail? Given a finite algebra T, can there
be infinitely many quasivarieties 〈U〉 minimal with respect to
〈U〉 � 〈T〉? Sapir has shown that there is a 3-element semi-
group that has no upper cover in the lattice of subquasivari-
eties of the variety it generates [148, 149].

(5) In particular, can 〈T〉 have infinitely many upper covers in
Lq(K), when K is locally finite and has finite type? For such
a quasivariety, it is known that Lq(K) has only finitely many
atoms, by Corollary 81.

(6) Is it decidable whether a finite algebra in a locally finite qua-
sivariety of finite type generates a finitely based quasivariety?
(No for varieties by R. McKenzie [118]. See Ježek, Maróti and
McKenzie [90] for related results on quasivarieties.)

(7) Generalizing the interval dismantlable lattices of Section 3.2,
a finite lattice is said to be sublattice dismantlable if it can be
partitioned into two disjoint sublattices, each of which can be
partitioned into two disjoint sublattices, etc., until you reach 1-
element lattices. Find quasi-identities characterizing this pseu-
doquasivariety. (Cf. Theorem 66.)

(8) Regarding the variety Z of Section 4.5: Is Z Q-universal? Does
〈Z1〉 have an upper cover in Lq(Z)?

(9) Questions relating to the variety M of Section 5.1:
(a) Are the quasivarieties 〈R1〉, 〈R7〉, 〈R8〉 or 〈P2〉 finitely

based?
(b) Find a basis for the finitely based quasivarieties 〈R2〉 and
〈R4〉.

(c) Does 〈R6〉∗ = 〈T3〉 ∨ 〈T4〉?
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(10) Find better estimates for the maximum number of generators
of a quasicritical algebra in Nrs. (Cf. Corollary 138.)

(11) Can the bound from Theorem 150 on the size of a quasicritical
pure relational structure be improved?





APPENDIX A

Properties of Lattices of Subquasivarieties

A.1. Representations of quasivariety lattices

The span of nearly two decades since the publication of Viktor
Gorbunov’s book on quasivarieties [77] has made it desirable to have an
updated review of what is known about lattices of quasivarieties. This
appendix provides a summary of their basic properties, with references
to the literature.

A.2. Representations of quasivariety lattices

Representations of a lattice can reveal structural properties, so let
us begin there. For a quasivariety K, let Lq(K) denote the lattice of
quasivarieties contained in K, ordered by inclusion. No assumption is
made yet on the type of the structures in K, but the type will generally
have both operations and relations. Of course Lq(K) is a complete
lattice.

The theory of a quasivariety K is the set of all quasi-equations hold-
ing in K. The theory of a subquasivariety Q ≤ K contains the theory of
K. (More quasi-equations means fewer models.) The lattice QTh(K)
of all quasi-equational theories extending the theory of K, ordered by
containment, is dually isomorphic to the lattice of subquasivarieties
Lq(K).

In Adaricheva and Nation [19], it is shown that QTh(K) can be
represented as the congruence lattice of a semilattice with operators.
That is, there is an algebra S such that QTh(K) ∼= Con S, where
S = (S,∨, 0, F ) is a join semilattice with 0 endowed with a set of
operations f : S → S such that f(x∨y) = f(x)∨f(y) and f(0) = 0 for
all f ∈ F . In this representation, S is the semilattice of compact K-
congruences of the free structure FK(ω), and the operators are derived
from endomorphisms of the free structure.

In turn, the congruence lattice of a semilattice with operators is du-
ally isomorphic to the lattice Sp(L, H) of all H-closed algebraic subsets
of an algebraic lattice L, where H is a monoid of operators preserving
arbitrary meets and nonempty directed joins (Hyndman, Nation and
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Nishida [87]). An algebraic subset of a complete lattice is one closed un-
der arbitrary meets and nonempty directed joins. So in the case when
L is finite, Sp(L, H) is just the subalgebra lattice Sub(L,∧, 1, H). In
the correspondence Con(S,∨, 0, F ) ∼=d Sp(L, H), we can take L to be
the filter lattice of S, ordered by set containment, with the operators
of H induced by those in F .

