
A TRANSLATION OF SUPPLEMENT XI, §168–169

Some of the beginnings of lattice theory can be found in Dedekind’s
Supplement XI to Dirichlet’s Vorlesung uber Zahlentheorie, from 1893,
slightly before his famous two papers of 1897 and 1900. There is much
more in this long supplement, including a fairly modern treatment of
Galois theory, and those sections §160–166 have also been translated
separately by Edward T. Dean of Carnegie Mellon University (online).
Section 168 introduces abelian groups (called modules), and then in
§169 their subgroup lattices are considered.

§168

We move now to another general investigation, which forms an im-
portant basis of our number theory and can be applied to other parts
of mathematics. It depends on the following simple concept:

A system a of given real or complex numbers is called a module,
when it reproduces itself under subtraction, i.e., when the difference of
two such numbers belongs to the same system a.

In consequence of this definition, certainly each number field (§160) is
also a module; but we will remark for the future that in the following
general theory that circumstance carries not the least weight, since
those special modules which we will look at to analyze later (§172) are
not fields.

Each module contains the number zero; for if α denotes a number in
a, then the difference α− α must be in a. Likewise, we easily see that
the number zero itself forms a module, the module 0.

Further, it follows from this that along with α there is an opposite
number −α = 0− α contained in a. Moreover, if α1, α2 and therefore
−α2 are in a, then the same holds for their difference α1 − (−α2),
i.e., their sum, and likewise out of more numbers of the module we
can form their sum. The numbers of the module reproduce not only by
subtraction, but also through addition,1 and consequently each module
different from 0 always consists of infinitely many numbers; for when

Date: February 28, 2018.
1In §161 of the second edition of this work (1871), where the concept of a module

was first introduced into number theory, and likewise in §165 of the third edition
(1879), this property was assumed in the definition.
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α is contained in a, then it must contain also all numbers of the form
xα where x runs through all whole numbers.

Here we conclude with the remark that each finite or infinite system
T of numbers α, if it is not already a module, through inclusion of
the numbers −α and all sums of more numbers ±α clearly becomes a
module; this, when the system T is completed to a module, one can
denote by the symbol [T ], and we will call T a basis for the module a.
It easily follows that each module d that contains all the numbers of
the system T , must also contain all the numbers of the system [T ].

If T is a finite system which consists of the numbers α1, α2, . . . , αn,
we denote the corresponding module by the symbol

[α1, α2, . . . , αn];

this clearly consists of all numbers of the form

x1α1 + x2α2 + · · ·+ xnαn

where x1, x2, . . . , xn denote arbitrary whole numbers. Each such mod-
ule a will be called a finitary module; the n numbers α1, α2, . . . , αn are
called the elements or members of a basis, and a itself is then called
an n-generated module. Clearly it is possible to modify this basis by
adjoining another number which is contained in a; the same module
is therefore an n + 1-generated module.2 The one-generated module
[1], which we always denote by z, is none other than the system of all
whole numbers; likewise, [2] or even [2, 6, 10] is the system of all even
numbers, and the two-generated module [1, i] is the system of all whole
complex numbers of Gauss (§159).

§169

It will frequently be the case, e.g. in the preceding examples, that all
numbers in a module m are also contained in a module d; then we say
that m is divisible by d, or we say that m is a combination or multiple
of d, d is a part or divisor of m, or d goes into m, and we denote this
symbolically3 in two ways by

m > d or d < m.

These symbols and notations may at first sight cause consternation,
since the combination m in truth forms a part of the part d, but in
the following will appear right through analogy with the divisibility of

2Later (§172) it is shown to be convenient to modify this convention.
3This and the later notation a+b, a−b, and so forth, I have already used in the

paper Ueber die Anzahl der Ideal-Classen in den verschiedenen Ordnungen eines
endlichen Körpers (Braunschweig 1877).
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numbers;4 thus for example [4] is a multiple of [2], since all numbers
divisible by 4 are even. Generally, we note that the module 0 is a
common multiple, and the system of all numbers a common divisor,
of all modules. The module [T ] of the previous paragraph is divisible
by any module that contains all the numbers in the basis T . If each
module a1, a2, a3, . . . is divisible by the next following one, then it is a
multiple of all those that follow. Every module is divisible by itself,
and when each of two modules m, d is divisible by the other, so that
m > d and d > m, then it follows that m = d, i.e., m and d are just
two symbols for the same module. If it happens that m is divisible by
d, but is different from d, then d is called a proper divisor of m, and m
a proper multiple of d; there is then at least one number in d, and it is
easy to see in fact infinitely many numbers, that are not contained in
m.

Now if a, b are any two modules, and α denotes a number in a,
likewise β a number in b, then we denote by

a + b

the system of all numbers expressible in the form α + β; this is also a
module, since the difference of any two such numbers α1 + β1, α2 + β2,
namely (α1 − α2) + (β1 − β2), is also contained in a + b. This module,
which we call the sum of the two modules a, b, is clearly a common
divisor of a, b, while it contains all numbers α+ 0 from the module a,
and all numbers 0+β from the module b. Moreover, if d is any common
divisor of a, b, so that d < a and d < b, then all the numbers α, β
are contained in d, and hence also all sums α + β, whence d < a + b.
For this reason, by way of analogy, we call the sum a + b the greatest
common divisor of a, b, since it contains the smallest set of numbers
among all such modules d.

