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Abstract. A stronger version of a known property is shown to
hold for the natural equaclosure operator on lattices of quasivari-
eties.

In Part I of [3], Adaricheva and Nation introduced a new property,
denoted (I9) below, that holds for the natural equaclosure operator on
lattices of quasivarieties Lq(K). Using the representation of Lq(K) as
the lattice Sp(S, H) of H-closed algebraic subsets of an algebraic lattice
S with a monoid of operators H, from [7], we refine that property to a
version that is both stronger and simpler.

Wies law Dziobiak [5] observed that there is a natural closure oper-
ator γ on the lattice Lq(K) of subquasivarieties of a quasivariety K,
viz., for Q ≤ K let γ(Q) = K ∩ HSP(Q). Moreover, there is a least
subquasivariety L = τ(Q) with γ(L) = γ(Q), which is the quasivari-
ety generated by the Q-free structure FQ(ω). The map γ is called the
natural equaclosure operator on Lq(K).

Adaricheva and Gorbunov [2] defined an equaclosure operator ab-
stractly to have those properties that are known to hold for the natural
equaclosure operator on the lattice of subquasivarieties of a quasiva-
riety. Not every lattice supports an equaclosure operator (e.g., M3),
and its existence has structural consequences for those that do. The
modern version is given below. Lattices of subquasivarieties are dually
algebraic, and since property (I7) refers to that, equaclosure operators
are defined for dually algebraic lattices. The property (I9) implies a
couple of the original conditions (biatomicity and the so-called 4-atom
condition) [3], so those are omitted.

An equaclosure operator on a dually algebraic lattice L is a map
γ : L→ L satisfying the following properties.

(I1) x ≤ γ(x).
(I2) x ≤ y implies γ(x) ≤ γ(y).
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(I3) γ2(x) = γ(x).
(I4) γ(0) = 0.
(I5) γ(x) = u for all x ∈ X implies γ(

∧
X) = u.

(I6) γ(x) ∧ (y ∨ z) = (γ(x) ∧ y) ∨ (γ(x) ∧ z).
(I7) The image γ(L) is the complete meet subsemilattice of L gener-

ated by γ(L)∩K, where K is the semilattice of dually compact
elements of L.

(I8) There is a dually compact element w ∈ L such that γ(w) = w
and the interval [0, w] is isomorphic to the lattice Sp(S) of all
algebraic subsets of an algebraic lattice S.

(I9) For any index set I, if
∨

i τ(zi) ≥ τ(c) and γ(x) ≥ γ(c), then

γ(γ(X) ∧
∨
i∈I

τ(x ∨ zi)) ≥ c .

Properties (I1)–(I4) say that γ is a closure operator with γ(0) = 0.
Property (I5) means that the operation τ is implicitly defined by γ, via

τ(x) =
∧
{z ∈ L : γ(z) = γ(x)}.

Thus τ(x) is the least element z such that γ(z) = γ(x); more generally,
γ(z) = γ(x) iff τ(x) ≤ z ≤ γ(x). The equivalence relation given by
x ≡ y iff γ(x) = γ(y) is called the equapartition of L determined by γ.

The element w in (I8) corresponds to the quasivariety x ≈ y, which
for types that include relations need not be the least subquasivari-
ety. Property (I8) may not hold for the natural closure operator γ on
Sp(S, H), described in the next section, but the remaining properties
(I1)–(I7) and (I9) are satisfied. A closure operator satisfying (I1)–(I7)
and (I9) is called a weak equaclosure operator.

Property (I9) is easier to digest when |I| = 1:

(†) τ(z) ≥ τ(c) & γ(x) ≥ γ(c) implies γ(γ(x) ∧ τ(x ∨ z)) ≥ c .

Our goal in this paper is to replace (I9) and (†) with simpler conditions;
see Theorem 2.

Before proceeding, let us note that while an equaclosure operator
γ is order-preserving, the map τ need not be, and indeed that is the
source of the difficulty. However, it is straightforward to check that τ
satisfies

τ(
∨
i∈I

xi) ≤
∨
i∈I

τ(xi)

which we shall use.



