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Abstract. This paper develops the theory of the lattice Lq(K)
of subquasivarieties of a quasivariety in the very general context
of implicational classes of structures in a language that may or
may not contain equality. The lattice of subquasivarieties of a
quasivariety can be represented as the lattice Sp(L, H) of H-closed
algebraic subsets of an algebraic lattice L with a monoid H of
operators. This representation is used to develop new restrictions
on the equational closure operator. A method that enables us
to represent some finite lattices as lattices of subquasivarieties is
described. In particular, we show that if K ∼= Sp(L, H) for some
pair (L, H), then the linear sum 1 + K is isomorphic to Lq(K) for
some quasivariety K, in a language with equality.

1. Conquering Europe

An old problem of Birkhoff and Mal’cev asks for characterizations of
lattices of subvarieties and lattices of subquasivarieties. We focus here
on subquasivarieties. There are two parts to the question:

(1) description of properties of subquasivariety lattices,
(2) representation of lattices with certain properties,

which hopefully will meet in the middle.
This problem was tackled by Viktor Gorbunov and his Siberian

school, with much success. Progress up until 2004 is recorded in Gor-
bunov’s book on quasivarieties [15] and the survey [1]. But more recent
results have cast the problem in a different light, so that it now seems
appropriate to reconstruct the situation from scratch.

The first part of this paper develops the basic theory of subquasi-
variety lattices in the very general context of implicational classes of
structures with operations and/or relations, in a language that may or
may not include equality. This version is based on results of the authors
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in [7, 19, 25]; cf. Hoehnke [17]. The main result represents a lattice of
subquasivarieties Lq(K) as the lattice Sp(S, H) of H-closed algebraic
subsets of an algebraic lattice S with a monoid H of operators.

One can use the representation to find restrictions on the equational
closure operator on a lattice of subquasivarieties Lq(K), strengthening
results from [3, 4, 7]. The second part of the paper discusses some of
these restrictions.

The third part presents a method that allows us to represent some
pairs (L, γ) consisting of a finite lattice and an equaclosure operator
on it as a lattice of subquasivarieties Lq(K) and its equational closure
operator. The method mimics [24] to initially obtain a representation
L ∼= Lq(K0) with a quasivariety K0 in a language without equality,
which can sometimes be converted to a quasivariety K1 in a language
with equality.

Many aspects of quasivarieties are omitted here. The Appendix of
[18] contains a survey of manifold results on quasivarieties in general.

Summary. The results can be summarized as follows.
(1) A complete lattice L is isomorphic to the lattice Lq(K) of all sub-

quasivarieties of a quasivariety K (in a language that may or may not
contain equality) if and only if L is isomorphic to the lattice Sp(S, H)
of all H-closed algebraic subsets of an algebraic lattice S, where H is
a monoid of continuous operators on S.

(2) This representation yields new restrictions on the equational clo-
sure operator on a subquasivariety lattice Lq(K).

(3) If (L, γ) is a pair consisting of a finite lattice and a weak equa-
closure operator on it, and the lattice γ(L) of closed sets is a chain,
then (L, γ) can be represented as (Sp(S, H),Γ) where Γ is the natural
equaclosure operator on lattices of algebraic subsets.

(4) If (L, γ) is a finite pair such that every join irreducible element
of L is the least element of its γ-class, and (L, γ) can be represented
as (Sp(S, H),Γ), then we can take S = γd(L).

(5) There is an algorithm to determine whether a finite pair (L, γ)
with every join irreducible the least element of its γ-class can be rep-
resented as (Sp(S, H),Γ).

(6) If the operators in H on the algebraic lattice S have the property
that h(x) = 1S only if x = 1S, and 1S is compact, then Sp(S, H) is
isomorphic to Lq(K) for a quasivariety of structures in a language with
equality.

(7) If L ∼= Sp(S, H), then 1 + L ∼= Lq(K) for a quasivariety with
equality.
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(8) Every distributive dually algebraic lattice can be represented as
Sp(S, H) with S an algebraic lattice and H a monoid of operators.

Terminology. For a quasivariety U, let Lq(U) denote the lattice of all
subquasivarieties of U, and let Lv(U) denote the lattice of all relative
subvarieties of U. (A relative subvariety is a subclass of U determined
within U by a set of atomic formulas.)

An algebraic subset of a complete lattice S is a subset closed under
arbitrary meets (including

∧
∅ = 1S) and nonempty directed joins. An

operator on an algebraic lattice preserves arbitrary meets (including
1S) and nonempty directed joins. If S is an algebraic lattice and H
a monoid of operators on S, then Sp(S, H) denotes the lattice of all
H-closed algebraic subsets of S.

Outline.

(1) The fundamental representation theorem (Sections 2–4)
(2) Elementary properties of quasivariety lattices (Sections 5–7)
(3) Equaclosure operators revisited: restrictions (Sections 9–13)
(4) A construction project (Sections 14–15)
(5) An algorithm for step one when J ⊆ T (Sections 16–18)
(6) A case when step six works (Section 19)
(7) Representing distributive dually algebraic lattices (Sections 20–

21)
(8) Problems (Section 22)
(9) Advertisement (Section 23)

2. Basic universal algebra

Let us review the basic concepts of universal algebra in a general
setting.

We consider structures in a language (type) that may contain func-
tion symbols, constants and relation symbols. The type may or may
not contain an equality relation ≈.

In the background is a universal quasivariety U within which we
work. Examples include the following.

• U is all structures of the given type, with no laws.
• U is sets with an ≈ relation, and laws stating that ≈ is reflexive,

symmetric and transitive.
• U is all groups, with the group laws and laws stating that ≈ is

a congruence relation.

Assume U is fixed throughout.
Functions are k-ary relations (with k ≥ 1) where, in a structure A

of the type,
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(1) for every a ∈ Ak−1 there exists b ∈ A such that (a, b) ∈ f ,
(2) if (a, b) ∈ f and (a, c) ∈ f then b = c.

Note that the = is in the meta-language and so is allowed. Functions
are always defined and have a unique last entry. By convention, the
above k-ary relation is a (k − 1)-ary function.

Our thinking on homomorphisms and congruences must be general-
ized.

Let A and B be structures of the same type. A homomorphism
h : A → B is a map such that h(fA) ⊆ fB for every function f and
h(RA) ⊆ RB for every relation R in the type. The kernel kerh is a
function κ on the relation symbols of the type to subsets of Ak for the
appropriate k (the arity of R) given by

κ(R) = h−1(RB)

= {a ∈ Ak : h(a) ∈ RB}.

The homomorphism requirement is that fA ⊆ h−1(fB) and RA ⊆ κ(R)
for functions f and relations R.

A congruence on a structure A is a function θ on the relation sym-
bols of the type to subsets of Ak such that RA ⊆ θ for every symbol.
Thus the kernel of a homomorphism is a congruence, and the set of all
congruences on A forms a (distributive, algebraic) lattice Con A. But
of course not every congruence is a U-congruence; see the second next
paragraph.

The least congruence ∆ has ∆(R) = RA for all R, while the greatest
congruence ∇ has ∇(R) = Ak (with the appropriate k) for all R.

Given a congruence θ on a structure A, we can form the factor algebra
A/θ = 〈A,FA, θ〉 by extending each RA to θ(R). The identity map is
a homomorphism from A to A/θ. For a quasivariety K, we say that θ
is a K-congruence if A/θ satisfies the laws of K. If K ≤ U, where U is
our base quasivariety, then every K-conguence is a U-congruence.

The set of all U-congruences on A forms an algebraic lattice ConU A.
Nothing changes about substructures (class operator S): given a

structure A, a subset S ⊆ A is a substructure of A if it is a subal-
gebra with respect to the operations and has the induced relations,
i.e., RS = RA ∩ Sk where k is the arity of R.

Direct products (class operator P) are unchanged.
Now we can describe reduced products in the general setting. Let

Si (i ∈ I) be structures, and let F be a filter on I. The congruence
≡F on

∏
i∈I Si is such that, for a relation symbol R, we have that

(a1, . . . , ak) ∈≡F (R) if and only if {i ∈ I : (a1i, . . . , aki) ∈ RSi} ∈ F .
The factor algebra

∏
Si/ ≡F is then a reduced product (class operator
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R). Ultraproducts (class operator U) are the special case when F is an
ultrafilter.

3. Theories

Fix a type of structure and a countable set of variables X. Fix
the base quasivariety U. Using the function symbols, form the term
algebra TU(X) and the free algebra FU(X). Theories should be defined
using terms from T, but it sometimes simplifies notation to use the free
algebra F.

An atomic formula is a statement of the form R(s) with R a relation
symbol and s ∈ F k (or T k). An implication is a statement of the form
β1& · · ·&βn−1 → βn with each βj an atomic formula. We allow n = 1.

Let E be the endomorphism monoid of F. Endomorphisms of course
just correspond to substitutions ε : X → F. The endomorphism
monoid E of a structure A acts on ConU A in the following way. For
ε ∈ E, ϕ ∈ ConU A, and a relation symbol R,

(ε∗(ϕ))(R) = ε−1(ϕ(R))

= {t ∈ Ak : ε(t) ∈ ϕ(R)}.
Thus t ∈ (ε∗(ϕ))(R) if and only if ε(t) ∈ ϕ(R).

Lemma 1. Let A be a structure in U and ε, η, κ endomorphisms of A.

(1) If ϕ is a U-congruence, then ε∗ϕ is a U-congruence.
(2) (ηκ)∗ = κ∗η∗.
(3) The operator ε∗ preserves ∇, arbitrary meets and directed nonempty

joins in ConU A.

Let E∗ = {ε∗ : ε ∈ E}, which is a homomorphic image of Eopp.

3.1. Atomic theories. An atomic theory (relative to a quasivariety
U) is a U-congruence θ on FU(X) such that s ∈ θ(R) implies ε(s) ∈
θ(R) for every relation symbol R, endomorphism ε, and s ∈ F k. The
next lemma characterizes such congruences.

Lemma 2. Let θ be a U-congruence on FU(X). Let ε an endomor-
phism and s ∈ F k. The following are equivalent.

(1) s ∈ θ(R) implies ε(s) ∈ θ(R) for all relation symbols R.
(2) ε∗(θ) ≥ θ.

The proof is straightforward.
A U-congruence θ is fully invariant if it satisfies the properties of

Lemma 2 for all endomorphisms ε, and hence defines an atomic theory
relative to U.
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Theorem 3. Let A be a structure in U. The set of fully invariant
U-congruences is a complete sublattice of ConU A.

Proof. Let θi (i ∈ I) be fully invariant congruences, and let ε be an
endomorphism. Then ε∗(

∧
θi) =

∧
ε∗(θi) ≥

∧
θi. Also ε∗(

∨
θi) ≥

ε∗(θi) ≥ θi for all i, whence ε∗(
∨
θi) ≥

∨
θi, as desired. �

Corollary 4. Let θ be a fully invariant U-congruence on F = FU(ω).
If ϕ is a U-congruence, then F/ϕ satisfies θ if and only if ϕ ≥ θ.

Corollary 5. A U-congruence θ on F is fully invariant if and only if
F/θ is relatively free.

Corollary 6. The lattice Lv(U) of relative varieties of U is isomorphic
to the lattice of E∗-closed principal filters of ConU FU(ω), ordered by
set containment. These are each of the form ↑ θ for a fully invariant
congruence.

Larger congruences determine smaller filters, yielding the standard
statement.

Corollary 7. For a variety V, the lattice Lv(V) is dually isomorphic
to the lattice of fully invariant congruences of FV(ω).

3.2. Implicational theories. If α1, . . . , αn−1 and β are atomic for-
mulas and A = {α1, . . . , αn−1}, then A → β denotes the implication
α1& . . .&αn−1 → β. As usual, we allow A to be empty.

A collection T of implications is an implicational theory if it has the
following properties.

(1) For each finite set B of atomic formulas, B → β is in T for
every β ∈ B.

(2) If A→ β is in T for all β ∈ B, and B → γ is in T, then A→ γ
is in T.

(3) If A→ β is in T and ε is an endomorphism of F, then εA→ εβ
is in T.

The set of all implicational theories containing a given theory U

forms a complete lattice ITh(U). Theorem 9 shows that ITh(U) is an
algebraic lattice.

It is useful to introduce some shorthand notation. For atomic for-
mulas R1(s1), . . . , Rn(sn), an endomorphism ε, and a congruence α:

• βi stands for Ri(si), that is, si ∈ Ri.
• εβi stands for Ri(εsi), that is, εsi ∈ Ri.
• βi(α) means si ∈ α(Ri).
• εβi(α) means εsi ∈ α(Ri).
• 〈β1, . . . , βn〉 is short for β1& · · ·&βn−1 → βn.
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• 〈β1, . . . , βn〉(α) is short for β1(α)& · · ·&βn−1(α)→ βn(α).

We say that F/θ satisfies 〈β1, . . . , βn〉 if 〈εβ1, . . . , εβn〉(θ) holds for all
endomorphsims ε. In an abuse of notation, we write θ |= 〈β1, . . . , βn〉
to denote this.

Let con βj denote the U-congruence on FU(X) generated by βj.
With the notation in place, we can state some elementary equiva-

lences.

Corollary 8. The following are equivalent (to θ |= 〈β1, . . . , βn〉).

(1) 〈εβ1, . . . , εβn〉(θ) holds.
(2) 〈β1, . . . , βn〉(ε∗θ) holds.
(3) θ ≥ con εβ1 ∨ · · · ∨ con εβn−1 implies θ ≥ con εβn.
(4) ε∗θ ≥ con β1 ∨ · · · ∨ con βn−1 implies ε∗θ ≥ con βn.

Let B denote the set of all formal implications 〈β1, . . . , βn〉. Define
a relation G ⊆ ConU FU(ω)×B thusly:

(θ, 〈β1, . . . , βn〉) ∈ G if F/θ satisfies 〈β1, . . . , βn〉
i.e., 〈β1, . . . , βn〉(ε∗θ) holds for all ε.

The relationG determines a Galois correspondence, and the basic result
just characterizes the closed sets.

Theorem 9. For the Galois correspondence determined by G:

(1) the closed sets on the left are E∗-closed algebraic subsets of
ConU FU(ω),

(2) the closed sets on the right are implicational theories containing
the theory of U.

Hence Lq(U) ∼= Sp(ConU FU(ω),E∗), since both are dually isomorphic
to the lattice of implicational theories ITh(U).

Proof. As always for Galois connections, to describe closed sets it suf-
fices to consider the closures of singletons and take intersections.

Fix an implication β = 〈β1, . . . , βn) and let

λ(β) = {θ ∈ ConU F : θ |= β}.
The claim is that λ(β) is an E∗-closed algebraic subset. Closure of λ(β)
under arbitrary intersections is clear, and closure under E∗ is built into
the definition.

Let θj (j ∈ J) be a non-empty directed subset of λ(β). Then Θ =⋃
j∈J θj satisfies β1& · · ·&βn−1 → βn (using the directedness) and is a

U-congruence (since U is a quasivariety, by the same argument). Hence
Θ =

∨
j∈J θj and Θ ∈ λ(β). Hence λ(β) is closed under directed joins.
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For the second part, fix θ ∈ ConU F and let

ρ(θ) = {β : θ |= β}.
The claim is that ρ(θ) is an implicational theory. Checking the def-
inition, items (1) and (2) are straightforward, though the notation is
unwieldy for (2). Item (3) uses Corollary 8.

It remains to show that if A is an E∗-closed algebraic subset of
ConU F, then λρ(A) = A (i.e., ⊆), and if T is an implicational the-
ory, then ρλ(T) = T (i.e., ⊆).

Let A be an E∗-closed algebraic subset of ConU F. Then

ρ(A) = {β : θ |= β for all θ ∈ A}
λρ(A) = {ϕ : ϕ |= β for all β ∈ ρ(A)}.

We want to show that λρ(A) ⊆ A, i.e., if ϕ |= β whenever θ |= β for
all θ ∈ A, then ϕ ∈ A.

For any ζ ∈ ConU F, define α(ζ) =
∧{θ ∈ A : θ ≥ ζ} which is the

least member of A above ζ. Assume ϕ /∈ A, so that α0 = α(ϕ) > ϕ.
Choose a principal U-congruence γ̂0 = con γ0 that is below α0 but not
below ϕ.

Let K denote the set of compact U-congruences below ϕ. For each
κ ∈ K we have κ ≤ α(κ) ≤ α0. Moreover, α(K) is a directed subset
of A. Thus ϕ ≤ ∨

α(K) ∈ A, whence
∨
α(K) = α0. In particular,∨

α(K) ≥ γ̂0 which is compact, so α(κ0) ≥ γ̂0 for some κ0 ∈ K.
Write κ0 as a join of principal U-congruences κ0 = γ̂1 ∨ · · · ∨ γ̂m,

and consider 〈γ1, . . . , γm, γ0〉. (Note: κ0 = ∆ with m = 0 is allowed.)
We claim that every θ ∈ A satisfies 〈γ1, . . . , γm, γ0〉. For if θ ∈ A,
then for each endomorphism ε∗θ ∈ A. So if ε∗θ ≥ γ̂1 ∨ · · · ∨ γ̂m, then
ε∗θ ≥ α(κ0) ≥ γ̂0.

On the other hand, ϕ ≥ γ̂1 ∨ · · · ∨ γ̂m but ϕ � γ̂0, so ϕ fails the
implication. Thus ϕ /∈ λρ(A), as desired.

It remains to show that if T is an implicational theory, then ρλ(T) ⊆
T. The next lemma is useful.

Lemma 10. A set of formal implications 〈β1, . . . , βm〉 is an implica-
tional theory with respect to U if and only if

(0) the theory of U is contained in T,

(1) 〈β, γ〉 ∈ T whenever β̂ ≥ γ̂,

(2) if 〈β1, . . . , βm〉 ∈ T and γ̂1 ∨ · · · ∨ γ̂n−1 ≥ β̂1 ∨ · · · ∨ β̂m−1 and

β̂n ≥ γ̂n, then 〈γ1, . . . γn〉 ∈ T,
(3) if 〈β1, . . . , βm〉 ∈ T then 〈εβ1, . . . , εβm〉 ∈ T for every endomor-

phism ε.
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Proof. This is the U-congruence interpretation of the definition. But
see the discussion after the end of the proof. �

Now let T be an implicational theory and assume 〈γ1, . . . , γn〉 /∈ T.
We want to find θ ∈ ConU F such that θ |= β for all β ∈ T but γ(θ)
does not hold, i.e., θ ≥ γ̂1 ∨ · · · ∨ γ̂n−1 while θ � γ̂n.

So we can ask: what does θ ≥ γ̂1 ∨ · · · ∨ γ̂n−1 imply under T?

Let δ =
∨{δ̂ : 〈γ1, . . . , γn−1, δ〉 ∈ T}. Note that δ ≥ γ̂1∨· · ·∨ γ̂n−1. If

perchance δ ≥ γ̂n, then by compactness δ̂1∨· · ·∨ δ̂k ≥ γ̂n for some finite
subset. But then 〈γ1, . . . , γn−1, δj〉 ∈ T for all j, and 〈δ1, . . . , δk, γn〉 ∈ T

(in fact it is in the theory of U), whence 〈γ1, . . . , γn−1, γn〉 ∈ T, a
contradiction. So δ � γ̂n, and θ = δ witnesses that γ /∈ ρλ(T). �

Discussion: The description of implicational theories in Lemma 10

is a variation on the Don relation from [7]. Let K = 〈K,∨,∆, Ê〉 be the
SLO (semilattice with operators) of compact U-congruences of the free
structure F. A binary relation τ on K is a don-relation (or dongruence)
if

(1) γ ≥ δ implies τ(γ, δ),
(2) τ(γ, δ) implies τ(γ ∨ β, δ ∨ β),
(3) τ(γ, δ) implies τ(ε̂γ, ε̂δ) for all ε.

Think τ(γ, δ) means γ ≥ δmod τ . Dongruences correspond to implica-

tional theories. In [7] it is shown that DonU(F, Ê) ∼= ConU(F, Ê), and
in [19] it is shown that this is dually isomorphic to Sp(I(K),E∗). So
the preceding proof is a reprise.

3.3. Example 1. For the quasivariety K1 with one unary relation A
and no equality, the lattice of subquasivarieties is a 3-element chain:
〈Ax〉, 〈Ax→ Ay〉, K1.