The following facts follow immediately from this definition:

a + a = a (1)

a + b = b + a (2)

(a + b) + c = a + (b + c), (3)

and one proceeds from (2) and (3) as in §2, to give meaning to the
arbitrarily formed sum∑

a = a1 + a2 + · · ·+ an (4)

4The fact that the opposite notation is used in the case of fields, which are also
modules, is no matter, since with a little attention no confusion is possible.
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of given modules a, whose number is finite; this sum is the greatest
common divisor of all n modules, i.e., it goes into each module a and
likewise is divisible by any common divisor of all a. Clearly, for exam-
ple,

[α1, α2, . . . , αn] = [α1] + [α2] + · · ·+ [αn], (5)

and the sum of many finitary modules is again a finitary module. From
this it follows easily that the divisibility of a module m by a module d
can be written as

m + d = d (6)

and from a > a′ and b > b′ it follows that a + b > a′ + b′.
The concept of the sum

∑
a or the greatest common divisor of mod-

ules a can be defined so that it has a completely determined sense and a
clear meaning, whether the number of modules in a is finite or infinitely
large, which latter case we will occasionally treat in our investigation.
The shortest way from the preceding paragraphs is forming the module
[T ] from a given system T ; in that event, one takes in T those and only
those numbers α that are contained in at least one of the modules a,5

the system [T ] consists of all these numbers α and all sums of more
numbers α, and it is easy to see that the module [T ], which we will also
denote by

∑
a, is in the above-mentioned sense the greatest common

divisor of all the modules a.
A special case which we really encounter later (§172, §173) is when

the modules a form a simple infinite series of the kind a1, a2, a3, . . . such
that each module an is divisible by the next an+1, and thus by all the
following ones. Then clearly their greatest common divisor is [T ] = T ;
for if ρ, σ denote any two numbers in T , then ρ belongs to a module
ar, likewise σ to a module as; now if r ≤ s, then both the numbers ρ,
σ are contained in as, and since as is a module, the difference ρ− σ is
contained in as and hence also in T , whence T is a module and thus
= [T ], as was claimed. Clearly in this case we can denote the greatest
common divisor [T ] or

∑
a by a∞.

For example, if an = [2−n], then an consists of all whole numbers
and those proper fractions that, when written in reduced form, have
a power of 2 in the denominator whose exponent is ≤ n; clearly an+1

is a proper divisor of an; the greatest common divisor a∞ of all these
modules is the system of all rational numbers whose denominator is
any power of 2; all the modules an are finitary, but a∞ is not a finitary
module.

5According to the terminology in §161, and moreso in the cited paper (§1), T is
a set union of the system a.
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From the definition of the divisibility of modules, from which the
concept of the greatest common divisor of modules a arose, comes also
the concept of their least common multiple; we understand thereby the
system m of all those numbers µ, which belong in common to all the
modules a (e.g., the number 0), and hence also belong to the module
a.6 Since if µ1, µ2 are two such numbers in m, also their difference
µ1 − µ2 is in each of the modules a and consequently also contained
in m, thus m is a module and indeed a greatest common divisor of the
modules a. Since further each common multiple m′ of the modules a
consists of numbers that are in these modules a and hence contained
in m, thus m′ > m; for this reason we have by way of analogy called
m the least common multiple of the modules a, since m has among all
the modules m′ the greatest contents.

If one denotes the least common multiple of two modules a, b bythe
symbol

a− b,

then there are the following properties, whose proof we may omit:

a− a = a (1′)

a− b = b− a (2′)

(a− b)− c = a− (b− c), (3′)

It is equally easy that the divisibility of a module m by a module d is
completely determined by

m− d = m, (6′)

and that from a > a′ and b > b′ it follows that a− b > a′ − b′.
Between the concepts of the greatest common divisor and the least

common multiple of given modules stands an odd duality, whose final
source may be hard to know. We consider here only the following
special characterization theorem:

If m is divisible by d, and a an arbitrary module, then7

m + (a− d) = (m + a)− d. (7)

To prove this, we denote the module on the left hand side with p, the
right side with q, and we have to show that these are divisible by one
another. The divisibility of p by q comes without difficulty from the
earlier statements, since each of the two modules m and a−d is divisible

6In the terminology of the previously cited paper (§1), m is the intersection of
the system a.

7The converse, that if three modules m, d, a satisfy equation (7), then m is
divisible by d, is immediately evident.
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by each of the two modules m+a and d, and thus the greatest common
divisor p of the first two is divisible by the least common multiple q of
the latter two. But to show the divisibility of q by p, it is not enough
to apply the earlier statements, but it is necessary to go back to the
concept of a module and to consider the numbers contained in q; each
number that is contained in simultaneously in m + a and d is of the
form µ+α = δ where µ, α, δ are contained in m, a, d respectively; now
since m > d, thus µ is also contained in d, so the same holds for the
number α = δ − µ, which is then contained in a − d, and from this it
follows that the number µ+α is actually contained in p, which was to
be shown.

Now if we let a, b, c be arbitrary modules, and in the theorem just
proved set first m = b, d = b + c or later m = b − c, d = b, then the
condition m > d is satisfied, and one has the two properties

(a + b)− (b + c) = b + (a− (b + c)) (8)

(a− b) + (b− c) = b− (a + (b− c)) (8′)

in which the mentioned duality is right obviously expressed.8 Con-
versely, property (7) follows from each of these two properties, from
the first when one sets b = m, c = d, from the second when one sets
b = d, c = m, and further assumes m > d. Property (7) is self-dual.
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8If one forms from three given modules those new modules formed from the
greatest common divisor and least common multiple, then one obtains a finite
module-group, which in general consists of 28 different modules. The remarkable
properties of this group, which with any two modules a, b must contain the modules
a±b, will be discussed in another place; here let us mention only the following often
used result: if a, b are two given modules, then there is a one-to-one correspondence
between the group of all modules a′ that are divisors of a and also multiples of a+b,
and the group of all modules b1 that are multiples of b and also divisors of a − b,
which for each pair is brought about by exchanging b1 = b− a′, a′ = a + b1.