Thus, we have two pairs of dual isomorphisms: Lq(K) ∼=d QTh(K)
and Con(S,∨, 0, F ) ∼=d Sp(L, H). Starting with a quasivariety K, we
can find a semilattice with operators such that QTh(K) ∼= Con S, and
hence Lq(K) ∼= Sp(L, H). Most (but not all) properties of subquasiva-
riety lattices can be derived from this latter representation.

The reverse inclusion is not true: there is a lattice Sp(L, H) that
is not isomorphic to any subquasivariety lattice Lq(K); see the last
paragraph of Section A.3. Under certain additional restrictions on the
pair (L, H), for example if 1L is compact and H is a group, one can
show that Sp(L, H) can be represented as Lq(K) for some quasivariety
K [19]. Moreover, if S is a lattice such that S ∼= Sp(L, H) for some
algebraic lattice L and monoid of operators H, then the linear sum
1 + S is isomorphic to Lq(K) for a quasivariety K [17].

Alternatively, if we expand the notion of quasivariety to include
implicational classes in languages that need not contain equality, with
the corresponding adjustments, then every lattice Sp(L, H) with L al-
gebraic and H a set of operators, is isomorphic to Lq(I) for some
implicational class I [132].

Gorbunov and Tumanov [79] represent a quasivariety lattice Lq(K)
as the lattice Sp(L, R) of all algebraic subsets of an algebraic lattice L
that are closed with respect to a distributive binary relation R, where
R corresponds to either isomorphism or embedding of quotients of the
lattice of K-congruences of the free structure FK(ω). The represen-
tation using operators is perhaps more convenient for describing the
structure of Lq(K).

A.3. Basic consequences of the representations

The congruence lattice of a semilattice is meet semidistributive and
algebraic [142]. So the fact that a subquasivariety lattice Lq(K) is
dually isomorphic to the congruence lattice of a semilattice with op-
erators immediately implies that Lq(K) is dually algebraic and join
semidistributive, i.e., satisfies

(SD∨) x ∨ y ≈ x ∨ z → x ∨ y ≈ x ∨ (y ∧ z).
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Indeed, since being dually algebraic implies lower continuity, Lq(K)
satisfies the more general join semidistributive law

u ≈ x ∨ zi for all i ∈ I implies u ≈ x ∨
∧

i∈I

zi.

A complete lattice K has the Jónsson-Kiefer Property if every ele-
ment a ∈ K is the join of elements that are (finitely) join prime in the
ideal ↓a. This property holds in all finite join semidistributive lattices
[93].

An easy argument shows that in any complete lattice, the Jónsson-
Kiefer Property implies join semidistributivity. On the other hand,
there is a dually algebraic, join semidistributive lattice that has no
join prime elements [18]. Thus the Jónsson-Kiefer Property is strictly
stronger than join semidistributivity.

Gorbunov showed that the property holds in lattices of subquasi-
varieties [76].

Corollary 155. For any quasivariety Q, the lattice Lq(Q) has the
Jónsson-Kiefer Property.

This is a consequence of a slightly more general result.

Theorem 156. If L is an algebraic lattice and H a monoid of
operators on L, then Sp(L, H) has the Jónsson-Kiefer Property.

We can sketch the proof of Theorem 156 as follows. Let Sp(L)
denote the lattice of all algebraic subsets of L, with no operators. We
use Gorbunov’s lemma that the join of finitely many algebraic subsets
in the lattice Sp(L) is given by

X1 ∨ · · · ∨Xn = {x1 ∧ · · · ∧ xn : xj ∈ Xj for 1 ≤ j ≤ n},
along with the observation that the join of H-closed algebraic sets is
H-closed. Hence if q ∈ K is meet irreducible, then q ∈ X1 ∨ · · · ∨Xn

implies q ∈ Xj for some j. Therefore the H-closed algebraic subset
generated by a meet irreducible element q is join prime in Sp(L, H).
But every element of an algebraic lattice is a meet of completely meet
irreducible elements. Thus the join of all the join prime algebraic sets in
Sp(L, H) is L itself. Finally, an algebraic subset of an algebraic lattice
is itself an algebraic lattice. Relativizing the argument to a principal
ideal ↓A in Sp(L, H) gives the statement in the property.

For a more complete discussion of the Jónsson-Kiefer property, see
[18].

Recall that a lattice is atomic if it has a least element 0 and for
every x > 0 there exists an atom a such that x ≥ a � 0.
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Theorem 157. For any quasivariety Q, the lattice Lq(Q) is atomic.