3.4. Example 2. For the quasivariety R1 with one unary relation A
and ≈, the lattice of subquasivarieties is given in Figure 1, from [18].

3.5. Example 3. For the quasivariety K2 with one unary relation A,
a constant e such that Ae holds (as a law of K2), and no equality, the
lattice of subquasivarieties is a 2-element chain: 〈Ax〉 and K2.

3.6. Example 4. Now add ≈ to the relations of K2 to form E1. There
are four subquasivarieties, ordered as 2 × 2, which are 〈x ≈ e〉, 〈Ax〉,
〈Ax→ x ≈ e〉, E1.
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〈H2〉 = 〈Ax〉

〈H0〉

R1

〈H1〉 = 〈x ≈ y〉

〈H4〉 = 〈Ax → x ≈ y〉

〈H3〉 = 〈Ax&Ay → x ≈ y〉〈Ax → Ay〉

1

Figure 1. Quasivariety lattice Lq(R1)

4. Models

In order to talk about varieties and quasivarieties as classes of struc-
tures, we need to adapt the terminology to a general setting, so as to
include languages that may not have equality.

For an implication β = 〈β1, . . . , βm〉, we say that a structure S satis-
fies β (and write S |= β) if for every homomorphism h : FU(ω)→ S we
have kerh ∈ λ(β), where λ(β) is as in the proof of Theorem 9. That
is, S |= β if and only if 〈εβ1, . . . , εβm〉(kerh) holds for every endomor-
phism ε of FU(ω) and homomorphism h : FU(ω)→ S.

If T ⊆ B is a set of implications, we say that a structure S is a model
of T if S |= β for every β ∈ T , i.e., kerh ∈ ⋂

β∈T λ(β).

Lemma 11. The following are equivalent.

(1) kerh ∈ λ(T ) for every h : FU(n)→ S and all finite n.
(2) kerh ∈ λ(T ) for every h : FU(ω)→ S.
(3) kerh ∈ λ(T ) for every h : FU(κ)→ S for κ arbitrarily large.

We will use a slightly weaker notion to replace isomorphism. Struc-
tures S and T are said to be equimorphic, written S ≡ T, if there exists
a nonempty set X and surjective homomorphisms f : FU(X)� S and
g : FU(X)� T such that ker f = ker g.

Lemma 12. If S ≡ T using X, and Y ⊇ X, then S ≡ T using Y .

Proof. Choose x0 ∈ X, and extend f by letting f ′(y) = f(x0) for all
y ∈ Y \X, and similarly for g. �
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Theorem 13. Equimorphism is an equivalence relation. Moreover, if
S ≡ T and β ∈ B, then S |= β if and only if T |= β.

Proof. We must show transitivity. This is subtle, the hard part being to
make the maps surjective! Assume S ≡ T ≡ U so that, by the lemma
for sufficiently large X, there are homomorphisms

f : FU(X)� S

g1 : FU(X)� T

g2 : FU(X)� T

h : FU(X)� U

with ker f = ker g1 and ker g2 = kerh.
Define an endomorphism ε : F → F thusly: for each x ∈ X, choose

ε(x) ∈ g−12 (g1(x)), and extend the map to an endomorphism. This is
possible because g2 is surjective and F is free. This makes g2ε = g1.
Similarly define η so that g1η = g2. Combining, g1 = g2ε = g1ηε.
Likewise g2 = g2εη.

Let X ′ be the union of two disjoint copies of X, say X ′ = X1∪̇X2.
Define homomorphisms f ′ : FU(X ′) � S and h′ : FU(X ′) � U by
extending the following maps:

f ′(x1) = f(x) h′(x1) = hε(x)

f ′(x2) = fη(x) h′(x2) = h(x).

We want to show that ker f ′ = kerh′.
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Accordingly, let R be an m-ary relation symbol of the type, and let
w1, . . . , wm ∈ F . We calculate:

(w1(x
1, y1, . . . , x2, y2, . . .), . . . , wm(x1, y1, . . . , x2, y2, . . .) ∈ ker f ′(R)

i.e., (f ′w1, . . . , f
′wm) ∈ RS, iff

(w1(x, y, . . . , ηx, ηy, . . .), . . . , wm(x, y, . . . , ηx, ηy, . . .) ∈ ker f(R)

= ker g1(R) = ker g2ε(R) iff

(w1(εx, εy, ..., εηx, εηy, ...),..., wm(εx, εy, ..., εηx, εηy, ...) ∈ ker g2(R)

iff

(w1(εx, εy, . . . , x, y, . . .), . . . , wm(εx, εy, . . . , x, y, . . .) ∈ ker g2(R)

since g2εη = g2, iff

(w1(εx, εy, . . . , x, y, . . .), . . . , wm(εx, εy, . . . , x, y, . . .) ∈ ker g2(R)

= kerh(R) iff

(w1(x
1, y1, . . . , x2, y2, . . .), . . . , wm(x1, y1, . . . , x2, y2, . . .) ∈ kerh(R)

i.e., (h′w1, . . . , h
′wm) ∈ RU.

We conclude that S ≡ U, as desired.
For the second statement of the theorem, assume S ≡ T with f :

FU(X) � S and g : FU(X) � T and ker f = ker g. Consider an
implication β = 〈β1, . . . , βn〉. By Lemma 12 we may assume that X
contains all the variables in β. Now S satisfies β if and only if for every
endomorphism ε of FU(X) and s ∈ F k, βi(εs) ∈ ker f for all i < n
implies βn(εs) ∈ ker f (cf. Corollary 8). Since ker f = ker g, S satisfies
β if and only if T satisfies β. �

4.1. Example. Suppose U is just sets with a single equivalence re-
lation E which is regarded as equality. Consider S = {a, b, c} with
ES = {aa, ab, ba, bb, cc} and T = {x, y} with ET = {xx, yy}. From
above, Zeus can see that the former consists of 3 elements with a and
b treated as equal, but from a perspective within the language we see
only a 2-element set. Thus S ≡ T but S 6∼= T.

Since every structure A ∈ U is a homomorphic image of FU(X) for
a sufficiently large set X, we have the following useful observation.

Lemma 14. Structures S and T in U are equimorphic if and only
if there exists a structure M ∈ U and surjective homomorphisms f :
M� S and g : M� T with ker f = ker g.

Our task in this section is to extend the standard description of
varieties and quasivarieties. Let Eq denote the equimorphism class
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operator, i.e., Eq(X) is the collection of all structures S such that
S ≡ T for some T ∈ X.

(In languages with equality we often omit the isomorphism operator
I, implicitly assuming that model classes are closed under isomorphism,
writing for example SPU(X) rather than ISPU(X). Likewise, later on
we may sometimes omit the equimorphism operator Eq and assume
that model classes are closed under equimorphism.)

Recall thatH denotes homomorphic images, S denotes substructures,
R denotes reduced products (which includes direct products P).

Lemma 15. The class operators satisfy the following inclusions.

(1) HEq(X) ⊆ EqH(X)
(2) SEq(X) ⊆ EqS(X)
(3) REq(X) ⊆ EqR(X)

The reverse inclusions may also be true, but this is the direction we
want.

Proof. In each case below we assume that S ≡ T is witnessed by a
structure M and surjective homomorphisms f : M � S and g : M �
T with ker f = ker g.

(1) Assume that A ∈ HEq(X), which means that there exist S ≡
T ∈ X and a surjective homomorphism h : S� A. Then hf : M� A,
and since ker g ≤ kerhf , there exists k : T � A such that kg = hf .
So A ∈ H(X) ⊆ EqH(X).

(2) Assume that A ∈ SEq(X), which means that there exist S ≡
T ∈ X and A ≤ S. Take N = f−1(A), so that N ≤ M, and let
B = g(N). Then we have B ≤ T, and f |N : N� A and g|N : N� B
and ker f |N = ker g|N. Hence A ≡ B ≤ T, so that A ∈ EqS(X).

(3) Assume that A ∈ REq(X), which means that there exist Si ≡
Ti ∈ X for i ∈ I, and a filter G on I, such that A =

∏
Si/ ≡G.

(Unfortunate notational clash here.) Let

B =
∏

Ti/ ≡G M =
∏

Mi

f =
∏

fi g =
∏

gi

Let γ :
∏

Si →
∏

Si/ ≡G and γ′ :
∏

Ti →
∏

Ti/ ≡G be the canonical
maps. Then

• B ∈ R(X),
• γf : M� A,
• γ′g : M� B,
• ker γf = ker γ′g,
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whence A ≡ B ∈ R(X). We conclude that A ∈ EqR(X), as desired.
�

This brings us to the basic results on quasivarieties and varieties.

Theorem 16. Let T ⊆ B be a set of implications, and let K denote
the class of all models of T . Then K is closed under equimorphism,
substructures and reduced products, so that EqSR(K) = K.

Conversely, assume that M is a class of U-structures closed under
equimorphism, substructures and reduced products. Let

A = {θ ∈ ConU F(ω) : F/θ ∈M}.
Then A is an E∗-closed algebraic subset of ConU F, and hence M is the
set of all models of ρ(A).

Proof. For the first part, let us check reduced products. Assume that
Si (i ∈ I) are in K, let G be a filter on I, and let β ∈ T . To say
that β1(εs)& · · ·&βn−1(εs) holds in F/ ≡G means that for all j < n
the set Hj = {i ∈ I : (εs)i ∈ RSi

j } is in G. Then H =
⋂
j<nHj is in

G and (εs)i ∈ RSi
j for all j < n and i ∈ H. Since each Si satsifies β,

we conclude that (εs)i ∈ RSi
n for all i ∈ H, wherefore βn(εs) holds in

F/ ≡G.
Closure under equimorphism is the second statement of Theorem 13.

Substructure closure is clear, and that the trivial structure is in K.
For the converse, the closure of A under intersections follows from

the closure of M under subdirect products. (Note that the empty direct
product is by definition in M.)

Given a directed set of U-congruences in A, let Φ =
⋃
i∈I ϕi. Thus

for any relation symbol R in the type of U (including possibly ≈) and
any t ∈ F k of the appropriate arity, t ∈ Φ(R) if and only if there exists
i0 ∈ I such that t ∈ ϕi0(R). Then Φ is a congruence (contains the
relations RF); we must show that it is in A.

Consider
∏

i∈I F/ϕi, recalling that F/ϕi is in M for all i. For a subset
X ⊆ I, let X be in the set G if there exists i0 such that X ⊇ {i ∈ I :
ϕi ≥ ϕi0}. By the directedness of the set of congruences, the set G is a
filter, so we can form the reduced product

∏
i∈I(F/ϕi)/ ≡G. There is

a natural embedding h : F → ∏
i∈I(F/ϕi)/ ≡G, and kerh = Φ by the

remarks in the preceding paragraph. Thus F/Φ is a substructure of a
reduced product of structures in M. This implies F/Φ is in M, whence
Φ ∈ A, as desired.

It remains to show that A is E∗-closed. We are given that M is closed
under Eq, S and R. We want to show that if θ ∈ A, i.e., F/θ ∈ M,
and ε ∈ End F, then F/ε∗θ ∈ M, so that ε∗θ ∈ A. Recall that, for a
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relation symbol R, ε∗θ(R) = {t ∈ F k : εt ∈ θ(R)}, whence t ∈ ε∗θ(R)
iff εt ∈ θ(R). Claim:

(i) ε(F)/θ|ε(F) ≤ F/θ,
(ii) F/ε∗θ ≡ ε(F)/θ|ε(F).

The identity mapping provides the embedding for (i), along with the
definition of the induced relations on a substructure.

For (ii), let f : F � F/ε∗θ be the natural homomorphism (which
is the identity on the elements but expands the relations). For any
relation symbol, ker f(R) = {t ∈ F k : εt ∈ θ(R)}, by definition. On
the other hand, we have the natural map f : F� F/θ and ε : F→ F.
Let g = hε, so that g : F � ε(F)/θ|ε(F) with exactly the same kernel
as f . The fact that ker f = ker g witnesses (ii). �

Likewise, there is Birkhoff’s theorem for general structures.

Theorem 17. Let T be a set of atomic formulas, and let K denote the
class of all models of T . Then K is closed under equimorphism, homo-
morphic images, substructures and direct products, so that EqHSP(K) =
K.

Conversely, assume that M is a class of U-structures closed under
equimorphism, homomorphic images, substructures and direct products.
Let

G = {θ ∈ ConU F(ω) : F/θ ∈M}.
Then G is a principal filter ↑ϕ of ConU F with ϕ fully invariant. Hence
M is the set of all models of ρ(G).

Proof. The first statement is clear.
For the second statement, the closure of M under S and P implies

that G has a least element, say θ. Closure of M under H ensures that
↑ϕ ⊆ G. The argument from the last part of the proof of Theorem 16
shows that ϕ is fully invariant. �

Putting all this together yields our basic result, generalizing Hoehnke
[17] and Adaricheva and Nation [7].

Theorem 18. Let U be a quasivariety, and let F be the countably
generated free U-structure, E its endomorphism monoid.

(1) Lv(U) is isomorphic to the lattice of fully invariant (E∗-closed)
principal filters of ConU F ordered by set containment.

(2) Lq(U) is isomorphic to Sp(ConU F,E∗).

Corollary 19. For any quasivariety U, the lattices Lv(U) and Lq(U)
are dually algebraic.
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For Lv(U) we appeal to Corollary 3, while Sp(L, H) is dually isomor-
phic to the congruence lattice of a semilattice with operators when L
is algebraic ([19], but related facts were known in antiquity).

Note: Thise are not the standard versions of the model theorem for
implicational classes and atomic classes in languages without equality.
The following version is Theorem 9 from Dellunde and Jansana [10].
It uses the expansion and contraction class operators, Ex and C.

A homomorphism h : M → N is strict provided a ∈ RM iff h(a) ∈
RN for every a ∈ Mk and k-ary relation symbol R. For a class K, let
N ∈ Ex(K) if there is a surjective strict homomorphism h : M → N
with N ∈ K, and let N ∈ C(K) if there is a surjective strict homomor-
phism h : M→ N with M ∈ K.

Theorem 20. A class Q is a quasivariety, i.e., the class of all models
of an implicational theory, if and only if it is closed under the class
operators Ex, C, S, P, U. The smallest quasivariety containing a class
K is ExCSPU(K).

It is not hard to see that this characterization is equivalent to our
formulation using equimorphism.

5. Basic consequences of the representations

This section and the next stolen wholesale from HN monograph. Steal
a newer version and disguise it.

The fact that a subquasivariety lattice Lq(K) is dually isomorphic
to the congruence lattice of a semilattice with operators immediately
implies that Lq(K) is dually algebraic and join semidistributive, i.e.,
satisfies

(SD∨) x ∨ y ≈ x ∨ z → x ∨ y ≈ x ∨ (y ∧ z).

Indeed, since being dually algebraic implies lower continuity, Lq(K)
satisfies the more general join semidistributive law

u ≈ x ∨ zi for all i ∈ I implies u ≈ x ∨
∧
i∈I

zi.

A complete lattice L has the Jónsson-Kiefer Property if every ele-
ment a ∈ L is the join of elements that are (finitely) join prime in the
ideal ↓a. This property holds in all finite join semidistributive lattices
[20].

An easy argument shows that in any complete lattice, the Jónsson-
Kiefer Property implies join semidistributivity. On the other hand,
there is a dually algebraic, join semidistributive lattice that has no
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join prime elements [6]. Thus the Jónsson-Kiefer Property is strictly
stronger than join semidistributivity.

Gorbunov showed that the property holds in lattices of subquasiva-
rieties [14].

Corollary 21. For any quasivariety U, the lattice Lq(U) has the Jónsson-
Kiefer Property, and thus is join semidistributive.

We can sketch the proof that the Jónsson-Kiefer property holds in
lattices Sp(K, H) with K an algebraic lattice and H a set of operators
as follows. First, we need Gorbunov’s lemma that the join of finitely
many algebraic subsets in the lattice Sp(K) is given by

X1 ∨ · · · ∨Xn = {x1 ∧ · · · ∧ xn : xj ∈ Xj for 1 ≤ j ≤ n},
along with the observation that the join of H-closed algebraic sets is
H-closed. Hence if q ∈ K is meet irreducible, then q ∈ X1 ∨ · · · ∨Xn

implies q ∈ Xj for some j. Therefore the H-closed algebraic subset
generated by q is join prime in Sp(K, H). But every element of an
algebraic lattice is a meet of completely meet irreducible elements.
Thus the join of all the join prime algebraic sets in Sp(K, H) is K
itself. Finally, an algebraic subset of an algebraic lattice is itself an
algebraic lattice. Relativizing the argument to a principal ideal ↓A in
Sp(K, H) gives the statement in the property.

For a more complete discussion of the Jónsson-Kiefer property, see [6].
Recall that a lattice is atomic if it has a least element 0 and for

every x > 0 there exists an atom a such that x ≥ a � 0. Gorbunov’s
argument that Lq(U) is atomic [15] uses the special quasivariety x ≈ y,
and need not apply to implicational theories without equality.

Theorem 22. If the quasivariety K has an equality relation, then
Lq(K) is atomic.

Proof. Let O denote the least subquasivariety of K, and let O < Q ≤ K.
If it happens that Q∩ 〈x ≈ y〉 = O (including the case when O = 〈x ≈
y〉), then since 〈x ≈ y〉 is finitely based and hence dually compact,
there is a quasivariety H such that O ≺ H ≤ Q.

On the other hand, if O < Q ∩ 〈x ≈ y〉, then Q contains a 1-element
structure S in which not all the relations of the language of K hold.
Letting T0 denote the 1-element structure in which all the relations
hold, we see that {S,T0} is a subquasivariety of Q (it is closed under
S, P, U) which is of course an atom of Lq(K). �

We note that a lattice Sp(L, H) of H-closed algebraic sets need not
be atomic. Here is an example from [7]. Let Ω be ω+ 1 with the single
operator h such that h(k) = k + 1 for k < ω and h(ω) = ω. Then
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Sp(Ω, {h}) ∼= (ω+ 1)d, which is not atomic. However, as in Section 14,
this lattice can be represented as Lq(U) for an implicational theory
without equality.

6. Representations

There are partial converses to Theorem 18 from [7, 24].

Theorem 23. For every algebraic lattice with operators 〈S, H〉, there
is a quasivariety U (without equality) such that Sp(S, H) ∼= Lq(U).

Theorem 24. Let S be an algebraic lattice with 1S compact, and let G
be a group of operators on S such that every element of G fixes both
0S and 1S. Then there is a quasivariety W (with equality) such that
Sp(S, G) ∼= Lq(W).

Recall that a complete lattice is atomistic if every element is a join
of atoms. Note that any lattice Sp(S) (with no operators) is atomistic.
Two basic results apply to atomistic subquasivariety lattices. Thhe
first is a classic result of Gorbunov and Tumanov [16].

Theorem 25. The following are equivalent for a dually algebraic lattice
L.

(1) L ∼= Sp(S) for some algebraic lattice S.
(2) L ∼= Lq(K) for some quasivariety K of one-element relational

structures.

A nice variation that includes finite atomistic lattices is due to Adaricheva,
Gorbunov and Dziobiak [3].

Theorem 26. Let L be an algebraic, atomistic lattice. The following
are equivalent.

(1) L ∼= Lq(K) for some quasivariety K with equality.
(2) L ∼= Lq(U) for a quasivariety U of one-element structures (with

equality is in the language and U satisfying x ≈ y.)
(3) L ∼= Sp(S) for some algebraic lattice S satisfying the ascending

chain condition and in which the meet of every infinite descend-
ing chain is 0.

(4) L is a dually algebraic lattice that supports an equaclosure op-
erator.

By direct construction, Tumanov [28] obtained the following nice
result; see also [19].

Theorem 27. Every finite distributive lattice is isomorphic to Lq(K)
for some quasivariety K.
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Other constructions yield representations of some particular lattices,
as for example in [7]. In Section 20 we will show that every distributive
dually algebraic lattice can be represented as Sp(S, H) with S an alge-
braic lattice and H a monoid of operators. On the other hand, we have
already seen that (ω + 1)d is not isomorphic to any subquasivariety
lattice Lq(K), since it is not atomic.

1

Figure 2. Lattice that is isomorphic to Lq(K) for a
quasivariety K, but not to Lq(Q) for any locally finite
quasivariety Q of finite type.

