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§ 0. Introduction

(0.1) Definition. Let f: (N, xo)—(P, yo) be a C* map-germ

(Here, and thoughout the article, t may be any of € —w (“complex-analyt-
ic”), R — w (“real-analytic”) or oo (“smooth”)).

1) Let M < Cy? be a Cy-submodule.

Let {y,...,y,s be a choice of coordinates for (P,y,). A C* map-germ g:
(N, xo) = (P, y,) is an M-approximation to f (w.r.t. {y,,...,y,}) if

1of =y1°8 -, y,0f —y,08)eM.

We will often write this as

“f—geMW.Lt. {y1, ..., p})”

ii) Let M'<=0, be a Cy-submodule.

A choice of coordinates {y}={y,...,y,} for (P,yo) provides a Cy-isomor-
phism oy,: 0,— Cy? given by

a .
Oy (—) =e¢; (the i natural basis vector).
0y

A C* map-germ g: (N, xo)—(P, yo) is an M’-approximation to f (w.r.t. {y}) if
g is an oy, M'-approximation to f (w.r.t. {y}).

iii) Let M=1*? (or M'=1-0;) for some ideal I = Cy. We will then write I-
approximation instead of M-approximation.

No mention of coordinate choice need be made, since, as follows at once
from [4], (1.14), this notion is independent of co-ordinate choice.

For general M (or M’), the notion of M-approximation (or M’-approxima-
tion) is not independent of the choice of coordinates made; however, the
results of this article will be concerned with M (or M’) where these notions are
independent of co-ordinate choice.
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(0.2) Definition. Let f: (N, x,)—(P,yo) be a C* map-germ, {y,,...,,} a choice
of co-ordinates for (P, y,), and M a Cy-submodule of Cy? or ;.

f is M —%-determined (w.r.t. {yi,...,y,}) if every M-approximation to f
(wrt. {y1,...,¥p}) is F-equivalent to f.

(Here ¢ can be any subgroup of & (for a definition see [18]); f, f' are %-
equivalent if there is an element ge% with g-f=f", - denoting the usual action
of /" on map-germs.)

If f is M—%-determined, we will often refer to M as a range of %-
determinacy for f.

Study of %-equivalence of germs (in particular for ¥=/, 4, A, £, A) is
the basis of singularity theory. One of the most efficient techniques in this
study turns out to be the calculation of a range of determinacy for the germ f
under consideration; one cannot expect that all germs equivalent to f are
“captured” in this range, but it is usually the case that, once a good range M
of determinacy has been calculated for f, all germs equivalent to f can be
reduced to M-approximations to f by rather obvious manipulations.

This leads quickly to substantial classifications, e.g. (for %) [8, 21] (X'-
simple, and J-unimodular germs, respectively), (for %) [1] (#-simple, -un-
imodal and bimodal germs of functions), (for &), [9, 12, 13] (some low-co-
dimension (of germs), low dimension (of spaces) situations); though it does not
give very much geometric insight!

Until recently, most workers have concentrated on finite determinacy (i.e.
mytt-determinacy for some finite r; or, more generally m§"®-determinacy (mg"*
being the ideal generated by monomials of weight k with respect to some
(positive) weighting a of a coordinate system for (N, x,)); which, in particular,
has left #-determinacy when dim.P>2 rather out in the cold; there are no
finitely #-determined germs (N, xo)—(P, yo) except for submersions.

Now, however, relationships between determinacy and geometry have come
to the fore (for example they are important for recent work aimed at an
understanding of co- (i.e. my-) determinacy (see [19], II for an exposition); and
also for the Damon-Looijenga approach to topological equivalence for finitely
o/-determined quasi-homogeneous germs (see [3])); and both theoretical ([14])
and practical (i.e. aimed at concrete classification questions) ([4, 10, 17])
studies have been made.

The basic point of view (as developed in [14]) is that a key invariant is the
locus of instability, or more fundamentally, but more abstrusely, a canonically
defined (sheaf of) ideals, the instability ideal (sheaf), whose zeroes give the locus
of instability.

Equivalence of germs implies equivalence of the corresponding loci, or
indeed of the corresponding (sheaves of) ideals, and also equivalence of the
restriction of the germs to their instability loci, so that a natural approach to
classification is to classify possible types of restriction to a given locus (perhaps
with fixed ideal (sheaf) too). (This comes out clearly in the classifications [10,
17] previously mentioned; in [17] (some) germs f: (R",0)—(R,0) whose criti-
cal set (i.e. Z-instability locus) is a line (on which f, of course, is zero) are %-
classified, while in [10] (some) germs f: (R2,0)—(R3,0) with .o/-instability
locus a line on which f is an immersion are «/-classified).
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We take up this point of view for #; the appropriate instability locus and
instability ideal (sheaf) are very well-known objects, being, respectively, the
critical set and the Jacobian ideal (sheaf).

When source dimension is less than target dimension, the critical set is, of
course, all of the source, so that the classification problem posed above is
completely trivial (!).

We will therefore henceforth restrict attention to cases where source dimen-
sion = target dimension.

The results we obtain in these cases are so comprehensive that we take
them as a substantial vindication of the classification philosophy just described.

Let us describe these results:

We begin by refining our equivalence notion:

(0.3) Definition. Let J = Cy ,, be an ideal.

R, is the subgroup of # consisting of diffeomorphisms of (N, x,) which are
J-approximations to the identity.

(To see that %, is indeed a subgroup of Z it is enough to see that the
composition of two J-approximations to the identity ¢, ¥ is itself a J-approxi-
mation to the identity:

Now, for any aeCy, aod—aeJ (by [4], (1.14)), and also, again by [4],
(1.14), aopoy —ato ped.

Thus ao(¢of)—ael, so that ¢oy is a J-approximation to the identity, as
required.)

R ,-equivalence is well adapted to “range of determinacy” techniques, for
we have (as proved in §1):

(0.4) Proposition. Let f: (N,xo)—(P,yo) be a C* map-germ. Let J<J(f) be an
ideal in Cy. Let g: (N, x0)—(P, yo) be R;-equivalent to f. Then

f—geJ-tf(6y). O

(No mention of coordinate choice is made here; nor need it be, for, as we
will see in §1, the notion of J-tf(fy)-approximation to f is (for J<=J(f))
independent of which coordinates are chosen.)

Conversely, we have (as proved in §2):

(0.5) Proposition. Let f: (N,xo)—(P,yo) be a C* map-germ. Let J<J(f) be an
ideal in Cy. Then f is

J-tf(0y) 0 AU () nmd)-tf Oy + U () O (f *mp+mR)-J(f)- 0} — Ry-determined. [

(No mention of coordinate choice need be made here, for the same reason
as above.)

As a corollary, we derive (in §3) a useful normal form for map-germs of
cokernel rank 1 (though only the form of the 2-jet plays any role in what
follows):

(0.6) Proposition. Let f: (N,xo)—(P,yo) be a map-germ of cokernel rank 1 (at
xo). Then coordinates may be chosen for (N, x), (P, yo) so that f takes the form
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(ula cosUay Uy ooy Upy X1y ooy Xpy V15 o005 Ver 215 "'9Zd)
—

b c
(ux,.-.,ua,vl, s Uy D Uit J_ry}+F(y,zc,z)),

i=1 j=1
where Femg ymf, ... O

Remarks. The form of the 2-jet follows easily from the fact that the (full)
second intrinsic derivative of f, which can be thought of as the restriction-and-
projection of its second derivative (with respect to any coordinate system),
TN,, o Ker Tf,,—>Coker Tf,,, transforms linearly under co-ordinate change.

That F may be arranged independent of y is a version of “Thom splitting”;
and indeed this splitting of coordinates is an (&/-, - or #-) invariant.

That F can be chosen independent of v is somewhat surprising, perhaps;
and it gives rise to “unusual” normal forms.

(E.g. the “usual” normal form for the least degenerate A,-singularities
(IR%,0)—(IR2,0) (arising via consideration of s/-versal unfoldings as in [12], §4)
is

(%, )= (x, y° +xy£x)?)
while the “unusual” normal form is

X, )~ (x,xy+y>+y7))

When J cJ(f)nm%, (0.4) and (0.5) characterize #;-equivalence, of course.

Now it is not hard to see that J(f)cmj for f of cokernel rank >1, or f of
cokernel rank 1 and zero (full) second intrinsic derivative, so that in these
cases, then, #;-equivalence is characterized for all J<=J(f). In the remaining
cases, however (and when

J-tf O EU () nmR)-tf On)+I ()N (f*mp+mR)-J(f)- 05

of course) there may well be J-tf(0y)-approximations to F not #;-equivalent
to f. However, we do have the following (as proved in §4):

(0.7) Theorem. Let f, g: (N, x0)—(P,yo) be map-germs. Let J<J(f) be an ideal
in Cy. Suppose that
f—geJ-tf(Oy). (%)

() If J=m3, then f, g are R,-equivalent.

(i) If J&m}:

A. Suppose f is a submersion. (Then tf(Oy)=0, J(f)= Cy, and (*) just says
that g is a J-approximation to f). Then f, g are R,-equivalent < g is a
submersion.

B. Suppose f has cokernel rank 1, and non-zero full second intrinsic de-
rivative. Then the following are equivalent:

(a) f, g are R;-equivalent.

(b) j*f, j*g are R*-equivalent.

(c) J(f)=J(g) and, in the C* and R-analytic cases, the Hessians H(f), H(g)
have the same index.
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(d) g has cokernel rank 1 and the Hessians H(f), H(g) have the same rank,
and in the C® and R-analytic cases, the same index.

Remark. 0. (i) is just (0.5), of course.

1. (ii), A is rather trivial, of course; and is only included for completeness.
Henceforth we will restrict attention to non-submersive germs.

2. The restricted second intrinsic derivative Ker Tf,, o Ker Tf,,—~Coker Tf,,
of a cokernel rank 1 germ f (usually called the Hessian, H(f), of f) may be
interpreted as a quadratic form once a basis for (the one-dimensional)
Coker Tf, is chosen.

If f, g both have cokernel rank 1, then (x) implies that Im Tf,,=ImTg,,, so
only one choice of basis is needed, and thus it makes sense to talk about
equality of indices (in the R-case, of course) of H(f), H(g).

So this makes sense of (ii), B, (d); to make sense of (ii), B, (c), note that a
map-germ of positive cokernel rank is of cokernel rank 1 with non-zero second
intrinsic derivative if and only if its Jacobian ideal contains function-germs
with non-zero one-jet; so that g must have this property.

To exploit these results more geometrically, we make a “non-degeneracy”
assumption:

(0.8) Definition. A C* map-germ f: (N, x,)—(P,yo) has non-degenerate critical
set if

(i) J(f)={¢eCx|¢ vanishes on Z(f)},
(ii) Z(f) has dimension p—1 in N.

Remark. (ii) makes sense in the C® case because, as we will see in the course of
the proof of (0.10) (in §5), (i) implies that Z(f) is the closure of a finite union
of submanifold-germs of N.

