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Abstract. A stronger version of a known property is shown to hold for the natural

equaclosure operator on lattices of quasivarieties.

Wies law Dziobiak [6] observed that there is a natural closure operator η on

the lattice Lq(K) of subquasivarieties of a quasivariety K, viz., for Q ≤ K let

η(Q) = K ∩ HSP(Q) = K ∩ H(Q). Moreover, there is a least subquasivariety

L = λ(Q) such that η(L) = η(Q), which is the quasivariety generated by the

Q-free algebra FQ(ω). The map η is called the natural equaclosure operator

on Lq(K). Note that η partitions Lq(K) into intervals [λ(Q), η(Q)] consisting

of subquasivarieties with the same equational closure.

Some basic properties of the natural equaclosure operator on Lq(K) are

known; see the discussion in Section 4. These properties have been used to

show that certain types of lattices are not isomorphic to a lattice Lq(K), be-

cause the lattices in question do not admit a closure operator satisfying the

known properties [2, 3, 4, 6, 7]. In this note we use a representation of qua-

sivariety lattices as lattices of algebraic subsets (Theorem 1) to strengthen a

known property of equaclosure operators.

Let S be an algebraic lattice. A subset X ⊆ S is an algebraic subset if it

contains 1S and is closed under arbitrary meets and nonempty directed joins.

An operator h : S → S is continuous if it preserves 1S, arbitrary meets and

nonempty directed joins. If H is a monoid of continuous operators on S, then

Sp(S, H) denotes the lattice of all H-closed algebraic subsets of S, ordered by

inclusion.

There is also a natural closure operator on Sp(S, H). Each H-closed al-

gebraic set X in Sp(S, H) contains a least element x0. Define γ(X) =↑ x0,

the filter generated by x0 in S. Note that γ(X) is H-closed since X is.

There is also a least H-closed algebraic set T with γ(T ) = γ(X), whrch is

T = τ(X) = Ag(x0), the H-closed algebraic subset generated by x0. This in

turn is given by τ(X) = DMO(x0) where D is joins of nonempty directed sets,

M is meets, O is applying the operators of H. (The proof of this is a straight-

forward adaptation of Theorem 4-1.22 in Adaricheva and Nation [5], which

is based on [1, 7].) The equapartition on Sp(S, H) has blocks [τ(X), γ(X)]

consisting of all H-closed algebraic subsets with the same least element.
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Given a quasivariety K, let F denote the countably generated K-free algebra

FK(ω). The lattice ConK F of K-congruences on F is an algebraic lattice, and

the endomorphisms of F induce an action on ConK F via

(s, t) ∈ ε∗(ϕ) iff (εs, εt) ∈ ϕ.

Set E∗ = {ε∗ : ε ∈ EndF}. Then E∗ is a monoid of continuous operators on

ConK F.

With these preliminaries, we can now state the basic representation theorem

for quasivarieties, due to Hoehnke [8], as developed in [4] and [9].

Theorem 1. For a quasivariety K, the lattice Lq(K) is isomorphic to the

lattice Sp(S, H) where S = ConK FK(ω) and H = E∗. Moreover, if f denotes

the isomorphism, then f(η(Q)) = γ(f(Q)).

Our plan is to use this representation to investigate properties of the equa-

closure operator. We are particularly interested in closure operators γ that

satisfy the property (I5) from the list in Section 4:

(I5) γ(x) = u for all x ∈ X implies γ(
∧
X) = u.

Property (I5) means that the operation τ is implicitly defined by γ, via

τ(x) =
∧
{z ∈ L : γ(z) = γ(x)}.

Thus τ(x) is the least element z such that γ(z) = γ(x), and it follows that

γ(y) = γ(x) if and only if τ(x) ≤ y ≤ γ(x).

Let us note that while an equaclosure operator γ is order-preserving, the

map τ need not be, and indeed that is the source of the difficulty. However, it

is straightforward to check that τ satisfies

τ(
∨
i∈I

xi) ≤
∨
i∈I

τ(xi).

1. The original conditions

In Part I of [4], Adaricheva and Nation introduced a property, denoted (I9)

below, that holds for the natural equaclosure operator on lattices of quasiva-

rieties Lq(K). We shall refine that property to a version that is both stronger

and simpler.

The version from [4] is:

(I9) For any index set I, if
∨

i τ(zi) ≥ τ(c) and γ(x) ≥ γ(c), then

γ(γ(x) ∧
∨
i∈I

τ(x ∨ zi)) ≥ c .

Property (I9) is easier to digest when |I| = 1:

(†) τ(z) ≥ τ(c) & γ(x) ≥ γ(c) implies γ(γ(x) ∧ τ(x ∨ z)) ≥ c .