The near-leaf lattice in Figure 2 is isomorphic to Lq(K) for a quasi-
variety K with equality constructed in [7], but it is not lower bounded
since it contains the lattice Co(4) of convex subsets of a 4-element
chain. Hence L 6∼= Lq(Q) for any locally finite quasivariety Q of finite
type. The similar leaf lattice 1 + Co(4) of Figure 16 is isomorphic to
Sp(S, H) for a pair (S, H) also from [7], and hence to a lattice of sub-
quasivarieties in a language without equality [24]. But we don’t know
whether it can be represented by subquasivarieties in a language with
equality.

7. Aside: Dually compact elements of Sp(S, H)

While we could find the dually compact elements of Sp(S, H) by
translating from congruence lattices of semilattices with operators, it
is instructive to do this directly. For c, d ∈ S let

[c→ d] = {x ∈ S : c ≤ h(x) implies d ≤ h(x) for all h ∈ H}.
Here we assume that the identity map is in the monoid H.
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Theorem 28. An H-closed algebraic set A is dually compact in Sp(S, H)
if and only if A =

⋂n
i=1[ci → di] for finitely many pairs of compact el-

ements ci, di ∈ S.

Note that without loss of generality we can take each ci ≤ di.

Proof. Let us first show that [c → d] is a dually compact H-closed
subset when c, d are compact; it then follows from general principles
that finite meets of these are so. It is straightforward that [c → d] is
closed under arbitrary meets and the operators of H.

Suppose {ej : j ∈ J} is a nonempty directed set with each ej ∈
[c → d], and let h ∈ H. Then {h(ej) : j ∈ J} is also directed. If
c ≤ ∨

j h(ej), then by the compactness of c we have c ≤ h(ej0) for

some j0, whence d ≤ h(ej0) ≤
∨
j h(ej). Thus [c → d] is closed under

directed joins.
Now let Bk (k ∈ K) be a collection of H-closed algebraic subsets,

and suppose
⋂
k∈F Bk 6⊆ [c → d] for every finite subset F ⊆ J . For

each such F , let yF be the least element of
⋂
k∈F Bk that is above c and

not above d. Note that F ⊆ G implies yF ≤ yG, so this is a directed
set. Letz =

∨
F yF . By directedness and construction, z ∈ ⋂

k∈K Bk.
But c ≤ z, while by compactness d � z. Hence z ∈ ⋂

k∈K Bk \ [c→ d],
so that

⋂
k∈K Bk 6⊆ [c→ d], as desired.

Conversely, consider any A ∈ Sp(S, H). Let us show that there
are compact elements such that A =

⋂
i[ci → di]. Then A will be

dually compact exactly when this meet can be taken to be finite. Since
S = [0→ 0], we may assume A ⊂ S properly. Let x /∈ A, and let α(x)
be the least element of A with x < α(x). Choose a compact element d
with d ≤ α(x), d � x.

Let {ei : i ∈ I} be the set of compact elements below x. We claim
that there is an i such that A ⊆ [ei → d], while of course x /∈ [ei → d].
suppose to the contrary that A 6⊆ [ei, d] for all i. For each i, let ai
be the least element of A such that ei ≤ ai, d � ai. Since the set of
elements ei is directed, so is the set of elements ai, whence

∨
ai ∈ A.

Also ei ≤ x ≤ α(x) for each i, so ai ≤ α(x). Since
∨
ei = x, we

conclude that
∨
ai = α(x). But then, by the compactness of d we

have d ≤ ai for some i, a contradiction. Thus there is an i0 such that
A ⊆ [ei0 , d].

Doing this for all x /∈ A yields a collection such that A =
⋂
i[ci → di],

as desired. �



A PRIMER OF SUBUASIVARIETY LATTICES 21

8. Meet dependency in Sp(S, H)

The next lemma may (or may not!) prove to be useful in considering
refinement.

Given finitely many compact elements ai1, ai2 (i ∈ I) with ai1 ≤ ai2,
and e1, e2, construct an increasing sequence of subsets thusly:

J0 = {i ∈ I : ai1 ≤ e1}
Jm+1 = {i ∈ I : ai1 ≤ e1 ∨

∨
j∈Jm

aj2}.

Then J0 ⊆ J1 ⊆ · · · , and since I is finite this sequence terminates at a
set J .

Lemma 29. Let I be a finite index set and ai1, ai2, e1, e2 compact
elements of S. Then ⋂

i

[ai1 → ai2] ⊆ [e1 → e2]

if and only if

e2 ≤ e1 ∨
∨
j∈J

aj2

for the set J constructed above.

Proof. First, assume
⋂
i [ai1 → ai2] ⊆ [e1 → e2], and consider x =

e1 ∨
∨
j∈J aj2. Clearly e1 ≤ x and x ∈ [aj1 → aj2] whenever j ∈ J ,

since aj2 ≤ x. But if i /∈ J , then ai1 � x by constrction, whence
x ∈ [ai1 → ai2] in this case as well. Thus x ∈ ⋂

i [ai1 → ai2], and so
x ∈ [e1 → e2]. Since e1 ≤ x, we conclude that e2 ≤ x, as desired.

Conversely, assume e2 ≤ e1 ∨
∨
j∈J aj2. Consider an element z ∈⋂

i [ai1 → ai2], and suppose e1 ≤ z. Then ai1 ≤ z for every i ∈ J0,
whence ai2 ≤ z for every i ∈ J0, so that e1∨

∨
j∈J0 aj2 ≤ z. Inductively,

e1∨
∨
j∈Jn aj2 ≤ z for every n. By our assumption, e2 ≤ e1∨

∨
j∈J aj2 ≤

z. We conclude that z ∈ [e1 → e2]. �

(A closely related result is Lemma 3.17 of Adaricheva, Gorbunov and
Tumanov [5], reproduced as Lemma 4-2.21 in [8].: If S is upper con-
tinuous, then the completely meet irreducible elements of Sp(S) (with
no operators) are of the form [a→ b] where a is compact and a ≺ b.)

9. Equaclosure operators

Wies law Dziobiak [11] observed that there is a natural closure op-
erator γ on the lattice Lq(K) of subquasivarieties of a quasivariety K,
viz., for Q ≤ K let γ(Q) = K ∩ HSP(Q). Moreover, there is a least
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subquasivariety L = τ(Q) with γ(L) = γ(Q), which is the quasivari-
ety generated by the Q-free structure FQ(ω). The map γ is called the
natural equaclosure operator on Lq(K).

Adaricheva and Gorbunov [4] defined an equaclosure operator ab-
stractly to have those properties that are known to hold for the natural
equaclosure operator on the lattice of subquasivarieties of a quasiva-
riety. Not every lattice supports an equaclosure operator (e.g., M3),
and its existence has structural consequences for those that do. The
modern version is given below. Lattices of subquasivarieties are dually
algebraic, and since property (I7) refers to that, equaclosure operators
are defined for dually algebraic lattices. The property (K9) implies a
couple of the original conditions (biatomicity and the so-called 4-atom
condition), so those are omitted [7].

An equaclosure operator on a dually algebraic lattice L is a map
γ : L→ L satisfying the following properties.

(I1) x ≤ γ(x).
(I2) x ≤ y implies γ(x) ≤ γ(y).
(I3) γ2(x) = γ(x).
(I4) γ(0) = 0.
(I5) γ(x) = u for all x ∈ X implies γ(

∧
X) = u.

(I6) γ(x) ∧ (y ∨ z) = (γ(x) ∧ y) ∨ (γ(x) ∧ z).
(I7) The image γ(L) is the complete meet subsemilattice of L gener-

ated by γ(L)∩K, where K is the semilattice of dually compact
elements of L.

(I8) There is a dually compact element w ∈ L such that γ(w) = w
and the interval [0, w] is isomorphic to the lattice Sp(S) of all
algebraic subsets of an algebraic lattice S.

(K9) For any index set I, γ(x ∧∨
i∈I τ(x ∨ zi)) ≥ x ∧∨

i∈I τ(zi).

The special case of (K9) when |I| = 1 is

(‡) γ[x ∧ τ(x ∨ z)] ≥ x ∧ τ(z).

In Section 12 we present another property of the natural equaclosure
operator, which should then be added to the list.

(K19)=(PDC) If τb ≤ τd and γc ≤ γd ≤ γ(a ∨ c) and c ∧ γb ≤ γa, then
γb ≤ γa.

Aside: Condition (K19) is independent of the rest. Subsection 12.1
gives some additional properties of the natural equaclosure operator
that we have found, that turned out to be consequences of those listed
above.
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Figure 3. τ(a ∨ b) ≤ τ(a) ∨ τ(b)

(£) If τa < τb, then for every s ∈ L there exists s′ ≤ τs such that
τ(a ∨ s′) ≤ τ(b ∨ s).

(U) If τa < τb and γb = γ(r∨s), then τa ≤ τ(τr∧γa)∨ τ(τs∧γa).
(JCC) If γa ∨ γb = γz > γc is a minimal join cover in γ(L), then

τz � τc.

Properties (I1)–(I4) say that γ is a closure operator with γ(0) = 0.
Property (I5) means that the operation τ is implicitly defined by γ, via

τ(x) =
∧
{z ∈ L : γ(z) = γ(x)}.

Thus τ(x) is the least element z such that γ(z) = γ(x); more generally,
γ(z) = γ(x) iff τ(x) ≤ z ≤ γ(x). The equivalence relation given by
x ≡ y iff γ(x) = γ(y) is called the equapartition of L determined by γ.

It is important to note that the map τ need not be order-preserving.
Instead, we have only τ(

∨
X) ≤ ∨

x∈X τx; see Figure 3.
The element w in (I8) corresponds to the quasivariety x ≈ y, which

for types that include relations need not be the least subquasivari-
ety. Property (I8) may not hold for the natural closure operator γ on
Sp(S, H), described in the paragraph following Theorem 30, but the
remaining properties are satisfied.

Thus we make these distinctions.

• A pre-equaclosure operator satisfies (I1)–(I7).
• A weak equaclosure operator satisfies (I1)–(I7), (K9) and (K19).
• A (strong) equaclosure operator satisfies (I1)–(I8), (K9) and

(K19).
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Fortunately, for finite lattices we can always take w = 0L in (I8),
making the distinction moot.

To clarify the situation, here is the proper statement.

Theorem 30. (1) If K is a quasivariety with equality, then the natural
equaclosure operator on Lq(K) is a strong equaclosure operator.

(2) If U is a quasivariety without equality, then the natural weak
equaclosure operator on Lq(U) need not satisfy (I8).

Theorem 18 represents every subquasivariety lattice Lq(K) as the lat-
tice Sp(S, H) of all H-closed algebraic subsets of an algebraic lattice S,
where H is a monoid of operators that preserve arbitrary meets (includ-
ing 1 =

∧
∅) and nonempty directed joins. Under this representation,

the natural equaclosure operator on Lq(K) corresponds to a natural
weak equaclosure operator for a lattice of algebraic subsets Sp(S, H),
which can be described easily. Each H-closed algebraic subset A has
a least element a0 ∈ S. Then γ(A) = ↑ a0 is the filter generated by
a0. (Not every principal filter ↑ x is H-closed, but ↑ a0 is. Thus a0
is the analogue of fully invariant.) The least H-closed algebraic set T
with γ(T ) = γ(A) is T = τ(A) = Ag(a0), the H-closed algebraic sub-
set generated by a0. This in turn is given by τ(A) = DMO(a0) where
D is joins of nonempty directed sets, M is meets, O is applying the
operators of H. The equapartition on Sp(S, H) has blocks consisting
of all H-closed algebraic subsets with the same least element.

Figure 4 gives examples of how (‡) can fail in a pair (L, γ). The
curved lines indicate the equapartition determined by γ. The boolean
algebra can be represented as a lattice of subquasivarieties, as can all
finite distributive lattices [19, 28], but not with the given equaclosure
operator. The second lattice supports four equaclosure operators. The
operator in the figure fails (‡); the other three, with γ(x ∧ t) = x or
two versions with γ(x ∧ t) = 1, satisfy (‡) and can be represented as
Sp(S, H). (The construction project easily represents two of these pairs
as Lq(K), and possibly the third. See Section 24.) The third lattice in
the figure, from [7], supports only this closure operator satisfying the
remaining properties. This pair fails (‡), and hence the lattice cannot
be so represented at all.

10. DMO

Suppose we are given Sp(S, H) with S algebraic and H a monoid of
operators. For X ⊆ S, we know that Ag(X) = DMO(X), that is, the
H-closed algebraic subset generated by X consists of all directed joins
of meets of elements h(x) with x ∈ X. It is convenient to think of
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Figure 4. Lattices with equaclosure operators that fail (‡).

DMO as a derived set of maps, like polynomials. This requires a little
care.

The maps in H are ordered pointwise, so we can take meets and joins
of subsets of H. Moreover, it makes sense to talk about an up-directed
set of maps. For convenience, we assume that the identity map i and
the constant map 1 are in H.

Let DMO = DMO(H) consist of all h : S → S such that h is the
join of an up-directed set of meets of maps from H. The next lemma
gives some basic properties of DMO.

Lemma 31. Let H be a monoid of continuous operators on an al-
gebraic lattice S. Suppose Kj (j ∈ J) is a down-directed collection
of subsets of H, i.e., for all i, j ∈ J there exists ` ∈ J such that
Ki ∩Kj ⊇ K`. Define new operators by

hj(x) =
∧
g∈Kj

g(x)

ĥ(x) =
∨
j∈J

hj(x).
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Then

(1) {hj(x) : j ∈ J} is up-directed for any x ∈ S.
(2) If A is an H-closed algebraic subset of S and x ∈ A, then

ĥ(x) ∈ A.

(3) ĥ(
∧
X) =

∧
x∈X ĥ(x) for any finite subset X ⊆ S.

(4) If {d` : ` ∈ L} is an up-directed subset of S, then ĥ(
∨
d`) =∨

ĥ(d`).

Proof. Items (1), (2) and (4) are straightforward. For (3), we calculate
as follows:

ĥ(x) ∧ ĥ(y) =
∨
j

hj(x) ∧
∨
k

hk(y)

=
∨
k

((
∨
j

hj(x)) ∧ hk(y)) by continuity

=
∨
k

∨
j

(hj(x) ∧ hk(y)) by continuity

≤
∨
`

(h`(x) ∧ h`(y)) by directedness

=
∨
`

h`(x ∧ y)

≤ (
∨
`

h`(x)) ∧ (
∨
`

h`(y))

= ĥ(x) ∧ ĥ(y).

�

The next lemma deals with the situation when x ∈ Ag(y).

Lemma 32. Let H be a monoid of continuous operators on an alge-
braic lattice S. Suppose the following situation occurs.

(1) x, y ∈ S,
(2) x =

∨
j∈J dj where {dj : j ∈ J} is up-directed,

(3) for each j ∈ J , dj =
∧
g∈Gj

g(y) with Gj ⊆ H.

For each j ∈ J , let Kj = {f ∈ H : f(y) ≥ dj}. Define hj =
∧
Kj and

ĥ =
∨
j∈J hj as in the previous lemma. Then

(4) {Kj : j ∈ J} is down-directed,
(5) hj(y) = dj for all j,

(6) ĥ(y) = x.



A PRIMER OF SUBUASIVARIETY LATTICES 27

Proof. Clearly di ≤ dj implies Ki ⊇ Kj. On the other hand, Gj ⊆ Kj,
so for each j we have dj ≤

∧
f∈Kj

f(y) ≤ ∧
g∈Gj

g(y) = dj. This gives

(4) and (5), and Lemma 31(4) yields (6). �

Theorem 33. For x, y ∈ S, we have x ∈ Ag(y) if and only if x = h(y)
for some h ∈ DMO.

Lemma 34. Every map in DMO preserves finite meets of elements.

Proof. This is Lemma 31(3) plus a more obvious calculation for meets
of maps. �

Let us illustrate how the lemmas are used by proving that (‡) from
(K9) must hold in a representable pair (L, γ). (The proof of the full
condition (K9) in [25] involves complications that mask the simplicity
of the argument.)

Theorem 35. If (L, γ) can be represented as Sp(S, H) with S algebraic
and H a monoid of continuous operators, then

(‡) γ[x ∧ τ(x ∨ z)] ≥ x ∧ τ(z).

Proof. Let X, Z be H-closed algebraic sets in Sp(S, H), and let x0 and
z0 denote the least elements of X and Z, respectively. Consider an
element x ∈ X ∧ τ(Z). Then x ∈ Ag(z0), whence x ∈ DMO(z0). By

Lemma 32 there is a map ĥ ∈ DMO such that x = ĥ(z0).

Now ĥ(x0 ∧ z0) = ĥ(x0) ∧ x, so ĥ(x0 ∧ z0) ∈ X ∧ τ(X ∨ Z) and

ĥ(x0 ∧ z0) ≤ x. Hence x ∈ γ(X ∧ τ(X ∨ Z)), as desired. �

Unfortunately, maps in DMO need not preserve infinite meets nor
directed joins of elements. To see that meets need not be preserved,
let S = (ω + 1)d with elements 0 > −1 > −2 > · · · > −ω. For j ∈ ω,
define maps

hj(x) =

{
0 if x ≥ −j
−ω if x < −j.

Note h0 ≤ h1 ≤ h2 ≤ · · · , so that if we let Kj = {hk : k ≥ j} then

hj =
∧
Kj. Let ĥ =

∨
hj and consider X = ωd = {0,−1,−2, . . .}.

Then ĥ(
∧
X) = ĥ(−ω) = −ω, while

∧
x∈X ĥ(x) = 0 since hj(x) = 0

eventually for every x > −ω. Thus a directed join of maps in H need
not preserve arbitrary meets.

Likewise, an infinite meet of maps in H need not preserve directed
joins. Let S = ω + 1, and for j ∈ ω define

kj(x) =

{
x if x > j,

0 if x ≤ j
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and let m =
∧
j∈ω kj. Then m(

∨
j) = m(ω) = ω while m(ω) = ω.

Thus a meet of infinitely many maps in H need not preserve directed
joins.

Straightforward arguments show that finite meets of maps in H pre-
serve arbitrary meets and directed joins of elements. The table below
summarizes the information on what reserves what: rows correspond
to maps, columns to elements. But there is a lot more to be understood
about the role of DMO.

maps\elts fin meets arb meets dir joins

fin meets X X X
arb meets X X X
dir joins X X X

Figure 5. Whether operations on maps in H (rows)
preserve operations on elements of S (columns)

Aside. A map h on an algebraic lattice S preserves directed joins iff
it is determined by its values on compact elements, i.e., h(s) =

∨{h(c) :
c ≤ s, c compact}. This is used in Section 20; see Lemma 82.

11. Companion lattices

Like any closure operator, an equaclosure operator produces a a lat-
tice of closed sets. Given a pair (L, γ) the lattice γ(L) is called the
companion lattice. It is useful to think of the elements of γ(L) as
classes of the equapartition, which will be denoted by [x]. So [x] ≤ [y]
iff γx ≤ γy. To confuse matters further, for purposes that will become
apparent later, it is useful to choose τx as the canonical representative
of [x]. Thus we label the class as [τx].

Worse, as we shall see below, we need the dual lattice γd(L). Denote
its elements by x̂ with x ∈ T = τ(L). Now x̂ ≤ ŷ iff γx ≥ γy. Since
τ(x ∨ y) 6= τx ∨ τy in general, we need the map

τ̂(w) = τ̂(w).

These conventions are illustrated in Figure 6.
The next lemmate tell us how to calculate in the companion lattices.

Lemma 36. If γ is an equaclosure operator on L, then in γ(L):

(1) [0] is the least element and [τ(1)] is the greatest element.
(2)

∨
γ(L)[xi] = [

∨
L xi]

(3)
∧
γ(L)[xi] = [

∧
L γxi]
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[0]

[b]

[z]

1

ẑ

b̂

0̂

1

Figure 6. Conventions for L, γ(L), γd(L).

Lemma 37. If γ is an equaclosure operator on L, then in γd(L):

(1) τ̂(1) is the least element and [0̂] is the greatest element.
(2)

∨
γd(L) x̂i = τ̂(

∧
L γxi)

(3)
∧
γd(L) x̂i = τ̂(

∨
L xi)

(At this point the reader should be thinking, “It was stupid to use
the τx’s as labels.” Be patient.)