Gorbunov’s argument that Lq(K) is atomic [77] uses the special
quasivariety x ≈ y. Let T denote the least subquasivariety of K, and
let T < Q ≤ K. If it happens that Q ∩ 〈x ≈ y〉 = T (including the
case when T = 〈x ≈ y〉), then since 〈x ≈ y〉 is finitely based and hence
dually compact, there is a quasivariety H such that T ≺ H ≤ Q.

On the other hand, if T < Q∩〈x ≈ y〉, then Q contains a 1-element
structure S in which not all the relations of the language of K hold.
Letting T0 denote the 1-element structure in which all the relations
hold, we see that {S,T0} is a subquasivariety of Q (it is closed under
S, P, U) which is of course an atom of Lq(K).

We note that a lattice Sp(L, H) of H-closed algebraic sets need not
be atomic. Here is an example from [19]. Let Ω be ω + 1 with the
single operator h such that h(k) = k+1 for k < ω and h(ω) = ω. Then
Sp(Ω, {h}) ∼= (ω + 1)d, which is not atomic.

A.4. Equaclosure operators

Wies law Dziobiak [55] observed that there is a natural closure op-
erator Γ on the lattice of subquasivarieties Lq(K), viz., for Q ≤ K let
Γ(Q) = K∩HSP(Q). In the terminology of Section 4.3, Γ(Q) is the least
equational subquasivariety of K containing Q. Moreover, there is a least
quasivariety L = T(Q) with Γ(L) = Γ(Q), which is T(Q) = 〈FQ(ω)〉.
The map Γ is called the natural equaclosure operator on Lq(K), and it
has important structural consequences.

We now define an equaclosure operator abstractly to have those
properties that we know to hold for the natural equaclosure operator on
the lattice of subquasivarieties of a quasivariety. These properties are
from Adaricheva and Gorbunov [13], with refinements from Adaricheva
and Nation [19], Nation and Nishida [133], and Adaricheva, Hyndman,
Nation and Nishida [17].

An equaclosure operator on a dually algebraic lattice L is a map
γ : L → L satisfying the following properties. (For the map τ of
property (I9), determined by γ, see below.)

(I1) x ≤ γ(x).
(I2) x ≤ y implies γ(x) ≤ γ(y).
(I3) γ2(x) = γ(x).
(I4) γ(0) = 0.
(I5) γ(x) = u for all x ∈ X implies γ(

∧
X) = u.

(I6) γ(x) ∧ (y ∨ z) = (γ(x) ∧ y) ∨ (γ(x) ∧ z).
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(I7) The image γ(L) is the complete meet subsemilattice of L gen-
erated by γ(L) ∩C, where C is the semilattice of dually com-
pact elements of L.

(I8) There is a dually compact element w ∈ L such that γ(w) = w
and the interval [0, w] is isomorphic to Sp(K) for some alge-
braic lattice K. (Thus the interval [0, w] is atomistic.)

(I9) For any index set I, γ(x ∧∨i∈I τ(x ∨ zi)) ≥ x ∧∨i∈I τ(zi).
(I10) If τ(x) ≤ τ(y) and γ(z) ≤ γ(y) ≤ γ(z∨ t) and z∧γ(x) ≤ γ(t),

then γ(x) ≤ γ(t).

Properties (I1)–(I4) say that γ is a closure operator with γ(0) = 0.
Property (I5) means that the operation τ is implicitly defined by γ, via

τ(x) =
∧
{z ∈ L : γ(z) = γ(x)}.

Thus τ(x) is the least element z such that γ(z) = γ(x); more generally,
γ(z) = γ(x) iff τ(x) ≤ z ≤ γ(x). The element w in (I8) corresponds
to the quasivariety x ≈ y, which for types that include relations need
not be the least subquasivariety. When |I| = 1, property (I9) becomes
simply γ(x∧ τ(x∨ z)) ≥ x∧ τ(z), which implies that (I9) holds for all
finite index sets.

The corresponding natural operator for a lattice of algebraic subsets
Sp(L, H) can be described easily. Each H-closed algebraic subset A has
a least element a0 ∈ L. Then γ(A) =↑a0 is the filter generated by a0,
and τ(A) is the H-closed algebraic subset generated by a0.