To give confidence that this is not too restrictive a condition, we quote
without proof some results from [5]:

(0.9) Proposition. Let f: (N,xo)—(P,yo) be a C* map-germ. Then f has non-
degenerate critical set if

(@ t=C—-w):

JYf is transverse to the first-order singularity sub-manifolds X'<J'(N,P) off
a subset of Z(f) of co-dimension = 1.

(b) t=R —w):

fc (the complexification of f) has non-degenerate critical set and X(f)c
=2 (fo)

(c) (t=00; and f is (of-)equivalent to an R-analytic map-germ g):

g has non-degenerate critical set and X(g) is coherent. []

Remarks. The condition holds in general in the € — w case; the extra, more
restrictive conditions for R —w and oo reflect the usual situation that geometry
and algebra do not correspond so closely over R as over C.

The converses to the above statements also hold, for we have:

Definition. Let f: (N, xo)—=(P,yo) be a C* map-germ. X7~ ?*!(f) is the germ at
Xo of
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{xeZ(f)|j! freZ"~P*! and J'f, is transverse to Z"~P*1}
for any representative f: U—V of f.

(0.10) Lemma. Let f: (N, xo)—(P,yo) be a C* map-germ with non-degenerate
critical set. Then X*~?*1(f) is t-open and -dense in Z(f).

(Here and in what follows we take the topology T on C* manifolds to be
the topology with basic closed sets all zero-sets of C* functions. In the analytic
cases this is the Zariski topology, of course, while in the C* case it is the
standard topology (via a “Whitney extension” theorem ([18], IV, (3.1)) from
which it follows easily that any closed set in R" is the set of zeroes of some
smooth function on R").)

Since we need (0.10) in what follows, we prove it (in §95).

In §6 we prove:

(0.11) Proposition. Let f, g: (N,x)—(P,yo) be map-germs. Suppose that f has
non-degenerate critical set. Then

f—geJ(f)-tf(6n)

if and only if

() 2(f)=Z(g).

B F12(f)=glZ(f).

(y) ImTg,<=ImTf, for all x in some t-dense subset of X(f). [
Remark. Of course (y) implies («). We include () in statements of this kind only
in order to make the geometric picture clearer.

These conditions simplify considerably under a further, not very restrictive,
assumption:
(0.12) Definition. A map-germ f: (N, xo)—(P, yo) is generically finite-to-one on
its critical set if there is a t-open and -dense subset U< X(f) such that f|U is
finite-to-one.

Remark. This condition holds in general (for the somewhat stronger condition
that f be of finite singularity type does, see e.g. [19], (5.1)).
We have (as proved in §5):

(0.13) Lemma. Let f: (N,xo)—(P,yo) be a map-germ generically finite-to-one
on its critical set. Then, for some t-open and -dense subset C < Z?=?*1(f)

ImTf,=ImT(f|C), forall xeC. O

This yields at once:

Addendum to (0.11). If f is also generically finite-to-one on its critical set,
then (y) is redundant, being implied by (a), (8). O

Combining (0.11) (and addendum) with (0.7) yields our main result:

(0.14) Theorem. Let f: (N,x¢)—(P,yo) be a map-germ with non-degenerate
critical set.
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Let g: (N,x0)—(P, yo) be a map-germ satisfying

(@) Z(f)=Z(g).

B f12(f)=glZ(g).

(y) ImTg,cImTf, for x in some t-dense subset of Z(f).

(i) Suppose that f has cokernel rank >1, or that f has cokernel rank 1 and
zero full second intrinsic derivative. Then f, g are # 5(ry-equivalent.

(i) Suppose that f has cokernel rank 1 and non-zero full second intrinsic
derivative. Then the following are equivalent:

(a) f, g are R, p-equivalent.

(b) j*f. j*g are R-equivalent.

(c) J(f)=J(g) and, in the C* and R-analytic cases, the Hessians H(f), H(g)
have the same index.

() Z(f)=Z(g), g has non-degenerate critical set, and, in the C* and R-
analytic cases, the Hessians H(f), H(g) have the same index.

(d) g has cokernel rank 1 and the Hessians H( f), H(g) have the same rank,
and, in the C* and R-analytic cases, the same index. [

Addendum to (0.14). If f is also generically finite-to-one on its critical set, then
(y) is redundant, being implied by (o), (B).

Proof. This follows from (0.11) (and addendum) and (0.7); the only thing
remaining to be checked is (ii), (c) <> (ii), (¢'), but this is clear. O

Remarks. 1. The converses to the above %, -equivalence results also hold; for,
as is easily seen, if map-germs f, g are %y(p)-equivalent than f, g satisfy (o),
(B), () (indeed with equality in (), (7))

2. It is easy to see that for any map-germ f of cokernel rank one and non-
zero full second intrinsic derivative there exist map-germs satisfying («), (8), (7)
but not %, -equivalent to f; so some stronger conditions are necessary
to ensure %y -equivalence.

A natural geometric way to strengthen (x), (f), (y) would be to insist on
equality in («), (y), but this is not enough to prove (0.14), (ii):

The “equality of indices” conditions in (i) are still necessary in the RR-
analytic and C® cases (unless the rank of the Hessian is 0, of course); for
neither the restriction of a cokernel-rank-one germ to its critical set, nor the
restriction of its derivative there can give any information on its index (as is
obvious from the “Thom splitting” of the normal form (1.5)).

The “equality of ranks” condition for (ii), (d) = (a) is also still necessary;
for, as is easily seen, replacing the Y +y? term in the normal form (1.5) by any

function of the y;s with finite (%-icodimension yields a germ with the same
critical set, and with the same restriction, and restriction of derivative, to this
critical set.

The “cokernel-rank-one” condition for (ii), (d) = (a) is also still necessary, at
least in the C* and R-analytic cases:



170 A. du Plessis and L. Wilson

it is easy to check that the map-germs

(u, v, x, 2)—(u, v, xv + F (4, x, 2))

(where F EMx, 3 My« 2})
(, v, x, 2}~ (u, h(y, v, x, 2), xh (4, v, X, z) + F (4, X, 2))

OF OF\ "2t )
(where h= —-a——+ (U+E) Y. p?, the p;’s being the standard generators for
X

i=1

F
J(f) (i.e‘ v+a—F and the %s)) have the same critical set and restriction to

0x z;

that critical set, while the images of their tangent maps agree at any point
0*F 0°F S

where one of —, ——— is non-zero — which in general occurs on a t-dense
0x*" 0x0z;

subset of X'(f).

In the C-analytic case, this construction provides examples only in the case
n=p (i.e. when there are no z-coordinates) (examples with less degenerate 2-jets
are then provided by

(4, v, X) (u, v, x v+ F(u, X)),

s - FE ot p)

We do not know whether or not C-analytic examples can be found in non-
equidimensional cases.

(Of course insisting on equality in (y) everywhere on X(f), rather than just
on a dense subset, rules out this kind of example (!)).

Requiring that g has non-degenerate critical set rules out the second and
third kind of examples (by (¢') = (a)), and in that case we may formulate the
results of (ii) in another way:

(0.15) Definition. Let f: (N, xo)—(P, Yo) be a map-germ of cokernel rank one.
Let

c(f): (Z(f),x0)>G,_1(TP)

c(f)x)=ImTf,.

We call c(f) the characteristic map of £, and its image C(f) the characteris-
tic variety of f.

be defined by

(0.16) Corollary. (i) Amongst map-germs with non-degenerate critical set, the
Ry (ry-equivalence class of a cokernel-rank-one map-germ is determined by its
characteristic map and, in the R-analytic and C*® cases, the index of its Hessian.

(i) Amongst map-germs with non-degenerate critical set which are generically
finite-to-one on their critical set, Ry (sy-equivalence class is determined by restric-
tion to critical set and, in the R-analytic and C* cases, when the map-germ has
cokernel rank one, by the index of the Hessian.

Proof. (i): follows at once from (0.14), (i), (c') = (a)
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(ii): follows at once from (0.14), (i), (0.14), (i), (¢') = (a), and the addendum
to (0.14). O

Remark. (i) is proved by Hormander [7] in the case when f is tranverse to
=P+l (some translation of concepts is required!); indeed in this case Z(f)
=X7=P*1(f) is smooth and c(f) is an immersion, as we prove in § 3, so that in
this case the characteristic variety, together with the Hessian index in the R-
analytic and C* cases, is enough to determine the #-equivalence class.

In particular, then, our original object of %-classifying map-germs with
given critical set (and perhaps Jacobian too), and with given restriction to that
critical set, is achieved for map-germs with non-degenerate critical set and, at
least for map-germs which are generically finite-to-one on their critical set (a
large class), very concretely too: for such map-germs of cokernel rank >1, or
cokernel rank 1 and zero Hessian, or for C-analytic germs, there is only one
equivalence class, while for R-analytic or C® germs of corank 1 with non-zero
Hessian the equivalence classes correspond to the possible indices of the
Hessian.

(Indeed our classification is under the apparently stronger %,
equivalence; but to see that this strengthening was to be expected does not
always require the foregoing analysis; it is easy to see directly that, for map-
germs with non-degenerate critical set and generically one-to-one on their
critical set, an Z-equivalence must be an %, ;-equivalence).

It seems to us that these results are useful and have considerable geometric
interest in their own right; and indeed the interest and the usefulness seems to
increase as one digs deeper into the structure of singularities. For deeper
applications which seem to us both attractive and useful we refer to [5, 15].

Simpler (and typical) applications are:

(0.17) Proposition. (Golubitsky and Guillemin [6]). Suppose that function-
germs f, g: (N, x0)—(IE,0) (E=R or C) have finite (®-) codimension.

Then f, g are R-equivalent if and only if

(1) There exists an algebra isomorphism

¢: Cn/J(f)*>Cn/J(g)?
such that ¢(f)=g (where f, g are the projections of f, g respectively ).
(i) (in the R-analytic or C* cases): H(f), H(g) have the same index.
Proof. “if”: Let {x,, ...,x,} be a system of coordinates for (N, x,), and let h;emy

be such that _ 5
hi=¢(x;)e Cn/J (g)".

Let h: (N,xo)—(N,xo) be the map-germ defined by x;ch=h;. Since ¢ is an
isomorphism, and since

m%oJ(f)*(resp. J(g))o>mk  (for some finite k)

(the second inclusion following from the finite codimension condition), h is a
diffeomorphism, h*J(f)*=J(g)? and h induces ¢. Thus foh—geJ(g)*; so by
(0.7), foh, g are &;(s-equivalent; and thus f, g are #Z-equivalent.

“only if”: is obvious. [
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(0.18) Proposition (“Uniqueness of Wall splittings”, [20]).

Let f;: (IE%,0) > (IE?,0), g;: (IE',0)—»(IE%,0) (i=1,2; E=R or C) be map-germs
of cokernel rank 2 whose 2-jets define non-degenerate pencils of quadratic forms.
Let ey, (respectively e,) (i=1, 2), be the set of eigenvalues of j*f; (respectively
2
J ).