The proofs are straightforward. Let us illustrate this with the proof
of the last one, x̂ ∧ ŷ = τ̂(x ∨ y). Assume x = τx, y = τy, u = τu. We
calculate:

û ≤ x̂ & û ≤ ŷ iff γu ≥ γx & γu ≥ γy

iff γu ≥ x & γy

iff γu ≥ x ∨ y
iff γu ≥ γ(x ∨ y)

iff û ≤ τ̂(x ∨ y).

We are of course primarily interested in the case when L = Sp(S, H)
where S an algebraic lattice and H a monoid of operators, with γ the
natural weak equaclosure operator given by γ(X) =↑x0 where x0 is the
least element of X.

For an element x of S, Ag(x) denotes the H-closed algebraic set gen-
erated by x. Note that the least element of Ag(x) is x0 =

∧
h∈H h(x),

since for this x0 the filter ↑x0 is an H-closed algebraic subset containing
x.

The next lemma tells us how to interpret the abstract notions in
(Sp(S, H), γ).
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Figure 7. Example of Theorem 42, that K ∼= γd(Sp(K)).

Lemma 38. Let L = Sp(S, H) and let γ be the natural weak equaclo-
sure operator. Let X, Y be H-closed algebraic subsets of S with least
elements x0, y0 respectively.

(1) γX =↑x0.
(2) τX = Ag(x0).
(3) γX ≤ γY iff x0 ≥ y0.
(4) τX ≤ τY iff x0 = h(y0) for some h ∈ DMO.

This brings us to the main result linking γ(L) and S.

Theorem 39. Let L = Sp(S, H) and let γ be the natural weak equa-
closure operator. Define f : γ(L)→ S via f [X] = x0. Then f is a dual
complete lattice embedding.

Proof. Clearly f is one-to-one and order reversing.
The equation f(

∧
γ(L)[Xi]) =

∨
S xi0 says that the least element of⋂ ↑xi0 is

∨
xi0, and that ↑∨xi0 is H-closed.

The equation f(
∨
γ(L)[Xi]) =

∧
S xi0 says that ↑∧xi0 is H-closed.

For if y ∈ S and y ≥ ∧
xi0 and h ∈ H, then h(y) ≥ h(

∧
xi0) =∧

h(xi0) ≥
∧
xi0, as desired. �

Corollary 40. The map fd : γd(L)→ S via f(X̂) = x0 is a complete
lattice embedding.

Corollary 41. The companion γd(L) is algebraic, and hence γ(L) is
dually algebraic.

This despite the fact that γ(L) need not be a dually algebraic subset
of L.

However, the companion γd(L) can be any algebraic lattice, due to
the following observation of Adaricheva and Gorbunov [4].
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Theorem 42. Let K be an algebraic lattice and S = Sp(K) (with no
operators). For the natural equaclosure operator, γd(S) ∼= K.

Theorem 42 is illustrated for a small lattice in Figure 7.
To recapitulate, if L = Sp(S, H) with S algebraic, H a monoid of

operators and γ the natural weak equaclosure operator, then G =
f(γ(L)) = {x0 : [X] ∈ γ(L)} is a complete sublattice of S dually
isomorphic to γ(L). Note that L and γ(L) are dually algebraic, and
thus generated by their completely join irreducible elements, while S
and F are algebraic, and hence generated by their completely meet
irreducibles. The next lemma gives a little more information about
this relation.

Lemma 43. Let L = Sp(S, H) and let γ be the natural weak equaclo-
sure operator. Let f : γ(L) → S via f [X] = x0 and let G = f(γ(L)).
For an algebraic subset X in L, f [X] = x0 is meet irreducible in G if
and only if τX is join prime in L.

Proof. First suppose that τX is join prime in L, and that x0 = y0 ∧ z0
in G. This implies both τX ≤ Y ∨ Z and Y , Z ∈ γX. Thus either
τX ≤ Y ≤ γX or τX ≤ Z ≤ γX, so that [X] = [Y ] or [X] = [Z],
whence x0 = y0 or x0 = z0. Therefore x0 is meet irreducible in G.

Conversely, assume that x0 is meet irreducible in G. Suppose τX ≤
Y ∨ Z. Then

τX ≤ γX ∧ (Y ∨ Z) = (γX ∧ Y ) ∨ (γX ∧ Z) ≤ γX.

Let Y ′ = γX ∧ Y and Z ′ = γX ∧ Z. From the above, [Y ′ ∨ Z ′] = [X],
so that y′0 ∧ z′0 = x0. Since x0 is meet irreducible in G, either y′0 = x0
or z′0 = x0. Hence either τX = τ ′Y ≤ Y ′ ≤ Y or similarly τX ≤ Z.
Thus τX is join prime in L. �

Besides G, the lattice S must contain elements from P \ P∗ for each
completely join irreducible P ∈ L.

Lemma 44. Let L = Sp(S, H) and let P be completely join irreducible
in L.

(1) P = Ag(p) for each p ∈ P \ P∗.
(2) If p, p1 ∈ P \ P∗, then p = h(p1) for some h ∈ DMO.
(3) If p ∈ P \ P∗ and x0 ∈ G, then p ≥ x0 iff γP ≤ γX.

We would like to know more about S \G. It turns out that if L is
a finite lower bounded lattice and J(L) ⊆ T = {τx : x ∈ L} and (L, γ)
can be represented as Sp(S, H) for some pair (S, H), then it can be
represented using S = G = γd(L) (Theorem 72). Section 18 gives an
algorithm for determining whether a finite lower bounded lattice with
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Figure 8. Pair (L, γ) motivating (K19).

J(L) ⊆ T has such a representation; we just need to figure out when
it gives an affirmative answer! It may even be that if J(L) ⊆ T and
(L, γ) satisfies all the known restrictions, then it is representable. That
would be nice. (This is problem 1 in Section 22.)

12. Papa’s delicate condition

This section presents a new restriction on equaclosure operators,
called (K19). It was notivated by our desire to show that the pair
(L, γ) in Figure 8 is not representable as Sp(S, H).

Theorem 45. Suppose we are given (L, γ) with elements satisfying

(1) τb ≤ τd,
(2) γc ≤ γd ≤ γ(a ∨ c),
(3) c ∧ γb ≤ γa,
(4) γb � γa.

Then (L, γ) cannot be represented as Sp(S, H) with S algebraic and H
a monoid of continuous operators.

Note the conditions of the theorem are unchanged under the substi-
tution c 7→ c ∨ (γa ∧ b), though we do not use this.

Proof. Suppose we have a representation ϕ : L → Sp(S, H) that pre-
serves the equaclosure operator. Let A = ϕ(a) and a0 the least element
of A, etc.

From (1) we have γb ≤ γd, whence b0 ≥ d0, and b0 ∈ Ag(d0).
Thus b0 =

∨
dj for a directed set with each dj =

∧
g∈Gj

g(z0) for some

Gj ⊆ H. As in Lemma 32, we construct a map ĥ ∈ DMO such that

ĥ(d0) = b0.
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Note c0 ≥ d0 by the first part of (2). Thus ĥ(c0) ≥ ĥ(d0) = b0,

so that ĥ(c0) ∈ C ∧ γB ⊆ γ(A) =↑ a0 by (3), i.e., ĥ(c0) ≥ a0. Thus

ĥ(a0 ∧ c0) = ĥ(a0) ∧ ĥ(c0) ≥ a0.
By the second part of (2), a0 ∧ c0 ≤ d0. Hence

a0 ≤ ĥ(a0 ∧ c0) ≤ ĥ(d0) = b0,

contradicting (4). �

Thus we have a new restriction on equaclosure operators:

(K19) τb ≤ τd& γc ≤ γd ≤ γ(a ∨ c) & c ∧ γb ≤ γa→ γb ≤ γa.

In particular, the pair (L, γ) in Figure 8 fails (K19), but satisfies (I1)–
(I8) and (K9). This example, along with the third lattice in Figure 4,
show the independence of (K9) and (K19).

Theorem 45 can be used in various ways. In the sequel, we write x̂
for the element τ̂(x) in the companion lattice γd(L).

Corollary 46. Suppose we are given (L, γ) with elements satisfying

(1) τb ≤ τ(b ∨ c),

(2) â ∧ ĉ ≤ b̂,

(3) â ≤ b̂ ∨ ĉ,
(4) â � b̂.

Then (L, γ) cannot be represented as Sp(S, H) with S algebraic and H
a monoid of continuous operators.

Proof. Substitute d 7→ τ(b∨c). The third condition is equivalent to γc∧
γ(b) ≤ γa, a slightly stronger hypothesis than (3) of the theorem. �

Now we can relate (K19) to failures of (SD∧) in γd(L). However, we
must keep a condition like (1) referring to the lattice L itself, because
γd(L) can be any algebraic lattice by Theorem 42.

As a direct consequence of Corollary 46 we have this.

Corollary 47. Suppose we are given (L, γ) with elements satisfying

(1) τb ≤ τ(b ∨ c),

(2) â ∧ ĉ ≤ â ∧ b̂ < â = â ∧ (b̂ ∨ ĉ).

Then (L, γ) cannot be represented as Sp(S, H).

And with a slight twist, the following.

Corollary 48. Suppose we are given (L, γ) with elements satisfying

(1) τb ≤ τ(b ∨ c),
(2) c ∧ γb ≤ γa,
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Figure 9. Lattice with γd(L) not meet semidistribu-
tive, but easily representable.

(3) ĉ ∧ â ≤ ĉ ∧ b̂ < ĉ ∧ (â ∨ b̂).

Then (L, γ) cannot be represented as Sp(S, H).

The lattice in Figure 9 has the same non-semidistributive (both
ways) companion as that in Figure 8, but is easily representable as
we only need a map with ẑ → â.

12.1. Three properties of weak equaclosure operators. In this
subsection we present some additional necessary conditions for repre-
sentability, that turned out to be consequences of (I1)–(I8), (K9) and
(K19).

Proposition 49. If the pair (L, γ) is representable, then it satisfies
the condition:

(£) If τa ≤ τb, then for every s ∈ L there exists s′ ≤ τs such that
τ(a ∨ s′) ≤ τ(b ∨ s).

Proof. Suppose the pair is representable, and let A, B, S be the cor-
responding H-closed algebraic sets with least elements a0, b0, c0. The
hypothesis τa ≤ τb means that a0 = h(b0) for some h ∈ DMO. The
least element of B∨S is b0∧s0, and h(b0)∧h(s0) = a0∧h(s0). Let S ′ =
Ag(h(s0)), so that (A∨ S ′)0 =

∧
g∈H g(a0)∧

∧
k∈H kh(s0) = `h(b0 ∧ s0)

for some ` ∈ DMO. Thus τ(a ∨ s′) ≤ τ(b ∨ s). �

Recall the case |I| = 1 of condition (K9):

‡(x, z) γ(x ∧ τ(x ∨ z)) ≥ x ∧ τz.
Lemma 50. (‡) implies (£).
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Proof. Assume τa ≤ τb and w.l.o.g. τa = a, τb = b, τs = s. (Since
γ(x ∨ y) = γ(τx ∨ τy) holds in general, then τ(x ∨ y) = τ(τx ∨ τy).)
Into (‡) substitute x 7→ τa ∨ s and z 7→ τb, yielding

γ((τa ∨ s) ∧ τ(b ∨ s)) ≥ (τa ∨ s) ∧ τb ≥ τa.

Put r = (τa∨ s)∧ τ(b∨ s), and note that τr ≤ τ(b∨ s) and r ≤ τa∨ s.
Moreover, since τa ≤ γr by the displayed inequality, r′ = τa ∨ r has
γr′ = γr, whence τr′ = τr. Thus τr′ ≤ τ(b ∨ s) and τa ≤ r′ ≤ τa ∨ s.
Consider that

r′ ≤ γr′ ∧ (τa ∨ s) = τa ∨ (γr′ ∧ s)
by meet distributivity, and put s′ = γr′∧s. Then s′ ≤ s = τs and r′ ≤
τa∨ s′ ≤ γr′, so that γ(a∨ s′) = γr′ and τ(a∨ s′) = τr′ ≤ τ(b∨ s). �

There is a lattice that satisfies (£) but fails (‡), so in fact (‡) is
strictly stronger.

There are two conditions that follow from condition (I6), the dis-
tributivity of γx, that have proved useful in dealing with examples.
The first we denote by (U).

Proposition 51. Assume that (L, γ) is representable. If τa < τb and
γb = γ(r ∨ s), then τa ≤ τ(τr ∧ γa) ∨ τ(τs ∧ γa).

Proof. We calculate:

τa ≤ γa ∧ τb
≤ γa ∧ (τr ∨ τs)
= (γa ∧ τr) ∨ (γa ∧ τs)
≤ γa.

So τa = τ((γa ∧ τr) ∨ (γa ∧ τs)) ≤ τ(γa ∧ τr) ∨ τ(γa ∧ τs). �

The meet distributivity of γ(x) also gives the Join Cover Condition.
To confuse the reader, we state it in terms of γ(L).

Proposition 52. Assume that (L, γ) is representable. If [a] ∨ [b] =
[z] > [c] is a minimal join cover in γ(L), then τz � τc.

Proof. For notational convenience assume a = τa, etc. Then

γc ∧ (a ∨ b) = (γc ∧ a) ∨ (γc ∧ b).
We cannot have γc ≥ a and γc ≥ b, else [c] = [a] ∨ [b]. Hence, by
the minimality of the join cover, the join on the right is some [w] with
[w] � [c]. So the class of the LHS is not above [c] either, whence
a ∨ c � c, a fortiori z � c. �
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12.2. Dagger and K19. Consider a lattice L with a pre-equaclosure
operator γ : L → L. For each x ∈ L, let [x] denote the class of the
corresponding equa-partition that has x in it, τ(x) the minimal element
and γ(x) the maximal element of [x].

(K19) is the following condition for γ:

τ(b) ≤ τ(b ∨ c) ≤ γ(a ∨ c) & γ(c) ∧ γ(b) ≤ γ(a) → γb ≤ γa.

In fact, we are using a slightly weaker version than the original (K19),
with the substitution d 7→ b ∨ c.

The Dagger condition is the following property, for all x, z ∈ L:

γ(x ∧ τ(x ∨ z)) ≥ x ∧ τ(z)

which is a slightly weaker version of (K9), replacing x 7→ γx.
An element t of lattice L is called ∨-distributive if t ∨ (u ∧ v) =

(t ∨ u) ∧ (t ∨ v) for all u, v ∈ L.
Our goal is to prove the following

Lemma 53. Let L be a lattice with a pre-equaclosure operator that
satisfies Dagger, and let a, b, c ∈ L be elements for which the premise
of (K19) holds. If γ(a) is ∨-distributive, then γb ≤ γa.

Proof. Assume that the premise of (K19) holds for some a, b, c ∈ L,
i.e., τ(b) ≤ τ(b ∨ c) ≤ γ(a ∨ c) and γ(c) ∧ γ(b) ≤ γ(a). Besides, we
assume that γ(a) is ∨-distributive.

In order to use Dagger on the way, we will make an assignment:

x 7→ τ(b) ∨ γ(a) z 7→ τ(b) ∨ γ(c).

Note that x is in [a ∨ b]-class, z is in [b ∨ c]-class, and x ∨ z is in
[a ∨ c]-class, due to assumption τ(b ∨ c) ≤ γ(a ∨ c).

Clearly, the element γ(c)∨ γ(a) is also in the [a∨ c]-class, wherefore
γ(c) ∨ γ(a) ≥ τ(x ∨ z).

Take the meet with x on each side: x∧ (γ(c)∨ γ(a)) ≥ x∧ τ(x∨ z).
We are going to show that x∧(γ(c)∨γ(a)) = γ(a), and come back to

the last inequality. So we compute, using the ∨-distributivity of γ(a):

x ∧ (γ(c) ∨ γ(a)) = (τ(b) ∨ γ(a)) ∧ (γ(c) ∨ γ(a))

= (τ(b) ∧ γ(c)) ∨ γ(a)

≤ (γ(b) ∧ γ(c)) ∨ γ(a) = γ(a),

due to the assumption γ(c) ∧ γ(b) ≤ γ(a).
The reverse inequality:

(τ(b) ∨ γ(a)) ∧ (γ(c) ∨ γ(a)) ≥ γ(a)

is obvious. Thus x ∧ (γ(c) ∨ γ(a)) = γ(a).
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So we return to inequality x∧(γ(c)∨γ(a)) ≥ x∧τ(x∨z) to conclude

γ(a) ≥ γ(x ∧ τ(x ∨ z)).

Applying Dagger, we get

γ(a) ≥ γ(x ∧ τ(x ∨ z)) ≥ x ∧ τ(z).

We have x = τ(b) ∨ γ(a) ≥ τ(b), and z is in [b ∨ c]-class, i.e., τ(z) =
τ(b∨c) ≥ τ(b), by assumption. Therefore x∧τ(z) ≥ τ(b), so we append
to previous sequence of inequalities:

γ(a) ≥ γ(x ∧ τ(x ∨ z)) ≥ x ∧ τ(z) ≥ τ(b)

Then γ(a) ≥ τ(b) follows, which is equivalent to γ(a) ≥ γ(b).
We showed that conclusion of (K19) holds under assumptions, and

we are done. �

Now, quite surprisingly, the following happens.

Corollary 54. If L is a distributive lattice with a pre-equaclosure op-
erator that satisfies Dagger, then (K19) holds for (L, γ).

This means, we cannot get anything new restrictive in distributive
lattices due to (K19). In non-distributive lattices though, we saw lat-
tices with Dagger where (K19) would fail.

12.3. An almost old observation. We will expand on the following
Lemma proved in [4, Lemma 1.6].

Lemma 55. For any dually algebraic lattice L and a pre-equaclosure
operator γ, if a = γ(a) and a < b, then L1 = [a, b] is a dually algebraic
lattice with pre-equaclosure operator γ1(x) = γ(x) ∧ b for x ∈ L1.

The pre-equaclosure operator γ1 on L1 is called the restriction of γ
to L1.

The new version of the statement is the following.

Lemma 56. Let L = Sp(S, H) where S is algebraic and H is a monoid
of continuous operators. Let A ∈ L with γ(A) = A, so that A = ↑ a0.
For any B ∈ L with A ⊆ B, there exists a set of operations H1 such
that the interval L1 = [A,B] of L is represented as Sp(B,H1). (The
operations in H1 preserve nonempty meets and nonempty directed joins,
but not necessarily 1.) Moreover, the natural equaclosure operator on
L1 is the restriction of the natural equaclosure operator on L.

Proof. Note that B, as an algebraic subset of L, is itself an algebraic
lattice. One needs to add operations to H to guarantee that A is
the smallest element of Sp(B,H1). For each a ∈ A define the opera-
tion ha(x) = x ∧ a. These operations preserve nonempty meets and
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nonempty directed joins (by upper continuity). Let H1 = H ∪ {ha :
a ∈ A}. Apparently, A =↑a0 is the smallest H1-closed algebraic subset
of B.

Note that every H-closed algebraic subset C of B that contains A
will be closed under each ha. Thus there is a one-to-one correspondence
between the interval L1 = [A,B] of L and Sp(B,H1). Moreover, the
γ-closed subsets of Sp(B,H1) are of the form ↑ c0 ∩ B for an H-closed
principal filter with b0 ≤ c0 ≤ a0. Thus the natural equaclosure op-
erator on Sp(B,H1) is the restriction to B of the natural equaclosure
operator on Sp(S, H). �

13. Aside: MD(L) and equaclosure operators

This section is transcribed from old notes, and could be rewritten.
‘Twould be nice to understand which finite semidistributive lattices sup-
port an equaclosure operator!

A pre-equaclop satisfies properties (I1)–(I7). This section concerns
how to find pre-equaclops on finite join semidistributive lattices. Note
that property (I7) always holds for closure operators on a finite lattice,
so it is not a concern in this section.

Call an element a ∈ L meet distributive if a∧(x∨y) = (a∧x)∨(a∧y)
for all x, y ∈ L. Let MD(L) denote the set of all meet distributive
elements of L. Note that this is a meet subsemilattice of L containing 0
and 1. With each 0-1-meet subsemilattice H of MD(L) we can associate
the closure operator σ(x) =

∧ ↑ x ∩ H, that is, the least element of
H above x. All these closure operators satisfy conditions (I1)–(I4) and
(I6), while none of them need satisfy (I5). We can use (I5) directly:
η(x) = η(y) implies η(x) = η(x ∧ y), or the subsemilattice form

(∗) ↑x ∩H =↑y ∩H implies ↑x ∩H =↑(x ∧ y) ∩H.

