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Abstract—This paper builds on Mittelholzer and Lahto- why they are not used in practical implementations. Our
nen’s study of group codes for the gaussian channel basedgoal is to see how these codes compare in practical
on reflection groups. A careful analysis of the action of sjtyations. To this end, we have been working on making
a rc_aﬂection group on its roots Ieads to the devglopment the implementation efficient.
of improved methods for encoding and decoding. The — pyienolzer and Lahtonen found an efficient decoding
new algorithm is proved to achieve maximum likelihood . . .
decoding. The complexity of decoding is analyzed, and it is aIgont_hn using a large permutation code supgroup of the
shown that a proper choice of the sequence of subgroups'€fléction group. We have found that by using a nested
used in the algorithm can yield significant gains in the Seduence of subgroups that are in most cases reflections
efficiency of decoding. subgroups, there is an algorithm that is fast and faciltate
encoding and decoding of information.

Other groups can be used for group codes. Niyomsa-
taya, Miri and Nevins have analyzed the use of (infinite)
affine reflection group codes with the group action
|. INTRODUCTION restricted to a bounded region [4]. With Ann Shepler,
group codes for ththe authors have shown that certain complex reflection

In 1968, Slepian introduced * -
gaussian channel” [1]. The idea was to choose a gro3fPuPs can be used for group codes, despite differences

of orthogonal matrices and a point on a sphere, aHbIthe geometry. We are continuing to investigate along
then use the orbit of that point by that group as a skose lines.

of signals for communication. The roots of this work Il. REFLECTION GROUPS AND REFLECTION GROUP

go back at least a decade before that, and in 1965 he’ CODES

had introduced “permutation codes” [2], which were _ _ .
codes derived by choosing a point on a sphere and'he paper by Mittelholzer and Lahtonen [3] is quite

acting on it with a group of operations consisting ofomplete and thorough. We will therefore summarize
permutations of the coordinates and reversals of tR@me facts about reflection groups and some of the
signs of coordinates. Slepian recognized that these ti&$Ults of their paper without proofs and build on that
operations can be written as orthogonal matrices, afftterial. Proofs can be found in the standard text-
therefore permutation codes are group codes for tR@OKS on reflection groups, e.g., Grove and Benson [5],
gaussian channel. Furthermore he recognized that thE&#nphreys [6] or Kane [7]. There is significant interplay
two operations are reflections, and therefore the grod?%twee” geometry and algebra in reflection groups, and
are reflection groups. In a very comprehensive pagkfS useful to view both perspectives. We begin with a
in 1996, Mittelholzer and Lahtonen [3] considered th&0re geometric description. _
group codes for the gaussian channel generated by aff* réflection group is a group of orthogonal matrices
reflection groups, and they were able to characteri_géat IS genera_lted by a set o_f reflections. Each reflection
all these codes and calculate the optimum initial poifft the group is a reflection in a (hyperplane that goes
for each of them. They also gave efficient decodin‘qugh the origin. One reflection acting on the reflecting
algorithms for all these codes. plane of another makes a third reflection plane. Certain
Some of these codes have better minimum distant@nfigurations result in a finite number of reflection
than the widely usecPSK modulation, and they canPlanes and hence a finite group. For example, in two

compare favorably witliyAM modulation. We wondered dimensions, there will be a finite reflection group if
and only if the angle between reflecting planes divides
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the fundamental region are tifiendamental planeand uct (dot product). LeAg denote the set of roots &,
the reflections associated with those planes are fhe,

fundamental reflectiong-or a reflection group that acts

irreducibly on ann-dimensional space, the number of Ag ={aeR": |laf =1 andS, € G}.
fundamental planes and the number of fundamenE;\I
reflections isn. Every element of the group can be or
written as a product of these fundamental reflections. Ny ={xeR": (x,a) =0}.
There will be more reflections among the other elements,

but not all the elements will be reflections. For the grouphe projection of a vector ont®/,, is given by
Eg, for example, there are six fundamental reflections,

36 reflections in all, and a total of 51840 group elements. Py, (x) =x — (x,0)a.

Every group element (except the identity element) maps

each region into a different region. Thusvifis a vector b The choice of e;nr:mtlalﬂvec_toxo I(on thedunlt SF’here h
not on the boundary between two regions ang I is ut not on one of the reflecting planes) determines the

i, + )
a group element, them andgv are in different regions. positive rootsAg, the fundamental regioRR(G), and

We will consider a unit sphere and instead of talkinf'® fundamental root system in the following ways.

about pomf[s_ on the' sphere we will talk about vectors AJ& — {a€Ag: (a,x0) > 0}
from the origin to points on the sphere. Let us choose an " n
initial vector that is in the fundamental region. Then the FR(G) = {y € R": (y,a) > 0 for all « € Ag}

orbit that results from applying all the group elements to Y ={peA{ : Py, (x0) € FR(G) — {0}}

the initial vector consists of one vector in ee_lch region. In = {pe A& : p#xp and(Py, (x0),a) > 0
group coding, a correspondence is established between
messages and this set of vectors. Given a message to be

transmitted, you choose one of these vectors and sen@iere X denotes the closure of. It is straightforward
and a vector that differs because of noise is received. Tid€see that these algebraic formulations agree with the
error probability depends on the exact choice of initi%}eometric descriptions given earlier.

vector. Mittelholzer and Lahtonen showed that the opti- A strajghtforward method to find an optimal choice of
mum initial vector is a vector that is at the same distangss initial vectorxo, so that it is a unit vector equidistant
from every bounding plane of the fundamental regiofom the walls of the fundamental region, is given in
and so essentially in the very middle of the region. fyjttelholzer and Lahtonen [3]; see subsection IX-A.
received vector should be decoded into the code vectofrhagrem 1:Every positive root can be written as a
that is in the same region. You could do maximuMear combination of fundamental roots with all positive
likelihood decoding by calculating the distance from th@oefﬁcients, and every negative root can be written as a

received vector to each code vector, but there are mygfy, combination of fundamental roots with all negative
more efficient ways to decode. coefficients.

For every reflection, there gre two unit vectors normal Thus we have
to the plane, one on each side. Those are cathets.
The ones that are on the same side of their respective FR(G) = {y: (y,a) > 0 for all o € ©}.
reflection planes as the fundamental region are called
positive roots, and the ones on the opposite side akdeed, ifv is any vector in the fundamental region, then
callednegativeroots. A vector is on the positive side of & rootr is positive if and only if(r,v) > 0.
reflection plane if its inner product with the positive root Theorem 2:If g € G anda € Ag, thengS,g~! =
is positive, and thus a vector is in the fundamental regidfy..
if and only if its inner product with every fundamental Thus if g is a group element andis a root, theryr
root is positive. is also a root. Here; and gr might both be positive or
Now let us introduce the algebraic notation for thboth negative, or one each. Defidg;(g) to be the set
preceding ideas. Consider a reflection gradpacting of positive roots that are carried into negative roots by
on R", with identity denoted by/. For a vectora of g.
unit length, S, denotes the reflection along given by = Theorem 3:Assume thaw is a vector in a region and
is a group element. The reflecting plane correspondin
Sal(x) = x = 2(x, a)a iqo a pgsitivF:e rootx is betweenv ang gv if and onli)/ if ’
where(x, ) denotes the standard Euclidean inner prod-€ Ag(g—1).

a € Ag, let N, denote the reflecting plane:

for all o« € AL}



Proof: The reflecting plane is betweanandgv if of N, if (u,a) and (v,«) have opposite signs. In the
and only if (v,a) and (gv,a) = (v,g9 'a) have oppo- latter case, we say tha{, separatesu andv.
site signs, which means that'a must be a negative Corollary 7: If « is any root anda andv are on the
root, and thereforex € Ag(g71). m same side of the reflection plané,, thenv is closer
Every group element can be expressed as a prodth@n S, v to u. Similarly, if u and v are on opposite
of the fundamental reflections. That representation mailes of NV, then S, v is closer tharwv to u.
not be unique, as several expressions could evaluate tdheorem 8:The following are equivalent for an ele-
the same group element. For each group element theren@ntg of a reflection groupG.
a minimum number of factors in the expression. Therel) ¢(g) = k.
may even be more than one expression with a minimum2) For any vectowr that is not in any reflecting plane,
number of factors for a group element. An expression for  the number of reflecting planes that sepasatnd
a group element with the minimum number of factors, gv is k.
i.e., one that cannot be shortened, is said todoiced 3) |Ag(g)| = k.
The minimum number of factors in expressions for Rloreover, if v is a vector in any region and is a
group elemeny is called the length of, denoteddg(g) fundamental reflection of>, thenv and S,v are on
or just/(g) if G is understood. opposite sides of the reflection plane for but it turns
Theorem 4:1f S, is a fundamental reflection o& out thatv and S, v are on the same side of every other
and « the corresponding positive root, theéa = —a  reflecting plane.
and S, permutes all the other positive roots. The preceding theorems are the basis for a fairly
Lemma 5:Let X be a fundamental root system @, efficient decoding method for group codes derived from
and leta € X. (So in particulara is a positive root of reflection groups. Lex, denote an initial vector chosen
G.) Letx, be any vector in the fundamental region®@f in the fundamental region. To send a message corre-
ConsiderS,g whereg is an arbitrary element a&. Then sponding to the group elemeaqtwe transmit the vector
0(Sag) = £(g) £ 1, and the following are equivalent. ¢~ 'x,. Supposeu is the received vector. If there is not

1) £(Sag) = £(g) + 1. too much added noise, them should be in the same
2) S, is reduced, where is any reduced expressiorregion asg~'xg, and consequentlyu should be in the
for g. same region asg, that is, in the fundamental region.
3) (o, gx0) > 0. Given u, we want to findg. The outline of a decoding
4) ¢g~'a is a positive root. algorithm to findg is as follows.
It follows that £(S.g) = £(g) — 1 wheneverg—la is a The elemeny has some finite Iength, safg) = k.
negative root. Then by Theorem 8, there are reflecting planes be-
The next result deals with calculating the distand¥/€€nu andxo. LetS;for:=1,...,k be the fundamen-
from a vector tax,, which is a measure of how far it ist@l réflections for these planes, in the order in which you
from the fundamental region. would cross them going from to x. Define a sequence
Theorem 6:Let G be a reflection group and a pos- Of Vectors byug = u andu; = Sju;—; fori =1,..., k.
itive root of G. Let x, be any vector in the fundamentalTere will be one fewer reflecting planes between
region of G. and x, than betweeni;,_; andxg, and therefore there

will be k£ — i reflecting planes between; and xy. By

induction, there will be no reflecting planes betwagn

2) If a € R, then|[Sa — xo|| < [|a — xo|| if and andxg. There_fore,uk = SLS,_1---S1u andxq are in
only if (e, a) < 0. the same region, whenge= S;Sk_1 - 51.