Suppose ey, =e;, and e, =e,,, but erNe,=0o.

Let F=f,®g;: E*®IE'-IE Suppose that f;, g1 have non-degenerate critical
sets.

Then Fy, F, are R-equivalent if and only if f1, f2 are R-equivalent and g,, g,
are R-equivalent.

Proof. =: The argument is due to Wall ([20], (1.5)) in the C-analytic case,
using a result of Wirthmiiller ([22], p- 238); exactly the same argument gives
the result, and also in the R-analytic and C* cases, using (0.14) instead of
Wirthmiiller’s result.

Since the argument is so short, we reproduce it here:

Suppose He Z is such that F,o H=F,; it is easy to see that one can suppose
that H has the same 1-jet as the identity.

Let V=HY(E*@®0); then clearly f, is right-equivalent to the restriction
R\V.

Since H has the same 1-jet as the identity, the projection n of V<IES@IE!
to IE® is a local diffeomorphism, so that S =(F|V)on~' is #-equivalent to fa.

We seek to apply (0.14)(i) to f;, f3*.

By [20], (1.4), Z(F)=Z(f)uZ(g)(i=1,2). Since H(Z(F,))=2(F,) and H has
the same 1-jet as the identity, it follows that X (fi)=H='(Z(fy); so, being the
identity on Vn(IE*®0), Z(f1)=Z(f); ie. () holds.

Now it is clear that F, and J1 are equal on IE*@0, so, n being the identity
on X(f1)=VA(IE'®Q), f11Z(f1)=/#Z(f); ie. (B) holds.

Indeed, the derivatives of F; and f; have the same image on IE*@0, so

ImTfA=ImTF,ocImTr;'cImTF,,=ImTf;,
for xeVn(E*@®0).

In particular, () holds.

Thus (0.14), (i) applies, f;, f5* are Ri(ry-€quivalent; and so f, f, are %-
equivalent.

Similarly g,, g, are #-equivalent.

<=: is obvious, of course. [

Remark. 1t is also possible to prove the “uniqueness of Thom splitting” re-
ferred to after (0.6) in the non-degenerate critical set case, in a similar way to
the above (both for # and /). This is left as an exercise for the reader.

Finally, an acknowledgement:

In [22] Wirthmiiller proves special cases or weaker versions of a number of
our results; his results and methods were the inspiration for our work.

§ 1. R ,-equivalence

(1.1) Definition. Let f: (N, x0)—(P, yo) be a C* map-germ.
Let J< Cy be a proper ideal.
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Define
TR;-f=J-tf(On)=b,. O

This notation reflects the fact that, as we will see, TR;-f behaves very
much as a tangent space at f to the %,-orbit of f.

(It is easy to see, for example, that J.tf (0y) is contained in the set of

tangents to #;-f; for choose co-ordinates in (N, x,), so identifying (N, xo) with
(EE",0) IE=R or C€), and let heJ*". Then t—fo(1y+t-h) defines a germ of

curve y,: (IE,0)—>(&, - f,f), and clearly aalth =tf(h).)
t=0

To save on notation, we choose a system of coordinates for (P, y,) once and
for all, so identifying (P, y,) with (IE?,0), and also identifying 6, with (Cy)*>.

We will also identify elements of (Cy)*? with map-germs (N, x0)—(IE?,0)
(via co-ordinate functions).

Of course this last identification embeds #,-f in C?; and the “geometric”
tangent space to #,-f at f ought to be the abstract tangent space T%,-f
(identified as contained in CjP?) translated to f; that is, the affine space f
+J-tf(0y). We call this affine space T %, f.

We will have use for the following:

(1.2) Lemma. Let f: (N,x0)—(P,yo) be a C* map-germ of cokernel rank r at
Xo.
Then

(i) Anncy(0,/tf(Oy)) <J(f) = Annc, (0/my ¢ f ().
(i) J(f)=my.
(i) Annc, (0,/tf(On) = I1(Z(f)).

Proof. (i) By definition, J(f) is the ideal generated by the determinants of the p
x p minors of the matrix for df obtained via any choices of co-ordinates for
(N, x0), (P, yo); to see this in a slightly different way, note that the choices of co-
ordinates allow us to identify Oy=C}", 0,=C{? in the obvious way, and so
yields a free resolution

cy"—Ls CRP—— 0./t f(Oy)—0

of 0;/tf(0y); J(f) is generated by the determinants of the p x p minors of the
matrix for ¢ f (w.r.t. the obvious bases).

In general, the initial Fitting ideal of a finitely presented R-module M is
obtained by considering a finite presentation

R*—>Rl— s M—0

for M, and taking the ideal generated by the determinants of b x b minors of
the matrix for a (w.r.t. the obvious bases), this construction (importantly!)
being independent of the choice of free presentation made (see e.g. [11], (3.1),
Thm. 1).

Thus J(f) is the initial Fitting ideal of 6/t f(0y) (which indeed also serves
to show that J(f) is well-defined!)
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Now observe that a map-germ g: (N, x0)—(P, yo) has cokernel rank <r at

Xo if and only if ./t f(8y) may be generated by r elements.

(For if n,,...,n, are germs of vector field along g, then #,(0),...,#,(0) project
to a spanning set for Coker L., < 0;=tg(0n)+ Cy-{ny,...,n,} modulo.
myB,<>14,...,n, are a Cy-spanning set for 6,/tg(0y) (by Nakayama’s lemma)).

The inclusion
Annc, 04/t f(Ox) <J(f)

is thus just a special case of [11], (3.1), Thm. 5.
For the second inclusion, let

Cy—2> Cy—50,/tf(Oy)—0

be a free presentation for 6/t f(Oy).

All entries in the matrix of « must be contained in my (for if an entry were
not in my, then C} could be generated by the column containing it together
with r—1 other elements, and the images under # of those r— 1 elements would

be a Cy-basis of 0/t f(0y), so that f would have cokernel rank <r—1 at x,).

Let K be an r x r minor of the matrix of o, K* the adjugate matrix (i.e. the

transpose of the matrix of r—1 xr—1 cofactors of K).

Note that the entries of K* are all contained in my 1. Also, det K cml, of

course.
We have (Cramer’s rule)
detK-I,=K*-K
so that
(detK)- Cy = K*(K(CR))= K*(«(CY))

cmy ! Ima
Let ey, ..., e, be a basis for C4, and let
n(e)=mn(n;) (meby;i=1,...,r)

where n: 6,0/t f(0y) is the obvious projection.
Define 7j: Cy—6, by fj(e;)=n;; this is a Cy-morphism.
Note that

fi(lma) =t f(6y)

(for 0=#n(Ima)=mofj(Ima), so that f{Ima)c Kerm=tf(0y))

From (x) we obtain
(detK)-f(Cy)=my ! fj(Ima)
cmy - tf(Oy)
ie.
detK-{ny,....,n.} =my -t ().

Now clearly 0,=tf(hy)+ Cy-{n1,...,1,}, 80

detK-0,cdetK -t f(Oy)+my -tf(On)=my 'tf(Oy)

(for det Kemy).

(*)
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Thus
J(f)-0,cmi -t f(6y)

J(f)=Annc, (0,/my" -1 (On)).

(ii) In the argument above, we observed that det Kem); so J (f)=my.
(iii) Let ae Annc, (0,/tf(6y)); so that o- Orctf(On, )

Let & f be representatives for o, f respectively. Then there exists a
neighbourhood U of x, in N such that a- 07y <t(f|U)(0y).

If xe Z(f|U), then ¢ f,(0y )+ 05, so that G- 07, %07, ; so &, is not invertible
in Cy ,; ie. d(x)=0. .
So &|U vanishes on Z(f|U); taking germs at x,, ael(Z(f). O
(1.3) Proposition. Let f: (N, x,)—(IE?,0) be a C* map-germ.
A. Let J be an ideal in Cy.
(a) For any re®,
(D) (Ry-f)or=Ry-for
(i) tf(@n)or=t(for)(Oy)
(iii) J(f)or=J(for)
(V) (TyRy-f)or=T4Ryor-(for)
(b) For any reR;, Jor=J.
B. Let J<J(f) be an ideal in Cy.
(a) For any ref,,
(i) tf(Ow)=tf(On)or=t(for)(Oy)
(i) J(f)=J(f)er=J(for)
(1) Ty Ry f=(TyRy-f)or= TyRy-for
(V) Ty Ry f= TAR;(fory for
(b) For any le &,
() 1o(Ry-f)=R;-(lof)
(i1) lo(T4R;-f)= TyR;-(Lof).
Remarks. 1. B, (b), (ii) shows that the notion of J-¢f (Oy)-approximation is, for

J<J(f), independent of choice of target coordinates (for changing target
coordinates corresponds to composition with some le &).

2. Since foreT,&,;-(for), B, (a), (iii) implies (0.4).

Proof of (1.3). We choose, once and for all, coordinates for (N,xo), thus
identifying it with (IE",0), and identifying 0y with (Cgn)*".

We begin with two easy identities:

Let ¢pe(Cgn)**. Since ¢(x+ y)—¢(x) vanishes when y=0, we have

n

d(x+y)=¢(x)+ Y Yi(x,y)-y; for some Y€ Cpnyn (%)

i=1

We can also expand further:

P(x+y)=0(x)+dd.(y)+ Xij(x,)-yiy;  for some y;i€ Cgnygn (%%)

15igjsn

A
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Now to the proofs:
A, (a):
(i) Let 1,+he,.
Setting ¢ =r~"', x=r(x) and y=h(r(x)) in (*) gives

ot )or() =+ T U hr(0) -l (5)

so that r='o(1,+h)or is a Jor-approximation to 1, It is of course a
difftomorphism; so is contained in %,,. So, for map-germs f, g:
(IE",0)—(IE”, 0),

g=fo (Lt k)< gor=fo(l, +hor;
=foro¢, for some Ppe,.,.

(ii) For £eC,", and xe(IE",0)
(tfor)(ED=1frmtr(Ex)

r is a diffeomorphism, so tr: C"—C," is an isomorphism; so t(for)(C"
=tf(C,")or, as required.
(iii) Follows by taking initial Fitting ideals from (ii).
(iv) Follows at once from (ii).
A, (b):
Let r=1,+he,.
Setting y=h(x) in () gives

Bt A=+ T (. (6) (o) )

Thus if ¢peJ, then ¢poreJ;so Jorcl.
Similarly Jor='cJ;so J=Jor torcJor.
So Jor=J.
B, (a):
We write r=1,+he,.
(i) The second equality is A, (a), (ii).
For the first:
It follows from (x)" above that if ¢etf(Cx™), then

poretf(CyM)+J*P=tf(C)")

(because J=J(f) and J(f)*P<tf(C,;™ by (1.2), (i)).

So tf(CyM)erctf(CyM).

We deduce equality by an argument similar to that in A, (b).