Theorem 57. Let L be a finite lattice. There is a one-to-one corre-
spondence between pre-equaclops on L and 0-1-meet subsemilattices H
of MD(L) satisfying (∗). Given a pre-equaclop η, let H = η(L), the
closed elements. Given H, let η(x) =

∧ ↑x ∩H.

We order pre-equaclops with the usual closure operator order (dual
to the set containment on the corresponding subsemilattices). It is easy
to reproduce the result from Adaricheva and Gorbunov [4] that with
this order the pre-equaclops form a meet semilattice.

Theorem 58. If S and T are 0-1-subsemilattices of MD(L) satisfying
(∗), then S ∧ T = Sg(S ∪ T ) also satisfies (∗).
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Proof. Corresponding to S ∧ T let ξ(x) = σ(x) ∧ τ(x). Note that
σ(x) = σ(ξ(x)) and τ(x) = τ(ξ(x)). So if ξ(x) = ξ(y), then σ(x) = σ(y)
and τ(x) = τ(y). But then

ξ(x ∧ y) = σ(x ∧ y) ∧ τ(x ∧ y) = σ(x) ∧ τ(x) = ξ(x),

as desired. �

Throughout what follows we will let µ denote the map µ(x) =∧ ↑x ∩MD(L), which may or may not satisfy (I5).
Recall these basics from Alan Day’s theory of finite lower bounded

lattices [9].

(1) x D y if y is a member of a minimal nontrivial join cover of x.
(2) D0(L) is the set of join prime elements.
(3) Recursively, x ∈ Dk+1(L) if every nontrivial join cover of x

refines to one contained in Dk(L).
(4) A finite lattice is lower bounded iff Dn(L) = L for some n.

Let D denote the reflexive, transitive closure of the D relation on J =
J(L), regarded as an ordered set.

Lemma 59. Let L be a finite lattice and a ∈ L. Then a ∈ MD(L) if
and only if ↓ a is D-closed. In other words µ(x) is the D-closed ideal
generated by x. Consequently, a ∈ MD(L) if and only if ↓ a ∩ J is a
filter in (J,D).

Proof. Suppose b ≤ a and b ≤ ∨
U is a minimal nontrivial join cover.

Then b ≤ a ∧ (
∨
U) =

∨
u∈U a ∧ u, whence u ≤ a for all u ∈ U . �

Corollary 60. If ↓a ∩ J(L) ⊆ D0(L), then a ∈ MD(L).

The next result provides another (weak) connection between MD(L)
and the distributive reflection of L in the join semidistributive case.

Theorem 61. Let L be a finite join semidistributive lattice. If a ∈
MD(L), then CJ(a) ⊆ D0(L), where CJ(a) denotes the set of canonical
joinands of a.

Proof. Otherwise, let c ∈ CJ(a) and let c ≤ ∨
U be a minimal non-

trivial join cover. Then U ⊆↓a by the lemma, whereas c ∈ D0(↓a), a
contradiction. �

13.1. Examples and sufficient conditions. (1) 1 + L always has
the pre-equaclop

γ(x) =

{
0 if x = 0

1 otherwise.

This is bad for the converse of sufficient conditions.
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(2) The next theorem shows that if L has a least join-irreducible-
but-not-join-prime element, then it supports a pre-equaclop.

Theorem 62. Let L be a finite lattice. If J \ D0(L) contains a least
element u, then L admits the pre-equaclop

η(x) =

{
x if x � u

1 if x ≥ u.

That includes all subdirectly irreducible lattices in LB(1), which
have exactly one non-join-prime join irreducible. (The variety LB(1)
of lower bounded lattices of rank 1 is generated by all finite lattices L
with J(L) ⊆ D1(L); see [23].)

Proof. We need to know that if a � u, then a ∈ MD(L). Since every
join irreducible below a will be join prime, this is so. �

13.2. A pseudo-quasivariety. Let us show that the class of all finite
lattices that admit a pre-equaclop forms a pseudo-quasivariety, when
0 is regarded as a constant. This means that it is determined, within
the class of all finite lattices, by a set of quasi-equations.

Theorem 63. The set of all finite lattices that admit a pre-equaclop is
closed under 0-sublattices and finite direct products.

Proof. It is easy to see that if L1 and L2 admit an pre-equaclop, then
so does L1 × L2.

Consider a finite lattice L with a pre-equaclop γ. Let S be a sub-
lattice of L containing 0. For x ∈ S, define σ(x) =

∨ ↓ γ(x) ∩ S, the
largest element in S below γ(x). Note that x ≤ σ(x) ≤ γ(x), whence
γ(σ(x)) = γ(x).

It is not hard to verify that σ is a 0-closure operator. For condition
(I5), let x, y ∈ S with σ(x) = σ(y). Then γ(x) = γ(σ(x)) = γ(σ(y) =
γ(y), so that γ(x) = γ(x ∧ y) and σ(x) = σ(x ∧ y).

For condition (I6), we apply Lemma 59. Let x ∈ S, and let x ≤ ∨
U

be a nontrivial join cover of x with U ⊆ S. We want to show that there
is a refinement W � U with W ⊆↓σ(x)∩S and x ≤ ∨

W . There is a
refinement V � U in L such that V ⊆↓γ(x) and x ≤ ∨

V . For each
v ∈ V there is an element α(v) that is the least element of S above v.
Note that α(v) ≤ γ(x), whence α(v) ≤ σ(x), and α(v) ≤ u for some
u ∈ U . Hence W = {α(v) : v ∈ V } has the required properties. Thus
by the lemma σ(x) is meet distributive in S. �

Extend this to include the other known conditions, and the infinite
case. Cf. Theorem 55. Do finite lattices representable as Sp or Lq form
a pseudo-quasivariety?
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14. Constructions

In this section concentrate on a method for representing pairs (L, γ),
where L is a finite lower bounded lattice and γ an equaclosure operator
on it, as (Lq(K),Γ) for some quasivariety and its natural equaclosure
operator. We call it a method rather than algorithm because there are a
couple of places where the construction is not totally specified. Indeed,
the whole process is rather roundabout, and there are not one but two
places where we don’t know when or whether it works. Notwithstand-
ing, we currently have no example of a pair (L, γ) with L finite and
lower bounded where the method does not work.

Before going into the details, let us outline the process.

(0) Given is a pair (L, γ) consisting of a finite lower bounded lattice
and an equaclosure operator.

(1) Construct a finite meet semilattice with operators such that

Sub(Ŝ,∧, 0̂, h1, h2, . . .) ∼= L with the natural equaclosure oper-
ator corresponding to γ. (Sub(S, H) is Sp(S, H) for S finite.)

(2) Dualize Sub(Ŝ,∧, 0̂, h1, h2, . . .) ∼=d Con(Ŝ,+, ẑ, η1, η2, . . .) using
adjoint maps.

(3) Do scratch work: find the congruence lattice of Ŝ explicitly,
assign predicates as in [24], and find the laws of a quasivariety
K0 in a language without equality such that ....

(4) Con(Ŝ,+, ẑ, η1, η2, . . .) ∼= ITh(K0), the lattice of implicatonal
theories of K0.

(5) Redualize Lq(K0) ∼=d ITh(K0).
(6) Convert to a quasivariety K1 with equality by interpreting the

least quasivariety as 〈x ≈ e〉 for a constant e.

Steps (2)–(5) are straightforward, but steps (1) and (6) contain ambi-
guities that need to be addressed.

We keep five running examples in Section 15.

14.1. Step 1. Construct a finite meet semilattice with operators such

that Sub(Ŝ,∧, 0̂, h1, h2, . . .) ∼= L with the natural equaclosure operator
corresponding to γ.

We are given a pair (L, γ) consisting of a finite lower bounded lat-
tice L and an equaclosure operator on it. The objective is to con-
struct a finite semilattice with operators Ŝ = (Ŝ,∧, 1, H) such that

Sub(Ŝ,∧, 1, H) along with the natural equaclosure operator Γ repre-
sents (L, γ).

The method for constructing Ŝ goes thusly.

• J is the set of join irreducible elements of L (including 0).
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• T = {τ(x) : x ∈ L}.
• S = J ∪ T .
• For x ∈ L, ϕ(x) = {s ∈ S : s ≤ x}.
• Ŝ = {ŝ : s ∈ S} a new set of symbols.
• For x ∈ L, ϕ̂(x) = {ŝ ∈ S : s ≤ x}.

Because J ⊆ S, the set ϕ̂(L) of all ϕ̂(x) for x ∈ L, ordered by set
containment, is isomorphic to L. We want to specify an order and
operations H on Ŝ to make it a semilattice with operators whose sub-
algebras are exactly the sets ϕ̂(x) for x ∈ L, and such that the natural
equaclosure operator coincides with the given one γ. It may be neces-
sary to duplicate some of the elements of Ŝ, so that x̂ is replaced by
{x̂, x1, . . .}; see Running example 5 in Section 15.

Let P denote the set S with the order inherited from L. If x ≺ y in
P, then we write ŷ → x̂ to indicate that because x̂ ∈ ϕ̂(y), we need x̂
to be in the subalgebra generated by ŷ. For practical purposes, that
means h(ŷ) = x̂ for some h ∈ H. It suffices to do this for covers in P.
The catch is that h must be meet-preserving and satisfy h(ẑ) ∈ ϕ̂(z)
for all z ∈ S.

If x, y, z ∈ S and x ≤ y∨z in L, then we write ŷ& ẑ → x̂ to indicate
that x̂ should be in the subalgebra generated by ŷ and ẑ. For practical
purposes, this means that if ŷ ∧ ẑ = û in Ŝ, then u ≥ x in L so that
x̂ ∈ ϕ̂(u), and h(û) = x̂ for some h ∈ H.

Now let us specify the order on Ŝ. By the results of Section 11, we
know that γd(L) ≤ Ŝ. So we start with the dual companion lattice
γd(L), and add elements as necessary.

Mimicking the order on γd(L), for x ∈ S = J ∪ T and t ∈ T we set

x̂ ≥ t̂ iff γx ≤ γt.

This says that the order on T̂ is the dual of the order on the set of
γ-closed elements in L, and that if p ∈ J then p̂ ≥ τ̂ p, where again

τ̂(x) denotes τ̂(w).

Lemma 64. Assume J ⊆ T . Then Ŝ is a meet semilattice with 1, such
that

(1) the top element is 0̂,
(2) x̂ ∧ ŷ = τ̂(x ∨ y),
(3) x̂ ∨ ŷ = τ̂(γx ∧ γy).

Corollary 65. Assume J ⊆ T . If u = τ(y ∨ z), then û = ŷ ∧ ẑ.

This means that if we can find operators h to realize the implications
ŷ → x̂, then implications ŷ& ẑ → x̂ will also hold whenever y, z ∈ T .
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Figure 10. Running example 1.

There remains the problem of how to decide when to set x̂ ≥ p̂ for a
join irreducible element p ∈ J \ T . We have some scattered facts and
ad hoc examples that work, but not a general theory.

14.2. Steps 2–5. This process is quite routine, taking us from
Sub(Ŝ, 1,∧, H) to L ∼= Lq(K) for a quasivariety in a language with-
out equality and preserving γ, as in [24]. That paper is hard to read,
but the process is straightforward enough. Step 3, assigning predicates
and the laws of K0, is explained in Subsection 15.3, with examples.

14.3. Step 6. For now we can use ad hoc methods to go from a qua-
sivariety without equality to one with equality in our examples. Other
than the necessity of property (I8), we do not know when it is possible,
much less how to do so.

15. Six-step program

Examples will illustrate how to implement the six-step program.

15.1. Step 1. Given (L, γ), construct a semilattice with operators such

that Sub(Ŝ,∧, 0̂, h1, h2, . . .) ∼= L with the natural equaclosure operator
corresponding to γ.

Running example 1. L1 is 2 × 2 with 0 < z, b < 1 and γ(0) = 0,
γ(b) = b and γ(z) = γ(1) = 1. Then J = T = {0, z, b} and there are

no → relations. The prescription gives Ŝ = {0̂, ẑ, b̂} ordered as a chain

ẑ < b̂ < 0̂ with no maps. See Figure 10.
Running example 2. L2 is the chain 0 < z < p with γ(0) = 0 and

γ(z) = γ(p) = p. Then T = {0, z} ⊂ J = {0, z, p} and we have the

relation p̂→ ẑ. The prescription gives Ŝ = {0̂, ẑ, p̂} ordered as a chain
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p̂→ ẑ

h

0̂ 0̂
p̂ ẑ
ẑ ẑ

Figure 11. Running example 2.

b̂→ â

h

0̂ 0̂
â â

b̂ â
ẑ ẑ

Figure 12. Running example 3.

ẑ < p̂ < 0̂. The map h(p̂) = h(ẑ) = ẑ, h(0̂) = 0̂ enforces p̂ → ẑ for
subalgebras. See Figure 11.

Running example 3. See Figure 12.
Running example 4. See Figure 13.
Running example 5. See Figure 14. Note the extra element needed.

For this new element we must add the condition ẑ ↔ z1.
Additional examples of Step 1 are given in Appendix 1.
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ẑ → â

â& b̂→ ẑ

h

0̂ 0̂
â â

b̂ 0̂
ẑ â

Figure 13. Running example 4.

p̂→ ẑ

ẑ& b̂→ p̂
ẑ ↔ z1

h k

0̂ 0̂ 0̂
ẑ z1 ẑ
z1 z1 ẑ

b̂ 0̂ 0̂
p̂ z1 ẑ

Figure 14. Running example 5

15.2. Step 2. Dualize by finding adjoint maps that make

Sub(Ŝ,∧, 0̂, h1, h2, . . .) ∼=d Con(Ŝ,+, ẑ, η1, η2, . . .).

Since Ŝ is a meet semilattice with largest element 0̂, it is a lattice
with a join operation + and least element ẑ. We convert the operators
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using the formula

η(ŝ) =
∧
{x̂ ∈ S : h(x̂) ≥ ŝ}.

By way of notation, let h′ = η.

Lemma 66. The adjoint maps have these properties.

(1) Each η preserves the least element ẑ and joins.
(2) (hk)′ = k′h′ = κη.

Running example 1. We still have Ŝ ordered as a chain ẑ < b̂ < 0̂
with no maps to adjust, only now regarded as a join semilattice with
least element ẑ.

Running example 2. Now Ŝ is the chain ẑ < p̂ < 0̂ regarded as a
join semilattice, and we replace h by h′ = η where η(p̂) = η(0̂) = 0̂,
η(ẑ) = ẑ.

Running example 3. Here is the adjoint map.
η

0̂ 0̂

â b̂

b̂ b̂
ẑ ẑ

Running example 4. Here is the adjoint map.
η

0̂ b̂
â ẑ

b̂ b̂
ẑ ẑ

Running example 5. Here are the adjoint maps.
η κ

0̂ b̂ b̂
ẑ ẑ ẑ

z1 ẑ b̂

b̂ b̂ b̂

p̂ ẑ b̂
Note that hk = h and kh = k, so κη = η and ηκ = κ as predicted

by Lemma 66(2).

15.3. Step 3. Do scratch work: find the congruence lattice of Ŝ ex-
plicitly, assign predicates as in [24], and find the laws of a quasivariety
K0 in a language without equality such that ....

Finding Con(Ŝ) is, strictly speaking, not part of the construction,
but very useful for understanding what is going on.
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Assignment. The “assigning of predicates” is done as follows. The
language will contain a constant e, a monoid of operations η from step
2, and for each â with â 6= ẑ a unary predicate A, where z = τ(1).

Assign the predicate A(x) to the element â. Whenever ηâ = b̂, assign

A(ηx) to b̂; here b̂ = ẑ is a possibility. Thus each â has associated with
it a collection of predicates of the form P (κx).

Laws. The laws of K0 are as follows.

(1) X(κe) for every predicate X and operation κ.
(2) P (ηx)↔ Q(κx) for any pair assigned to the same element.
(3) P (ηx) for all predicates assigned to the least element ẑ.

(4) P (x)→ Q(x) whenever p̂ ≥ q̂ in Ŝ.

(5) &Pi(x)→ Q(x) whenever
∨
p̂i ≥ q̂ in Ŝ.

(6) P (η(κx))↔ P (λx) whenever κη = λ (corresponding to Hopp).

We should be explicit about (6), which can be confusing. Choose a
generating set {ηi : i ∈ I} for H, perhaps H itself. It is convenient to
include the identity map id, and to exclude the constant map 1. Let
? denote the operation of Hopp, so that η ? κ = κ ◦ η. The laws of (6)
can then be written as

P (η1(η2(· · · (ηk(x)) · · · )))↔ P (κ1(κ2(· · · (κ`(x)) · · · )))
whenever η1 ? η2 ? · · · ? ηk = κ1 ? κ2 ? · · · ? κ`, or equivalently, whenever
ηk ◦ ηk−1 ◦ · · · ◦ η1 = κ` ◦ κ`−1 ◦ · · · ◦ κ1. Running example 5 provides a
nontrivial example.

Running example 1. The congruence lattice of the chain ẑ < b̂ <
0̂ is isomorphic to 2 × 2 with atoms con(b̂, 0̂) and con(ẑ, b̂). Assign

predicates O, B to Ŝ via 0̂ 7→ O(x), b̂ 7→ B(x), ẑ 7→ ∅ (no assignment
in this case).

This assignment corresponds to a quasivariety K0 with a constant e
and predicates O, B satisfying the laws:

O(e) B(e) O(x)→ B(x).

Running example 2. We have the chain ẑ < b̂ < 0̂ but now also an
operator with η(p̂) = 0̂ and η(ẑ) = ẑ. Thus con(ẑ, p̂) = ∇, and the
congruence lattice is a three-element chain: ∆ < con(p̂, 0̂) < ∇.

The predicates corresponding to Ŝ \ {ẑ} are O and P , which we
assign as follows:

0̂ 7→ O(x), O(ηx), P (ηx)

p̂ 7→ P (x)

ẑ 7→ ∅.
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Thus K0 has the operations e, η and predicates O, B with laws

O(e) O(ηe) P (e) P (ηe)

O(η2x)↔ O(ηx) P (η2x)↔ P (ηx)

O(x)↔ O(ηx)↔ P (ηx) O(x)→ P (x)

The first two lines are standard setup, while the third reflects the as-
signments and 0̂ > p̂.

Running example 3. The congruences are ∆, con(b̂, â) = [â, b̂],

con(â, 0̂) = con(b̂, 0̂) = [0, â, b̂], con(ẑ, b̂) = [ẑ, b̂], con(ẑ, â) = [â, b̂, ẑ], ∇
ordered as 2 × 3. The predicates corresponding to Ŝ \ {ẑ} are O, A
and B, which are assigned as follows:

0̂ 7→ O(x), O(ηx)

â 7→ A(x)

b̂ 7→ B(x), B(ηx), A(ηx)

ẑ 7→ ∅.

Thus K0 has the operations e, η and predicates O, A, B with laws

X(e) X(ηe) for X = O,A,B

X(η2x)↔ X(ηx) for X = O,A,B

O(x)↔ O(ηx)→ A(x)→ B(x)↔ B(ηx)↔ A(ηx)

Running example 4. The congruences are ∆, con(b̂, 0̂) = [b̂, 0],

con(ẑ, â) = [ẑ, â][b̂, 0], con(ẑ, b̂) = [ẑ, b̂][â, 0̂], ∇ ordered as a penta-

gon. The predicates corresponding to Ŝ\{ẑ} are O, A and B, assigned
as follows:

0̂ 7→ O(x)

â 7→ A(x)

b̂ 7→ B(x), B(ηx), O(ηx)

ẑ 7→ A(ηx).

Thus K0 has the operations e, η and predicates O, A, B with laws

X(e) X(ηe) for X = O,A,B

X(η2x)↔ X(ηx) for X = O,A,B

O(x)→ A(x) O(x)→ B(x)↔ B(ηx)↔ O(ηx)

A(ηx)

The last law is due to the assignment of ẑ.
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Running example 5. The congruences are ∆, con(b̂, 0̂) = [b̂, 0̂],

con(p̂, z1) = [p̂, z1][b̂, 0̂], con(ẑ, b̂) = [ẑ, b̂][z1, 0̂], ∇ ordered as a pen-

tagon. The predicates corresponding to Ŝ \ {ẑ} are O, P , Z1 and B,
assigned as follows:

0̂ 7→ O(x)

b̂ 7→ B(x), B(ηx), B(κx), O(ηx), O(κx), Z1(κx), P (κx)

ẑ1 7→ Z1(x)

p̂ 7→ P (x)

ẑ 7→ Z1(ηx), P (ηx).