Property (I8) need not hold for the natural closure operator Γ on
Sp(L, H), but the remaining properties (I1)–(I7) and (I9)–(I10) are
satisfied. A closure operator satisfying (I1)–(I7) and (I9)–(I10) is called
a weak equaclosure operator. Moreover, it is these latter properties that
give us most (but again not all) the structural consequences.

Not every finite lower bounded lattice admits an equaclosure op-
erator [11]. The two lattices in Figure 50 are both lower and upper
bounded, but support no equaclosure operator. Another example is
the lattice Co(P) of convex subsets of the ordered set P = {a, b, c, d, e}
with a < b < c > d > e. However, every finite lattice which admits an
equaclosure operator has a 0-separating homomorphism onto a lower
bounded lattice [70].

Finally, let us note a property of subquasivariety lattices (from [70],
strengthening [76]) that does not require local finiteness, but only that
the least element of Lq(K) be dually compact. This will of course be
true whenever the type of K has only finitely many relations.

Theorem 158. If the least element 0 of Lq(K) is dually compact,
then Lq(K) satisfies the following quasi-equations for all n ≥ 2, where



158 A. APPENDIX

1

1

Figure 50. Examples of lower bounded lattices that
support no equaclosure operator.

i+ 1 is taken modulo n:

&0≤i<n [xi ≤ xi+1∨yi & xi∧yi ≤ xi+1] & x0∧· · ·∧xn−1 ≈ 0→ x0 ≈ 0 .

The proof uses properties of the equaclosure operator.

A.5. Examples of quasivariety lattices

Let us turn to positive results, lattices that can be represented as
lattices of subquasivarieties. We begin with a classic result of Gorbunov
and Tumanov [78].

Theorem 159. The following are equivalent for a complete lat-
tice K.

(1) K ∼= Sp(L) for some algebraic lattice L (with no operators).
(2) K ∼= Lq(K) for some quasivariety K of one-element relational

structures.

If K ∼= Sp(L) for a finite lattice L, then also K ∼= Lq(R) for a
quasivariety of rings (Gorbunov [76]).

Recall that a complete lattice is atomistic if every element is a join
of atoms. Every lattice Sp(L) (with no operators) is atomistic and
dually algebraic. The preceding theorem has a nice variation due to
Adaricheva, Gorbunov and Dziobiak [12] that completely characterizes
those subquasivariety lattices that are atomistic and algebraic, as well
as dually algebraic.

Theorem 160. Let K be an algebraic, atomistic lattice. The fol-
lowing are equivalent.
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(1) K ∼= Lq(Q) for some quasi-equational theory Q.
(2) K ∼= Sp(L) for some algebraic lattice L satisfying the ascend-

ing chain condition and in which the meet of every infinite
descending chain is 0.

(3) K is a dually algebraic lattice that supports an equaclosure
operator.

By direct construction, Tumanov [165] obtained the following nice
result; see also [87].

Theorem 161. Every finite distributive lattice is isomorphic to
Lq(K) for some quasivariety K.

It is shown in [17] that every distributive dually algebraic lattice
D can be represented as Sp(L, H) with L an algebraic lattice and H a
monoid of operators. On the other hand, if D is not atomic, then it is
not isomorphic to Lq(K) for a quasivariety K. The lattice (ω + 1)d is
one such example.

There are also constructions that yield representations of various
particular lattices as Lq(K), e.g., in [17, 19].

A.6. The quasivariety generated by a quasiprimal algebra

It would be remiss not to discuss a class of very well-behaved
algebras. Our summary of primal and quasiprimal algebras follows
Bergman [27] (Chapter 6) and Burris and Sankappanavar [39] (Chap-
ter IV). Books by Kaarli and Pixley [95] and Werner [168] cover the
closely related topics of functional completeness and discriminator va-
rieties, respectively.

A variety V is arithmetical if it is both congruence-distributive
and congruence-permutable. A strong Mal’cev condition due to Pixley
characterizes arithmetical varieties [144].

Theorem 162. The following are equivalent for a variety V.

(1) V is arithmetical.
(2) There is a term p(x, y, z) such that V satisfies the identities

p(x, y, x) ≈ p(x, y, y) ≈ p(y, y, x) ≈ x.