(ii) This follows from A (a)(iii) and A (b) with J=J(f) (noting that an #,-
equivalence is also an %, ,-equivalence here), or by taking initial Fitting
ideals from (i).
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(iii) The second equality follows from A (a)(iv) and A (b). For the first, set y
=h(x) in (**), to obtain

¢or(x)=¢(x)+ddx(h(x)+ 1 Y K% h(x) - Bi(x)- hy(x).

jsn

A

If e T, %, f, it follows that poreT,R,-f; for the mapping-germ evaluated
for the second term is contained in J-tf(6y) and the mapping-germ evalu-
ated for the third term is contained in (J%)*P<J-J(f)*P<J-tf(Cx") (via
(1.2), (i)).
So )TA Ry-forcT,4R,;-f; and, as in A (b), equality follows easily.
(iv) This follows from (ii) and (iii).

B, (b):
(i) It is obvious that log is Z%;-equivalent to lof if and only if g is #,-
equivalent to f.
(i) Let geT,R;-f, so that g=f+tf(h), for some heJ*". Setting ¢p=1I, x
=f(x), y=d fi(h(x)) in (**) gives

lg)=1(f(x)+dlse-dfi(h(x))
+dlo[@dle) ™' (Y ¥i(f (), dfe(h(x))

1<i<j<n

*dfix(h(x))- d f < (h(x))]-

The expression in square brackets is the evaluation of a mapping-germ in
(J2)*P<=J-tf(Oy); so there exists keJ *" such that

log=1lof+t(lof)(k).

Lo(Ty Ry f)=TRy-(Lof).

Thus

The obvious argument with /=! now establishes equality. [

Remark. (1.3) holds with J(f) replaced throughout by Annc,(6,/tf(6y)); the
proof goes through without essential change.

§ 2. #,-determinacy

(2.1) Definition. Let (U,u,) be a germ of C* manifold, and
F: (NxU,xqXug)=(PxU,yq X ug)

a germ of (U, uo)-level-preserving C* mapping.

Let J= Cy,, be a proper ideal.

F is R;-trivial if there exists a germ of (U, ue)-level-preserving C* diffeomor-
phism H of (N x U, x¢xuo) which is a J-Cy,y,x xu-a2Pproximation to the
identity such that

FoH=F x1y ., (*)

(F,, is the “uq-level of F”, defined by F, (x)=F(x,u,) for xe(N, x,).)
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(22) Theorem (of “Thom-Levine” type). F (as in (2.1)) is R,-trivial if and only
if, for any germ & of vector-field on (U, uy),

é'FeJ'tF(l//NxU,xoxuo)

(WNxu,xoxuo Gre the germs of vector-field on (N x U, xq x uo) with zero TU-
component).

Proof. “only if”: Differentiation of () along & gives

0=¢-(FoH)

=(¢-F)ocH+tF(é-H)
so that

E-F=tF(—¢&¢-H)yoH™1).

Since H is a J- Cyy,xxu-approximation to the identity, and is (U, uo)-level-
preserving, it follows at once that

(é"H)OH_IEJ'l//NxU,xoxuo-

“if”: Let {uy, ..., u,} be a system of local co-ordinates for (U, u,).
We have
)
Gu F=tF@)  (sisk ()
for some ¢i€J Yy v, xoxuo-
Let
®;: (NxUXIE,x¢ xugx0)—=(N x U, xq X tg)

be the germ of flow for ¢;, so that, integrating (*);,
Fod; (x,uy,...,u))=F(xX,uq, ..., u;+t, ..., u).
Define the (U, ug)-level-preserving diffeomorphism-germ

H: (NxU,xqXxuo)—(Px U,xq X ug)
by
(H(uo,...,uk)(x)a 0)=(pk,—uk° ... 0 (pl,—ul(x:ul’ ""uk)'

It is immediate that

F° H=E‘0 X l(U,uo)‘

Thus it remains to see that H is a J- Cy, y-approximation to the identity;
but this follows at once from the following result. [J

(2.3) Lemma. Let J<= Cy ,, be a proper ideal.
Let aeJ - Oy,x,, and let A: (N xIE, xo x 0)—>(N, x,) be the flow for «.
Then A is a J-Cpyyg,xxo0-approximation to the projection

(NxIE, x4 x0)—= (N, x).

Proof. Via a choice of coordinates we identify (N, x,) with (IE",0) and Oy, x, With
(Co)*™
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Write a= ) h;- ¢;, where hieJ, ¢;€(C,)*" Let V be a neighbourhood of 0

i=1

in IE", and define B€Oy v 1o x0=(Cpin)*"*" by

y V)= 3 i : iadh x 3 i i ,-~'9der y i i .
)= £ 609 (£ ). 2 0i600))
Let g: (N, x0)—=(N x V, xo x 0) be defined by

g(x)=(x,(h1(x), ..., h(x))).
Clearly

Bog=dgoo
so that, integrating,

Biog=go A4, (%)
B, being the flow for g.
B is zero on N x 0, so B, is the identity or N x 0. Thus we can write

B (x, )= (x,0)+ (Zﬂx,(xy, Vi eens z/sm,(x W) y,)

for some B,€Cyuy oxo(=1,...,n+7).
It follows at once from () that

A=+ ( 3 Bl H0 0B8] s T B )i
i=1 i=1
so that 4 is indeed a J- Cy g, 5, x0-approximation to the projection
(NXIE, x,x0)=(N,xo). O
(2.4) Definition. Let S U be a compact connected subset, and let
F: (NxU,xoxS)=>(PxU,yyx8)

be a germ of (U, S)-level-preserving map.
F is locally R;-trivial if the germ restriction

F5: (NxU,xqxs)=>(PxU,yqx5s)
of F is & -trivial for each seS.

(25) Lemma. If F (as in (24)) is locally R,-trivial, then F, F, are &,
equivalent for any u, veS.

Proof. For each seS there is a (U,s)-level-preserving germ of diffeomorphism
H of (NxU,xqxs) which is a J- Cyu,x, xu-approximation to the identity
such that

Fo H=F,x 1(U,s)°

Choose a (U, V;)-level-preserving representative

H: (NxU,xox V)=(N x U, xqx V)
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for (H (V; being a neighbourhood of s in S) such that
F'*o H=FExly,y, (+)

S being compact, we can choose a finite subcover V;,,..., ¥, of S from {V,},s.

§ being connected, we can, for any u, veS, find a finite sequence {u=t,,
t2,...,tw=v} =S such that for each i=1,...,m—1, {t;,t;,,} is contained in one
of the Vs.

It follows from (+) that K, F,,, are %,-equivalent for each i=1,....m—1;

and so, of course, F, F, are #;-equivalent. []
(2.6) Lemma. Let f: (IE",0)—(IE?,0) be a C° map-germ. Let J<J(f) be a
proper ideal in C,. Let g be a J-tf(C,"-approximation to f. Suppose that
t(f—g)=tfo{u} (*)
where o;;€ Cy (1=i,j<n), and {o;;(0)} is a matrix with all eigenvalues zero.
Then f, g are R -equivalent.
Proof. Define the (IE, [0, 1])-level-preserving map-germ
F: (IE"xIE,0x [0,1])»>(IE?* x IE,0 x [0, 1])

by

Fx,t)=(1—1)-f(x)+1-g(x),2).

For all se[0,1] we have

th'CIE’rxlE,O xs =tf+s~t(f——g);

=tfo M,
where
M =1gn+s-{o;}.

The condition on the eigenvalues of {«;;(0)} implies that M (0) is invertible,
whence M, is invertible, for all se[0,1].
So for all se[0,1]
Jtf(Cgt)=J - (tF*| Cilxp,0xs) o M ' (CgF)
cJ tF(CEr g, 0xs)

But, for all se[0,1],

I F=g;
<J-tf(Cgh)
(since g is a J -t f(C,"-approximation to f)
<J tF(Cgrxg,0xs)
(by the above).
So, by (2.2), F is locally Z#,-trivial; and so, by (2.5), f=F, and g=F, are
Ry-equivalent. [
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With these preliminaries out of the way, we can prove (0.5), as:

(2.7) Proposition. Let f: (N,xo)—>(P,y,) be a C* map-germ. Let J<J (f) be a
proper ideal in Cy. Then f is

J-tfOn) AU (f)nmR) -t f(6y)
+J (NN (f*mp+mR))-J(f)- 0} — R,-determined.

(Remark 1 following (1.3) shows that this notion is independent of choice of
co-ordinates).

Proof. It will be convenient to choose co-ordinates in (N, Xo), (P, o), so iden-
tifying f as a map-germ (IE", 0)—(IE?, 0), and identifying Oy=C,", 6,=C".
Consider first the case where f has cokernel-rank >1 at x,. Then, by (1.2),
JeJ(f)nmg (since J(f)=m?), and J(f)-CrPcm,-tf(CX"), so we aim to
prove that f is J-tf(C)")— &,-determined.
Let g be a J -t f(C;™-approximation to f; so

g—feJ-tf(C;N).
Differentiating yields (by the chain rule)

Hg—/NC ) em, - tf(CXM)+J - CrP;
cmy,-tf(Cy7).

Thus we can find «;em, satisfying the hypothesis () of (2.6); so f, g are R;-
equivalent.

So f is indeed J -t f(C")~ &,-determined.

Now consider the case where f has cokernel rank one at x,. Following the
proof of the first step of (3.1) (which does not depend on the result we are in
the process of proving!), we can choose coordinates with respect to which f
has the form

(ub ceesUgy Uy ooy Upy X g, sy Xpy V15 ooy Yoy 21, "',Zd)

b c
— (ula ooy Ug, Uy vey Up,y Zvixi+ Z iy12+F(_l!,Q,£C,__¥,Z))

i=1 j=1
where a+2b+c+d=n, a+b+1=p and Fem].
We will suppose that the identifications (IE",0)=(N, x,), (IE?,0)=(P, y,) are
made with respect to such coordinates. It will also be convenient to have an
alternative notation for the source coordinate functions:

(wl’ ---,Wn)=(L4,L’,ZC,X,Z)'
Define

xn afl’ ii
M=J-tf(C, )O{C,,-{é-}—i}-tf({auj,azk})
of, o 0 o o
rentiit s (g oo o))

+ c{g—} LF (G +T(f)- L (my "’} '
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Since
J(f)ﬂm§=Cn-{§£}+m..-J(f),
I *my+m2y=C, {‘;’; gzﬁ} )
and

0 0 0 ).
J(f)z-{ézofavj f}cJ(f)2 tf({a '3 })+m,. J()?
Cmn'J(f)'tf(Cnx")
it is clear that

Jtf(CNA{T ) nm) -t (CIM+I () (f*my+md)- T (f)- 0, = M;

so that the proof will be completed by proving that f is M — #;-determined.
Let g be an M-approximation to f’; so that g—feJ-tf(C,") and

smue 3 ik ()