Thus K0 has the operations e, η, κ and predicates O, B, P , Z1 with
laws making e absorptive, all the equivalences across the assignments
to b̂, and the following:

X(f 2x)↔ X(fx) for X = O,B, P, Z1 and f = η, κ

O(x)→ B(x)→ P (x) O(x)→ Z1(x)→ P (x)

B(x) &P (x)→ O(x)

Z1(ηx) P (ηx)

The last laws are due to the assignment of ẑ. But actually they are
not the last laws, because we must deal with composition. Note that
ηκ = κ and κη = η. As in [24], the corresponding laws use the opposite
composition:

X(η(κ(y))) = X((η ? κ)(y) = X((κη)(y) = X(η(y))

X(κ(η(y))) = X((κ ? η)(y) = X((ηκ)(y) = X(κ(y))

for X = O,B, P, Z1.

15.4. Step 4. Con(Ŝ,+, ẑ, η1, η2, . . .) ∼= ITh(K0), the lattice of impli-
catonal theories of K0.

That this works is the main result of [24]. It is based on the following
reduction to quasi-identities in one variable, which in turn uses ideas
of Gorbunov [15], also used in [7].

Theorem 67. Let B be an implicational theory in a language L with
the following restrictions and laws.

(1) L has only unary predicate symbols.
(2) L has only unary function symbols.
(3) L has one constant symbol e.
(4) B contains the laws P (f(e)) for every predicate P and every

formal composition f of functions of L.
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Then every implication holding in a theory extending the theory of B is
equivalent (modulo the laws of B) to a set of implications in only one
variable. Hence the lattice of theories of B is isomorphic to Con(S)

where S = 〈T,∨, 0, Ê〉 with T the semilattice of compact congruences
of ConB(F), E = End F, and F = FB(1).

Moreover, modulo the quasi-equations of B, every quasi-equation in
L is equivalent to a quasi-equation of the form

&1≤i≤kPi(fi(x))→ Q(g(x))

with possibly fi, g = id.

Running example 1. The lattice of theories ITh(K0) is isomorphic
to 2× 2 with

(1) the theory of K0 (as given in Step 3) on the bottom,

(2) 〈B(x)〉 on one side (corresponding to con(ẑ, b̂)),

(3) 〈B(x)→ O(x)〉 on the other side (corresponding to con(b̂, 0̂)),
(4) 〈O(x)〉 (which implies everything else) on the top.

Running example 2. The lattice of theories ITh(K0) is a 3-element
chain with

(1) the theory of K0 (as given in Step 3) on the bottom,
(2) 〈P (x)→ O(x)〉 in the middle (corresponding to con(p̂, 0̂)),
(3) 〈O(x)〉 (which implies everything else) on the top.

Running example 3. The lattice of theories ITh(K0) is 2 × 3 with
join irreducible theories 〈B(x) → A(x)〉, 〈A(x) → O(x)〉 and 〈B(x)〉.
Note 〈A(x)〉 = 〈B(x)→ A(x)〉 ∨ 〈B(x)〉.

Running example 4. The lattice of theories ITh(K0) is a pentagon
with join irreducible theories 〈A(x)〉, 〈B(x)〉 and 〈B(x)→ O(x)〉.

Running example 5. The lattice of theories ITh(K0) is a pentagon
with join irreducible theories 〈B(x)〉, 〈B(x) → O(x)〉 and 〈P (x) →
Z1(x)〉.

15.5. Step 5. Redualize Lq(K0) ∼=d ITh(K0).
Running example 1. The lattice of quasivarieties (models) is just

dual to the theories:

(1) K0 (as given in Step 3) on the top,
(2) 〈B(x)〉 on one side,
(3) 〈B(x)→ O(x)〉 on the other side,
(4) 〈O(x)〉 (the trivial quasivariety) on the bottom.

But notice that γ〈B(x)→ O(x)〉 = K0, as desired!
Running example 2. Dually the lattice of quasivarieties has
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(1) K0 on the top,
(2) 〈P (x)→ O(x)〉 in the middle,
(3) 〈O(x)〉 on the bottom.

Again, γ〈P (x)→ O(x)〉 = K0, as desired!
Running example 3. The lattice of quasivarieties (models) is just

dual to the theories in Step 4. Note γ〈A(x)→ O(x)〉 = K0, as desired!
Running example 4. The lattice of quasivarieties is just dual to the

theories in Step 4. Note γ〈B(x) → O(x)〉 = K0, as desired! (Incidne-
tally, 〈B(x)→ O(x)〉 = 〈B(x)→ A(x)〉.)

Running example 5. The lattice of quasivarieties is just dual to the
theories in Step 4. Note γ〈P (x)→ Z1(x)〉 = K0, as desired!

15.6. Step 6. Convert to a quasivariety K1 with equality by interpret-
ing the least quasivariety as 〈x ≈ e〉 for a constant e.

Running example 1. This one converts to a quasivariety with equality
using the prescription O(x) 7→ x ≈ e. Thus K1 has a constant e, a
unary predicate B and ≈, with the single law B(e). There are two
quasicritical structures in K1:

• S1 has universe {e, 0} with BS1 = {e}.
• S2 has universe {e, 0} with BS2 = {e, 0}.

Running example 2. One way to convert this to a quasivariety K1

with equality is to use operations e, η and predicates P , ≈ satisfying
the laws

P (e) ηe ≈ e

ηx ≈ ηy → x ≈ y ηkx ≈ x→ x ≈ e for all k ≥ 1

P (ηx)→x ≈ e.

(Normally we would also have something like P (η2x) ↔ P (ηx), but
the last one makes that redundant.)

For example 2, K1 has two quasicritical structures, L1 and L7, from
the longstyle quasivariety in Appendix 2.

Running example 3. Use the longstyle method with O(x) 7→ x ≈ e
and B(x) 7→ A(η(x)) to convert K0 to a quasivariety K1 with equality,
using operations e, η and predicates A, ≈ satisfying the laws

A(e) ηe ≈ e

ηx ≈ ηy → x ≈ y ηkx ≈ x→ x ≈ e for all k ≥ 1

A(η2x)↔ A(ηx) A(x)→ A(ηx).

For example 3, K1 has three quasicriticals, L1, L2 and L6 from the
longstyle quasivariety in Appendix 2.
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Running example 4. Because η(0̂) < 0̂, we must use the shortstyle
method here, which is different from the previous examples. As usual,
O(x) 7→ x ≈ e, and from the equivalences we use B(x) 7→ ηx ≈ e.
Then we take as a basis for K1 the laws

A(e) ηe ≈ e

η2x ≈ ηx A(ηx)

A(x) & ηx ≈ e→ x ≈ e

A(x)→ ηx ≈ x

So the models are finite algebras, rather than infinite chains.
For example 4, K1 has three quasicritical structures, S1, S2 and S3.

• S1 has universe {e, 0} with ηe = e, η0 = 0, AS1 = {e, 0}.
• S2 has universe {e, 0} with ηe = e = η0, AS2 = {e}.
• S3 has universe {e, 0, 1} with ηe = e, η0 = η1 = 1, AS3 = {e, 1}.

It is not clear why we need the last law, but we do: it eliminates S4

with universe {e, 0, 1} with ηe = e, η0 = η1 = 1, AS4 = {e, 0}.
But wait! There’s more! With the interpretation A(x) 7→ ηx ≈ x we

obtain an equivalent quasivariety K2 with operations e, η and the laws

ηe ≈ e

η2x ≈ ηx

When is this sort of simplification possible?
Running example 5. Again we use the shortstyle method to convert

to K1, with the replacements O(x) 7→ x ≈ e and B(x) 7→ ηx ≈ e. If
I calculate correctly, the operations are η, κ, e with predicates P , Z1

and the laws:

P (e) Z1(e) ηe ≈ e ≈ κe

η(κx) ≈ ηx κ(ηx) ≈ κx

η2x ≈ ηx κ2x ≈ κx

ηx ≈ e↔ κx ≈ e↔Z1(κx)↔ P (κx)

ηx ≈ e&Z1(x)→ x ≈ e

ηx ≈ e→ P (x)

Z1(ηx) P (ηx)

Z1(x)→ ηx ≈ x

Do not understand why the last law is needed, but it is, because ...
In this example, K1 has three quasicritical structures. All contain e

with ηe = κe = e and satisfy η2x ≈ ηx, κ2x ≈ κx. Then
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• D has universe {e, 0, 1} with η0 = 1, κ1 = 0, PD = ZD
1 =

{e, 1}.
• B has universe {e, 0} with η0 = κ0 = 0, PB = {0, e}, ZB

1 = {e}.
• A has universe {e, 0, 1, 2} with η0 = η2 = 1, κ0 = κ1 = 2,
PA{e, 0, 1}, ZA

1 = {e, 1}.

16. Step 1 for J ⊆ T

We are given a pair (L, γ) with L a finite, lower bounded lattice and γ
a pre-equaclosure operator (satisfying properties (I1)–(I7), though (I7)
always holds for L finite). Assume that this pair has a representation
as (Sp(S, H),Γ). We want to see how this is reflected in properties of
the lattice γ(L). (We could use the dual, but for now, straight up.)

Recall Theorem 33: For x, y ∈ S, we have x ∈ Ag(y) if and only if
x = h(y) for some h ∈ DMO.

Now for h ∈ H we define h∗, first on L and then on γ(L). Each
h ∈ H operates on S, but that induces a map on Sp(S, H):

h∗(A) = Ag({h(a) : a ∈ A}).
Note that h(A) is an algebraic subset with h(A) ≤ A; it need not be
H-closed, but h∗(A) = Ag(h(A)) still satisfies h∗(A) ≤ A. Moreover,
the least element of h∗(A) is

∧
g∈H gh(a0). So if Γ(A) = Γ(B), then

Γ(h∗(A)) = Γ(h∗(B)). Thus we may regard the induced map h∗ as
acting on γ(L), with h∗[A] = [h∗(A)].

Here are some properties of the set of maps H∗.

Lemma 68. If (L, γ) is representable as (Sp(S, H),Γ), then the fol-
lowing hold for each h∗ acting on γ(L).

(1) h∗[a] ≤ [a].
(2) τh∗[a] ≤ τ [a].
(3) h∗[0] = [0].
(4) [c] ≤ [d] implies h∗[c] ≤ h∗[d].
(5) h∗([r] ∨ [s]) = h∗[r] ∨ h∗[s].
(6) τ [a] ≤ τ [b] implies there exists k ∈ DMO such that k∗[b] = [a].

Proof. Items (1) and (2) follow from the paragraph above, while (3)
holds since h(1S) = 1S.

For (4), [C] ≤ [D] means c0 ≥ d0, whence f(c0) ≥ f(d0) for all
f ∈ DMO. Therefore

∧
gh(c0) ≥

∧
gh(d0).

For (5), note that the least element of [r]∨[s] is r0∧s0, by Gorbunov’s
lemma, while the least element of h∗([r]∨ [s]) is the least possible value
of gh(r0 ∧ s0) = gh(r0) ∧ gh(s0). Remembering that DMO is closed
under meets of maps yields the conclusion.

Item (6) follows from Theorem 33. �
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The existence of a complete set of h’s satisfying Lemma 71 is neces-
sary for representability of a finite pair (L, γ). In general, it need not
be sufficient. However, when J ⊆ T , that is, p = τ [p] for every join
irreducible p ∈ J(L), it is sufficient.

Theorem 69. Let (L, γ) be a finite, lower bounded lattice with a weak
equaclosure operator. If (L, γ) satisfies J ⊆ T , then (L, γ) has a rep-
resentation as Sp(S, H) if and only if there exists a set of operators
H∗ on γ(L) satisfying the conditions of Lemma 71. If such a set of
operators exists, then L ∼= Sub(γ(L), 0,∨, H∗).

Proof. It remains to show the sufficiency in this case. Define ϕ : L →
Sub(γ(L), 0,∨, H∗) by

ϕ(x) = {[b] : τb ≤ x}.
(This is dual to the representation on γdL.)

First we note that ϕ(x) is a subalgebra. Surely [0] ∈ ϕ(x). If τb,
τc ≤ x then τ [b ∨ c] ≤ τb ∨ τc ≤ x. If τb ≤ x, then τh∗[b] ≤ x by
property (2) of Lemma 71.

We need to show that every subalgebra U is in the range of ϕ. For
a subalgebra, let

x =
∨
{τ [u] : [u] ∈ U}.

Clearly U ⊆ ϕ(x). For the reverse inclusion, suppose [b] ∈ ϕ(x), i.e.,
τb ≤ ∨{τ [u] : [u] ∈ U}. Then

τb = τb ∧ γb ≤
∨

(τ [u] ∧ γb) ≤ γb

by meet distributivity. Thus [b] =
∨

[τ [u]∧γb]. But each [d] = [τ [u]∧γb]
has τ [d] ≤ τ [u], whence [d] ∈ U by property (6). Then [b], the join of
such [d], is also in U . Thus ϕ(x) ⊆ U .

Clearly ϕ is order-preserving: x ≤ y implies ϕ(x) ≤ ϕ(y). On the
other hand, if x � y, then there is a join irreducible p = τp with p ≤ x,
p � y. This gives [p] ∈ ϕ(x) while [p] /∈ ϕ(y), so ϕ(x) � ϕ(y). �

To summarize, whenever (L, γ) can be represented as (Sp(S, H),Γ),
we always have γd(L) ≤ S as a complete sublattice by Corollary 40.
When L is finite and J ⊆ T , we can take S = γd(L). When J 6⊆
T , additional elements are generally needed, and we have a limited
understanding of how to fit them in, though it is not hard in some
examples.

In either situation, there are necessary conditions on the pair (L, γ)
as presented in Section 9, viz. (I1)–(I7), (K9), (K19) and probably
more.
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17. Step 1 for L upper continuous with weak DCC and
CJI(L) ⊆ τ(L)

This section attempts to generalize the previous section, with the gen-
eral atomistic case in mind. It seems that strong conditions are required
in two places, besides CJI(L) ⊆ τ(L). The infinite meet distributivity
of γb is required only locally: τb ≤ ∨

τxi implies τb ≤ ∨
(γb ∧ τxi). It

also seems that (K9) should be relevant, but I don’t see that either.
Now consider a pair (L, γ) with L a dually algebraic lattice and γ

a pre-equaclosure operator (properties (I1)–(I7)). First assume that
this pair has a representation as (Sp(S, H),Γ) with S algebraic and
H a monoid of operators, Γ the natural weak equaclosure operator.
We want to see how this is reflected in properties of the lattice γ(L).
(We could use the dual, but for now, straight up.) Recall that γ(L)
dually embeds as a complete sublattice of S, and hence γ(L) is dually
algebraic. Also remember that because L is dually algebraic, every
element of L is a join of completely join irreducible elements.

Recall the meet and join on γ(L) and a standard lemma.∨
γ(L)

[ri] = [
∨
L

ri]∧
γ(L)

[ri] = [
∧
L

γri]

Lemma 70. For x, y ∈ S, we have x ∈ Ag(y) if and only if x = h(y)
for some h ∈ DMO.

For an operator h ∈ H we define h∗, first on L and then on γ(L).
Each h ∈ H operates on S, but that induces a map on Sp(S, H):

h∗(A) = Ag({h(a) : a ∈ A}).
Note that h(A) is an algebraic subset with h(A) ≤ A; it need not be
H-closed, but h∗(A) = Ag(h(A)) still satisfies h∗(A) ≤ A. Moreover,
the least element of h∗(A) is

∧
g∈H gh(a0). So if Γ(A) = Γ(B), then

Γ(h∗(A)) = Γ(h∗(B)). Thus we may regard the induced map h∗ as
acting on γ(L), with h∗[A] = [h∗(A)].

We can also define h∗ for the derived maps h ∈MO. Here are some
properties of the set of maps H∗.

Lemma 71. If (L, γ) is representable as (Sp(S, H),Γ), then the fol-
lowing hold for each h∗ acting on γ(L).

(1) h∗[a] ≤ [a].
(2) τh∗[a] ≤ τ [a].
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(3) h∗[0] = [0].
(4) [c] ≤ [d] implies h∗[c] ≤ h∗[d].
(5) h∗(

∨
i[ri]) =

∨
i h
∗[ri].

(6) τ [a] ≤ τ [b] implies there exists k ∈ DMO such that k∗[b] = [a].

Proof. Items (1) and (2) follow from the paragraph above, while (3)
holds since h(1S) = 1S.

For (4), [C] ≤ [D] means c0 ≥ d0, whence f(c0) ≥ f(d0) for all
f ∈ DMO. Therefore

∧
gh(c0) ≥

∧
gh(d0).

For (5), note that γ-closed sets [r] are determined by their least
element in S. The least element of

∨
[ri] is

∧
ri0, so the least element

of h∗(
∨

[ri]) is the least possible value of gh(
∧
ri0) =

∧
gh(ri0) with

g ∈ MO (don’t need directed joins for the least element). Meanwhile,
the least element of

∨
h∗[ri] is the least possible value of

∧
gih(ri0) with

each gi ∈ MO. Remembering that MO is closed under meets of maps
yields the conclusion: take g =

∧
gi.

Item (6) follows from Lemma 70. �

Sadly, the maps h∗ need not be dual operators, as they may fail to
preserve down-directed meets in γ(L). Our example takes S = 2ω+1 =
{0, 1, . . . , ω, ω+ 1, . . . , 2ω}, with the operators h and mk (k ∈ ω) given
by:

h(j) = ω + j,

h(ω + j) = 2ω,

h(2ω) = 2ω,

mk(j) = j,

mk(ω + j) =

{
ω if j ≤ k,

ω + j if j > k,

mk(2ω) = 2ω.

Check that S is algebraic and the maps preserve arbitrary meets and
joins. The Γ-closed sets are ↑ j for j ∈ ω, ↑ ω, and {2ω}. However,∧ ↑j =↑ω and h∗(↑j) =↑ω for all j, while h∗(↑ω) = {2ω}.

One way to deal with a problem is to avoid it entirely. Following
Gorbunov, we say that a lattice G has the weak DCC if every prop-
erly descending down-directed set meets to 0. Note that h∗[

∧
[ri] ≤∧

h∗[ri] ≤
∧

[ri] by (4) and (1). So if γ(L) satisfies the weak DCC,
then every h∗ preserves down-directed meets.

The existence of a complete set of h’s satisfying Lemma 71 is nec-
essary for representability of a pair (L, γ). In general, it need not be
sufficient. However, when L is upper continuous and γ(L) satisfies the
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weak DCC and CJI(L) ⊆ τ(L), that is, p = τ [p] for every completely
join irreducible p ∈ J(L), it is sufficient.

Theorem 72. Let (L, γ) be a pair consisting of a dually algebraic
lattice with a weak equaclosure operator. If

• Each γx is completely meet distributive, that is, γx ∧ ∨
yi =∨

(γx ∧ yi) for any index set,
• γ(L) satisfies the weak DCC, and
• CJI(L) ⊆ τ(L),

then (L, γ) has a representation as Sp(S, H) if and only if there exists
a set of operators H∗ on γ(L) satisfying the conditions of Lemma 71.
If such a set of operators exists, then L ∼= Spd(γ(L), H∗).

Of course, upper continuity implies the first bulleted condition.
Here, in order to avoid further confusion, we use the lattice Spd(γ(L), H∗)

of H∗-closed dually algebraic subsets of γ(L). For the regular repre-
sentation, we would take S = γd(L) and use the maps operators dual
to H∗.

Proof. It remains to show the sufficiency in this case. Note that γ(L)
is a dually algebraic lattice, and (by the weak DCC assumption) the
maps h∗ are dual operators, so at least we have the right setup.

Again define ϕ : L→ Sp
d(γ(L), H∗) by

ϕ(x) = {[b] : τb ≤ x}.
First we show that ϕ(x) is an H∗-closed dually algebraic subset of γ(L).
Surely [0] ∈ ϕ(x). If [bi] ∈ ϕ(x) for i ∈ I, then each τbi ≤ x, whence
τ
∨

[bi] ≤
∨
τ [bi] ≤ x, so

∨
[bi] ∈ ϕ(x). If τb ≤ x, then τh∗[b] ≤ x by

property (2) of Lemma 71. So ϕ(x) is an H∗-closed dually algebraic
subset.