Our goal in this paper is to replace (I9) and (†) with the conditions in Theo-

rem 3.
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2. Rewriting the original conditions

Let us rewrite the original conditions (†) and (I9).

Lemma 2. Let γ be a closure operator satisfying (I5) on a dually algebraic

lattice L. The following (universally quantified) properties are pairwise equiv-

alent:

(†) τ(z) ≥ τ(c) & γ(x) ≥ γ(c) implies γ(γ(x) ∧ τ(x ∨ z)) ≥ c,
(†)′ γ(γ(x) ∧ τ(x ∨ z)) ≥ x ∧ τ(z),

and

(I9)
∨
i∈I
τ(zi) ≥ τ(c) & γ(x) ≥ γ(c) implies γ(γ(x) ∧

∨
i∈I

τ(x ∨ zi)) ≥ c,

(J9) γ(γ(x) ∧
∨
i∈I

τ(x ∨ zi)) ≥ x ∧
∨
i∈I

τ(zi).

Proof. First note that since τ(c) ≤ c ≤ γ(c) and γ(τ(c)) = γ(c), we can

replace the right-hand side of (†) or (I9) with τ(c) or γ(c) to obtain equivalent

formulations.

To see that (†) implies (†)′, take c = x ∧ τ(z). Conversely, substituting

x′ = x ∨ c into (†)′ yields (†). The details are left to the reader.

The proof that (I9) and (J9) are equivalent is similar. �

As observed in [4], (†) implies (I9) for finite index sets.

Figure 1 gives examples of how (†) can fail in a pair (L, γ). The curved

lines indicate the equapartition determined by γ. The boolean algebra can

be represented as a lattice of subquasivarieties or Sp(S, H), as can all finite

distributive lattices [9, 11], but not with the given equaclosure operator. The

second lattice supports four equaclosure operators. The one in the figure fails

(†); the other three, with γ(x ∧ t) = x or γ(x ∧ t) = 1, satisfy (†) and can be

represented as Sp(S, H). The third lattice, from [4], supports only this closure

operator satisfying the remaining properties (I1)–(I8). This pair fails (†)′, and

hence the lattice cannot be so represented at all.

3. The new conditions

Now we turned to the strengthened versions of the property, which are

obtained by replacing γ(x) with x in the left-hand side of (†)′ or (J9).

Theorem 3. If S is an algebraic lattice with a monoid of operators H pre-

serving arbitrary meets and nonempty directed joins, then Sp(S, H) with the

natural equaclosure operator satisfies

(‡) γ[x ∧ τ(x ∨ z)] ≥ x ∧ τ(z)

(K9) γ(x ∧
∨
i∈I

τ(x ∨ zi)) ≥ x ∧
∨
i∈I

τ(zi).
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Figure 1. Lattices with equaclosure operators that fail (†)′.

Proof. We prove (K9), as (‡) is just the case |I| = 1 of (K9).

Let X and Zi (i ∈ I) be H-closed algebraic subsets of S with least elements

x0 and zi0 respectively. Consider an arbitrary element c of S in X ∧
∨

i τ(Zi).

Then c ∈ X and c ∈
∨

i τ(Zi) = DMO({zi0 : i ∈ I}), which means that there

is a directed set dk (k ∈ K) such that c =
∨

k dk, and each dk has the form

dk =
∧

j hkj(zj0) for some subset Jk ⊆ I. (Strictly speaking, Jk is a sequence,

as we allow repetitions; this point becomes moot once we pass to the maps gkj
below.) We need an element t ∈ DMO({x0 ∧ zi0 : i ∈ I}) such that c ≥ t and

t ∈ X.

For each k ∈ K and i ∈ I, let Gki = {h ∈ H : h(zi0) ≥ dk}, which may of

course be empty. For any s ∈ S, let

gki(s) =
∧
{g(s) : g ∈ Gki}

fk(s) =
∧
i∈I

gki(s).

Then the following hold, for any s ∈ S.

(1)
∧

i∈I gki(zi0) = dk.
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(2) If dk ≤ d`, then Gki ⊇ G`i for every i, and hence gki(s) ≤ g`i(s) for every

i, and fk(s) ≤ f`(s).
(3) {fk(s) : k ∈ K} forms a directed set.

(4) If w0 is the least element of an H-closed algebraic set W , then gki(w0) ∈
τ(W ) for each i, and hence

∧
i∈I gki(w0) ∈ τ(W ).