1=5i,jsn
where uem,-J(f)-tf(C,;"™), and a;;€lE with

1<i<a+b or
a;=0 if{ a+b+15iLa+2b and a+1=5j<a+db or
a+2b+1=<i<a+2b+c and a+1=<j<a+2b+c

Differentiating yields

t(g—f)(é—f—v;>= Y ay (azf" tf(%-;)+a—&-(0,%;))mod-mntf((?:")

1Zi,jsn awlwk aWi
—_ apr a apr a X n
lg?,‘:jé,,a” (6wiwk o (-8741_,) +6w,-6w,"tf (ﬁ))modm,,tf(c,, )

(using the fact that g;;=0 for 1<i<a+b).
Thus )
t(g—f)=tfo{mj},
where a;;€ Cy, and
{2:;(0)} =Ho(4+A4")

for matrices H, A given by
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Thus we have

a b b ¢ d
«a[O 0 0 0 O
bf 0 0 x 0 O
H=3]0 = 0 0 0
c]0 0 0 x O
«aLO 0 0 0 O

and
a b b c d
a0 0 % x 7]
] 0 0 0 0 =«
A+AT=4] x 0 * * «x
cl *» 0 = 0 =«
dalbx * % = *J

where * denotes a possibly non-zero submatrix, so that

a b b ¢ 4

«[O 0 0 0 O

bl *x 0 % x %
Ho(A4+AT)=1»[{0 0 0 0 =«
cl* 0 = 0 =«

«aLO 0 0 0 O

It is immediate that the characteristic polynomial det(H o(A+AT)—1-1) of
Ho(A+AT)={;;(0)} is (—A4)"; so that {«;;(0)} has all its eigenvalues zero.
Hence, by (2.6), f, g are #;-equivalent.

Thus f is M — ,-determined, and the proof is complete. [J

We draw attention to a particularly convenient special case, itself essen-
tially a special case of a result of Tougeron ([18], II, Prop. 2, p. 209).

(2.8) Corollary. Let f: (N,xo)—(P,yo) be a non-submersive C* map-germ. Then
S ismyJ(f)? — Ry -determined.

Proof. This follows at once from (2.7) because

my-J(f)? -0, cmy-J(f)-tfOx)=minJ (f)-1f 0. O

§ 3. Normal Forms for Cokernel Rank One Map-Germs

(3.1) Theorem. Let f: (N,xo)—(P,yo) be a C* map-germ of cokernel rank one
at Xo-

Then co-ordinates may be chosen for (N,x,), (P, yo) with respect to which f
takes the form
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(u15 “"utbvl, ""vb’xl’ “"xb7y1’ "”yC’zl’ "')Zd)
-

b
J_ryf+F(y,zc,z)),
j=1

b
(uls ceesUgy Uty vvey Up, Z Ui X+
i=1 j=

where Femy, ;,-m, .

(of course a+2b+c+d=dim.N, a+b+1=dim.P).

Proof. 1. We begin by studying the 2-jet of f. It is well-known (and easy to see)
that the “restriction-and-projection” of the second derivative of f (w.r.t. any

co-ordinates)
6*f: TNy, »Hom(Kertf,,, Cokert f, )

transforms linearly under co-ordinate change; that is, if h, k are diffeomor-
phisms of (N, x,), (P, yo) respectively, then

82(kofoh)y,=Hom(thy|, tk,)o 62 fx o thy,

(where th,|: Kert(foh),—»Kertf,, 1is restriction of th,, and ¢tk
Cokert f,,—»Cokert(ko f),, is the obvious map induced by tk,).

For this reason 62f,, is called the (full) second intrinsic derivative, the
(restricted ) second intrinsic derivative being 6f,|Kert f.

Let a: Cokertf,,—IE(IE=IR or €) be a linear isomorphism. Then com-
position with « induces a linear map

o+

g 8% frp = Hom(, 1) 62, TN, —(Ker £ f,)*.

Since the second derivatives of f (with respect to any coordinates) are
symmetric,
a, 02 fr | Kert f, : Kert f,,—(Kert f, )*

“is” a quadratic form. Thus it can be diagonalised, so that there exists a basis
{hi,...,he, Hy,...,H,} (c+e=n—p+1) for Kertf,, such that

ay O fro(h)=tht  (I=1,...,0)
o‘:l:ézfxo(I'Im)=0 (m=1,...;¢)

{h%,....,h¥, HE,...,H}} being the dual basis in'(Kertf,)* (Of course we can
obtain all plus-signs in the complex case).

Now let Rc TN, be a direct summand for Kertf,,.
_ We can choose bases {ey,...,e,; fi,....fp} for R (a+b=p-1), {g},...,8%,
k¥, ...,k¥} for Coker(a, 6*f,,|Kertf,,) (b+d=e) such that the restriction and
projection

0y 0% fyo It R—>Coker(a, 6%f, | Kert fy,)
is given by
0y 02 f 1ol R (€)=0 (i=1,...,a)

a2 feolr(f)=k*  (j=1,...,b).
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Of course g, E}‘ are projections of vectors in {H¥,...,H*>; we call these
vectors g¥, k¥. Clearly {g%,...,g¥, k¥,...,k¥} are a basis for (H%, ...,H*>. Let
{g1,..-,84, k1, ..., kp} be the dual basis for (Hy, ..., H,).

Let &i=tf,(e)(i=1,...,a), fi=tfo,(f))((=1,...,b), and let BeTR, be such
that a(f)=1.

Let {wy,...,w,} be a coordinate system for (P, y,) whose differentials at y,
are the basis for TB* dual to {&,,...,&,, fi,...,.fo, B}

Let {u,...,Ua, V1, s Upy X1y ey Xpy Y1y oevs Yes 215 -+, Za} DE @ coordinate system
for (N, x0) such that
ui=Wi°f (i=1,...,a)

vi=warjof (j=1,...,b)
and such that the differentials at x, of these coordinate functions are the basis
for TN} dual to

{en, eafi, o foki, ko by he, 81 - 8}

With respect to these coordinates f has the form

b c
(4,0,%, y, 2)— (y,y, Youxi+ Y +y?

i=1 j=1
i W) y;+0u,v)+F(u,uvXx, y,z))

where each R; is a 11near function of u, v, Q is a quadratic form in u, v and
Fem3.
Making the source coordinate change

Vi=Fyi+3R;(u,v)

and the target coordinate change

wlp=wp_Q(W1’ *'*5Wp-—1)_—7lt Z (Rj(wb -“,Wp——l))2
j=1

(and then dropping ') puts f in the form

(u,v,x,y, 20— ( é

where Fem3y.

+) + %+F(y,y,zc,y,z))
=1

J

2. We can arrange that Fem , ;,-mj}.
We can write
F(u,1,%,y,2)=F1,1,0,0,00+ G(4,v,X, y,2)
with Gemy,, _y,_z)m%,, and thus making the coordinate change

W;,=Wp""F(W13 s Wy 1,Q,Qa_Q)
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puts f in the form
b
(,0,x,y,2)— (y o, Z

3. (“Thom splitting”).
We can arrange Femg, ,-mf, , x o

10 .
Let y}=§a—? G=1,...,e);
J

1 0F
=+y;+ 2an of course.

Since +yj, y; have the same 1-jet, we can write

b b
=Y uxi+ ) ty?+F
i=1

(where after possibly making some target coordinate change as in 2. above, we
can suppose F'em, . ,;-m3)

b c c
=Y vxi+ ) VP+F'+ Zy}-H,-+
i=1 j— j=1

Z Vi Vi Kij

jsc

II/\

2 2
(Where Hyemg, , . ), Kijemy, F'emyy ,-mi, , . )

= ZU(X,'F Z +(y1+'2'H1)2+F”+ ZIHZ Z ,V:}’;Ku

i=1 Jj=1 j=1 1=i

IIA

Since yicJ(f)(i=1,...,c), Y yiyiKijemyJ(f)?% so, by (28), f is

15isjsn

2R;(f)-equivalent to the germ given by

b c
®,0,x,y,2)— (_u,y, Yuixit+ Y iy}’2+G((l_4,y,zc,z)))

i=1 j=1
(4
(where yi=y;F4H;and G=F"+ Y %Hf).
j=1
Thus the change of coordinates corresponding to this %, ,-equivalence,

followed by the change of coordinates yj—y/, and possibly followed by a
target change of coordinates as in 2. above, puts f in the required form.

4. (The “unusual” normal form).
We can arrange that Fem, ,y-mf, ; ..
e ;
=1,...,b).
2 (i=1,...,b)

i

Let vj=

Of course v;=v;+ K;, where K,-=§§.

i
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Since {u,v,x,y,z} is a system of coordinates for (N, x,), we can write

b
K=K+ Y v;H;; (i=1,...,b)
j=1
where K; is a function of u, x, z alone, and H;jemy.

Of course then,
b

Z(élj—H”)U;:U,'i'K; (l=1, ,b)
j=1
so that v;+ KieJ(f)(i=1,...,b).
We set v} =v;+K;-{4,1", X, y,z} is a system of coordinates for (N, x,), so we
can write
b
F=F+3Yv/G+ Y vviM

i=1 1<i=j<b
: 3 2
(Wlth F'Em(y,z‘,z), Giem(u,x,z}, Mijem(y,y"’g,z})

b b
=F+ ZviGi‘l' ZK:G,'F U;'U},MU
i=1 i—1 1<izjsb
so that
b

c b
fo= Y v+ G)+ Y £y} +F+ Y KiGi+ v v My;.
. = .

i=1 i=1 15i<jsh

Since veJ(f), Y. vi'vjM;emyJ(f)? so that f is R;s-equivalent to

l=sisjsb

b b b
0,5, y, 2 (u, 0, Yo+ Y i+ (F'+ » K;Gi)(y,zc,z))
i=1

i=1 j=1

(where x;=x;+G;(i=1,...,b)).

Thus the change of coordinates corresponding to this £, ,-equivalence
followed by the change of coordinates x;— x;, and possibly followed by a target

change of coordinates as in 2. above, puts f into the required form. (Note that
b

the x;’s are functions of u, x, z, so that F'+ Z K;G; is a function of (u, x’, g)). O
i=1

Some special cases will be of particular interest:

(3.2) Proposition. Let f: (N, xo)—(P, yo) be a C* map-germ.
The following are equivalent
(1) j* fezn—?+! and J'f is transverse to Z"~P*+1 ar x,.
(1) j'feZ"=?*1 and the full second intrinsic derivative

0fxo: TNo—»Hom(Kert f,,, Cokert )
is surjective.

(2) Z(f) is a germ of submanifold of dimension p—1 and I1(Z(f))=J(f).
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(3) Local coordinates can be chosen with respect to which f takes the form

Y J_ry?+F(u,;c)),
j=1

Jj=

b
(0, x, y)— (y,y, Y vixi+
i=1

13

Femyy-mi, ..

Proof. First note the general fact that a subset-germ Sc(IE",0) is a sub-
manifold-germ of codimension k if and only if there is a submersion-germ ¢:
(IE",0)—(IE*, 0) such that S=¢~1(0).