We need to show that every such subset is in the range of ϕ. For an
H∗-closed dually algebraic subset U , let

x =
∨
{τ [u] : [u] ∈ U}.

Clearly U ⊆ ϕ(x). For the reverse inclusion, suppose [b] ∈ ϕ(x), i.e.,
τb ≤ ∨{τ [u] : [u] ∈ U}. Then

τb = τb ∧ γb ≤
∨

(τ [u] ∧ γb) ≤ γb

by meet distributivity. Thus [b] =
∨

[τ [u]∧γb]. But each [d] = [τ [u]∧γb]
has τ [d] ≤ τ [u], whence [d] ∈ U by property (6). Then [b], the join of
such [d], is also in U . Thus ϕ(x) ⊆ U .

Clearly ϕ is order-preserving: x ≤ y implies ϕ(x) ≤ ϕ(y). On
the other hand, if x � y, then there is a completely join irreducible
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p = τp with p ≤ x, p � y. This gives [p] ∈ ϕ(x) while [p] /∈ ϕ(y), so
ϕ(x) � ϕ(y). �

To summarize, whenever (L, γ) can be represented as (Sp(S, H),Γ),
we always have γd(L) ≤ S as a complete sublattice by Corollary 40.
When the conditions of Theorem 72 are satisfied, we can take S =
γd(L). In that case, if the maps can be found, we have a representation
L ∼= Sp(γd(L), H); if there are no appropriate maps on γ(L), then no
S works.

18. An algorithm to test for representability when J ⊆ T

This section is in terms of γdL. Maybe fix that later.
Given (L, γ) to represent, with J ⊆ T . Let P = {τ(x) : x ∈ L},

with the inherited order. Fix b � a in P, so that in the construction
we need an operator h on Ŝ satisfying

(1) h(b̂) = â,
(2) h(x̂) = û implies u ≤ x,
(3) h is order-preserving,
(4) h is meet-and-one preserving.

As usual, ẑ denotes the least element of Ŝ.

Map k0. Let

k0(ẑ) =

{
â if z = b,

ẑ otherwise.

Now suppose we have k0(ŷ) for all ŷ < x̂. Let ŵ =
∨
ŷ<x̂ k0(ŷ). Define

k0(x̂) =

{
â if x = b,

τ̂(x ∧ γw) otherwise.

Lemma 73. The map k0 satisfies (1)–(3) and k0(x̂) ≤ x̂; indeed, it is
the least such map.

Proof. Note that k0(x̂) ≥ x̂, and k0(x̂) = x̂ if x̂ � b̂. Properties (1) and

(2) are immediate, as is (3) except when x̂ ≥ b̂.

So consider x̂ > b̂. Then γ(x ∧ γw) ≤ γw, whence k0(x̂) ≥ ŵ =∨
ŷ<x̂ k0(ŷ), as desired. �

Corollary 74. If Ŝ = γd(L) is a finite chain, then (L, γ) is repre-
sentable.
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Map k1. Now assume there is a pair (r̂, ŝ) such that

p̂ = k0(r̂ ∧ ŝ) < k0(r̂) ∧ k0(ŝ) = q̂.

Let us construct k1 ≥ k0 such that k1(r̂ ∧ ŝ) ≥ q̂. Let

k1(ẑ) =

{
τ̂(τz ∧ γq) if ẑ = r̂ ∧ ŝ,
k0(ẑ) otherwise.

Now suppose we have k1(ŷ) for all ŷ < x̂. Let ŵ = k0(x̂) ∨∨
ŷ<x̂ k1(ŷ).

Define

k1(x̂) =

{
τ̂(τx ∧ γq) if x̂ = r̂ ∧ ŝ,
τ̂(τx ∧ γw) otherwise.

Note that if x̂ = r̂ ∧ ŝ, then

• k0(x̂) = p̂,
• if ŷ < x̂, then k1(ŷ) = k0(ŷ) ≤ k0(x̂) = p̂,

and p̂ < q̂ implies γp > q̂. Thus we may omit “γw” in the first case,
as those terms are absorbed by γq.

The map k1 satisfies (2)–(3) and has addressed one failure of (4),
with k1 ≥ k0. So the algorithm is this:

Given (L, γ), for all b � a in P, recursively construct k0 ≤ k1 ≤
· · · ≤ kn until it stabilizes satisfying (2)–(4). If kn(b̂) = â then you
have the map for that pair; if not, the pair is not representable.

To see that the algorithm works, fix b � a. The map kn satisfies
(2)–(4). If kn(b̂) = â, so that kn satisfies (1)–(4), we are done. On the
other hand, suppose there is a map h satisfying (1)–(4). It is easy to
see that k0 ≤ h, and inductively, if kj ≤ h then kj+1 ≤ h. Now

â = k0(b̂) ≤ kn(b̂) ≤ h(b̂) = â

so that kn satisfies (1) also. Thus, for each b � a in P, the map kn (for
sufficiently large n) satisfies (1)–(4) if and only if any such map exists,
in which case kn is the least such map.

19. A case where step six works!

Recall that we have a six-step program to represent finite (L, γ) as
(Lq(K),Γ) when possible. For this construction project, the bottlenecks
are at steps one and six; steps 2–5 are routine. There is an easy case
where step six always works.

Theorem 75. Suppose finite (L, γ) is represented by (Sub(Ŝ,∧, 0̂, H),Γ)
satisfying

($) h(x̂) = 0̂ implies x̂ = 0̂.
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Then our construction project, with the interpretation O(x) 7→ x ≈ e
and the additional longstyle axioms

ηx ≈ ηy → x ≈ y ηkx ≈ x→ x ≈ e

ηx ≈ κx→ x ≈ e ηx ≈ κy → x ≈ e

ηx ≈ e→ x ≈ e

for all the maps η, κ 6= η and all k > 0, always yields a quasivariety
representation (Lq(K),Γ) in a quasivariety with equality.

The import of the condition $ is that it insures that η(0̂) = 0̂ for all
the adjoint maps η. Thus the predicate O(ηx) is assigned to 0̂, so that
ηx ≈ e↔ x ≈ e holds in K1.

(We have seen that sometimes there are shortstyle representations
when $ fails, but an assignment O(ηx) 7→ â carries additional bag-
gage.)

Running examples 2 and 3 illustrate this construction; also exam-
ple 1, vacuously. We may as well state and prove the general version.
The infinite case requires that 1S be compact.

Theorem 76. Suppose (L, γ) is represented by (Sp(S, H),Γ) satisfying

• 1S is compact.
• ($) h(x) = 1S implies x = 1S

for all x ∈ S and h ∈ H. Then our construction project, with the
interpretation O(x) 7→ x ≈ e and the additional longstyle axioms from
Theorem 75 yields a quasivariety representation (Lq(K), η) in a quasi-
variety with equality.

In the infinite case, step 2 is slightly different: we have Sp(S, H) ∼=d

Con(K,+, 0S, G) where K is the semilattice of compact elements of S,
and the maps in G are the adjoints of those in H, given by the same
formula η(ŝ) =

∧{x̂ ∈ S : h(x̂) ≥ ŝ}. For details, and to see that the
adjoints map compacts to compacts, see Theorem 14 of [19]

So suppose we have Sp(S, H) ∼= Lq(K0) by our construction (steps
2–5), and let K1 be the quasivariety obtained by the modifications of
Theorem 75. We want to show that Lq(K0) ∼= Lq(K1). For K0, the
next result just modifies Theorem 67 to include our stronger conditions
on O(x).

Theorem 77. Let B be an implicational theory in a language L with
the restrictions and laws of Theorem 67(1)–(4). Assume additionally
that in B the predicate O satisfies

(5) O(ηx)↔ O(x) for every function symbol η,
(6) O(x)→ P (x) for every predicate symbol P .
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Then every implication holding in a theory extending the theory of B is
equivalent (modulo the laws of B) to a set of implications in only one
variable.

Moreover, modulo the quasi-equations of B, every quasi-equation in
L is equivalent to a quasi-equation of one of the forms

&1≤i≤kPi(ηi(x))→ O(x)

&1≤i≤kPi(ηi(x))→ Q(κ(x))

with Pi, Q 6= O but possibly ηi, κ = id.

The preceding theorem applies to K0, and thus we can assume that
the laws of subquasivarieties of K0 have the form given there. So let
us prove the corresponding statement for K1.

Theorem 78. Let C be an implicational theory in a language L with
the following restrictions and laws.

(1) L has only unary predicate symbols.
(2) L has only unary function symbols.
(3) L has one constant symbol e.
(4) B contains the laws P (f(e)) for every predicate P and every

formal composition f of functions of L.

Assume that in C the predicate O satisfies

(5) O(ηx)↔ O(x) for every function symbol η,
(6) O(x)→ P (x) for every predicate symbol P .

Let D be the theory obtained from C by adding equality ≈ to the lan-
guage, along with laws saying that ≈ is a congruence relation, convert-
ing O(x) 7→ x ≈ e for all instances, and adding the laws:

ηx ≈ ηy → x ≈ y ηkx ≈ x→ x ≈ e

ηx ≈ κx→ x ≈ e ηx ≈ κy → x ≈ e

ηx ≈ e→ x ≈ e

for all function symbols η, κ and all k > 0. Then every implication
holding in a theory extending the theory of D is equivalent (modulo the
laws of D) to a set of implications in only one variable.

Moreover, modulo the quasi-equations of D, every quasi-equation in
L is equivalent to a quasi-equation of one of the forms

&1≤i≤kPi(ηi(x))→ x ≈ e

&1≤i≤kPi(ηi(x))→ Q(κ(x))

with Pi, Q 6= O but possibly ηi, κ = id.
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Proof. The assumptions guarantee that every atomic formula of D is
equivalent to one of the forms

x ≈ e Q(κ(x)) x ≈ y

with Q 6= O. So in a quasi-equation β1& · · ·&βk → α we may assume
that α is one of the above three atomic formulas, and that each βj is
one of the following, where z represents a variable with z 6= x, y.

x ≈ e y ≈ e z ≈ e

x ≈ y x ≈ z y ≈ z

x ≈ ηy y ≈ ηx z ≈ ηx

x ≈ ηz y ≈ ηz z ≈ ηy

P (ηx) P (ηy) P (ηz)

Moreover,

• if any of the first 12 options occurs as a βj, then we can make a
substitution and obtain an equivalent quasi-equation with fewer
variables,
• if P (ηz) occurs as a βj, then via the substitution z 7→ e we can

remove that antecedent to obtain an equivalent quasi-equation
in fewer variables.

Thus the original quasi-equation is equivalent, modulo D, to one of the
following four forms:

&1≤i≤kPi(ηi(x))→ x ≈ e

&1≤i≤kPi(ηi(x))→ Q(κ(x))

&1≤i≤kPi(ηi(x))→ x ≈ y

&1≤i≤`Pi(ηi(x)) & &1≤j≤mPj(λj(y))→ x ≈ y.

However, the third form is equivalent to &1≤i≤kPi(ηi(x))→ x ≈ e and
the fourth is equivalent to the pair

&1≤i≤`Pi(ηi(x))→ x ≈ e

&1≤j≤mPj(λj(y))→ e ≈ y

both of the form given in the theorem. �

In view of Theorems 67 and 78, it is clear how to translate quasi-
equations modulo K0 into quasi-equations modulo K1 via O(x) 7→ x ≈
e, and vice versa, when the hypotheses of Theorem 78 hold. We con-
clude that Lq(K0) ∼= Lq(K1), and this proves Theorem 76.
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Figure 15. Lattice for Example 6, with its companion γd(L).

Corollary 79. Suppose (L, γ) can be represented as Sp(S,Γ). Then
(1+L, γ′) can be represented (Lq(K), η) for a quasivariety with equality,
where γ′ is γ with the new least element as a singleton γ′-class.

Proof. For step 1, form S′ = S + 1. Denote the old greatest element as
0̂, and the new one as 1′. Extend every h ∈ H to h′ with h′(1′) = 1′,
and add a new map k(x) with k(x) = 0̂ if x ∈ S, and k(1′) = 1′. Let
H ′ = {h′ : h ∈ H} ∪ {k}. Then (S′, H ′) satisfies the conditions of
Theorem 76. �

The quasivariety used in Theorem 75 can be regarded as the extreme
opposite of that used by Gorbunov and Tumanov for atomistic quasiva-
riety lattices in Theorem 25. For that case, the quasivariety consisted
of 1-element structures with relations, and there were no operations. In
the present case, there are usually operations and relations, and except
for the trivial quasivariety the algebra is absolutely free.

Example 6. We illustrate this with the first lattice in Figure 15, with
γ being the identity map. Clearly we want ẑ → â, ẑ → b̂, â→ ĉ, b̂→ ĉ.

These maps work:
h k hk = kh

0̂ 0̂ 0̂ 0̂
â â ĉ ĉ

b̂ ĉ b̂ ĉ
ĉ ĉ ĉ ĉ

ẑ â b̂ ĉ

with these adjoints:

η κ ηκ = κη

0̂ 0̂ 0̂ 0̂
â ẑ â ẑ

b̂ b̂ ẑ ẑ

ĉ b̂ â ẑ
ẑ ẑ ẑ ẑ
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Predicates are assigned as follows:

0̂ 7→ O(x), O(ηx), O(κx)

â 7→ A(x), A(κx), C(κx)

b̂ 7→ B(x), B(ηx), C(ηx)

ĉ 7→ C(x)

ẑ 7→ A(ηx), B(κx).

From this it is clear that in K0 we can replace A(x) by C(κx), and
B(x) by C(ηx).

The quasivariety K0 has a constant e, predicates O and C, functions
η and κ, and the laws

O(e) C(e) O(ηe) O(κe)

C(η2x)↔ C(ηx) C(κ2x)↔ C(κx)

C(ηκx) C(κηx)

O(x)→C(x)

C(x)→ C(ηx) C(x)→ C(κx)

C(ηx) &C(κx)→ C(x)

We convert to the quasivariety K1 by replacing O(x) with x ≈ e,
and laws saying that if any two distinct terms collapse, then everything
collapses to e:

C(e) ηe ≈ κe ≈ e

C(η2x)↔ C(ηx) C(κ2x)↔ C(κx)

C(ηκx) C(κηx)

C(x)→ C(ηx) C(x)→ C(κx)

C(ηx) &C(κx)→ C(x)

ηx ≈ ηy → x ≈ y κx ≈ κy → x ≈ y

ηkx ≈ η`x→ x ≈ e for all k > ` ≥ 0

κkx ≈ κ`x→ x ≈ e for all k > ` ≥ 0

ηx ≈ κy →x ≈ e

We should mention that in [7] there is a different method for con-
verting K0 to a quasivariety K1 with equality, that requires strong
assumptions on the monoid of operators. For example, that method
applies when the monoid G of adjoints is a group.
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20. Distributive dually algebraic lattices as Sp(S, H)

In this section we prove the following result.

Theorem 80. Every distributive dually algebraic lattice can be rep-
resented as Sp(S, H) with S an algebraic lattice and H a monoid of
operators.

Every finite distributive lattice can be represented as a lattice of
subquasivarieties Lq(K). We have already seen that (ω + 1)d can be
represented as Sp(S, H) but not as Lq(K), since it is not atomic.

Let D be an algebraic distrubutive lattice, and P the semilattice of
compact elements of D. We are going to show that Dd is representable
as Sp(I(K), H) for a distributive semilattice K, with P and K related
by a semilattice homomorphism µ : K→ P.

Recall that a (∨, 0)-semilattice K is distributive if whenever u ≤ x∨y
in K, there exist a, b ∈ K such that a ≤ x, b ≤ y, and u = a ∨ b. This
is equivalent to saying that the lattice of ideals of K is distributive.
We will eventually need a lemma of E. T. Schmidt [27].

Lemma 81. Let K be a distributive semilattice with 0, and let F be a
finite subset of K. Then there exists a finite distributive subsemilattice
D of K with F ⊆ D ⊆ K.

The next lemma is also useful.

Lemma 82. Let K be a (∨, 0)-semilattice and S = I(K) its ideal
lattice. Consider a map h : S → S, and let h0 : K → S be the
restriction of h to K.

(1) The map h preserves nonempty directed joins if and only if h0
is order-preserving and h(x) =

∨{h0(k) : k ≤ x} for all x ∈ S.
(2) Assume that h satisfies the property of (1). Then h preserves

arbitrary meets if and only if
(a) h(1S) = 1S, and
(b) if x, yα (α ∈ A) are elements of K such that x ≤ h0(yα)

for all α, then there exists z ∈ K such that z ≤ yα for all
α and x ≤ h0(z).

The proof is routine.
A thorough analysis of the necessary conditions leads us to the fol-

lowing situation. References to 1 should be omitted if K has no largest
element.

(0) S = I(K) where K is a (∨, 0)-semilattice.
(1) There is a surjective join homomorphism µ : K→ P.
(2) µ(x) = 0 iff x = 0 and µ(x) = 1 iff x = 1.
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(3) There is a map f : K2 → K such that for all 0 < u < 1, k,
` ∈ K,
(a) f(u, k) � u for k > 0,
(b) k ≤ f(u, k) = f(u, f(u, k)),
(c) k ≤ ` implies f(u, k) ≤ f(u, `),
(d) 0 < k = f(u, k) and k ≤ ` implies f(u, `) = `,
(e) u ≤ v implies f(u, k) ≤ f(v, k),
(f) f(u, k ∨ `) = f(u, k) ∨ f(u, `),
(g) µ(f(u, k)) = µ(k).
(h) µ(`) = µ(k) implies f(`, k) ≥ `.

(4) There is a map g : K2 → K such that for all u, k, ` ∈ K,

k ≤ u ∨ ` iff ` ≥ g(u, k).

Note g(u, k) ≤ k.
The monoid H will be generated by two types of operators. In

accordance with Lemma 82(1), we define the maps on K and extend
them naturally to S. For 0 < u < 1 in K, define zu by extending the
map

zu(x) =

{
x if x = f(u, x),

0 otherwise.

Note zu(u) = 0 and zu(1) = 1.
For each u ∈ K, define `u by `u(x) = x ∨ u.

Lemma 83. If (0)–(4) hold, then each zu (0 < u < 1) and each `u is
an operator.

Proof. By Lemma 82(1), both types of maps preserve nonempty di-
rected joins, and both types preserve 1. It remains to check Lemma
82(2b).

Let x, yα (α ∈ A) be such that x ≤ zu(yα) for all α. We claim that
f(u, x) has the property of (2b). Without loss of generality x > 0 and
thus zu(yα) = yα = f(u, yα) for all α. But x ≤ yα implies f(u, x) ≤
f(u, yα) = yα for all α, while x ≤ f(u, x) = zu(f(u, x)) also holds. (In
Lemma 82(2b) take z = f(u, x).)

Now assume x, yα (α ∈ A) are such that x ≤ `u(yα) = yα∨u holds for
all α. Then yα ≥ g(u, x) for all α, while x ≤ x∨g(u, x) ≤ x∨u = `u(x).
(In Lemma 82(2b) take z = g(u, x).) �

Theorem 84. If the semilattice K and the maps µ, f , g satisfy (1)–
(4), then with S = I(K) and H the monoid generated by the operators
zu, `u above, we have Sp(S, H) ∼=d P.

Let S be an algebraic lattice with a monoid of operators H. Recall
that an element X ∈ S is fully invariant if h(X) ≥ X for all h ∈
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H. Every algebraic subset has a least element, and the fully invariant
elements are precisely those elements that can be the least element of
an H-closed algebraic subset. Moreover, in view of the operators `u for
every compact u, the H-closed algebraic subsets of our particular S are
exactly the principal filters ↑X with X fully invariant. We record this
thusly.

Lemma 85. If S = I(K) and `u is in H for every u ∈ K, then A ⊆ S
is in Sp(S, H) if and only if A =↑x0 for some fully invariant element
x0 ∈ S. Hence Sp(S, H) ∼=d Φ, the sublattice of S consisting of all fully
invariant elements (since filters reverse the inclusion).

