
Prelude to the Marriage Theorem

We will consider here the very simplest cases of a theorem called the Marriage
Theorem.

Recall that a singleton is a set containing exactly one element.

Theorem. If A1 and A2 are non-empty sets, then there it is possible to choose
distinct elements a1 ∈ A1 and a2 ∈ A2 unless A1 and A2 are identical
singletons (i. e. unless A1 = A2 = {x} for some x).

Outline of proof. If A1 and A2 are not identical singletons, then one of the
following must be true:

a) Case 1: At least one of the two, say A1 , has at least two elements.
Then . . .

b) Case 2: Both sets are singletons but A1 6= A2 . Then . . .

Theorem. Given sets A1 , A2 , and A3 . A necessary and sufficient condition
that there exist three distinct elements a1 ∈ A1 , a2 ∈ A2 and a3 ∈ A3 is that
all the following statements be true: (1) all three sets are non-empty; (2) no
two of them are identical singletons; (3) there are at least three elements in
A1 ∪ A2 ∪ A3 .

Outline of proof. First, we must see that if any of the three sets A1 , A2 , A3

is empty, or if two of them are identical containing only a single element, or if
there are fewer than three elements in the union of all three, then it is impossible
for three distinct elements to exist as required. This is easy. Thus the stated
conditions are necessary.

We will now show how a1 , a2 and a3 can be chosen whenever all three
conditions hold. There are several (partly overlapping) possibilities to consider.

Case 1. One of the sets contains at least three elements. Suppose, say, this
is A1 . Then choose distinct elements a2 ∈ A2 and a3 ∈ A3 first. This is possible
because of the first theorem (explain!). Then we can choose a1 ∈ A1 different
from a2 and a3 because . . .

Case 2. None of the three sets is a subset of any other. Then we can choose
a1 ∈ A1 such that a1 /∈ A2 (why?) and likewise a2 ∈ A2 such that a2 /∈ A3 and
a3 ∈ A3 such that a3 /∈ A1 . Then the elements ai belong to the required sets and
they are all distinct (why?).

Case 3. Neither of the two above cases hold. I. e. none of the three sets
contains more than two elements and also one of them is a subset of one of the
others, say A1 ⊆ A2 . (The assumptions then imply that A2 contains exactly
two elements.) Then note first that by the first theorem, we can find distinct



2

elements a1 ∈ A1 and a2 ∈ A2 (explain!). Furthermore, the hypothesis of the
theorem now implies that A3 must contain an element different from a1 and a2

(explain!), and this element can be chosen for a3 .

Thus three distinct elements can be chosen as required in every possible
case. X

These two theorems suggest a pattern, although it’s not completely clear what
the pattern is when there are more than three sets to be chosen from. For four
sets, we might conjecture the following theorem:

?Theorem (??). Given sets A1 , A2 , A3 , and A4 . Then four distinct elements
can be chosen, one from each of these four sets, if and only if the following
conditions hold: (1) all four sets are non-empty; (2) no two of them are identical
singletons; (3) there are at least four elements in A1 ∪ A2 ∪ A3 ∪ A4 .

Obviously the three conditions stated above are necessary in order for there to
exist four distinct elements ai ∈ Ai . However, these conditions turn out to be
not sufficient. In each of the following examples, all three conditions hold but it is
not possible to choose distinct elements ai ∈ Ai .

Example. A1 = {1} , A2 = {2} , A3 = {1, 2} , A4 = {1, 2, 3, 4} .

None of these sets is the empty set, no two are identical single-element sets,
and there are four elements altogether. But if we attempt to choose four distinct
elements ai ∈ Ai , we are forced to choose a1 = 1 and a2 = 2, and there is then
no good choice for a3 .

Example. A1 = A2 = A3 = {1, 2} , A4 = {3, 4} . (This is a legitimate
example. It was never stipulated that the sets have to be distinct, as long as two
of them are not identical singletons.)

Once again, it is impossible to choose a1 , a2 , and a3 correctly, although if
this could be done, there would certainly be no problem in choosing a4 .

Consideration of these two examples should suggest a fourth condition that
should be added to the theorem for four sets.

Theorem. Given sets A1 , A2 , A3 , and A4 . Then four distinct elements can be
chosen, one from each of these four sets, if and only if the following conditions
hold: (1) all four sets are non-empty; (2) no two of them are identical singletons;
(3) every possible union of three of these sets ( i. e. A1 ∪A2 ∪A3 , A1 ∪A2 ∪A4 ,
A1 ∪ A3 ∪ A4 , and A2 ∪ A3 ∪ A4 ) contains at least three different elements;
(4) there are at least four elements in A1 ∪ A2 ∪ A3 ∪ A4 .