If such ¢ exists, then of course I(S)={¢,, ..., ¢s} - E,.

Note too that if ¥4, ..., ¥, also generate I(S) (and if S is a submanifold-germ
of codimension k), then  =(4, ..., ) must be a submersion.

(2 =03):

If tk Tf, <p—1, then J(f)=m, by (1.2), (ii).

By the above I(X(f))c=m} implies that Z(f) cannot be a germ of sub-
manifold.

Thus (2) implies j!feX"—pP+1,

Thus we can choose local coordinates so that f has the normal form of
(3.1).

. oF
Then J(f) is generated by the n—p+1 functions vi+ax (i=1,...,b), y;(j
a i
=1,...,0), %(k=1,...,d). Let ¢: (IE",0)~(IE"~?*! 0) be the map-germ with
k

these coordinate functions. Then, by our previous remarks, (2) holds if and
only if ¢ is a submersion, which of course holds if and only if there are no z
variables, i.e. if f is in the form (3).

Next we note another general fact:

As is well-known, Z"~?*! is a manifold of codimension n—p+1 in J'(n,p).
We claim that there is a neighbourhood U of j'f and a submersion @:
U—E""?*! such that #~'(0)=2""P*'AU and PoJ'f has as component
functions a set of generators for J(f).

To see this, let 0; be the coordinate function on J!(n,p) representing the
derivative of the i component with respect to the j* variable.

Split the p x n matrix {¢%(z)} into blocks:

p—-1 n-p+1

p-1 (A(z) ‘ B(z))

_____ o =
1

C(2) | D(2)

Let U be the set of 1-jets z with A(z) invertible.
Then we have, in U,

(A B) (A—l —-A‘lB)_( I 0 )
CD 0 I “\c4-! D-CA~'B

so that a l-jet zeU is in X" ?*' if and only if (D—CA~!B)(z)=0.
&=D—CA~! B is submersion, because

1 (0 8)=o
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and @oJ'f has as component functions a set of generators for J(f), because
J(f) is generated by the determinants of p x p minors of

(A(i‘f) B(i‘f))
CG'f) DG'f)

and so by the determinants of p x p minors of

I 0
(C(J"f)A(f‘f)"1 D(i‘f)—CA"B(i‘f))

ie. by the coordinates of @ o J'f.

(1) = (2): j'fez"=?*! and J'fhZ"=P*! holds if and only if GoJlf is a
submersion.

Clearly X(f)=(@J'f)~1(0); so it follows by the first general fact that X (f)
is a germ of submanifold of codimension n—p+1 and that I (Z(f)) is generated
by the components of @0 J!f. But, by the second general fact, the components
generate J(f). So (2) holds

(3) = (1): Clearly a germ f with normal form as in (3) has l-jet in Zn-P+1,

F
and A(G'f)=1, B(j'f)=0. So ®oJ'f=DoJ'f; = <Ui+g7(i=1,...,b)iyj
(i=1,...,c)). So @oJ' f is a submersion, and thus J!f is transverse to Zrop+l

(1) = (1)': This is a special case of [2], (7.15). [

(3.3) Corollary. Let f: (N,xo)—(P, yo) be a C* map-germ with jfeZ"-?P+1 gnd
Jf transverse to Z"~P+1,
Then the characteristic map c(f): Z(f)—G,_,(TP) is an immersion.

Proof. By (3.2), we can choose local co-ordinates that put f into the form (3.2),
(3). The choice of coordinates also identifies G,_1(TP) locally as IE”?
x G,_(IE?).

V= —ﬂi(y,l()(l=1, ...,b),yj=0(j=1, ...,C)}~
0x

i

2(f )={(y,y, x,y)eE"

We may take the restrictions of u, x as a system of local co-ordinates on % f);
with respect to them, f|X(f) has the form

oF ] b oF
(4, X)— (y —a—xi(y,zc)(t— L,...,b), z_,l —xfé;i(y,zc)wLF).

Now the tangent map Tf, of f has the form

«f/ 1101 0 10
[ 01 0 o
GF ! | aFr
P\ I B
a b b c
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and, in particular for xe2(f), the form

(1:0i0:00
9115010
OF 1

auii xji 0 30

Thus, for xeX(f), a normal vector to Im Tf, is
( oF

o

i=1,...,a), —xj(i=1,...,b),1).

There is a natural diffeomorphism o: G,_;(IE?)—»IEP?~!, given by sending
a hyperplane to its normal; and there is a natural chart ¢: V-IE?~! on V
={[zy,...,2,]eIEP?~!|z,+0} given by

Zy Zp1
[z1,..es2p) (;—, ...,p——).

P Zp
Clearly c(f) is a immersion if and only if (1g», ¢ o @)oc(f) is an immersion.
By our discussion above, (1, ¢ o a)oc(f) has the form

OF & oF oF
(y’lc)H (."!, —EX—; igl_xi'é;i‘i-F, _“ '—X),
which is obviously an immersion. [

Finally, we have the (well-known) result:

(3.4) Proposition. Suppose that f: (N,xo)—(P,yo) is a C* map-germ. The fol-
lowing are equivalent:

(1) dimg- Cy/{J(f)+f*mp- Cy}=1

(2) jifezr—P+l Jif is transverse to X" P*', and f|X(f) is a germ of
immersion

(3) j2fezn~p+1,0

(4) Local coordinates may be chosen with respect to which f has the form

(ula ey Ugy Vi, ""yC)H (ul, ey Ug,s Z iy‘lz)'
i=1

1

Proof. Note first that if rk Tf,, =k <p— 1, then (by (1.2), (ii)) J(f)=m&, and so
dimg - Cy/{J(f)+/*mp- Cy} 2 dimg - Cy/{mi+f*mp- Cy};
=n—k+1;
=>n—p+3.
Thus (1) certainly implies j!feZ"-?+!

(1) < (4): Choose local coordinates with respect to which f has the form
(3.1). Then (1) holds if and only if
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my=J(f)+f*mp-Cy

={y,y,y,g—i(i=1, ...,c),?—fj(j:l, ...,d),F}- Cy
so by Nakayama’s lemma if and only if my={u,v, v} Cy, that is, if and only if
there are no x- or z-variables, so if and only if f is in the form (4).

(2) = (3): This follows at once from [2], (6.2).

(3) = (4): Let fex"~P*1° and choose coordinates putting f in the normal
form (3.1). Differentiating twice, we see at once that

dim-Ker {6/, |Kert f, } =b+d.

On the other hand, [2], §7 shows that if feX"~P*1:° then the restricted
second intrinsic derivative of f has zero kernel. So b=0 and d=0; ie. there are
no x- or z-coordinates, so f has the form (4).

(4) = (2): If (4) holds, then the restrictions of Uy sty 10 Z(f)={y;=...
=y.=0} give coordinates there, with respect to which f|X(f) has the form
(U1, .., ug) > (uy, ..., u,,0) so f|Z(f) is an immersion.

But (4) is a special case of (3.2), (3), so jfeX"—P*! and J! f is transverse to
>n—p+ 1‘ D

§ 4. The Proof of (0.7)

We begin with two easy lemmas:
(41) Lemma. Let 4
p(I+A:B)

be a matrix over IE of rank p. Then there exists a q x p-matrix C such that

p(+A§ B )

CA:I+CB
p q

q
is non-singular.

Proof. Note first that it is enough to find C such that I+ 4+ BC has rank p;

for
(+A§ B )_(1@)Gﬁg)c+4fpcm)
“caTveB) T \eii) o SR VA

pooa (]\p
I+A+BC=,,(I+A:B)-(-6-) )

4q

Now

and this product has rank p for some C
1
< Ker(I+A:B)nIm (C) =0 for some C

<> there is a p-plane transverse to both IE? and
Ker(I+A:B) in [EP*4
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(for the first transversality condition implies that the p-plane is the graph of a
linear map C: IEP—IE?)
But such p-planes lie open and dense amongst all p-planes. [

(4.2) Lemma. Let f: (N,xo)—(P,yo) be a C* map-germ of cokernel rank one.
Then
my-0,0J(f)-tf On) = (f)nmR)-tf(On).

Proof. We choose local coordinates with respect to which f takes the form (n
=p—1+k+r)

(ul,"'7up—15x1’"‘7xk’zl>"',zr)H(u17"' p—1> (u X, Z))

where Fem} , ., and

oF oF

~——,...,— have linearly independent differentials at O
0x, 0xy

oF . .

—, ...,— have zero differentials at 0.

0 Z4 5 Zq

(That such coordinates exist follows by the arguments used in (3.1)).
We identify y=C;", 6,= C;? via these coordinates.
Let 6=(6y, ...,8,)em2 - C;?nJ(f)-tf(Cx"); so we can write

o= Z‘f( )(;“"a +i ”az)
« 0 () (Bpie B
5o s )@%az)

0 F
Note that no tf (az) g—x--terms need be included, because tf (aaz) g—f
i i j

=tf (i)@_ Note also that we can suppose that b;;=bj;, because
0x;] 0z;

oF 0\ OF
v (a) o (5;)5“
oF
Since —em2nJ(f), and since myJ(f)=minJ(f), it is enough to show

J
that a;;(1Sisp—1,1<j<k), b(1sisjsk)emy.
Evaluating the above expression for ¢ gives

Kk 9F & OF
5=5a 5, oF o )
l ;1“” 6x.+.§1°‘11 3z, (*); (i=1,...,p—1),
e laF aF r k aF aF
6 - o s
p Z au (Zau 6 Z %5 0z ) ::;1 JZ: ij’ axi axj

4 oF aF U 0F OF
+3 PILT P P NN Pa Py (),

i=1 j=1 i=1 j=1
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Since §,em3, taking differentials at 0 in (*);(i=1,...,p—1) yields

k

Y q, (0)d(§f)0=0 (i=1,....p—1).

j=1 j

3
Since the d (5x_) are linearly independent, it follows that
ji’o
a,;(0=0 (i=1,...,p—1;j=1,....k)
1e.
a;emy  (i=1,...,p—1;j=1,...,k).

Now observe that the first and last sum in the RHS of (*), are contained in
my, while the third sum is contained in m3. (For the first sum, this follows

from (), (i=1,...,p—1): the other statements follow because g—emﬁ,

L ooFoF 9%
(j=1,...,r). Thus since 6,emy, the second sum Z Y b , is contained
in mN i=1 j=1 a a

It follows that the 2-jet of this expression, which we can thmk of as the

symmetric bilinear form
oF oF
S by 0)- d( ) d(ax )

15i<jsn
1S Zero.

oF
But the restriction of this form to the subspace dual to <d (5;-) (@
i’0

=1,...,k)> clearly has matrix [b;;(0)] with respect to the basis dual to

{d (g—j;)oz i=1,...,k}. So this matrix is zero; so b;jemy for 1<i, j<k. O
Proof of (0.7). (i): This follows at once from (2.7).