Proof. Assume that `u ∈ H for every compact u. Let x ∈ A where
A is an H-closed algebraic subset, and consider any y ≥ x. Then
`u(x) = x ∨ u is in A for every compact u ≤ y. Since these form a
directed set, y =

∨
u≤y `u(x) is in A. Thus ↑x ⊆ A. �

So, given K satisfying (1)–(4), it remains to identify the fully invari-
ant elements of S = I(K). In general, given an element x ∈ S, the least
element of Ag(x) is x0 =

∧
h∈H h(x). (This uses the assumption that

H is closed under composition.) In our case, each `u is an increasing
function, while zu ◦ zv(x) ≥ zu∨v(x), so x0 =

∧
u∈K zu(x). (Details: if

zu∨v(x) = x, then x = f(u∨v, x) ≥ f(v, x) ≥ x, so zv(x) = x. Similarly
zu(x) = x, whence zu ◦ zv(x) = x.)

For each ideal J ∈ I(P), let IJ = µ−1(J) = {k ∈ K : µ(k) ∈ J}.
Lemma 86. If (0)–(4) hold, then each IJ is a fully invariant element
of S.

Proof. By assumption (1), IJ is an ideal of K. It suffices to show that
for every u, and whenever 0 < k ∈ IJ , there is an element ` such that
k ≤ ` ∈ IJ and zu(`) = `. By assumptions (3b) and (3g), ` = f(u, k)
has these properties. �

Now the elements of S are ideals of K. Since the meet of fully
invariant elements is fully invariant, for each k ∈ K there is a least
fully invariant element ϕ(k) with k ∈ ϕ(k).

Lemma 87. If K satisfies (1)–(4), then ϕ(k) = id{f(u, k) : 0 < u <
1}.
Proof. Let R denote the right hand side. Assume k ∈ X where X
is fully invariant. For every u with 0 < u < 1 we have zu(X) = X,
so there exists y ∈ X such that k ≤ zu(y) = y = f(u, y). Then
f(u, k) ≤ f(u, y) = y ∈ X, whence f(u, k) ∈ X. Thus f(u, k) ∈ X for
all u, so that R ⊆ X. Taking intersections, R ⊆ ϕ(k).
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On the other hand, R is fully invariant. Note that by assumption
(3e), if x ≤ f(u, k) and y ≤ f(v, k), then x∨y ≤ f(u∨ v, k). Therefore
{z ∈ K : z ≤ f(w, k) for some w} is the ideal R. Suppose x ∈ R,
so that x ≤ f(v, k) for some v. Fixing u with 0 < u < 1, let w =
f(u ∨ v, k) which is in R. Then f(u,w) ≥ f(u, f(u, k)) = f(u, k) and
zu(f(u, k)) = f(u, k), whence by property (3d) f(u,w) = w = zu(w),
while w ≥ f(v, k) ≥ x so that x ∈ zu(R). Since u was arbitrary, R is
fully invariant. �

Lemma 88. If (0)–(4) hold and k ∈ K with µ(k) = p, then ϕ(k) = I↓p.

Proof. By Lemma 87 and properties (3f) and (3g), ϕ(k) ≤ I↓p. It
remains to show that ϕ(k) contains every element ` with µ(`) ≤ p.
Since µ(k ∨ `) = µ(k) ∨ µ(`), it suffices to show that ϕ(k) contains all
elements ` with µ(`) = p.

Suppose µ(`) = µ(k) = p. By property (3h), f(`, k) ≥ `, so ` ∈ ϕ(k)
by Lemma 87, as desired. �

Corollary 89. If (0)–(4) hold, then X is a fully invariant element of
S if and only if X = IJ for some ideal J of P.

Proof. Each IJ is fully invariant by Lemma 86. On the other hand, if X
is fully invariant, then pretty clearly X =

⋃
k∈X ϕ(k). By Lemma 88,

X =
⋃
k∈X I↓µ(x). But J = {p ∈ P : p ≤ µ(k) for some k ∈ X} is an

ideal of P by property (3f) and the fact that X is an ideal. (In fact
J = {µ(k) : k ∈ X} by the proof of Lemma 89, but we don’t need
that.) �

Now we are set up to apply Lemma 85.

Theorem 90. If (0)–(4) hold, then D ∼= Sp(S, H).

Proof. Now D = I(P), and the fully invariant elements of S = I(K)
form a lattice dually isomorphic to I(P), via the map J 7→↑ IJ . It
remains to observe that the map is surjective and J ≤ J ′ if and only if
IJ ≤ IJ ′ , using the assumptions that µ is surjective and order preserv-
ing. �

To complete the proof of Theorem 84, we must show that such a K
satisfying (1)–(4) exists. Rather than construct K and the maps µ,
f , g explicitly, we are going to use the compactness theorem of logic.
Form a collection Σ of first-order sentences as follows.

(i) K is a set of variables k, `, . . . of the cardinality of P (which we
may take to be infinite).

(ii) P is a set of constants corresponding to the elements of P. (So
P includes 0P and possibly 1P.)
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(iii) There is a constant 0K . If 1P exists, also include 1K ; not other-
wise.)

(iv) There is a unary predicate π to distinguish P from K, so that
π(p) holds for all p ∈ P and ¬π(k) holds for all k ∈ K.

(v) There are operation symbols ∨P, ∨K , µ, f , and g. Strictly speak-
ing, these are relation symbols, and we add axioms saying that

∨P : P 2 → P

∨K : K2 → K

µ : K → P

f : K2 → K

g : K2 → K

are functions with the appropriate domains and codomains. So we say
that the relations are defined and single-valued, and use the predicate
π to determine the domain and codomain.

(vi) There are sentences mimicking the join table of P.
(vii) There are sentences saying that K is a join semilattice with 0K .

If 1K exists, include sentences to the effect that it is the largest element
as well.

(viii) There are sentences saying that µ is a surjective join homomor-
phism. That is, for every p ∈ P a sentence ∃k µ(k) = p, and sentences
µ(k ∨K `) = µ(k) ∨P µ(`).

(ix) There are sentences corresponding to condition (2), saying that
µ(x) = 0 iff x = 0 and µ(x) = 1 iff x = 1.

(x) There are sentences corresponding to each of the conditions (3a)–
(3h) for f , and to condition (4) for g.

In order to apply the compactness theorem, we must show that every
finite subset Φ of Σ is satisfiable.

So consider a finite subset Φ of Σ. Let P0 be the set of elements
of P mentioned in Φ. By Lemma 81 there is a finite distributive sub-
semilattice D ≤ P with P0 ⊆ D. Let D− = D \ {0P, 1P}. Take
K0 = (D− × ω) ∪ {0K , 1K} but only adding 1K if it exists in Σ. This
is a join semilattice with

(p, i) ∨ (q, j) =

{
(p ∨ q, i ∨ j) if p ∨ q < 1P,

1K otherwise.

and 0K , 1k behaving as usual.
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Now define

µ(0k) = 0P,

µ((q, i)) = q,

µ(1K) = 1P.

Clearly this is a join homomorphism.
For property (3), for each (q, i) define

f((q, i), 0K) = 0K ,

f((q, i), (r, j)) = (r,max(i+ 1, j)),

f((q, i), 1K) = 1K .

Note that f((q, i), (r, j)) = (r, j) iff j ≥ i + 1. With that observation,
one can check properties (3a)–(3h).

Our last lemma is well-known.

Lemma 91. Let E be a distributive lattice satisfying the DCC. For
each pair x, z ∈ E there is a least element z \ x with the property

x ∨ y ≥ z iff y ≥ z \ x.
Although K0 need not be distributive, it inherits the property of the

lemma from its components. Set

g(u, k) =


0K if u = 1K or k = 0K ,

k if u = 0K ,

(1P \ p, 0) if u = (p, i) and k = 1K ,

(q \ p, j \ i) if u = (p, i) and k = (q, j).

and check that property (4) works.
Thus Σ is finitely satisfiable, and we have proved the desired result.

Corollary 92. If P is a distributive algebraic lattice, then its dual Pd

is representable as Sp(S, H) with S an algebraic lattice and H a monoid
of operators.

21. Every lattice of order ideals is representable as
Sp(S, H)

The lattice O(P) of order ideals of an ordered set P is distributive,
algebraic and dually algebraic. The result of the previous section yields
that these lattices are representable as lattices of algebraic subsets with
operators. However, there is a simpler proof for this case, which may
be instructive. (Earlier results for lattices of order ideals are in [19].)
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Theorem 93. For any ordered set P, the lattice O(P) is isomorphic
to a lattice Sp(S, H) with S an algebraic lattice and H a monoid of
operators.

Proof. In fact, we will represent (O(P))d ∼= O(Pd).
Let S = O(P). Thus 0S = ∅ and 1S = P .

Lemma 94. S is an algebraic and dually algebraic lattice. Its compact
members are the finitely generated order ideals.

The monoid H will contain operators `u for every u ∈ P . Define `u
by `u(I) = I ∨ ↓u, which is in fact I ∪ ↓u.

Lemma 95. Each `u is an operator.

The crucial observation is that `u preserves meets because in S,
(
∧
j Ij)∨ ↓u = (

⋂
j Ij)∪ ↓u.

Now for any ideal M of P, let

AM i = {I ∈ S : I ⊇M}
=↑M.

We claim that the map α : M 7→ AM is a dual isomorphism of O(P)
onto Sp(S, H).

It is not hard to see that AM is an H-closed algebraic subset of S. On
the other hand, if A is any H-closed algebraic subset, then it has a least
element N , Because of the maps `u we have ↑N ⊆ A, whence ↑N = A.
Since α is containment-reversing, it is a dual isomorphism. �

22. Problems

(1) Either prove that every pair (L, γ) where L is a finite lower
bounded lattice with J ⊆ T satisfying the known conditions
can be represented, or else find extra necessary conditions for
representability. (See Section 18.)

(2) Find a common generalization of conditions (K9) and (K19).
(3) Find a systematic construction to handle the case J 6⊆ T , and

decide which of those can be represented. (See Running exam-
ple 5 or Figure 24.)

(4) We have not used join semidistributivity nor lower bounded-
ness? What gives?

(5) Which finite lattices admit a weak equaclosure operator? (See
Section 13.)

(6) Make Step 6 systematic: find a way to convert finite qusasiva-
riety lattices in a language without equality to ones in a lan-
guage with equality. (The longstyle construction in Section 19
has limited applicability.)
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Figure 16. The leaf lattice 1 + Co(4).

(7) Describe Lq(K) for a quasivariety generated by a finite semilat-
tice with operators (perhaps with simplifying conditions).

(8) Can we make step 6 of the construction project (representing
as a quasivariety with equality) work for the class J ⊆ T?

(9) Can the construction project be adapted to the infinite case?
(10) How does the argument used in the generalized version of (K9)

relate? (See [7, 25].)
(11) Decide the remaining test case: Can you represent the leaf 1 +

Co(4) of Figure 16 as a lattice of quasivarieties in a language
with equality? It can be represented as Sp(S, H), and hence in
a language without equality. Hence by Section 19 the lattice
2 + Co(4) is isomorphic to Lq(K) for some quasivariety with
equality. Compare the lattice in Figure 17.

(12) How does the Zipper Condition affect the natural equaclosure
operator on Lq(K)?

(13) Some properties special to subquasivariety lattices for locally
finite quasivarieties of algebras are found in Freese, Kearnes
and Nation [13]. Do these work for structures or just algebras?

(14) More generally, what special properties pertain to lattices of
subquasivarieties of algebras, as opposed to more general struc-
tures?

(15) Which dually algebraic lattices can be represented as lattices of
subvarieties? For algebras with equality the Zipper Condition
and its generalizations apply [12, 21, 22]. What about general
structures with equality? General structures without equality?

(16) What is the role of finite critical structures in locally finite va-
rieties? (Start with groups, as in H. Neumann [26].)

Let us expand on a couple of problems.
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Let D be a finite distributive lattice, and take γ = id, the identity
operator. Step 1 of the construction is easy: take Ŝ = Dd and use
the maps hâ for all a ∈ D, where hâ(x̂) = â ∨ x̂. The adjoints are
then given by ηâ(ŝ) = ŝ \ â, which is the least element û such that
â∨ û ≥ ŝ. The question is: How does Step 6 work? This would give us
a rather different representation of finite distributive lattices as lattices
of quasivarieties, one in which every subquasivariety was a relative
subvariety. This is the construction used in Section 21 for distributive
lattices D that are both algebraic and dually algebraic, i.e., completely
distributive.

Secondly, we conjecture that if L is a finite lower bounded lattice
and (L, γ) has J ⊆ T and satisfies a few necessary conditions, like
(K9) and (K19), then the pair can be represented as Sub(S,∧, 1, H)
with S = γd(L). This is a good exercise, because failure to represent
will likely lead to more necessary conditions. But the examples in
Figures 18, 19 and 20 indicate some of the complexities.

23. Advertisement

This summary is stolen and slightly modified from the Preface.
The monograph The lattice of subquasivarieties of a locally finite

quasivariety [18] develops a set of methods for dealing with locally
finite quasivarieties of finite type. Here is a quick synopsis of the book.

Let K be a locally finite quasivariety of finite type. The goal is
to analyze the structure of the lattice Lq(K) of subquasivarieties of
K. It turns out that the lattice Lq(K) is both algebraic and dually
algebraic, join semidistributive, and it is a fermentable lattice. The
completely join irreducible quasivarieties in Lq(K) are 〈T〉 with T a
finite quasicritical structure in K.

For any finite algebra T in a locally finite quasivariety K of finite
type, there is a finite set E(T) of quasi-equations such that, for any
subquasivariety Q ≤ K, it is the case that T /∈ Q if and only if Q satisfies
ε for some ε ∈ E(T). Moreover, given T and its K-congruence lattice
ConK T, it is straightforward to find the quasi-equations in E(T). For
each quasi-equation ε in E(T), there is a finite list U1, . . . ,Uk of finite
algebras in K such that an algebra S ∈ K satisfies ε if and only if
S contains no Ui as a subalgebra. The completely meet irreducible
quasivarieties in Lq(K) are of the form 〈ε〉 where ε ∈ E(T) for some
finite quasicritical structure T ∈ K.

Quasivarieties that are completely join prime or completely meet
prime in Lq(K) are also characterized.



74 ADARICHEVA, HYNDMAN, NATION, AND NISHIDA

Figure 17. Leaf lattice with natural equaclosure operator.

Since Lq(K) is algebraic, every subquasivariety of K is a meet of
completely meet irreducible quasivarieties. For every completely meet
irreducible quasivariety M in Lq(K), there is a finite algebra T, not in
M, such that M = 〈ε〉 for a quasi-equation ε in E(T). Quasivarieties Q
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Figure 18. Tricky to represent as Sub(S, H).

Figure 19. Trickier to represent.

Figure 20. Harder yet to represent, but doable.

that are finitely based relative to K are then the intersection of finitely
many such quasivarieties 〈εi〉, with each εi in E(Ti) for some Ti not
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in Q. Thus finitely based quasivarieties can also be characterized in
terms of omitting finitely many subalgebras.

The methods are illustrated by applying them to quasivarieties of
1-unary and 2-unary algebras, lattices, abelian groups, and pure unary
relational structures.
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24. Appendix 1: Extra Joys

Figures 21–24 give a few more examples of Step 1 in the construction.
The lattice N in Figure 24 is the same lattice as the top right lattice in
Figure 4. As mentioned in Section 9, this lattice has four weak equa-
closure operators on it. The operator γ1 of Figure 4 fails (‡), so the
pair (N, γ1) is not representable. The operator γ2, with γ2(p) = 1 and

γ2(z) = z ∨ a, has an easy representation as Sub(Ŝ,∧, 0̂, h), which we
leave to the reader. The operator γ3 of Figure 24 is representable as in-
dicated there. For both γ2 and γ3, completing the construction project
through step 6, using a long-style representation for a representation
of N as Lq(K1), is straightforward.

The operator γ4 on N has γ4(z) = 1 and γ4(a) = b. This can be

represented as Sub(Ŝ,∧, 0̂, h, k) where Ŝ ∼= 3×2, with z1 > p > ẑ down

the lower edge and 0̂ > b̂ > â down the upper edge. This is another
exercise for the reader. It does not lead to a longstyle representation
as a subquasivariety lattice; it remains to be determined whether a
short-style representation can be found.

Let us briefly consider Day’s doubling construction [9]. Let B3

denote the boolean lattice 23. We have already seen that with the
“wrong” closure operator, B3 fails (K9); this is the first example in Fig-
ure 4. Let B3[c] denote the lattice obtained by doubling a coatom. The
least closure operator on B3[c] satisfying (I1)–(I8), which collapses the
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â& b̂→ ẑ
ĉ→ â

d̂→ b̂

ẑ → â, b̂

h k

0̂ 0̂ 0̂

â â 0̂

b̂ 0̂ b̂

ĉ ĉ 0̂

d̂ 0̂ b̂

ẑ â b̂

Figure 21. Lattice with construction applied.

â& b̂→ ĉ

â& d̂→ ẑ
ĉ→ â

ĉ→ b̂
ẑ → ĉ

d̂→ b̂

h k l

0̂ 0̂ 0̂ 0̂

â â 0̂ â

b̂ 0̂ b̂ b̂

ĉ â b̂ ĉ

d̂ 0̂ b̂ b̂

ẑ â b̂ ĉ

Figure 22. Lattice with construction applied.
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ẑ → â

ẑ → b̂

p̂→ b̂

â& b̂→ ẑ

h k

0̂ 0̂ 0̂

â â 0̂

b̂ 0̂ b̂

p̂ 0̂ b̂

ẑ â b̂

Figure 23. Example with J 6⊆ T

b̂→ â
p̂→ ẑ

b̂& ẑ → p̂
ẑ ↔ z1

h k

0̂ 0̂ 0̂
â â â

b̂ â b̂
p̂ z1 ẑ
ẑ z1 ẑ
z1 z1 ẑ

Figure 24. Example with J 6⊆ T : (N, γ3) from the text.

new coatom to the top, still fails (K9). Figure 25 shows that B3[c] with
a different closure operator CAN be represented as Sub(S,∧, 1, H).
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p̂→ ẑ, p̂→ â

ĉ→ â, ĉ→ b̂

â& b̂& ẑ → p̂
ẑ ↔ z1

h k l

0̂ 0̂ 0̂ 0̂

â 0̂ 0̂ â

b̂ 0̂ b̂ 0̂

ĉ 0̂ b̂ â

z1 z1 0̂ ẑ

m̂ z1 0̂ ẑ

n̂ z1 b̂ ẑ

p z1 b̂ ẑ
ẑ z1 ẑ ẑ

Figure 25. A representation of B3[c].

Likewise, if we double an atom, then B3[a] with its least pre-equaclop
fails (K19); this is the example in Figure 8. In Figure 26 we see that
with a different closure operator there is a representation.

Thus both these lattices can be represented as Sub(S,∧, 1, H), but
you must choose γ carefully.

It seems that if P = m × n is a direct product of two finite chains,
and you double any single point x, then P[x] with its least equaclosure
operator has an easy representation. (We do not have a formal proof of
that, though.) On the other hand, the third lattice in Figure 4, which
has only one γ and no representation, is obtained by doubling a convex
subset of a distributive lattice!
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ẑ → â

h

0̂ 0̂
â â

b̂ 0̂

ĉ 0̂
ẑ â

Figure 26. A representation of B3[a].

25. Appendix 2: Longstyle quasivariety

The quasivariety L has the language η, e, P and ≈, satisfying these
laws:

P (e) ηe ≈ e

ηx ≈ ηy → x ≈ y ηkx ≈ x→ x ≈ e for all k ≥ 1

P (ηx)↔P (η2x).

There are four quasicritical structures L1, L2, L6, L7 (described below)
with L1 ≤ L7 and L2 ≤ L6. There are no other dependency relations
amongst quasicriticals, so Lq(L) ∼= 3 × 3. However, there are homo-
morphisms L1 → L6, L1 → L7, L6 → L2, L7 → L2, L1 → L2, (each
adding to the relation) plus maps to the 1-element structure, and this
determines γ. The end result is given in Figure 27.

The four structures all have the same universe {e, 0, 1, 2, . . .} with
ηe = e and ηk = k + 1 for all k ≥ 0. They differ in the relation P .

• PL1 = {e}
• PL2 = {e, 0, 1, 2, . . .}
• PL6 = {e, 1, 2, . . .}
• PL7 = {e, 0}
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Figure 27. Lq(L)
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