) Now, how do you know how to choose the fundamen-
Comparing Lemma 5(3)_§1nd Theorem 6(2), we S&&l reflectionsSy, Ss, Ss, ..., S,? You could use trial and
that for a fundamental positive roat and any element o 4nd there are two ways to test whether a reflection

g € G, we have is a suitable choice aS§;. Let S, be a reflection and
1Sagx0 — X0l < llgxo — xo|| iff (a, gx0) <0 the corresponding root. One way is to calculate the inner
it 0(Sug) = £(g) — 1. proQuct(ui,a). If this is nega_ltive, thery, is a suit.able
choice forS; because them; is on the opposite side of
This observation is basic to our method. the reflection plane fof,, from the fundamental region,
Note that two pointsu and v are on the same sidewherex, is. The other way is to calculate the distance
of a reflecting planeV,, if the dot productgu, o) and betweenu; andx, and the distance betweef,u; and
(v, ) have the same sign, and they are on opposite sidgs If the latter is smaller, then the reflection plane for

1) If a, b € R", then||S,a — b|| < |]a — b]| if and
only if (ov,a)(c,b) < 0.



S, must be between; andxg, by Theorem 6. Thes, Proof: SinceH < G, roots of H are also roots of
must be a suitable choice. G. Because we are using the same initial vectgro
determine the fundamental regions, positive rootdHof

-, . . + C +
. SUBGROUPS OFREFLECTION GROUPS are positive roots oz, in symbolsAy; € Aj. Thus

Mittelholzer and Lahtonen could improve on this FR(H) = {y : (y,a) > 0 for all o € A}

method of decoding by using a subgroup of the reflec- D{y:(y,a)>0foralla e A5}

tion group that is a Slepian permutation code. Another = FR(G),

variation on this theme, using subgroups to decode more

efficiently, is found in Lahtonen [9]. We have found tha@s claimed. L

further refinements are possible by recursively using aSince a group acts transitively on its regions, and the
sequence of subgroups, each containing the next. choice of the fundamental region is arbitrary, it follows

A subgroupH of a reflection groupG is areflection that each region oH contains|G|/|H] regions forG.
subgroupif it is generated by a subset of the reflections We Will apply Theorem 9 recursively to a chain of
of G. Not all subgroups of reflection groups are refled¢eflection subgroups
tion groups. F(_)r example, the s_ubgroup of a!l matrices (}=Gy<Gi < <Gpn=0G
whose determinant is 1 contains no reflections. (The
determinant of a reflection is-1.) Of particular impor- in which case the fundamental regions will be nested in
tance among the reflection subgroups aregheabolic the reverse order:
subgroups A subgroupH of a reflection groupG is n
a pgrabglic subg?ouppiH is generated by a subset of W =FR(I) 2FR(Gy) 2 --- 2 FR(G).
the fundamental reflections @&. There exist reflection In fact, our algorithm will iteratively transform the
subgroups that are not parabolic subgroups. Mittelholzeiceived vector into successively smaller fundamental
and Lahtonen found thabsg is a subgroup offls and regions for a nested sequence of subgroups.

Az is a subgroup ofE;, and in neither case is the For everyg € G, recall thatAg(g) denotes the set
subgroup a parabolic subgroup. In fact, since parabodit positive rootsa in G for which ga is a negative
subgroups are generated by a subset of the fundamengat, and for a reflection subgroug defineAg(g) to
reflections and the dimension of the space acted be the set of positive roota of H for which ga is
by a reflection group is equal to the number of its negative root. Fixing the subgrou, let us define
fundamental reflections, we see that a parabolic subgrotip, (¢) to be the set of positive roots in G that are
always has smaller dimension than the whole groupet roots ofH and for whichga is a negative root. So
Thus we must distinguish parabolic subgroups, reflectioxy;(¢) = Ay (g)UA% (9).

subgroups, and general subgroups. The former ones haveheorem 10:Every left coset of a reflection subgroup
nicer properties, but we will have occasion to use &l of a reflection groupG contains a unique elemens
three types. for which Ag(go) is empty.

Now consider a reflection grou@ with m elements Proof: Fix any coset ofH, and letg be an element
andH a reflection subgroup witk elements. Then the of that coset withAg(g) nonempty, sayy € Ag(g).
whole space is divided inte: regions, and one of thoseThen « is a positive root ofH, and we may assume
regions is chosen to be the fundamental regionGof that it is a fundamental root ocH. For, denoting the
The initial vectorx, is then chosen in the fundamentafjundamental roots oH by 3i,..., 3., there are non-
region. The positive roots ofx are all the rootsr for negative constants, ..., c; suchthaty = 3" ¢;3;. Then
which (r,xg) > 0. The fundamental region can then bga = 3" ¢;¢3;, and if g is a negative root, then some
described as all those vectorssuch that(v,r) > 0 for ¢3; must be negative.
every positive root € A§. Let g1 = gS,. By Theorem 4,5, takesa to —q,

The reflection subgroupl also defines regions, andand permutes the remaining positive rootskf Thus
the whole space is divided intb of these regions. Thethe action ofg; on the positive roots of is that
fundamental region for the subgroup is likewise chosefa = —ga, which is a positive root, whilg; permutes
to be its region that containgy. Then the following the remaining images of roots df under g. Thus
theorem, which is crucial to subgroup decoding, holdsA;(g;) contains one fewer element thaky(g), i.e.,

Theorem 9:If H is a reflection subgroup d&, then |Ag(g1)| =|Am(g)|—1, andg; is in the same coset as
the fundamental region fo& is contained in the funda- g. In other words, ifAg(g) is not empty, then there is
mental region forH. another elemeny; of the coseyH with one fewer root.



It follows that there must be an elemept in the coset of only one root pair, and\z(g1) is empty, that means

gH for which Ax(go) is empty. there is a positive root of H such thaty; (3) = «. But
Now let us consider whether there could be two su¢hen

elementsgy andgyh, whereh is not the identity element. _1

Ag(h) must not be empty, because if it were empty, o9t = Y991 = 915891 91 = 9155 € i H,

that would imply that/z (h) = 0, which in turn implies a contradiction. Therefore an element of minimal length

that » is the identity element. Assume tha§ carries in a coset has\y(g) empty, and by Theorem 10 this

no positive roots o into negative roots, and note thaklement is unique in the coset. [ |

this implies that no negative roots &f are carried into  The property of the next theorem is crucial for the

positive roots. However, carries some positive roots ofdecoding algorithm.

H into negative roots oH. (Note thath carries every  Theorem 13:If G is a reflection group andl is a

root of H into a root of H.) Now for goh, the positive reflection subgroup, anfl is the coset leader of the coset

roots ofH that are carried into negative rootsHfby h  LH, and if S, is a fundamental reflection, then the coset

will be carried into negative roots by, with the result leader of the cose$, LH is eitherS,L, or else it isL.

that goh carries some positive roots &l into negative Note that in the former case, the length of the coset

roots. Therefore ifAr(go)| = 0 andh is an element of leaderS, L is the length ofL plus or minus one.

H, but not the identity element, thét;(goh)| # 0. ® A simple example will illustrate the various cases
We will want to use the elemenfy of Theorem 10 that arise in the proof. Consider the grodp with the

as the coset leader for its coset. Let us prove that sequence of parabolic subgroups

also the unique shortest element in its coset. (However,

a coset leader may have more than one minimum-length I<Ap <Ay <Az <Ay

expression.) where A; is the subgroup generated Ky}, the sub-
Lemma 1l:Let G be a reflection group an#l a group A, is generated by(A, B}, etc. ThenL = CD

reflection subgroup, and lgtbe an element of shortests a coset leader for, over A;, and we want to write

length in the cosegH. If S, is a fundamental reflectionthe elementsY L with X = A4, B, C, D as products of

in G suchl;(Sag) = €c(g)—1, thenS,g is a minimum-  coset leaders. We have

length element in its coset.

Proof: Suppose there is a shorter elementhan ACD=CD-A CD is the coset leader
Sag in SogH. Then by Lemma 5{(S,f) < 4(f)+1< BCD = BCD BCD is the coset leader
¢(g), whencey is not a minimum-length element gH, CCD =D D is the coset leader
contrary to hypothesis. |

Theorem 12:Let H be a reflection subgroup of a bCD=CD-C CD is the coset leader

reflection groupG, and letg, be an element o6z with becaused commutes withC' D, Cc? =1, and(CD)3 =
Ar(go) empty. Thengy is the unique shortest element, respectively.
in the coselyyH, and thus its coset leader. Proof: Denote the length(L) by m. Then by
Proof: We use induction on the length of to Theorem 12, every other element of the cos&I has
prove the following statementf ¢ is an element of length greater tham. By Lemma 5, the length of, L
minimal length in its coseyH, then Ay (g) is empty. is eitherm — 1 or m + 1, and the length of every other
In conjunction with Theorem 10, this shows that thelement of the coset,LH is greater thann — 1.
element of minimal length and the unique element with If the coset leader o, LH is S, L, then we are done.
Ap(g) empty in each coset coincide. So we consider what happens when it is some other
The statement is certainly true whéfy) = 0, that element, sayK. That means there is a eleméentc H
is, wheng = I. Assume that the property holds for alsuch thatS,L = Kh with h # I. Now Ay (L) =
elements of length less than, and letg be an element since L is a coset leader, whil8, changes the sign of
such that/(g) = m and/{(z) > m for all z € gH. In only one positive rootyiz. «, sinces,, is a fundamental
view of Lemma 11, there exist a positive fundamentatflection of G. Thus the only possible positive root of
root a of G and an elemeng; such thaty = S,¢91 and H that S,L could carry into a negative root would be
¢(g1) = m — 1. (These may not be unique.) Cleagy L', if indeed L'« is a root ofH. We conclude that
must be of minimal length in its cosgtH, and hence Ay (S,L) C {L~'a}. However,Ay(S,L) is nonempty
by inductionAg(g1) = 0. sinceS, L is not a coset leader, sdy (S, L) = {Lta}.
We want to show thaf\y(g) is empty, so suppose On the other handApy(Kh) = Apg(h) because
to the contrary that it is not. Sincg&, changes the sign h, being in H, permutes the roots oH with some



sign changes, whild(, being a coset leader, effects no (c) If « and g are positive roots with(«,3) =
further sign changes on the roots Hf. So Ay (h) = —cos -, then the angle between the vectors is
Ay(Kh) = Ag(SoL) = {L7'a}, whence by The- m— I, and(S.53)" =1.

orem 8 we have/y(h) = 1 andh = Sz for some  Now we can describe the algorithm for finding re-
fundamental roops of H. SinceAy (h) = {8} we have flection subgroups as follows. We are given a reflection
B = L 'a. HenceL3 = a and S, = LSsL~" with group@G, with an initial vectorx, and its corresponding

Sp € H. Therefore fundamental root syster.
_ 1) Determine the set of all root&¢, and all positive
SoL =LSsL 'L =LS;=Kh=KS L ORG
A A A roots AJ{;, for G. (This is straightforward; see
yielding L = K, as desired. n Theorem 14.)