A REFINEMENT OF THE EQUACLOSURE OPERATOR 3

1. Rewriting the original conditions

Every subquasivariety lattice Lq(K) is can be represented as the
lattice Sp(S, H) of all H-closed algebraic subsets of an algebraic lattice
S, where H is a monoid of operators that preserve arbitrary meets
(including 1 =

∧
∅) and nonempty directed joins (combining [3] and

[7]). Under this representation, the natural equaclosure operator on
Lq(K) corresponds to a natural weak equaclosure operator for a lattice
of algebraic subsets Sp(S, H), which can be described easily. Each H-
closed algebraic subset A has a least element a0 ∈ S. Then γ(A) = ↑a0
is the filter generated by a0. The least H-closed algebraic set T with
γ(T ) = γ(A) is T = τ(A) = Ag(a0), the H-closed algebraic subset
generated by a0. This in turn is given by τ(A) = DMH(a0) where
D is joins of nonempty directed sets, M is meets, H is applying the
operators of H. (The proof of this is a straightforward adaptation of
Theorem 4-1.22 in Adaricheva and Nation [4], which is based on [1, 6].)
The equapartition on Sp(S, H) has blocks consisting of all H-closed
algebraic subsets with the same least element.

Let us rewrite the original conditions (†) and (I9).

Lemma 1. Let γ be a closure operator satisfying (I1)–(I7) on a dually
algebraic lattice L. The following (universally quantified) properties are
pairwise equivalent:

(†) τ(z) ≥ τ(c) & γ(x) ≥ γ(c) implies γ(γ(x) ∧ τ(x ∨ z)) ≥ c,

(†)′ γ(γ(x) ∧ τ(x ∨ z)) ≥ x ∧ τ(z),

and

(I9)
∨
i∈I

τ(zi) ≥ τ(c) & γ(x) ≥ γ(c) implies γ(γ(x) ∧
∨
i∈I

τ(x ∨ zi)) ≥ c,

(J9) γ(γ(x) ∧
∨
i∈I

τ(x ∨ zi)) ≥ x ∧
∨
i∈I

τ(zi).

Proof. First note that since τ(c) ≤ c ≤ γ(c) and γ(τ(c)) = γ(c), we
can replace the right-hand side of (†) or (I9) with τ(c) or γ(c) to obtain
equivalent formulations.

To see that (†) implies (†)′, take c = x ∧ τ(z). Conversely, sub-
stituting x′ = x ∨ c into (†)′ yields (†). The details are left to the
reader.

The proof that (I9) and (J9) are equivalent is similar. �

As observed in [3], (†) implies (I9) for finite index sets.
Figure 1 gives examples of how (†) can fail in a pair (L, γ). The

curved lines indicate the equapartition determined by γ. The boolean
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algebra can be represented as a lattice of subquasivarieties or Sp(S, H),
as can all finite distributive lattices [7, 8], but not with the given equa-
closure operator. The second lattice supports four equaclosure opera-
tors. The one in the figure fails (†); the other three, with γ(x ∧ t) = x
or γ(x ∧ t) = 1, satisfy (†) and can be represented as Sp(S, H). The
third lattice, from [3], supports only this closure operator satisfying
the remaining properties (I1)–(I8). This pair fails (†)′, and hence the
lattice cannot be so represented at all.

Figure 1. Lattices with equaclosure operators that fail (†)′.

2. The new conditions

Now we turned to the strengthened versions of the property, which
are obtained by replacing γ(x) with x in the left-hand side of (†)′ or
(J9).

Theorem 2. If S is an algebraic lattice with a monoid of operators H
preserving arbitrary meets and nonempty directed joins, then Sp(S, H)
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with the natural equaclosure operator satisfies

(‡) γ[x ∧ τ(x ∨ z)] ≥ x ∧ τ(z)

(K9) γ(x ∧
∨
i∈I

τ(x ∨ zi)) ≥ x ∧
∨
i∈I

τ(zi).