(i) A4:

=> is obvious

<=: since f is a submersion, co-ordinate systems may be chosen with re-
spect to which f has the form (x,, s X (X g, e, X ),

By (*), g has the form

(xla '~-,xn)H(x1 +¢1(-)-C)’ "~’xp+¢p(.-¥))

where Pis-.e P EJ.
Let P a
»(4:B)

0
be the matrix of partial derivatives (%
J

); so that dg, has matrix
0

(I+A:B).

Since g is a submersion this has rank p, and so by (4. 1) there exists an (n—p)
x p matrix C such that



194 A. du Plessis and L. Wilson

(.’..Jr..{%.i ..... B)

CA1YCB (+)

is non-singular.
Define the map-germ h: (IE",0)—(IE",0) by

x;+¢(x) (@(=1,...,p)
xi+.zlci—p,j¢j(x) (i=p+1,...,n)
Jj=

(where C=(C,))).

xi0h=

h is clearly a J-approximation to the identity, and dh, has matrix (+), so is
non-singular, so that h is a diffeomorphism, i.e. he %;.

But clearly g=foh; so f, g are &,-equivalent.

(i1), B. Clearly (a) = (b) = (d), while by (1.3), B, (ii) (a) = (c). So it remains
to prove (c¢) = (d) and (d) = (a).

Since the notion of J-tf(fy)-approximation to f is independent of the co-
ordinate system chosen we will choose, once and for all, a co-ordinate system
with respect to which f has the form (3.1). (Actually, only the form achieved at
the end of step 2 of the proof of (3.1) is strictly necessary for our arguments).
Hereafter, we treat f as this map-germ (IE", 0)—(IE?,0). We have

oF oF 6_F} C.

oF
J(f)—‘{vl +5;—1'9 ceey Ub+é—x—b;.)’1, '~'9y¢,52-19 seey azd

Let ¢,,...,¢.€J be elements whose projections form an IE-basis for
JIf*m,+m})nJ.

Since y;,..., ¥, spanJ(f)/(f*mp+m,f)nJ(f) it is clear that ¢'<c; and that
there are ¢’ linearly independent linear combinations yj,...,yt of y., ...,

such that 2 ,
b=y e(f*mAm)nJ(f)  (k=1,....¢).
We will need the following:

Sublemma. If g is a J-tf(C)")-approximation to f, and if g has cokernel rank
one, then g is & ,-equivalent to a germ g* of form

b 3 ¢
U v,xy,2)— (u,v, Youxi+ Y tyi+ Y oyt lk(X)+G*(_vg)) —(%)
i=1 j=1 k=1
where the |, (y)(k=1,...,c') are linear combinations of y,...,y,, and
G*e((f*m,+m) NI (f)-I(f)+m.

Proof. Since g—feJ-tf(C;"), g may be written
k b
gw,v,%,y,2)= (y+¢1,y+1_3, Y (W +B)x;+ Y J_ry}+G(LV))

i=1 j=1
where
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A=(4,,...,4), Ael
B=(B,,...,B,), B.eJ

GeJ-J(f)+m;.
We can write

b c
A;= ) K;v;+ Y Ly y,+an element of m?
j=1 k=1

b c
B=Y M;;v;+ 3 Ny y,+an element of m?
j=1 k=1

where K;;, Ly, M, N, €.
We have
1 K 0 L 0\«
dg0=<0 I+M 0 N 0>b
0 0 0 0 0/:
a b b c d

where K is the matrix with (K);;=K;;, and similarly for L, M, N. Since, by
hypothesis, dg, has cokernel rank one,

(I+M:N)s
b c

has rank b, and so, by (4.1), there exists a ¢ x b-matrix ¢ such that

CM :I+CN

(I+M§ N ) (x%)

is non-singular.
Let h: (IE*,0)—(IE",0) be defined by

“i°h=“i+Ai (i=1,...,a)
Ui°h=vi+Bi (l=1,,b)
X;oh=Xx; (i=1,...,b)

b
yi°h=yi+ ZCUBI' (i=1,...,C)

j=1

Zioh=z, (i=1,...,d)

(C=(C;)). It is clear that h is a J-approximation to the identity.
dh, has matrix

(IK 0 0
0 I+M 0 0
0 0 10 0 |s
0 CM 0 0
00 0 I

b d

a b
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which is non-singular because (*x) is. Thus h is a germ of diffeomorphism; so
he,.
Let g*=goh~'. It is clear that g* has the form
b c
(,2,x,y,2)— (y,y, Youix+ Y iry,?+G'(LV))
i=1 j=1

where G'eJ-J(f)+m3.
But we can certainly write

G'(w)= kZlyk* L) +G*(w)

where [, (y)(k=1,...,¢) are linear combinations of y,,...,y,, and
G*e(J(f)n{f*m,+m})-J(f)+my;
so g* has the required form. [

We now prove
(¢) = (d): For any C* map-germ g: (IE",0)—(IE?,0) of cokernel rank one we

have @)
 dim . g
rk - H(g)=dimy {J(g)m{g*mp+m3}}'

(This is obvious for a map-germ in the normal form (3.1) (or indeed for a
map-germ in the form achieved after step 1 of the proof of (3.1)), and so holds
for any map-germ of cokernel rank one, since the dimension involved is de-
fined in a coordinate-free way).

Now let g be a J-tf(C)"-approximation to f such that J(f)=J(g).

J(f)em?, so J(g)¢m?; and so, by (1.2), (ii), g has cokernel rank one. By
the sublemma, then, g is 2 ;-equivalent to a map-germ g* of the form (x). Of
course rk - H(g)=rk - H(g*); while, by (1.3), B, (a), (i), J(g)=J(g*).

So we have

rk - H(g)=rk-H(g*)

e J(g%)

=dimg {{J(g*)n(g*)* m,,+mf}}

e J(g*)

= dimg J(@)N{E-{vy,...,v,} +m}}
(by inspection)

o J(f)

=M (o, o] 2
(since J(f)=J(g)=J(g*)

. J(f)

= A (myrm)
(by inspection)

=rk-H(f).
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So (d) holds, as required.

Finally we prove:

(d) = (a): By the sublemma, g is #£;-equivalent to a germ g* of form (x).
H(g*) clearly has the same rank (and, in the IR-analytic and C®-cases, index)
as H(g): which has the same rank (and, in the IRR-analytic and C*®-cases, index)
as H(f), by hypothesis.

So H(f), H(g*) are equivalent quadratic forms. But we clearly have
equivalences ¢
UbP

H(g*)=~ Z ¥+ ) v L)
k=1

j=1

so that the two quadratic forms on the RHS’s above are equivalent; i.e. there is
a linear isomorphism A of IE® such that

Mﬂ

yTATJAy=

i

+yi+ Y v L)
k=1

1

It

(where J is given by yTJy=Y iyf).
j=1
We claim that 4 may be chosen to have the form

A(y)=y+BO7,....yd)
for some ¢ x ¢’-matrix B.

To see this, note that Z +y7, Z +yi+ Z yit L.($) are equivalent, non-
g -

degenerate quadratic forms on IE° agjreemg on the subspace {yf =...=y} =0},
and that our claim is precisely that the equivalence can be chosen to be the
identity on this subspace. But the existence of a subspace-preserving equivalence
holds in general for non-degenerate, equivalent, quadratic forms agreeing on a
subspace; for this general existence statement is clearly equivalent to the classi-
cal result (“Witt’s extension theorem”, see e.g. [16], (1.5.9)) that if the restric-
tions of a non-degenerate quadratic form to two subspaces are equivalent, then
the equivalence between the restrictions can be extended to a self-equivalence
of the quadratic form.

Now define the map-germ h: (IE",0)—(IE",0) by

ui°h=ui (i=1,...,a)
vi°h=vi (l=1,,b)
xi°h=xi (i=1,...,b)

yi°h=yi+ ZB”(ﬁ:— (i=1,...,c)
k=1

Z;oh=z, (i=1,...,d)
(where B=(B;)))
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h is clearly a J-approximation to the identity. Since

& =y elf*m,+m2}nJ(f),
we can write

b
O =y + ZRklvl+ﬁk
=1

2
for some R,€E, f,em;.

Thus
a b b c d
1T 00 0 O
»{0 I 0 BR 0
dhe=+|0 O I 0 O
c10 0 0 4 O
«aLO O 0 0 I

which is invertible because A4 is; so he&,.
Let g”=g*oh~'. It is clear that g” has the form

J

b c
0, x,y,2)— (y,y, 2o+ Y yi+ G”(w))
i=1 =1
where G"e(J ()N (f*m,+m,)-J(f)+my).
Since g” is #;-equivalent to g, which is a J-tf(C)}")-approximation to f, so
is g”, by (1.3), B, (a), (iii). Thus

f=g"eJ-tf(C;)NO,....0,J (NN (f*m,+md)-J(f)+m3)
I tf(CM) Ay T () tf (CM+U (NN (f*m,+mb)-J(f)-0,}
(via (4.2)).

So, by (2.7), f, g" are #;-equivalent; and so f, g are # -equivalent.
So (a) holds, and the proof is complete. [J

§ 5. Non-Degenerate Critical Sets

(5.1) Definition. (t1=C —w, R —w or ).
A C" map-germ f: (N, x0)—(P, yo) has non-degenerate critical set if
O IZ(f)=J()
(I(Z(f)) is the ideal of C* function-germs on (N, x,) vanishing on the
set-germ (Z(f), x,)).
(i) dim-2(f)=p—1.

Clarification of (ii). In the analytic cases, we of course take dimX(f) to be the
dimension of X(f) as a germ of analytic variety.

We will in fact see, in the course of the proof of (5.4), that Z(f) has pure
dimension p—1 (ie. each analytic component of X(f) has dimension p —1) if
(i), (ii) hold.
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In the C” case, we will see, again in the course of the proof of (5.4), that (i)
implies that, for a suitably small representative f: U—V of f, X(f)=Y, where
YcU is a smooth submanifold, but with connected components possibly of
different dimensions. We will take (ii) to mean that max-{dim C: C a connect-
ed component of Y with x,eC}=p—1.

Again we will see, in the course of the proof of (5.4), that a “pure-dimen-
sionality” result holds (i.e. each connected component of Y has dimension p —1)
if (i), (ii) hold.

An important observation is:

(52) Lemma. Let f: (N,x,)—(P,y,) be a C° map-germ such that J(f)
=I1(Z(f)). Then Z(f) cannot be a germ of submanifold of dimension less than p

Proof. If rank Tf, <p—1, by (1.2), (ii), J(f)=mj, and so I(Z(f))=m3. The ini-
tial remarks in the proof of (3.2) show immediately that X(f) is not a germ of
submanifold.

If rank Tf, =p —1, then, with respect to appropriate coordinates, f has the
form (3.1), and

OF ._ oF
J(f)z{vi-i_é;;(l_l’"'9b),.Vi_(]_17'~-9C)’a(k_1"--ad)} C'N

and b+c+d=n—-p+1.