(3) There are terms u(x, y, z) and m(x, y, z) such that V satisfies
the identities

u(x, x, y) ≈ u(x, y, x) ≈ u(y,x, x) ≈ x,

m(x, y, y) ≈ m(y, y, x) ≈ x.
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A term p(x, y, z) satisfying the identities of Theorem 162(2) is called
a Pixley term. Thus the existence of a Pixley term for a variety (2)
is equivalent to the existence of both a majority term and a Mal’cev
term (3).

For example, Boolean algebras are arithmetical, where we can take
p(x, y, z) = (x∧y′)∨ (x∧z)∨ (y′∧z). Michler and Wille showed that a
variety of rings is arithmetical if and only if it is generated by a finite
number of finite fields [127].

A finite algebra A is primal if, for every k > 0, every k-ary function
f : Ak → A can be represented by a term function:

f(a1, . . . , ak) = t(a1, . . . , ak)

for all (a1, . . . , ak) ∈ Ak. It is a standard exercise (using truth tables)
that finite Boolean algebras are primal, and not hard to see (using
interpolation) that a field Zp of prime order is primal.

The characterization of primal algebras is due to Foster and Pixley
[65]. Recall that a structure is rigid if it has no non-identity automor-
phisms.

Theorem 163. A finite algebra P is primal if and only if V(P) is
arithmetical and P is simple, rigid, and has no proper subalgebras.

Note that since a field Zpk with k > 1 has proper subfields, these
are not primal.

Our immediate interest in primal algebras stems from the following
result, which is based on a lemma of Fleischer [63], based in turn on
Fuchs [72].

Lemma 164. Let A be an algebra with permuting congruences, and
suppose that A is a subdirect product of finitely many simple algebras.
Then A is isomorphic to a direct product of some of those simple alge-
bras.

Theorem 165. Let P be a primal algebra. Then the finite members
of V(P) are (up to isomorphism) precisely the algebras Pn for n ∈ ω.
Hence V(P) = Q(V), and Lq(Q(P)) = Lv(V(P)) ∼= 2.

Theorem 165 is due to Foster [64]. The infinite members of Q(P)
may be boolean powers, but since quasivarieties are determined by
their finitely generated members and Q(P) is locally finite, we do not
need that description.

The extension to finite sets of primal algebras (with a common Pix-
ley term) is straightforward. This would include, for example, finitely
many finite fields of different prime orders.
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Theorem 166. Let B = {P1, . . . ,Pn} be a finite collection of pri-
mal algebras contained in a common arithmetical variety. Then the
finite members of V(B) are finite direct products of algebras from B.
Hence V(B) = Q(B), and Lq(Q(B)) = Lv(V(B)) ∼= 2n.

We now turn our attention to quasiprimal algebras, a generalization
of primality that retains the choicest properties.

The ternary discriminator function t(x, y, z) is an operation defined
on any nonempty set by

t(x, y, z) =

{
z if x = y,

x otherwise.

Note that the ternary discriminator is particularly simple Pixley func-
tion (as in Theorem 162(2)), and t(x, y, z) is a term function on any
primal algebra, since they are functionally complete.

A finite algebra A is quasiprimal if the ternary discriminator is a
term function on A. The characterization of quasiprimal algebras is
due to Pixley [145].

Theorem 167. A finite algebra A is primal if and only if V(A) is
arithmetical and every nontrivial subalgebra of A is simple.

Every finite field is quasiprimal (though only the fields of prime
order are primal). For a field of order n, the discriminator term is

t(x, y, z) = (x− y)n−1 · (x− z) + z.

The extension of Theorem 166 to quasiprimal algebras is due to
Keimel and Werner [108], and Bulman-Fleming and Werner [38].

Theorem 168. Let C = {A1, . . . ,An} be a finite collection of
quasiprimal algebras contained in a common arithmetical variety. Then
the finite members of V(C) are finite direct products of subalgebras of
A1, . . . ,An. Hence V(C) = Q(C), and Lq(Q(C)) = Lv(V(C)) is a finite
distributive lattice.

Again, the infinite members of V(C) may be represented as boolean
products.

This short survey just scratches the surface of a classical theory.
For further study, we recommend the sections on semisimple varieties
and directly representable varieties in the textbooks by Bergman [27]
and Burris and Sankappanavar [39].