Proof. We prove (K9), as (‡) is just the case |I| = 1 of that.
Let X and Zi (i ∈ I) be H-closed algebraic subsets of S with least

elements x0 and zi0 respectively. Consider an arbitrary element c of S
in X ∧

∨
i τ(Zi). Then c ∈ X and c ∈

∨
i τ(Zi) = DMH({zi0 : i ∈ I}),

which means that there is a directed set dk (k ∈ K) such that c =
∨

k dk,
and each dk has the form dk =

∧
j hkj(zj0) for some subset Jk ⊆ I.

(Strictly speaking, Jk is a sequence, as we allow repetitions; this point
becomes moot once we pass to the maps gkj below.) We need an
element t ∈ DMH({x0 ∧ zi0 : i ∈ I}) such that c ≥ t and t ∈ X.

For each k ∈ K and i ∈ I, let Gki = {h ∈ H : h(zi0) ≥ dk}, which
may of course be empty. For any s ∈ S, let

gki(s) =
∧
{g(s) : g ∈ Gki}

fk(s) =
∧
i∈I

gki(s).

Then the following hold, for any s ∈ S.

(1)
∧

i∈I gki(zi0) = dk.
(2) If dk ≤ d`, then Gki ⊇ G`i for every i, and hence gki(s) ≤ g`i(s)

for every i, and fk(s) ≤ f`(s).
(3) {fk(s) : k ∈ K} forms a directed set.
(4) If w0 is the least element of an H-closed algebraic set W , then

gki(w0) ∈ τ(W ) for each i, and hence
∧

i∈I gki(w0) ∈ τ(W ).
(5) Each gki satisfies gki(r ∧ s) = gki(r) ∧ gki(s), since

gki(r ∧ s) =
∧

g∈Gki

g(r ∧ s)

=
∧

g∈Gki

(g(r) ∧ g(s))

=
∧

g∈Gki

g(r) ∧
∧

g∈Gki

g(s)

= gki(r) ∧ gki(s).
(The same argument shows that each gki and fk preserves ar-
bitrary meets.)

Since S is algebraic, it is upper continuous. The next observation
will prove useful.
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Lemma 3. Let dk (k ∈ K) be a directed set in an upper continuous
lattice, and let ek (k ∈ K) be a set of elements such that dk ≤ d` implies
ek ≤ e`. Then {ek : k ∈ K} is directed, and

(
∨
k∈K

dk) ∧ (
∨
`∈K

e`) =
∨
m∈K

(dm ∧ em).

The proof is a routine exercise.
Let t = c ∧

∨
k fk(x0). By (3) the join is directed, and since c ∈ X,

we get t ∈ X. Moreover, in view of (2) we can apply Lemma 3, then
use (1) and (5) to calculate

t = (
∨
k∈K

dk) ∧ (
∨
`∈K

f`(x0)

=
∨
m∈K

dm ∧ fm(x0)

=
∨
m∈K

(
∧
i∈I

gmi(zi0)) ∧ (
∧
i∈I

gmi(x0))

=
∨
m∈K

∧
i∈I

gmi(z0i ∧ x0).

From the last expression, using (4) and the fact that the join is directed
by Lemma 3, we conclude that t ∈

∨
i∈I τ(X ∨ Zi). Thus t ∈ X ∧∨

i∈I τ(X ∨ Zi).
But t ≤ c, so c is in the equaclosure of the H-closed algebraic set

generated by t, in symbols c ∈ γ(Ag(t)), which is ↑ t0 for some t0 ≤ t.
These combine to give (K9). �

Clearly (‡) implies (†)′ and (K9) implies (J9). Figure 2 gives a pair
(L, γ) such that L is a finite lower bounded (and hence join semidis-
tributive) lattice, and γ satisfies all the original properties of an equa-
closure operator, including (†), but it fails (‡) for the indicated substi-
tution.

Some interesting problems remain.

(1) Find a finite join semidistributive lattice that supports a closure
operator satisfying the original properties, but does not support
any closure operator satisfying those and (‡). Thus (‡) would
prohibit L from being isomorphic to Sp(S, H) for any choice of
γ. (The lattice in Figure 2 does not do that.)

(2) Find additional properties that hold for the natural equaclosure
operator on Sp(S, H).

(3) How does (K9) work for different values of |I|?
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Figure 2. Lattice with an equaclosure operator that
satisfies (†) but not (‡).
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