2) Find subsety” C AE with pairwise nonpositive
dot products.

A. Generation 3) Find the isomorphism type of the subgroup gen-
In this section we describe how one can efficiently  €rated by{S, : a € Y’} using fact (c) above and
find the reflection subgroups of a reflection group. Theorem 15.

The first relevant result is Proposition 1.14 ofhe program is much more efficient if in step 2),
Humphreys [6]. It tells us that there are no “extra3ubsetsY” that are subsets of larger subséts or of
reflections inG. the fundamental reflections i are not done. This

Theorem 14:Let Y C Ag be a set of roots of a finite IS €quivalent to not doing subgroups that are parabolic
reflection groupG, and letS be the subgroup generatedubgroups of eitheG or any reflection subgroup d.
by {S, : @ € Y}. The roots ofS are the smallest sdf A fundamental root systeri is characterized by the

such that following properties:
1) YCE, 1) ¥ is linearly independent.
2) a, 3 € E implies S,(3) € E. 2) Every root in Ag is a linear combination of

elements ofY with coefficients that are all non-

Secondly, we have a fundamental theorem of Coxeter; . "
negative or all nonpositive.

see, e.g., Chapter 6 of Kane [7]. T _ _
Theorem 15:Every finite reflection group is given by!t would be nice if the algorithm given above always

a presentatioiX, R) with generatorst = {si, ..., s, } yielded a fundamental root system for the subgroup in
and relations ’ Y guestion, so that each subgroup is just counted once. This

1) 52 =1 forall i is_usual_ly t_he case, bu_t_not always. A set_of _positive roots
2) (;"S')m” _1 fér oy with pairwise n(_)nposnlve dot prqducts is mdepen_dent.
L ) However, in a dihedral grouls’ with n > 5 there will
It is this presentation, of course, that is representgd positive roots, with an angle greater ti98A between
in the Coxeter graphof the group. It is well known them, that have nonadjacent reflecting lines. This same

that there are only a small number of types of ﬁ”itSroblem occurs in the exceptional groups and Iy,
irreducible reflection groups, i.e., finite reflection greupyhich have HS as a subgroup. With those exceptions,
that are not a direct product of smaller groups, or equiyie algorithm always yields a fundamental root system
alently, whose Coxeter graph is connected. These ¢ the subgroup.

listed in Mittelholzer and Lahtonen [3], or the textbooks Theorem 16:Let G be one of the irreducible Coxeter
Grove and Benson [5], Humphreys [6] and Kane [7kroups A, B,, D,, Es, Es, Es or Fy. Let Z C A
These basic reflection groups are commonly designaigd 5 set of positive roots with pairwise nonpositive
as An, By, Dn, Es, Er, Es, Fi, Hy, I3 and I.. W& dot products. Ther is a fundamental system for the

will use these freely as examples, especially in the lagipgroup generated byS, : o € Z1.
section which concerns the details of coding with specific g the groupsHY, I; and I, not covered by the

reflection groups. theorem, our program also tests whether a ¥ebf
To this mix let us add three more basic facts. positive roots is a fundamental root system for the
(@) If ¥ is a fundamental root system f@& and «, subgroup it generates. If not, that set is rejected.
g € ¥ with o # 3, then(a, 5) < 0. Let us say that two subgroups that are isomorphic are

(b) If Y C A{ is a set of positive roots with theof the same type. This method yields many subgroups,
property that(a, 3) < 0 whenevera # 5 € Y, but the number of types is fairly small. For example,
thenY is linearly independent. for Eg, the following types of subgroups occurred. The



TABLE |

num_be_r is the number of distinct_ occurrences (generated REFLECTIONSUBGROUPS
by distinct subsets of the reflections Bf) of that type,
not counting parabolic subgroups Bf or of previously Group |  Subgroup | Index [L?ngth
: . An An_1 n+1 % ton
listed subgroups: B b 5 T
Bho1 x A n |2|ton—1
36 Asx A LA 2
5 1 Ay on [L‘jn} to L;n
25 Dsj D, D1 2n n+1to2n—2
n— TL2*7L 7L277'L
144 Ay x A An_s onl | [ mion
Fs Ds 27 810 16
40 Ay x Ay x Ay As x A 36 5to0 10
218 Az x A1 x Ay Er Ee 56 14 to 27
De x A1 63 8to 16
119 Ay x Ay x Aq Az 72 81to 15
FEs FE7 x A 120 14 to 28
28 Dy Ds 135 11 to 22
97 Ay x A1 x Ay As 1920 21 to 42
Fy By 3 1to2
36 Ap x Ay x Ay x Ay Ts S 12 5to 7, 10
A1><A1><A1 15 4 to 6
Furthermore, when we calculate the coset Ieade_rs of T To < A 60 1110 22
subgroups of the same type, we do not necessarily get Dy 75 9to 16
coset leaders of the same length. For example, for the 25 H3 x H3 100 14 to 25
subgroups of typ®s, for three subgroups, the maximum A1 120 111020

length coset leader has length 8, for maximum lengths 9,

10, 11, and 12, there are 4 subgroups each, for maximunb

length 13, 14, and 15, there are two subgroups ea(ﬁ'fl‘f. groups the length of the longest coset Ig_ader will be
Furthermore, this does not include the two parabolt e difference between the number of positive roots of

subgroups of typeDs. The maximum length coset for ﬁe group and its subgroup. The number of positive roots

these is the number of roots iBg that are not inDj, llc\c/l)'rttglhg(;\lleenr gtwoduﬁé;]r}[otrl\lerrr]\, gano:)iof:]un?eén dar(;itkl)le n
which is 36 — 20 — 16. We will find that the decoding M'tt€/nolZ (3], puted directly.

tree that we construct will have its height equal to the Nonparabolic subgroups, on the other hand, involve

length of the longest coset leader, and thus some %«?nerators of length greater than There does not

these subgroups are more attractive for decoding tl,‘%%pear to be a general_formula for the length of coset
: eaders for nonparabolic subgroups. For these cases,
parabolic subgroups.

For some other results on the parabolic SubgrouWe wrote programs to determine the coset leaders for

S. : : .
containing a given reflection subgroup, see Dyer [8]. ‘Z:ggg;’ subgroups using the method described in the next

In most cases, the lengths of the longest coset leader
B. Subgroup tables for a given type cover a range fromto 2k or 2k — 1,

Table | lists some reflection subgroups of small indd®r various copies of the subgroup. Again, the groups
in various reflection groups. These subgroups were foufid» /3 and, do not follow this pattern exactly. As we
by finding sets of positive roots with pairwise nonposshall see, using the subgroups with shorter lengths gives
tive direct products, which is quite efficient and include&odes that can be more quickly decoded.
the parabolic subgroups. Subgroups of a particular type
can occur in multiple copies. The table is far from!V. COSET LEADERS GRAPHS AND NORMAL FORM
complete. Now suppose we are given a sequence of reflection

The length column gives the length of the longessubgroups of a reflection grou@, say
coset leader for a subgroup, which is a parameter in
determining the complexity of encoding and decoding. I}=Go<Gi<: <Gm1<Gm=G.
This will also be the length of the directed graph First we describe an algorithm to find a set of coset
of coset leaders described in the next section. Thdeaders forG; over G;_; consisting of minimal length
graphs have no cycles. The length of such a graph is tleems, so that when combined they will yield a canonical
maximum number ofedgesin a path. By Theorem 8, expression for an arbitrary element 6f as a product
the maximum length of an element in a reflection grougf coset leaders. Then we describe how to construct
is the number of positive roots. In fact, for parabolia graphT’; for each extensionG; over G;_;. These



graphs encode the algebraic structure @fin terms n on the list consists of all coset leaders of lengtin
of the sequence of subgroups, and will be crucial twrder, and multiplying each of those by all fundamental
our encoding and decoding algorithms. The graphs asedlections in order produces all coset leaders of length
an adaptation of a well-known tool for describing the + 1 in order.
structure of reflection groups; see Bjorner and Brenti Proof: The proof is by induction om. The state-
[10]. ment is obviously true fon = 0. Assume that it is true
Of course, for theoretical purposes, we need onfgr n = k. Let SE be a coset leader of length+ 1,
consider a single subgroud of a groupG, and then whereS is the first fundamental reflection in the lowest
use induction for the sequence. expression forSE. Then SSE = E which has length
Let G be a finite reflection group, led, B,C,... be k. By Theorem 22,F is the coset leader of the coset
the n fundamental reflections, and [ be an arbitrary that contains it, and it has length and therefore by
subgroup of G. Define anexpressionto be a finite the induction hypothesis is already on the list. It follows
sequence of fundamental reflections. If you multiplthat after we try all products of expressions of length
the reflections in an expression, in sequence, you @t the list by all fundamental reflections, we will have
a group element. More than one expression can redolind all coset leaders of lengfiy 1. Furthermore, by
in the same group element. Recall that an expressitie induction hypothesis, all the expressions on the list
is reducedif it has minimum length. Define the orderof length k& are in order. Therefore the algorithm tests
for expressions as follows?; < F5 if the number of candidates for coset leaders of length 1 in order, and
factors inE; is less than the number of factorsif3, or the ones that pass the test will be added to the list in
if both have the same number of factors dfidprecedes order. [ |
E5 in dictionary order. Since the elements 6f are Theorem 18:The list consists exactly of all coset
transformations, they are composed from right to lefeaders forG overH in order.
and expressions should be read in the same way. ThusThis follows immediately from the lemma.
for example, BAC' < ABC in the dictionary order. The Now let us construct the graph of (left) coset
relation< on expressions is of course a linear order: ydaaders forG over H. The vertices ofl* are the coset
can compare any two expressions. leaders ofG over H, saywvy,...,vx_1 Wherevy = I
Consider the left cosetsH of H in G. We can and k = |G|/|H|. In the graph, the coset leaders
choose thecoset leaderof a coset to be the uniquerepresent group elements, not just the corresponding
shortest element of the coset and use the unique loweshimal expressions. There is a directed edge frgm
expression for that group element to represent that coset; if v; = Rv; for a fundamental reflectiof and
leader. ¢(vj) = £(v;)+1. We label such an edge #, so that the
We will say that two expressions are in the same cogednsformatiornv; can be reconstructed by tracing a path
if they evaluate to group elements that are in the sarfiem vy to v; and reading the edge labels in order. Such
coset. You can determine wheth®By and E5 are in the a path need not be unique, due to the group relations
same coset by determining whetlier ' F, is in H. If G between generators. Relations such4B8 = BA or
is a reflection group, then you can do this efficiently b¢' DC = DCD can lead to multiple paths between the
decodingE; ! E>xg in G, using the decoding algorithmvertices. However, we have just seen that every coset
described following Theorem 8, and seeing whether theader has a unique minimal expression in the dictionary
result is the initial vector ofG. order, and this determines a canonical path frgyto
Next we will define an algorithm for making a listv;. We formalize this as follows.
of expressions. (We will prove that this is a list of Thespanning treel’ for the coset leader gradh has
all coset leaders.) Initially the list contains only thagain as vertices all the coset leaders €@rover H.
identity element, an expression with no elements. Fohere is a directed edge fromto v; in 7" if the minimal
each expressiotr in the list, in order, multiply it on expression forv; is RE, where R is a fundamental
the left by each fundamental reflectidd in order, and reflection andE is the minimal expression fow;. It is
then check whether the result is in the same coset as aagy to see that this is indeed a spanning tree in the
expression already on the list. If it is not, then a@@f to graph theoretic sense, and thus determines a unique path
the end of the list. Note that iRE is in a coset already from vy to eachv;.
in the list, by Theorem 13. it is a coset with leader of Within the spanning tree, the alphabetic order also
length no less thaiéi(E) — 1 and it is not necessary todetermines an order on the edges eminating from a given
check whether it is in any shorter cosets than that. vertex. That is, if the canonical expression fois £ and
Lemma 17:The set of all the expressions of lengtiR, S are fundamental reflections with < S, thenRE
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precedesSE whenever both those coset leaders are in V. A COMMENT ON LENGTHS
the treeT'. We will refer to this as théranch orderof  Thg |ength of an element in a reflection groupG