(5) Each gki satisfies gki(r ∧ s) = gki(r) ∧ gki(s), since

gki(r ∧ s) =
∧

g∈Gki

g(r ∧ s)

=
∧

g∈Gki

(g(r) ∧ g(s))

=
∧

g∈Gki

g(r) ∧
∧

g∈Gki

g(s)

= gki(r) ∧ gki(s).

(The same argument shows that each gki and fk preserves arbitrary

meets.)

Since S is algebraic, it is upper continuous. The next observation will prove

useful.

Lemma 4. Let dk (k ∈ K) be a directed set in an upper continuous lattice,

and let ek (k ∈ K) be a set of elements such that dk ≤ d` implies ek ≤ e`.

Then {ek : k ∈ K} is directed, and

(
∨
k∈K

dk) ∧ (
∨
`∈K

e`) =
∨

m∈K
(dm ∧ em).

The proof is a routine exercise.

Let t = c ∧
∨

k fk(x0). By (3) the join is directed, and since c ∈ X, we get

t ∈ X. Moreover, in view of (2) we can apply Lemma 4, then use (1) and (5)

to calculate

t = (
∨
k∈K

dk) ∧ (
∨
`∈K

f`(x0)

=
∨

m∈K
dm ∧ fm(x0)

=
∨

m∈K
(
∧
i∈I

gmi(zi0)) ∧ (
∧
i∈I

gmi(x0))

=
∨

m∈K

∧
i∈I

gmi(z0i ∧ x0).

From the last expression, using (4) and the fact that the join is directed by

Lemma 4, we conclude that t ∈
∨

i∈I τ(X ∨Zi). Thus t ∈ X ∧
∨

i∈I τ(X ∨Zi).

But t ≤ c, so c is in the equaclosure of the H-closed algebraic set generated

by t, in symbols c ∈ γ(Ag(t)), which is ↑ t0 for some t0 ≤ t. These combine to

give (K9). �
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Clearly (‡) implies (†)′ and (K9) implies (J9). Figure 2 gives a pair (L, γ)

such that L is a finite lower bounded (and hence join semidistributive) lattice,

and γ satisfies all the original properties of an equaclosure operator, including

(†), but it fails (‡) for the indicated substitution.

Figure 2. Lattice with an equaclosure operator that satisfies

(†) but not (‡).

4. Discussion

Adaricheva and Gorbunov [2] defined an equaclosure operator abstractly to

have those properties that are known to hold for the natural equaclosure oper-

ator on Lq(K). Not every lattice supports an equaclosure operator (e.g., M3),

and its existence has structural consequences for those that do. The modern

version is given below. Lattices of subquasivarieties are dually algebraic, so

equaclosure operators are defined for dually algebraic lattices. The property

(K9) implies a couple of the original conditions (biatomicity and the so-called

4-atom condition) [4], and thus those are omitted. On the other hand, we

include an addition condition (K10) from [3], whose proof was modeled after

that of (K9).

An equaclosure operator on a dually algebraic lattice L is a map γ : L→ L

satisfying the following properties.

(I1) x ≤ γ(x).

(I2) x ≤ y implies γ(x) ≤ γ(y).
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(I3) γ2(x) = γ(x).

(I4) γ(0) = 0.

(I5) γ(x) = u for all x ∈ X implies γ(
∧
X) = u.

(I6) γ(x) ∧ (y ∨ z) = (γ(x) ∧ y) ∨ (γ(x) ∧ z).
(I7) The image γ(L) is the complete meet subsemilattice of L generated by

γ(L) ∩K, where K is the semilattice of dually compact elements of L.

(I8) There is a dually compact element w ∈ L such that γ(w) = w and the

interval [0, w] is isomorphic to the lattice Sp(S) of all algebraic subsets of

an algebraic lattice S.

(K9) For any index set I, γ(x ∧
∨

i∈I τ(x ∨ zi)) ≥ x ∧
∨

i∈I τ(zi).

(K10) If τb ≤ τd and γc ≤ γd ≤ γ(a ∨ c) and c ∧ γ(b) ≤ γa, then γb ≤ γa.

The element w in (I8) corresponds to the quasivariety x ≈ y, which for

types that include relations need not be the least subquasivariety. Property

(I8) may not hold for the natural closure operator γ on Sp(S, H), but the

remaining properties are satisfied.

The results in this note are stated for quasivarieties of algebras, but W with

appropriate definitions, the representation of Theorem 1 applies verbatim to

• quasivarieties of algebras,

• quasivarieties of structures with operations and/or relations,

• implicational classes of structures in a language that may not contain

equality.

This theory is developed in [3]. Moreover, in this general setting, there is a

partial converse to Theorem 1, from [10].

Theorem 5. If L = Sp(S, H) then L ∼= Lq(K) for an implicational class of

structures in a language without equality.
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