In 1975, Murskĭı proved the remarkable fact that almost every finite
algebra is quasiprimal [129]. The situation can be sketched as follows.
There is a natural probability measure on the space of all finite algebras
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of a given type; see [27, 68]. Fixing a type τ and a property X, let
Prτ (X) be the probability that a random algebra has the property X.
Murskĭı’s theorem can then be stated thusly. Part (1) is an unpublished
result of R. O. Davies from 1968.

Theorem 169. Let P be the property of being primal, and Q the
property of being quasiprimal.

(1) If the type τ has a single operation symbol of arity k > 1, then
Prτ (P ) = 1/e.

(2) If the type τ has a single operation symbol of arity k > 1, then
Prτ (Q) = 1.

(3) If the type τ has at least two operation symbols, at least one of
which has arity k > 1, then Prτ (P ) = 1.

The nice proof in Bergman [27] incorporates unpublished ideas of
Quackenbush and McKenzie.

While the quasivariety generated by a quasiprimal algebra has well-
behaved subquasivarieties, we have seen that this is not the case for
other finitely generated quasivarieties. Congruence distributivity is
not enough: the quasivariety generated by a finite lattice can be Q-
universal (Theorem 46). Congruence permutability is not enough: Nu-
rakunov has shown that the quasivariety generated by a finite abelian
group with an extra constant can be Q-universal [137]. Even a quasiva-
riety with a discriminator term is not enough: Dziobiak has exhibited
a (non-locally-finite) quasivariety S generated by a set of quasiprimal
algebras such that Lq(S) is uncountable and satisfies no nontrivial lat-
tice identity [53]. It is the combination of these factors that make the
quasivariety generated by a finite quasiprimal algebra so nice!

A.7. Miscellaneous

We conclude with references to the literature for some other topics
not addressed in this monograph, with no pretense of being compre-
hensive.

Q-universal quasivarieties were discussed in Section 5.5. In the
category theoretical sense, a quasivariety K is said to be universal if
every category of algebras of finite type, or equivalently, the category
G of directed graphs, is isomorphic to a full subcategory of K. If the
embedding of G into K may be effected by a functor which assigns a
finite algebraic system to each finite graph, then K is said to be finite-
to-finite universal. In [5], Adams and Dziobiak showed that every
finite-to-finite universal category is Q-universal. This connection is
further explored in Adams and Dziobiak [8].
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Relatively congruence distributive quasivarieties were characterized
by Nurakunov [135]. The closely related property of a quasivariety hav-
ing equationally definable principal congruence meets was considered by
Czelakowski and Dziobiak [46]. Kearnes and McKenzie characterized
relatively congruence modular quasivarieties, and developed a commu-
tator theory for these [105].

Shafaat showed that 2-element algebras generate quasivarieties with
2-element subquasivariety lattices, i.e., atoms in Lq(K) [159]. This is
of course not true for relational structures: even 1-element relational
structures of finite type can generate a quasivariety with a large (finite)
subquasivariety lattice. Adams and Dziobiak were the first to show
that a 3-element algebra can generate a Q-universal quasivariety [2];
our algebra T3 of Chapter 5 is only the latest in a long series of such.

For further results on minimal quasivarieties, see Adams and Dzio-
biak [4], and Bergman and McKenzie [28].

Dziobiak showed that atoms in the lattice of subquasivarieties enjoy
special properties [55]. A lattice is biatomic if whenever p � 0 and
p ≤ a ∨ b, then there exist atoms q ≤ b and r ≤ c with p ≤ q ∨ r.
Dziobiak’s condition was refined by Adaricheva and Gorbunov [13],
who showed that lattices of subquasivarieties Lq(K) are biatomic. In
fact, any dually algebraic lattice supporting an equaclosure operator is
biatomic. This and other restrictions on the atoms, originally from [13],
are derived from the property of having a weak equaclosure operator
in Adaricheva and Nation [19].

Kearnes and Nation showed that the class of lattices that can be
embedded into subquasivariety lattices is not first-order axiomatizable
[106]. Schwidefsky has addressed the complexity of quasivariety lat-
tices with the following result [153]. Let K be a quasivariety of finite
type that satisfies a certain generalization of properties (P1)–(P4) for
Q-universality from Section 5.5. Then there is a subquasivariety Q ≤ K

such that the problem of embedding a finite lattice into Lq(Q) is unde-
cidable. Related results are in Nurakunov [136] and Schwidefsky and
Zamojska-Dzienio et al. [25, 155, 156].