T. is the minimum number of fundamental reflections in an
We will use spanning trees for navigating through thgxpression forg. These fundamental reflections are of

group in encoding and decoding. Now we observe th@fe form S., wherea is a fundamental root ofs.

the spanning tree has a technical property that is crucialf 1 is a reflection subgroup oG and g € H,

to the decoding algorithm. then the length of a minimal expression foras a
Lemma 19:Let u andw be vertices inl". If there is product of fundamental reflections B may differ from

a path inT" going fromwu to w, then the (unique) path (a(g). In fact, we always havég(g) < fg(g). For by

from u to w in the spanning tred’ goes through the Theorem 8(2), the length afis the number of reflecting

successor ofi that is least in the branch order and lieplanes separating say, and gx,, and for a reflection

on some path from: to w. subgroup, the reflecting planesHfare a subset of those
In other words, if there is a reduced expression for thg G.

coset leadew of the form ERU, whereU is the minimal ~ Now consider the situation where we have a sequence

expression fon and R is a fundamental reflection, thenof reflection subgroups

the minimal expression fotw will be the one of this

form with R least in the alphabetical order. Thus the {I}=Gp<G1 <G < <Gp =G

path fromu to w will go through the successerwith |y view of Theorem 20, we regarg as a product
minimal expressiomkU. _ of coset leadersy = c,,...c;, with eachc; a coset

In fact, it is not necessary to use the alphabetical ordggder for G; over G;_;. But eache; is written as a
to determine the spanning tree and the branch ordgfeduct of fundamental reflections f&&;, rather than

Any spanning tree and branch order with the propergf. The natural length function associated with this
of Lemma 19 will work for the decoding algorithm.qecomposition is

However, using the alphabetical order seems to be a very m
natural way to attain this. *(g) = ZKG-(Ci)
The next result is quite general. We state it for i=1

sequences of -subgroups, as that is how it will be usegp it is reallys*(¢) that we should be using. However,
Theorem 20:Let G be a group, and let the distinction betweer(g) and ¢*(g) does not come
_ _ directly into play as long as we are working with
{}=Go<Gi< <Gn1<Gm=G coset leaders for a grou over a subgroupH, and
be a sequence of subgroups. Choose (left) coset leadBRE @pplying this toG; over G;-; inductively. For a
for eachG; over G;_;, with I as the coset leader forS€quence of parabolic subgroupsg) = £(g) holds as
G,_,. Then every element o has a unique expressior consequence of Corollary 27 below, but otherwise they

as a product of coset leadeis= c,, ... c1, with each may differ. _
¢; a coset leader fo€; over G;_;. The notion of areducedexpression should also be

| adjusted accordingly, so that a reduced expression for a

Proof: If g € G, theng € G for some minima -
group elemeny has/¢*(g) minimal.

k < m. The claim is proved by induction o&. If
kE =0, theng = I and we takec; = I for all j. So,
assuming that everf € G,_; has a unique expression VI. WHO IS MY NEIGHBOR?
as a product of coset leaders, € G;. Theng = ¢h Our group coding scheme is based on the premise
for some unique coset leader and unique = ¢ 'g in  that there is a direct connection between Euclidean
Gyj_1. For larger indiced > k£ we haveg € Gy_;, SO distance and word length. The group code consists of
we must choose, = I, and thus the whole expressiof{gx, : ¢ € G}. For the message associated with the
is uniquely determined. B group elementg, we have opted to send the vector
The results in this section apply to an arbitrary sulg—'x,. Then we decode by finding in terms of its
groupH of a finite groupG with a given linearly ordered left coset decomposition.
set of generatord, B, C, . ... They can even be extended The initial vector, always denotexl,, can be chosen
to finitely generated infinite groups so long as we have be any unit vector in the fundamental region Gf
algorithms to determine whether two expressions evaBy a closest neighboof a code pointux, we mean a
ate to the same element @f, and whether an expressiornvectorvxy that lies in a region adjoining that afx,, so
evaluates to an element of the subgrddip that uxy and vxy are separated by only one reflecting
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plane. If we use the optimum initial vector as given by  Proof: By the remark following Theorem 6, we
Mittelholzer and Lahtonen [3], which we would normallyknow that

do in practice, then the neighbors @k, will all be the _

same distance fronax,, which is called theminimum [1Sa9%0 = Xoll > llgxo — xol| iff  (a,9%0) >0
distanceof G; see the proof of Theorem 21. iff  £(Sag) =L(g) + 1.

Now the labelling of a given group elementgsersus The length condition certainly applies wheh is an

-1 i — = - . . .
g Is arbitrary. Of coursellgxo —xo|| = |[x0 — g™ %ol ;6 diate predecessor dff = S,L in I', and the

since g is an isometry, and(g) " E(g. ) smce_they statement of the theorem follows by induction. m
are products of the same reflections in opposite order . . .
The task before us now is to find the canonical

Indeed, the left coset decompositiong€orresponds to expression for the neighbors af 'x, as a product of

to the right coset decomposition gf"!. Once having . . .
. . . oset leaders, in terms of the canonical expression for
made our choice of notation, though, it behooves us ?o

. . .~ u. This will be important for both the efficiency of the
keep the notation straight, and to state our results in t . . . )
. . X algorithm, and making an assignment of binary messages
form in which they will be used.

o _ . to group elements so that neighbors are assigned bit-
In those terms, the motivating problem for this SeCt'oﬁrings that do not much differ

is this: Given a group element € G, find the closest
neighbors ofu~!xq in {gx¢ : g € G}. More particularly,
we would like to know the left coset decomposition o
those elements € G such thatv~'xy is a closest
neighbor ofu~!xg. This investigation requires a carefub
analysis of the action of coset leaders on the root& pf
and on the fundamental regions of subgroups. {I}=Gp<G1 < <Gp_1 <G, =G.
The basic answer to our question, ignoring canonical _
form, is straightforward. _If the canonical ff)lrm qfu as a producF of coset_lleaders
Theorem 21:Let G be a reflection group, let, be ‘> “m -1 andv™ x IS a closest neighbor ai™"xo,

i ic / A
an initial vector forG, and letu € G. Thenv'x, is a L'e" the canonical form af is c;, ... ¢y wherec; = c;
. 1 . for all but onei, and for that index’. is an immediate
closest neighbor ofi~ o in {gxo : g € G} If and only redecessor or successorafin the ]coset leader graph
if v=.5,u for some fundamental roat of G. P u Qn grap

Proof: The nearest neighbors af) are the vectors L.
S.xo for o a fundamental reflection. A§x consists
of isometries, the neighbors of 'x, are the vectors
u™1S,x0 = (Squ)~!xo. Moreover,

Combining Theorems 13 and 21, and using induction,
e obtain the desired characterization of the neighbors
f u~1xy in terms of canonical form.

Theorem 23:Let G be a reflection group with initial
ectorxg. Fix a sequence of reflection subgroups

Proof: If v andv are as in the theorem, then by
Theorem 21p = S,u for some fundamental reflection
Su. If ¢, = Sacm, then it has length either one more or
less than the length af,,, and the conclusion follows.

But if ¢/, = ¢, then by the last case of the proof

1a%0 = xoll = ™" Saxo — u™ "o of Theorem 13,5,¢,, = ¢,55 for some fundamental
= [|(Sau) ' Saxo — u”xq| reflection S5 of G,,_;. The conclusion follows by
induction. [ |
as desired. B |t is useful to view the decoding process in terms

It turns out that the second neighborsxgf i.e., those of fundamental regions. Recall thatH is a reflection
vectorsgx, separated fronx, by two reflecting planes, subgroup ofG, thenFR(G) C FR(H). By convention,
need not be equidistant even for the optimum choi¢R({I}) is the whole spac&". The following result is
of x¢. In fact, for longer terms, it is possible to havehen crucial to our algorithm.
llgxo —xo|| > |lg'x0 —x0l| €ven thougly is shorter than ~ Theorem 24:Let H be a reflection subgroup of the
¢'. However, the property of the next result suffices faeflection groupG. If x is a vector in the fundamental
coding purposes. region of H, but not on a reflecting plane d&, then

Theorem 22:Let H be a subgroup of a reflectionthere is a unique coset leadgrsuch thatgx is in the
groupG, and letxy be an initial vector foiG. Consider fundamental region ofs. If x is in the closure of the
two elementsg and ¢’ of G with reduced expressionsfundamental region dff on a reflecting plane, then there
g = Lh andg = L'h, whereL, L’ are coset leaders ands at least one coset leadgsuch thayx is in the closure
h € H. If L preceded. in the graphl’ of coset leaders of the fundamental region d&.
for G over H, i.e., the reduced expression féf is of Proof: First we note that sincé&x acts faithfully
the form L’ = K L, then||gxo — xol| < ||¢'x0 — xo][- and transitively on its regions, as long &ss not on a
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reflecting plane, then there is a uniqyes G such that whence|Ag(gh)| = |[Au(h)| = |Ag(h)|. On the other

gx is in the fundamental region o&. If x is on the hand,|A%(gh)| = |A%(9)| = |Ac(g)]. Therefore

reflecting planeN,, thenx is fixed by S,, and hence .

there will be more than one such group element Ugh) =1An(gh)l + AL (gh)l = |Ac()] +|Ac(g)]
Now, assuming that € FR(H) andgx € FR(G), we = {(h) + {(g)

will show thatg is a coset leader. Let be any posit?ve as claimed. -

root of H. Then (g3, gx) = (6,x) > 0, and thusgps is

a positive root ofG. Since s was arbitrary, it follows

that Ax(g) = 0, whenceg is a coset leader. [ |
It may be tempting to also conjecture thatsif ¢ AN important factor in a good group code is the

FR(H) and g is a coset leader foG over H, then COrréspondence between messages and group elements.

gx € FR(H). This, however, is seldom the case. For the sake of simplicity, let us take the messages to
be binary strings of a fixed length. In this section, we

show how to efficiently map these binary strings onto
VII. SIMPLIFICATIONS FOR PARABOLIC SUBGROUPS group elements. This mapping reveals useful not only

Let us note some respects in which parabolic su[?-r encoding, but also for decoding and retrieving the

groups are more well-behaved than arbitrary reflecti(%'ginal bit stream from the decodeq group element. It
subgroups. can be noted that while the decoding methods of [1],

Lemma 25:Let o be a fundamental root of the[z]’ [3] allow one to efficiently determine the most likely

parabolic subgrouf and S,, the corresponding reflec-9roupP element from a noisy received vector, they do not
tion. Thens ¢ consider the demapping problem and often, a lookup

_ table approach to solve this problem may become as
(@) reverses the sign af, B costly as the decoding itself. It can also be observed
(b) permutes all the other positive roots Hf among hat in a communication system, modulation based on
themselves, and group codes is likely to be used in conjunction with
(c) permutes the positive roots Gf that are not roots channel coding. Hence it seems appropriate to consider
of H among themselves. group codes as signal sets of concatenated codes. Such
Proof: Items (a) and (b) follow from Theorem 4 ancapproaches are beyond the scope of this paper, which
the fact thatH is a group. Becausé&: is a group, all its in this context, still remains relevant to bit interleaved
positive roots except are permuted, but if every rootcoded modulation.
of H is carried into another root dfl, each root ofG In the fixed-length case, the correspondence takes
that is not a root ol must be carried into another roobit strings of lengthx, where x < |log, |G||, and
that is not a root oH. B maps them one-to-one to a subset consisting of sime
Theorem 26:If h is an element of the parabolic subelements ofG. Let v : 2* — G denote the assignment
groupH, thenh permutes the positive roots 6f that are map, which will be used for encoding. For decoding,
not roots ofH among themselves. Thyaj,; (k)| = 0. we select a left inverse map™' : G — 2% so that
Proof: If « is a root andS, a reflection ofH, ~ 'y(m)= m for all m € 2%.
then by the lemma above, the roots@fthat are notin A good correspondence should have three basic prop-
H are permuted, and therefofaz, (k)| = |A%(Soh)|. erties.
Every element ofH can be written as a product of 1) If 4~!xy andv~'xg are closest neighbors fyx, :

VIIl. B INARY SCHEMES

fundamental reflections dfl, while |A%};(I)] = 0. The

theorem follows by induction on the number of factors

in h. [ |
Corollary 27: Let G be a reflection group an#l a
parabolic subgroup, and lgtbe a coset leader aride
H. Thent(gh) = £(g) + £(h).
Proof: In general, for an element € G we have
Uz) = |Aq(z)| = |Ar(z)| + |A}(z)| by Theorem 8.
Now we consider the action afh on the roots ofG,

g € G}, theny~1(u) andy~!(v) should differ by

as few bits as possible. It may not be possible to
arrange that the strings corresponding to closest
neighbors always differ by one bit, but in fact it
is practical to get the average bit-difference for
neighbors fairly close to one bit.

In general,yy~'(g) = ¢ will hold only if ¢

is in the range ofy. If it is not, then y~1(g)
should be chosen so thaty=!(g) is close tog

combining the characterizations of Theorems 12 and 26,
the latter of which is valid only for parabolic subgroups.
Becauseg is a coset leader, we hajé\y(g)| = 0,

geometrically. Ideally,y~!(g) would bey~1(g")
for a ¢’ in the range ofy chosen to minimize

1(g") " 'x0 — g7 %0
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3) Both v and y~! should be relatively easy toleader graph and its spanning tree are determined, and
implement. These will be implemented repeatedly binary correspondence is established. All these things
in coding and decoding, respectively. Trying t@ppear as subroutines or parameters in the implementa-
satisfy the first two properties can create sont@n.
complications, but an effort should be made to The messagen to be sent corresponds to a group
keep the process efficient. For example, we waalementg = ~(m). The elementy has a canonical

to avoid extensive look-up tables. expressiory = ¢, ...c; as a product of coset leaders.
The motivation for the first two conditions is that wé/\e transmit the vector
will be sending messages in the form of vectgrsx, 1 1 1

X=¢g X90=¢ ...Cp Xop,

with ¢ € G. Decoding will be done by finding the

transformationy’ € G that moves the received vector The expression for each as a product of reflections is
closest to the initial vectaxy, i.e., theg’ that minimizes optained from the coset leader tfeg and these combine
lg'r — xol|. The most likely error will be to incorrectly to give the expression foj. The expression for; ! is
decodeu~'x as one of its neighbors~'x. If the obtained by going backwards through the coset leader

corresponding bit strings differ by only a few bitstree, and these are combined in reverse order to give
then super-imposing an error-correcting code will corregt-1,

most of these errors. The received vector has the form= x + n where

To con_struct the correspondence, we take our sequepCfspresents channel noise. Hopefultywill be in the

of reflection subgroups same region as the transmitted vectoror if not, in a
(I} =Gy< G <Gy< <G =G neighboring region. We decode by finding the sequence

of coset leadersly,...,d,, such thatd;...d;r is in

and write each element of G as a product of cosetihe fyndamental region of the subgro@®;. This in
leaders. Now'geometric_neigh_l:)ors are described by Thgm is done by going through the coset leader trees
orem 23; their expressions differ by exactly one cosghq applying reflections, so that at each step the vector
leader, and the differing pair are neighbors in sdme qpained is closer te, and hence to the fundamental
So the initial plan would be to partition the bit stringsl;egion of G, than the preceding vector. Thus the final
into sections corresponding to the coset leader graRRg.or 4,,...d;x is in the fundamental region of.
[y,..., T If we do this directly, then we can encod§ye gecode by taking’ = d,, ...d; and the received
only bit strings of length}~7", [log, [T';||, which is message as’ = v~(g/).
generally less than the capacity of the grdlg, [G||. For the remainder of this section, we discuss some of
In order to gain extra bits, we will combine variou§nhe details of implementation.
pairs of indices. That is, for pairs of graphs andT’;
with say2® < |[;] < 251 and 2! < || < 2¢1, but
ITy|  |T;| > 25++1 we can make the assignment usin§- S€tUP
the direct product graph; x I';, thereby gaining one bit In order to implement encoding and decoding for a
of information. specific groupG acting on™ with a given subgroup
We do not have a general scheme for finding goadquence, we begin by choosing a fundamental root
binary correspondences, but in practice it was not haggstemp, ..., p, for G. If there are intermediate sub-
to come up with fairly goodad hoc assignments for groups, then we also need to identify vectors that are
various specific cases. Note that we must use a sequefieelamental roots of those subgroups, say...,oy.
of reflectionsubgroups in making the binary correspormAssume these vectors are normalized to unit length.
dence. Theorems 13 and 23 are only valid for reflectionAt this point we also write the procedures to imple-
subgroups. Other intermediate subgroups can and will ts&nt the reflectionsS,(x) = x — 2(x,a)a for a =
used in the process of encoding and decoding, but some.. ., p,,01,...,0,. These transformations are given
care is required, and the coset leader graphs for ndy orthogonal matrices, but most oft times they will be
reflection subgroups should not be used in the bingpgrmutation matrices or permutations with sign changes.

assignment. It is clearly advantageous to apply those transformations
to the vector directly, reserving matrix multiplicationrfo
IX. DESCRIPTION OF THE ALGORITHM those few cases where the matrix is not sparse.

The outline of our group coding algorithm is straight- Next we find the optimum initial vectox, lying in
forward. The setup involves selecting a particular reflethe middle of a fundamental region. An algorithm for this
tion groupG and a sequence of its subgroups. The cogabcess is described in Mittelholzer and Lahtonen [3].
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First form the matrix® whose rows are the root vectorof x separately a value generated by pseudo-random
p;. Find the inverse matri®—!, and letv be the vector generator for a Gaussian distribution with me@amnd
whose j-th entry is the sum of thg-th row of R~!. variances?, for various values of.
Then normalizexy = ﬁ

NOW, using the algorithm of section 1V, f|r_1d the_E_ Decoding: vector to coset leaders
spanning tree of coset leaders for each successive pair of . ,
subgroups in the sequence. While the whole coset leadelPO" re(?elwlng the _vector, we want to find the
graph is very useful for understanding the structure H]ar_lsformatlong th_at will take? m:[o the fund_amgntal
the group, its spanning tree is all we need for encodi 89'0n ofG, or equwalen'.tly, to fingy" that will minimize
and decoding. Indeed, the simplest way we know to fing T — Xol|- Recall that since
the whole graph is to decode all the terifisg with « {(I}=Gy<G <--<G,, =G

a fundamental root angl a coset leader.
we have

B. Encoding: message to coset leaders R" =FR(I) D FR(G;) 2 --- D FR(G).

Now assume that we are given a binary message  gq we want recursively to call a procedure that will take
my...myg of lengthz. Using our predeterm_lned schemey yector in the fundamental region of one subgroup, and
we invoke a procedure to conveti to a string of coset j, view of Theorem 24, find the coset leader that moves
leaderscy, . ... c1, which in turn corresponds uniquely it it the fundamental region of the next. Let us describe
an elemeny of G. In the simple case where we are nof,e procedure in those terms.
combining subgroups, just breais into blocks so that g |etT be a reflection subgroup of a reflection group
G, and letT be the spanning tree for the coset leader
graphI’ of G over H. We are given a vectax in the
fundamental region oH, and we want to find the coset
leaderg such thatz = gx is in the fundamental region
Mis1 - My > Cpy. of G. Unlessx is on a reflecting plane, thigis unique.