There are some very interesting papers on quasivarieties of specific
types of algebras, many of which have not come up elsewhere in the
text. Here are references for a few.

• Semigroups: Adams and Dziobiak [7], McKenzie [116], Sapir
[147, 148, 149, 151, 152].
• Semilattices with operators: Blok and Dziobiak [35], Dziobiak

[57], Dziobiak, Ježek and Maróti [58], Nagy [130].
• MV-algebras: Gispert and Torrens [73], Gispert [74].
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• Regularized varieties: Bergman and Romanowska [29].
• Semiprimal varieties: Dziobiak [53].

We can only hope that this monograph has whetted the reader’s
interest enough to pursue a favorite quasivariety!
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[129] V. L. Murskĭı, The existence of finite bases of identities, and other properties
of “almost all” finite algebras (Russian), Problemy Kibernet 30 (1975), 43–56.



BIBLIOGRAPHY 171

[130] I. V. Nagy, Minimal quasivarieties of semilattices over commutative groups,
Algebra Universalis 70 (2013), 309–325.

[131] J. B. Nation, Notes on Lattice Theory, available at
http://math.hawaii.edu/∼jb/.

[132] J. B. Nation, Lattices of theories in languages without equality, Notre Dame
J. of Formal Logic 54 (2013), 167–175.

[133] J. B. Nation and J. Nishida, A refinement of the equaclosure operator, to
appear in Algebra Universalis.

[134] H. Neumann, Varieties of Groups, Ergibnisse der Mathematic und ihrer Gren-
zgebiete, Band 37, Springer-Verlag, New York, 1967.

[135] A. Nurakunov, Characterization of relatively congruence distributive quasiva-
rieties of algebras, Algebra and Logic 29 (1990), 451–458.

[136] A. Nurakunov, Unreasonable lattices of quasivarieties, Int. J. of Algebra and
Computation 22 (2012), 125006, 17 pp.

[137] A. Nurakunov, Lattices of quasivarieties of pointed abelian groups, Algebra
and Logic 53 (2014), 238–257.

[138] A. Nurakunov and M. Stronkowski, Quasivarieties with definable relative
principal subcongruences, Studia Logica 92 (2009), 109–120.

[139] A. Nurakunov and M. Stronkowski, Relation formulas for protoalgebraic
equality free quasivarieties: Pa laskińska’s Theorem revisited, Studia Logica
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Maróti, Miklós, 8, 9, 67, 150, 164
Mason, Jesse, 3, 8, 75, 82

175



176 AUTHOR INDEX

McKenzie, Ralph, 2, 6–9, 28, 31, 61,
67, 117, 150, 162–164

McNulty, George, 6, 7, 9
Michler, Gerhard, 160
Morel, Anne, 6
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163
rigid, 160
rings, 8, 111, 149, 158

satisfies, 5, 43
semi-splitting quasi-equation, 28, 37,

138
semigroups, 7, 149, 150, 163

completely simple, 8
idempotent, 111

semilattice with operators, 153, 163
semiprimal varieties, 164
small quasicritical algebra, 76
spatial, 16
spatial lattice, 16
splitting equation, 28
splitting lattice, 29, 31
splitting quasi-equation, 28
structure, 4

pure relational, 4
subdirect decomposition, 11, 58, 60,

124, 125, 128, 130
subdirect product, 4, 13, 46, 50, 57,

160
subdirectly irreducible, 11, 31, 32
sublattice dismantlable lattice, 55,

150
subvarieties, 7, 91, 92, 117
synopsis, 2, 73

term, 4
term algebra, 23
ternary discriminator function, 161

theory of a quasivariety, 153
type, 4

finite, 39
infinite, 38

ultraproduct, 13–15, 17, 31, 32, 64
unary algebra, 8, 15, 48, 68, 75, 117

with 0, 81
with 2-element range, 81

uniquely witnessed, 82
Universal Algebra Calculator, 2, 21,

44, 60, 61, 88, 103, 108
universal quasivariety, 162
upper continuous lattice, 11
upper cover, 26–28, 59, 79, 150

V -compact, 38–41
variety, xi, 6, 91, 92

arithmetical, 159
directly representable, 161
directly semisimple, 161
minimal, 67

weak equaclosure operator, 157
weakly atomic, 11
weakly projective, 29