If x is on a reflecting plane, then the procedure yields

If we are combining subgroups, then some SUbStrinQSminimum-lengthg such thatyx is on the boundary of
will correspond to pairgc;, ¢;), and the procedure mayihe fundamental region.

become fairly involved. The output is the strirg of
coset leaders.

mi... My = C1

Myy1...Mg — C2

At each stage of the procedure, we have a pajy)
wherew is a coset leader, corresponding to a vertex of
T, andy = ux. We start at the root of the tree with the
C. Encoding: coset leaders to vector pair (I,x). Suppose we have reached the verier T,

We want to transmit the vectox — ¢ lx, = SO that we have the pa(ru,y>. Test _vvhether there is a
7. colxo. This is done by working our way back-SUcCeSsOP = Sau of w in T for which (a,y) < 0. If
wards through the spanning trees of the coset leadf8fre is such a successarchoose the one that is least
graphs forG; over G;_;. in the branch order, and repla¢e, y) by (v, S,y). Note

In practice, then, to encode we first applytg the 13ty = Saux = vx. If there is no such successor
reflection corresponding to the vertey, in the graph (Either because has no successor ifi or because the
I',,, and then move to its predecessor in the spanning tr¥Ccessors fail the property), taje= u andz =y, and
for T',, and apply its reflection to the vector we havd€minate the procedure.
continuing until we reach the root of the tree, which N Section XI, we will prove that the procedure works

corresponds to the identitiy Then we move to the vertex@S intended. _
¢m_1 in the graphT’,,_; and apply its reflection and _Applylng the procedure t6; over Gy with x, we ob-

move to its predecessor, and so on until we reach N dix in the fundamental region d&,. Then applying

root of I';. Then we transmit the vecter thus obtained. it ©0 G2 over G, starting withd, x, we obtaindyd; x in
the fundamental region d&,. After m applications, we

) haved,, .. .d;x in the fundamental region d&,, = G,
D. Noise as desired. Then we takgé = d,, ...d;.
Presumably, at this point the vector goes through aThe preceding discussion depends on Theorem 22,
noisy channel, so that the received vector is x + n. which is valid only for reflection subgroups. Nor is
In testing, we simulate this by adding to each compondhere an obvious modification that applies to arbitrary
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intermediate subgroups. However, there is one importaftith our standard assumption that tha§ is in the
situation, which arises repeatedly, that we can handtdosure of the fundamental region ¢f,

This involves an intermediate subgroup generated by a
set of reflections and an elemeRitsatisfyingR? = I. In

this case, there is no root correspondingteo we check
instead whethef Ry —xo|| < ||y —xol|, which is in itself In general, this will not be the fundamental region of
no problem. It can happen, though, that there are tramssubgroup, so adjustments must be made in both the
formationsT” € G such thaf| RTxq—xq|| = ||Tx0—x¢|, theory and the encoding/decoding algorithms.

making it impossible to decide which coset leader to For the purposes of induction, we also need the
choose. The situation can be resolved by allowing twiecoding region for subgroups:

expressions to represent certain coset leaders. Rather
than discuss this situation abstractly, we will illustrate

it in Section XllI for the groupsD,,, which are typical.

MLDRg(xo) = |J h(FR(G)).
heStab(xo)

MLDRu(x0) = | J h(FR(H)).
heStab(xo)

These are the fundamental regions when the stabilizer

F. Decoding: coset leaders to received message subgroup is trivial, and play the analagous role in the
more general case.

Then we reverse the encoding process, using the
functions y~! to obtain the received messaga’ = o _
m!, ... m/, from the coset leaders, ...d;. The details A- Description of the algorithm
of implementation can get complicated, but in principle The setup involves selecting a particular reflection

this is straightforward. group G, an initial vectorxy, and a sequence of its
subgroups{I} = Gy < G; < --- < G,,, = G with
X. CODES WITH ISOTROPY GROUPS G = Stab(xg). Find the coset leader graphs and their

Modifications are required to deal systematically witRPanning trees, this time for thight cosetsHy of the
the case when the initial vectat, has a nontrivial SuPgroups in the sequence. (Either side can be used

stabilizer in the reflection groug. In general, the set When the isotropty group is trivial, but now it makes a
of elementsg of a groupG such thatgxy = xo is a difference.) Setupacc_)rresponderydme.tween messages
subgroup ofG called theisotropy groupor stabilizer and elements o& that is constant on right cose_ts@fl.
group of xo, denotedStab(xo). Mittelholzer and Lahto- The messagm to be sent corresponds to a right coset

nen, and also Slepian, considered codes with nontrivfdd Of the stabilizer. Any such representative element
stabilizers. Let us begin with some of the analysis fourfgas @ canonical expressign= c; ... c,, as a product
in Mittelholzer and Lahtonen, then develop the theof3f Fight coset leaders. We transmit the vector
generalizing the case when the stabilizef Ig. x=g 'xo=c;}. .. gt xo
If xo lies in the interior of one of the regions &%, B " 1
then its stabilizer is trivial. The isotropy group will be = Cm G2 X0
nontrivial exactly whenx, lies on one or more of the The expression for each as a product of reflections
reflecting planesv,,. SinceG is transitive on its regions, js obtained from the coset leader treEs and the
we may choose the fundamental region so tkatis expression forg~' is obtained by going backwards
in the closure of the fundamental region. In that casgwough the coset leader trees.
Theorem 3 of [3] shows thaitab(xo) is the parabolic  The received vector has the foim= x+n. Hopefully,
subgroup generated by the fundamental reflectins r will be in the same decoding region as the transmitted
such thatx, is in the reflecting planeV,. vectorx, or if not, in a neighboring region. We decode
Now the roots ofG divide into three classes: by finding the sequence of coset leadéss . . ., d» such
AL = {a € Ag : (a,x0) > 0} thatd; = a_lmr IS m_the decoding region of the subgroup
0 G;. This in turn is done by going through the coset
Ag =10 € Ac : (8,%0) = 0} leader trees and applying reflections, so that at each step
Ag ={r€Ag:(7,%0) <0}. the vector obtained is closer ta, than the preceding
vector. Thus the final vectaz = dy...d,,x is in the

The fundamental root syster®l is contained in the . .
: . decoding region ofG. Note that, for any element
former two sets. Theorem 5 of [3] is that the maximum
hz — x¢|| = ||z — x¢||. We decode

N . . b of the stabilizer,
likelihood decoding region ok is given by by taking ¢’ = ds...d,, and the received message as

MLDR(xg) = {y : (y,a) > 0 for all « € 3} m’ =~y~1(g).
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B. Analysis Assumingu # g, thenux is not in the closure of the
fundamental region, and heng¢e,ux) < 0 for some
fundamental rootv. Let us first show thab,u is indeed

whenevers, is in the isotropy group means that on& coset leader for any sueh By Theorem 13, the other

cannot navigate those edges of the coset leader graffRSSiPility is thatSqu € uH, wl;enceu—lsau = Su-ta
distance cannot be used to determine coset leaders. Thi§) H. That would makeu™a a root of H. Now
problem shows up already in the six-element groip (¢ %) = (O"“x)f 0 andx is in the fundamental
with a two-element stabilizer. There seem to be twW&d1on of H, sou~als a negative root offl. But
straightforward options for dealing with the situation, ¥ Cariesu™"a info a, which is a positive root. Thus
(1) Choose a set of codeworgs'x, whose decoding Ay (u) is nonempty, which contradlc_ts its being a coset
avoids such problem edges. This is essentially what Migader. We conclude thaf,u must itself be a coset
telholzer and Lahtonen did, and it yields some interesti der. _
codes. To compute/(Squg™—'), we apply Lemma 5. Ifx is
(2) Alternately, one can choose an arbitrary parabofi’& the interior of thg fgndamental region, use the initial
subgroupH of G, and choosex, in the fundamental YECtOrxo = gx, while if gx is on the boundary choose
regionFR(G). In that case, there are no problem edgé® " tt11e interior very close tayx. Since (O%?X) ~
in the sense above. Select a subgroup sequéhpe= (49 Xo) < 0, we havel(Saug™) = l(ug™) — 1.
Gy < Gy < --- < Gy, = G with G; = H, and proceed Thus S,u is closer tog in the graphI’ thanu is, so

as above, just encoding and decoding fréimto G. The that in going fromu to S,u we are moving towardg.
maximum likelihood decoding region is still Moreover, it follows thatv = S,u is a successor of,

i.e. thatl(v) = £(u) + 1, sincel(vg™') > {(g) — £(v).
MLDRg(x0) = |J h(FR(G)) The edge fromu to v = S,u may not be in the span-
heH ning treeT" for every fundamental root witfr, ux) < 0,

which, for a parabolic subgrod, is a union of adjacent but it is so for the edge used in the canonical expression

regions. These types of codes would be a good topic f6f 9 Py Lemma 19. Among the candidates for S, u,
further investigation. both the canonical path and the procedure choose the one

that it is least in the branch (alphabetical) order.

Finally, the algorithm does indeed terminateui= g,
for in that caseux is in the closure of the fundamental
region of G, and hencega, ux) > 0 for every funda-

In this section, let us show that the decoding procedusgental rootr. Note that(a, gx) = 0 occurs whenyx is
described in subsection IX-E actually works. Given awgn the reflecting planéV,; otherwise(a, gx) > 0.
a reflection subgrouf of a reflection groupG, the  Thus at each step, the algorithm moves through the

spanning tred” for the coset leader graph, and a vect@jpanning tree towards the desired coset leageand
x in the closure of the fundamental region B¥. By terminates there.

Theorem 24, there is a coset leagesuch thatyx is in
the closure of the fundamental region Gf. The coset
leaderg is unique ifx is not on a reflecting plane. If
perchancex is on a reflecting plane, we choogédo be The basic step iterated in the decoding algorithm is
such an element of minimal length. to test whether||S,y — %ol < |ly — xol/, or equiv-

Now we know that there is a unique pathdan the alently, whether(y,a) < 0. So a good measure of
tree T, and that if there are multiple paths toin the the efficiency of the algorithm, for a given group and
graphT, then at each option the path i takes the sequence of subgroups, is to count the average number
edge leading towardg that is least in the branch orderf such comparisons in decoding. We also count the
(Lemma 19). We want to show that the procedure followsaximum number of comparisons for various group
this path to the vertey. coding schemes.

Suppose we are at the vertex (coset leaden) the In this section, the method of counting comparisons
procedure. Note that it begins at the verfewith /(1) = will be established. This will be applied in the next
0. Thus we may assume inductively thgt) < ¢(g) and section, where we consider encoding and decoding with
that/(ug=1) = £(g)—£(u). It must be shown that, unlessvarious specific reflection groups. These concrete cases
u = g, there is a fundamental roat such thatv = S,u allow us to illustrate and analyze the algorithm in some
is a successor af in T and/(vg~!) = ¢(g) — £(u) — 1. detail. In particular, we will see that a good choice

The trouble with this algorithm is that it doesn
work as stated. The fact thiiS,z — x¢|| = ||z — xo|

XI. A PROOF THAT THE DECODING ALGORITHM
ACHIEVES MAXIMUM LIKELIHOOD DECODING

XIl. COUNTING COMPARISONS IN THE ALGORITHM
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of the subgroup sequence can significantly improve the XIll. SPECIFIC GROUPS

efficiency of decoding. In this section, we show how the algorithm works with

Our counts are based on wo simple mathematical Q. specific groups. Subgroup sequences and coset

servations. The first gives the method of COU”””Q' Whi|8ader graphs are given for most of the finite irreducible
the second just says that averages add appmp”ately'reﬂection groups, the graphs fdi, ; and Es being

Lemma 28:Let H be a subgroup of a reflection 9rolRpo large to fit here. Our analysis will show that the

G_.hLet r pe the coset Ieaderl graph fai ovefr H, algorithm can be made more efficient by an appropriate
with spanning treel’. For an elemeny = ch of G, choice of the subgroup sequence.

with ¢ € T" a coset leader andl € H, let v(h) be the
number of comparisons to determihgA(c) the number
of comparisons to determingandr(g) the total number A. A,

of comparisons to determine Thenr(g) = v(h)+A(c). ~ The groupsA4, have a particularly simple structure,
Moreover, A(c) can be determined recursively if as making them a good example with which to begif,
follows. is isomorphic to the symmetric group en-1 letters, and

1) A(I) is the number of successors bfin T'. it is convenient to represent it as acting on the subspace

2) If b is the predecessor af in T, andb hasm Y z; = 0 of ®"*!. In particular,A,, has size(n + 1)!.
successors, of whichis /-th in the branch order, For a concrete example, we considéy, which has
andc hass successors, thex(c) = A(b)—m~+{+s. order5! = 120. The Coxeter graph fod, is given in

Lemma 29:Let H be a subgroup of a reflection groug-igure 2.

G. Let
1
v=ro= Y v(h)
] 5 A B C D
_ H O O
A= %| > M)
G Fig. 2. Coxet h forl
1 ig. 2. Coxeter graph for,
T = 7(9)
Sp
Let us begin with th boli b
be the average values of these parameters. Fhen et us begin wi © parabolic stbgroup sequence
7+ A\ I <A <Ay <A3< Ay
where 4, is the subgroup generated Kyl}, the sub-
group A, is generated by{ A, B}, etc. Note that our
ordering of the parabolic subgroups is implicit in the
labelling of the Coxeter graph, and this choice is not
unique.

The coset leader grapHs, to I'y are given in Fig-
ure 3. The vertices of, are labelled), ..., k; to avoid
cluttering the figure we have labelled orily. Also it is
understood that the edges are always directed downward,
from vertexj to j + 1.

Fig. 1. Top of the coset leader tree fék over D5 o o 0
A B C D
1
The method of Lemma 28 is illustrated in Figure 1, A B C
which gives the top few layers of the spanning tree for 2
the coset leader graph @f; over a subgroup isomorphic A B
to D5. (There are several such reflection subgroups.) The b 3
edge labels are included to establish the branch order, A
alphabetically. Each vertex is labelled withA(c), the o 4

number of comparisons required to establish whether tHS 3

. Coset leader graphy, for A4
coset leader is.



18

The elements of the grougd,, are then identified by which in turn yields a recursion for the averages:
sequencesl = (dy, ds, ds,ds) with eachd; a vertex in

I';. For example, the sequencg,0,2,2) corresponds a1 = 12
to the product (from right to leftCD - BC' -1 - A = a = +3n a1
CDBCA. "Tomp2 T

Now we assign binary sequences to the fifsvertices  consequentlya,, is asymptotically™. The maximum
of Iy, wherex = [logy(|I'x[)] = [logy(k + 1)], which  y\mper of comparisons in decodirig this way ISP,

is the first two vertices of';y andI's, and the first four However, it turns out that we can decode much more

vertices ofl’; andl'y. If we do this using a Gray map, SOgficiently if we choose a different sequence of reflection

that neighboring vertices have binary sequences diﬁeriggbgroups. The subgroups used are still isomorphic to
in only one bit, we obtain the assignment shown igk for k < n, but we choose the copies of those

Figure 4. subgroups that have short coset leader trees. Let us
0 0 o 00 o 00 illustrate this method withn = 6, the generalization
being straightforward.
1 1 10 10 The following observations will be applied recursively.
Lemma 30:Assume thatX, Y, Z satisfy the gener-
11 11 ating relations fords: X? = Y2 = 72 = (XY)3 =
(YZ)3 =(XZ)? =1 LetY = ZYZ =YZY. Then
6 01 01 Y’? = (XY')® = I, so thatX, Y’ generate a subgroup
isomorphic toAs.
° Corollary 31: Assume thatX, Y, Z, T satisfy the
Fig. 4. Binary sequence assignments for generating relations fords, adding 7% = (Z7)3 =

(XT)? = (YT)? = I to the relations of Lemma 30.

LetY' = ZYZ = YZY. Then X, Y', T generate a
Then we can us&4 elements of ourl20-element subgroup isomorphic tols.

group to encode six-bit messages. We think of a messaggnese can be proved by straightforward calculations,
as being broken into four parts or by noting that the subgroups in question are conju-
mi Mo mamg Mmsme gates of parabolic subgroups.
Now considerAg with the standard generators B,

associated with the four graph labellings. For exampl@,, D, E, F. Form the following sequence of subgroups,
the messagen = 101111 corresponds to the verteXgiven in terms of their generators:

sequenc€l,0,2,2), which as we saw above represents

the elementC DBC A. Go = {I}
Of course, the choice = 4 gives us a rather small G = Sg(N)
example, but in practice it is not much harder to do larger G, = Sg(4, M)

n. The only complication is that in order to encode at or

near the maximum number of bitdog, (|G|) |, we must Gz = Sg(4, L, F)

combine the binary assignments for pairs of graphs, as G4 =Sg(4, B, K, F)
mentioned earlier. But for the permutation groups, G5 =Sg(A,B,J,E,F)
B, and Dn'thIS process is quite straightforward, and G = Sg(A,B,C,D,E,F) = Ag
we have written the programs fer a power of2 up to
n = 25 = 32, without much difficulty. where

Counting the number of comparisons in decodiyg J=CDC = DCD

using the parabolic subgroup sequence, is a straightfor-

ward application of Lemmas 28 and 29. It is somewhat K=JEJ=EJE

simpler to work with3", s 7(g) and divide by||G| L =BKB=KBK

later. Leta, = 3~ c 4, 7(g) using the parabolic subgroup M=LFL=FLF

sequence described above. The recursion for the totals is N — AMA — MAM.
a) = 2

By induction using Lemma 30 and Corollary 31, each
0, = n!n2 + 3n +(n+ 1)ans Gy is isomprphic thk. (Alternatively, _each of these
2 subgroups is a conjugate of a parabolic subgroup.) The
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. TABLE Il
coset leader graphs, however, are different and shorter. Ay erace NUMBER OF COMPARISONS TO DECODE.,

These are given in Figure 5. The indicated branch order,
from left to right, in this case is not always alphabetical.

Tn a, | logy(n+1)!

To implement the algorithm with this subgroup se- 27472 179-15 168-94
guence, we would need the positive roots corresponding 816 [ 574 7573

w| =
Ol oo P B S

to these reflections. These are easily found using Theo-
rem 2.

292.9| 182.2 122.7

N A M L F
A 4 B C D

Fig. 6. Coxeter graph foB4

B K J E C D
A F B F B E The coset leader graph for the sequence of parabolic
subgroups
A A F I < By <By< B3< By

is given in Figure 7. This provides a reasonably good

Fig. 5. Coset leader trees for a bettés group coding scheme.
Now let us count the number of comparisons in AI B C D
decodingA,, using this subgroup sequence. ket |7 |,
so thatn = 2k or 2k + 1. The recursion for the average A B C
number of comparisons is B A B
@ =1 B| A
. k? + 4k
a, =, + ] for n even C B
k% + 5k + 2
@, =1a,_;+ NPT for 1 odd. ¢
n+1 D

Asymptotically, the average number of comparisons
tends to"g, which is half the n_umber for the parabolicFi 7. Coset leader graplis, for B,
subgroup sequence. The maximum number of compar’Ci
isons this way is["2+44"j, again roughly half.

Thus there is a significant improvement in decoding We can do much better, however, by using the refined
efficiency to be had by choosing the subgroup sequerstédgroup sequence
with shorter coset leader trees. This phenomenon will
hold for decoding other groups as well. Table Il gives

—/ -
some values fom,, @, and, for comparison, the theo'whereMk, is the subgroup generated 1, ; and the
retical lower bound for the averagig,(n + 1)!

(see longest coset leadeRy, for By over By_;. In fact, Ry

Knuth [11], p. 194). is a reflection, sak? = I, and it commutes with the
elements ofB,,_;, whenceM} = B;,_1 x A;.
B. B, Using the reflections?, = BAB, Ry = CBABC

The groupsB, have larger size for the same diand R4y = DCBABCD the coset leader graph for the
mension 2"n! versus(n + 1)! for A,) and a refined refined sequence is given in Figure 8. The coset leaders
subgroup sequence, making them a better candidate flor B;, over M, correspond to building terms from,
group coding, especially for larger. Again, to make a or reducing them fromR,, depending on whether their
specific example we choose= 4. The Coxeter graph length is more or less than half that of the longest
for B, is given in Figure 6. expression.

I < By <My < By < Msg< By < My< By
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? TABLE Il
A I Ry I B I R3 I C | Ry I D AVERAGE NUMBER OF COMPARISONS TO DECOD®B,,
B C n bn b, b n + log, n!
4 11.0 8.9 8.7 8.6
B 8 38.6 27.3 24.0 23.3
s 16 | 142.3 | 88.6 67.7 60.3
32 | 542.0| 307.9| 204.5 149.7

Fig. 8. Coset leader graphs for the refined sequencg,of

To quantify this, we again count the number of com-
parisons in decoding. The recursions for the average
Enber of comparisons used in the three different meth-
S are

Now one can apply the techniques usedAnto this
sequence, to obtain a similar sequence with shorter co@%
leader trees, and hence improved decoding efficiency9

Consider the following subgroups given in terms of b = 5’1 = 5’1/ =1
their generators: _ m24n—1 7
GO _ {I} n — m + On—1
n+3n—-2 -

G = Sg(A) B;z = o + 051
N2 = Sg A, R/Q) -1/

(
( bn = 6;1_1 + n.

G2 = Sg(Av K) . .
N — Se(A KR! Some values for these averages, along with the theoreti-
3 = Sg(4, K, Ry) cal lower bound, are given in Table Ill. Asymptotically,

G3 = Sg(4, B, J) the average number of comparisons to decBgewith
N, = Sg(A, B, J, R)}) the three methods arg, - and %', respectively. The
G, = Sg(A, B,C, D) mazlximum numbers of comparisons ané, "2% and

| 2423 | 4 p, respectively.

where
J=CDC =DCD C. D,
K =BJB=JBJ The groupsD,, are in many ways similar, but intro-
R, = KAK duce a few new features. They are also useful as building

; blocks for the group€’s, E7 and Eg. The cardinality of
Ry = JKAKJ D,, is 2 1nl, so for the same dimension we lose a bit
Ry =DJKAKJD. and gain a little in terms of distance. The structure of

Calculations in the vein of Lemma 30 show that we stif4 'S atypically symmetric, so we illustrate withs.
haveG,, = B, and Ny, = B,_; x Ay, but now the coset The Coxeter graph foDj is given in Figure 10.

leader graphs are those given in Figure 9.

AIR’QIKIRQI B/\J IRQB%D Z>{J_§_§

Fig. 10. Coxeter graph fobs

Fig. 9. Best coset leader graphs 5
The corresponding coset leader graphs for the se-
It is straightforward to see how this scheme can gience of parabolic subgroups is in_Figure 11'. The fact
extended for largen. Forn > 6 we will again want that AB = BA makes the graph nonllr_wear. In this event,
we do not label the lower edges, which carry the same

to combine the cosets in assigning the bit-strings. Sin ) . )
the complexity of encoding and decoding is roughlvalue as their opposite (transposed) edge. The spanning
g?esTk are indicated by darker lines.

proportional to the sum of the lengths of the coset lea Similar to th — D h
graphs, for largen we start to realize a noticable gain in > imiiar 1o the case withz,,, theé group L, has a
fining subgroup sequence. Fbg this is

efficiency by using the intermediate subgroups and the
shorter trees. I <Dy <Dy < N3<D3yg<Ny<Dy< N5 < Ds
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D E it it
A| B|Rs| C|Ry| D|Rs| E
C D
A B C B|~AC D
Yo
A/NB B|“AC
o ‘o
C B| A
D C (e} Yo
D Fig. 13. Coset leader graphs for the refined sequendesof
E

Consider the vectox = DCAxy = (ACD) 'xg
which we would use to encode the elemett®'D =
BC DRy, the latter being the representation as a product
of coset leaders of the refined sequence. However,

Fig. 11. Coset leader graphis. for D5

where N is the subgroup generated @y, _; and the

. - = [|DCAxqy —
longest coset leaddk,, for D, over D;_,. SinceA and I = xoll = | X0 = o

B commute, the refinement starts with dimensioiThe = [[DCBxo — x| by symmetry
longest coset leaderB;, in T', for our case areRg = = ||R4DC Axg — x¢|
CABC, Ry = DCABCD, andR; = EDCABCDE. — | Rax — xo|-

They satisfyR? = I, but they are rotations rather than _ _ . _
reflections, being the product of an even number &0 in decodingx, even with exact arithmetic, you

reflections. Nor do they commute with the elements #fouldn’t know whether to take?, as part of the coset
Dy._1. For example, leader or not. Indeed, the scheme indicated by Figure 13

would useBCD and BCDR, for elements that could
AR3 = ACABC = CACBC = CABCB = R3B. also be represented a8 DR, and AC'D, respectively.
_ _ Adding roundoff error and noise just make the situation
So Ny, is not a direct product. Nonetheless, they Worforse The easy solution is to allow both representations
fine for encoding and decoding purposes, once we Make a| such middle elements. Thus we have added the
a minor adjustment. Figure 12, which labels the vertices ,x coset leaders, indicated by dashed lines.
rather than the edges 6, illustrates pretty well what  \wjth this adjustment, the only differences between the
is going on. Figure 13 gives the coset leaders for theset |eader graphs for the refined sequenc®,pfand
refined sequence, ignoring the dashed lines temporarilyat of B,, are the one extra subgroud, for B,,, and
the duplicate coset leaders in,. Then, with exactly the
same type of substitutions, this sequence can be replaced
by a sequence of isomorphic subgroups with short coset

I leader trees. The number of comparisons used for these
methods of decodingD,, are thus just one less than
D the corresponding counts for decodiBy, ignoring the
duplicate coset leaders which add a negligible amount.
CD
BCD ACD = BCDR, D Note
For the permutation groupd,,, B, and D, we can
ABCD = CDR, compare our method of group coding (using subgroups
and coset leaders) with Slepian’s method (using sorting
CABCD = DRy methods for the permutation).
For the groupA,,, the simplest implementation is to
DCABCD = Ry choose the generators so thinterchanges the first two

elements of a vectoR interchanges the second and third
elements, etc. (all ilR"*1). Then our original algorithm
implements a standard insertion sort, and the improved

Fig. 12. Example witiy for D4



22

version is a modified insertion sort that works from the
middle of the list outward.

With the groupB,,, the standard choice of generators
is such thatA changes the sign of the first entrig
interchanges the first two entrie§] interchanges the
second and third entries, etc. Th& (k > 2) changes
the sign of thek-th entry, and these sign changes are
super-imposed on the insertion sort.

The groupD,, is similar, except thatA changes the
sign of the first two entries, anBl;, (k > 3) changes the
signs of the first and-th entries.

In general, with permutation group codes we have the
option of using fast sorting algorithms. On the other
hand, the coset leaders give us a natural way to represent
and keep track of the permutations, which for large
is a real issue. These ideas could be combined: other
insertion-type sorts can be implemented by navigating
through the coset leader graph in a different order. This
is straightforward for the coset leader graphs that are
linear. Thus one can adapt these ideas to use a binary
insertion sort for the decoding of permutation groups.
The average number of comparisons required to 4qrt
this way is very close to the lower bounak,(n + 1)!.

For largen this is a significant gain, though for smaller
n, Table Il shows that the simpler algorithm is reasonablyy 15 coset leader graph fd#; over a parabolic subgroups
close to the bound.

E. Es, Ey and E, : - .
6 =7 8 graph for Eg overgoPgO‘1 is shown in Figure 16. This

ol oTads ) \ : o
The groupEs has cardinality23°5 = 51,840. IS can pe interpreted as folding the original coset leader

Coxeter graph is given in Figure 14. The grolip can granh at the vertex, indicated by a solid circle in
be considered to be an extension of eithgror A5 x A;. Figure 15.

Let us analyze and compare these possibilities.

The parabolic subgrou@® = Sg(B,C,D,E,F) is
isomorphic toDs, and has index 27. The coset leader
graph for this subgroup is given in Figure 15. In the
figure, the darker lines again indicate a spanning tree
(based on the ordef' < B < C < D < E < A).

F

O

A B C D E

Fig. 14. Coxeter graph foFs

o o

Fig. 16. Shorter coset leader graph 6§ over a conjugate oDs
The coset leader graph fdtg over P has length 16. 9 grap M

The various conjugate subgroug®g¢~' of P are of

course all isomorphic t@s, but the coset leader graphs Navigating the graph of Figure 16 requires an average
for Eg over these conjugates have lengths varying froof 5.6 comparisons, with a maximum of 8 comparisons.
8 to 16. Three of these have length 8, including th&dding these values to the optimum ones f0g, we
conjugate bygy = DCFEDCBA. The coset leader see thatFs can be decoded with an average of 16.7
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TABLE IV
COMPARISON COUNTS FOR DECODINGZg, E7, Fs

Group | Subgroup| Index | Length | Average | Maximum
Es Ds 27 8 16.7 20
As x Ay 36 5 16.2 19
Er Es 56 14 24.2 35
Dg x Ay 63 8 22.6 26
Az 72 8 22.6 29
Eg Dsg 135 11 31.3 39

comparisons, and a maximum of 20 with this method.
The parabolic subgrou@ = Sg(A, B,C, D, E) of Eg
is isomorphic toAs. It has a unique longest coset leader

R=FCBDCFEDCBABCDEFCDBCF

and the subgroupy = Sg(A, B,C, D, E, R) is isomor-
phic to A5 x A;. This is easily verified using the roots
for these expressions.

The subgroupy has index 36, and the coset leader
graph for Eg over U has length 10. There are 36
conjugatesgUg~! of U, and the length of the coset
leader graphs foF; over these conjugates varies from
5 to 10. Exactly one of these has length 5, that being the
subgroupg, Ug; ! with g = BCDEFCBDCF.

Navigating the coset leader graph g over g, Ugl_l
requires an average of 5.4 comparisons, with a maximum
of 7 comparisons. Adding these values to the optimum
ones forAs x A; yields the result thaks can be decoded
with an average of 16.2 comparisons, and a maximum
of 19 with this method. These numbers are marginally
better than those for decoding usibyg. Also, the indices
for this sequence of subgroups are slightly better suitE§- 18. Coset leader graph fdf: over Es
for the binary assignments. The coset leader graph for
this case is rather messy, and can be found on our
website: www.math.hawaii.edsjb/codes.html.

The groupFE; has size2!93*5 .7 = 2,903, 040. It has
E¢ as a parabolic subgroup of index 57. The Coxeter
graph for E; over Eg, with the labelling we used, is Implementation of coding and decoding fA¥ using
given in Figure 17, and the resulting coset leader graflf SubPgroupEs was straightforward. In retrospect,
is given in Figure 18. The longest coset leader for thEPle IV shows that subgroups of typg; should yield
parabolic subgroup has length 22, but there are conjughitg Pest results for decodinfg;. The coset leader graph
subgroups of typeZs with coset leader graphs of lengtHOr this case is also on our website.

11. One of these is given in Figure 19.

In principle, the groupfs with cardinality2'43°527 =
G 696, 729,600 should be only slightly more complicated,
but we have not yet attended to the details. The main
N . problem is to find a good binary assignment for the coset
A B C D E Ja leader graph of’s over Dg, say, which seems to be the
most promising subgroup to use. The program output to

Fig. 17. Coxeter graph foE~ over Es o - '
(Jiajia Seffrood helped with our analysis B over F; x

Ay, a less likely candidate for coding.)

construct the coset leader graph is again on our website.
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Note thatX andY are conjugates oD and B, respec-
tively, and thus indeed reflections.

For encoding and decoding we use the simple coset
leader graphs for the intermediate subgroups, shown
in Figure 21. With this scheme, decoding requires an
average of 10.6 comparisons, and a maximum of 12. An
almost negligible improvement can be obtained by using
conjugate subgroups.

5 O Q

Fig. 19. Shorter coset leader graph f6f over Fg
Fig. 21. Coset leaders far, over Bs

F Fy

The exceptional group; has size2”3? = 1152, with G, Is and I,
the Coxeter graph given in Figure 20._It is an exter_1sion-|-he exceptional grouds has size120. Like Fj, it
of B, by a a group of order three. This fact is realizefl,5 o interesting subgroup structure. In particuigr,
concretely in the sequence of subgoups used for COd"&%htains the dihedral grouff3 as a subgroup of index

I<By<M<By<M;<By< M <By<F, 12 The Coxetergraph faf; is given in Figure 20. For
encoding and decoding; we can use a sequence of

where subgroups
By = Sg(A) I <A <H)<K3<L3z<Is
My = Sg(A, Ry) where
By = Sg(A, B
> =54 ) Ay = Sg(A)
M3 = Sg(A7B7R3) 5
H2 = Sg(A7 B)
B3 = Sg(A7 B> C)
K3 = Sg(A7 B> R)
B, =Sg(4,B.C.Y) o Sg( LB
Fy = Sg(A, B,C, D) 2T oRA

where R and S are given by

R=CBABACBABC
S =CBABC.

using the reflections

Ry, = BAB
R; = CBABC

X — DABACBADABCABAD Note thatS is a reflection, but® is not, and we have

the same sort of coset leader ambiguity as occur3,in
Y = DABAD. which is resolved similarly. (The coset leader graph for



I3 over H3 resembles that foPDs over Ds.) The coset
leader graphs used for encoding and decodingvith
this sequence of subgroups are given in Figure 22.

o

Fig. 22. Coset leader graphs for the refined sequendg of

The coset leader graph fdy over I3 x A; would be
of similar complexity to that off; over Eg, say, but we
have not done that case yet.

(1]
(2]
(3]

(4]
(5]
(6]
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