Thus I(2Z(f)) can be generated by n—p+1 functions; and so clearly cannot
be generated by more than n—p+1 functions with linearly independent differ-
entials at x,,.

Again, then the initial remarks in the proof of (3.2) show that X(f) cannot
be a germ of submanifold of codim>n—p+1. [

(5.3) Definition. 1. For a C* map f: U"-V? define X' ?-!(f)
={xeU|j'f.eZ""?~! and J'f is transverse to X" ?*! at x}.

2. For a C* map-germ f: (N,x,)—(P,y,), define Z"~?*1(f) to be the germ
at x, of ZP=P+1(f), where f is any representative of f.

We now prove (0.10) as:

(54) Proposition (1=C —w, R—w or o). Let f: (N,x,)—(P,y,) be a C* map-
germ with non-degenerate critical set. Then X"~P*+!(f) is t-open and -dense in

2(f).

Remark. “Zariski-open” implies “open” of course. Also, in the C-analytic case
“Zariski-open and -dense” implies “open and dense” but this is not true in the
R-analytic case. This difference is important for examples; e.g. consider the R-
analytic map-germ f: (R3,0)—(R3,0) given by

[y, 20)=(x,y,2>+xy*2).

This has non-degenerate critical set {(x,y,z)eR>®:3z2+xy*=0} (a Whitney
umbrella), while X"~?*!(f)=ZX(f)—{z-axis}, which is Zariski-dense, but not
dense, in Z(f). (It will follow from (5.4), then, the f does not have non-degener-
ate critical set when considered as a C® germ).
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Proof of (54). t=C —w: Let f: U—V be a representative of f. Shrinking U, V
if necessary, we can suppose them to be contained in coordinate charts and so
identify them as open subsets of C", CP respectively.

Then the derivative of f induces a sheaf-homomorphism

tf: (0,|U)<">(0,|U)*?

and we define the sheaf of ideals J(f) as the initial Fitting ideal-sheaf of
Cokertf (so that J (), = F,(cokertf,) for all xeU; of course, then J (f) =J(f)).
It follows easily from standard results (e.g. [18], 11, §§6, 7) that J(f) is a co-
herent sheaf.

According to [18], II, (7.4), the ideal sheaf 1/ J(@) (with 2] ) =Y/ I,
(=vJ (f.)) is then also coherent. But, by the analytic Nullstellensatz ([187], 11,

(8.4)), we have . .
IE@)=yID

where I(Z(f)) is the ideal-sheaf of germs of functions vanishing on X(f).

Consider the quotient sheaf I(X(f))/J(f); this too is coherent, then; and so
in particular has Zariski-closed support. Since this support does not include x,
(since I(Z (f)) =J (f)xO, by hypothesis), it thus does not contain some Zariski-
open nelghbourhood of it which we (shrinking U if necessary) can suppose to
be U;ie. I(Z®)=J ().

At a regular point x of the C-analytic variety Z(f), (Z(f),x) is a germ of
submanifold, and I(Z(f;))=J(f;) by the above, so, by (5.1), dim(Z(f),x)=p—1.

But since dim X(f)=p —1, any analytic component of X(f) has dimension
=<p-—1, so that dim(Z(f),x)<p—1.

So dim(Z(f),x)=p—1.

Hence, by (3.2), xeZ!~?*'(f); ie. Z(f),g=21"7*!(f). Since the regular
points of a C-analytic variety lie Zariski-open and -dense in it, this completes
the proof.

=R —w. We begin by proving:

Sublemma. An R-analytic map-germ f: (N,x,)—(P,y,) has non-degenerate criti-
cal set if and only if its complexification fg: (Ng,Xxo)— (R, yo) does and Z(f)¢
=Z(fo)

Proof. Cleatly J(f=J(f) Owg 5, and I(Z(f))=1(Z(f)) Opg,, Thus if
I (f)=J(f), then I(Z(f )c) J(fq:) so that Z(fg)=2(f)¢ and I(Z(f¢) J(fa:)-

Conversely, if Z(f)e=2Z(fp) and I(Z(fQ)=J(fg), then I(Z(f))- O (NE»x0)
=12 =1 (f))=J(fD=J(f) Ong,x, SO that

IZ(N=IE () Ong,x0) " On,x
=J(f) ° 0(Nc,xo) A wN,xo =J(f)

Finally, dim-Z(f)=dim-2Z(f)g, so that dimXZ(f)=dimZ(fy if Z(fp
=X (f)¢, completing the proof. [

Now let R-analytic f: (N,x,)—(P,y,) have non-degenerate critical set.
Then f¢ has non-degenerate critical set, by the above, and so, by the arguments
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given in the C-analytic case has a representative, which we can without loss of
generality suppose to be the complexification (f)¢ of a representative f of f,

such that
Z(Neeg=Zr " (N (*)

Since X((f )o)=2( f )c (after shrinking the representative f of f if necessary) so
that

Z((i)@)regn {real POints} = Z(f)rega

and since for real points x,
xeZIPH(f) = xeZ P (fy)

(this follows at once from the “normal form” (3.2)) () gives, restricting to real
points

E(Deeg=Z17"7 ().

Since the regular points of an R-analytic variety lie Zariski-open and -dense in
it, this completes the proof.

T=00:

Let f: U—V be a representative for f, and let I(Z(f)) be the sheaf of germs
of smooth functions vanishing on Z(f).

Shrinking U, V if necessary, so that they lie in coordinate charts, we can
identify them as open subsets of R”", R” respectively. Let ¢,,...,$,eC*(U) be
the standard generators for J(f) (ie. the determinants of the p x p minors of
the matrix for Tf, with respect to the standard coordinates).

We claim that for some open neighbourhood U’ of x, in U (¢,),,-..,(¢,),
generate I(2(f)), for all xeU’. For suppose otherwise, so that there exists a
sequence {x,} =U with x,—x,, and function-germs y,€I(£(f)), such that

‘l/n¢{(¢1)x"’ ""(¢k)x"} : C&)I,x,.) (n= 1,2, ...).

Let V, be pairwise disjoint open neighbourhoods of the x,(n=1,2,...), and
let y,eC®(V,) be a representative for y,, with compact support, vanishing on
Z(f)(n=1,%,---)-

Define Y€ C*(| JV,) by

$(x)=y,x) for xeV,.

By [18], V, (6.1) there exists a function ae C*(U), which does not vanish
anywhere on | JV, but is flat (in particular, zero) off { J¥,, such that a-y ex-

tends to a C* function y* on U flat (in particular, zero) off | JV,.

Clearly y*eI(Z(f)), so Yk el(Z (T))xo, and we can write (bny the hypothesis
LZ(N=I(f)

k
:0 = .Zlﬂi . (¢i)xo

for some B;eCy ., (i=1,...,k).
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Taking representatives, we have
k
Y*|U'= 3 Bi- ¢ilU’
i=1

for some neighbourhood U’ of x, in U, f; being representatives of §;, on U’ (i
=1,...,k). For n sufficiently large, x,eU’; taking germs at such x, yields

Oy W€D 1)+ (P} - Cilmye

But since a(x,)#0, «, is invertible in CU,x, and so Y,e{(d1),, .-, (D), }-
This contradiction shows our supposition false; so the claim is proved.
I(Z(f)IU") is, of course, a closed ideal; and, by what we have just proved, is

finitely generated. So, by [18], V, (4.4), it is a Lojasiewicz ideal. Hence, by [18],

V, 4.
(@9 THv=Y

where Y is a submanifold of U’, but with connected components possibly of
different dimensions.

Let C be a connected component of Y.

For any yeC, I(C),=I1(Z( f )ys =J( fy), by what we have previously proved.
Thus, by (5.2), dim(C,y) = p — 1. But the dimension assumption (5.1), (ii), implies
that dim- C<p—1; so dimC=p—1; and so Y is a manifold all of whose com-
ponents have dimension p —1.

Thus, by (3.2), yeY < yeXi~?+!(f|U’); so that Z'~—P*+1(f|U’) is dense in
Z(f1U). O

We conclude this section by proving (0.13).

(5.5) Definition. A C* map-germ f: (N,x,)—(P, y,) is generically finite-to-one
on its critical set if there is a representative f=U—V of f and a T-open and -
dense subset W of Z(f) such that f|W is finite-to-one.

(5:6) Proposition. Let f: (N,xo)—(P,y,) be a C* map-germ generically finite-
to-one its critical set. Then there is a representative f: U—V for f and a t-open
and -dense subset C of Z"=P*'(f) such that

ImTf,=ImT(f|C), for all xeC.
Proof. Let f: U->V be any representative of f, and let
C={xeX??* (f)|(f|Zr-?+!(f)) is a germ of immersion}.

It is clear that C is a 1-open subset of Z*~?*!(f); and it follows at once from
(3.4) that, with respect to appropriate local coordinates now xeC, f, has the
form

(Ugs ooy Uy Yiyeenr Y (ul,...,ua, Y iy}).
j=1
So (C,x)=2(f)={y,=...=y,=0}; so that

ImTf, = {last coordinate=0}
=Im(Tf,|TC,)=Im T(f|C),,
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Thus the proof will be completed by proving that there exists a t-neigh-
bourhood U’ of x, in U such that CA U’ is t-dense in Z"~P*1(f|U").
Suppose that no such z-neighbourhood exists; so that there exists a 7-open

subset W of Zr~7+!(f) with x, in its t-closure such that T(f|W), has rank <n
—p+1 for all er

Since tangent-map-rank is lower semi-continuous (w.r.t. t) we can shrink W
(but retaining the property xoeW) so that the rank of T(f|W), is constant
(and less than n—p+1) for all xeW; so that K=KerT(f|W) is a C* sub-
bundle of TW.

Because f is generically finite-to-one on 1ts critical set, we can, shrinking W
again (but still retaining the property xoeW) suppose that f|W is finite-to-one.

Let xeW, and let W, be a neighbourhood of x in W for which there exists a
nowhere-vanishing C* section ¢ of K|W,. Let ¢: B,—»V (¢>0; ¢(0)=x) be an
integral curve for & through x.

d . d
Then a—t(fo D)) =TF, ((Eqﬁ) (t)) =Tf,,(E(()=0; so [ is constant on

the integral curve. This curve has infinitely many points, so f|W cannot be
finite-to-one.

This contradiction shows that our supposition was false, i.e. the required -
neighbourhood U’ of x, in U exists. [

§ 6. Proof of (0.11)

(6.1) (=0.11) Proposition. Let f, g: (N,x,)—(P,y,) be C* map-germs. Suppose
that f has non-degenerate critical set. Then

g—feJ(f)-tf(6w)
if and only if
(@) Z(f)=2(g)
B f1Z(f)=glZ(f)
(y) ImTg, cImTSf, for all x in some t-dense subset of X(f).

Proof. “only if”: We choose local coordinates, so identifying 6y=Cx", 6 ;
=Cx».
If {w,,...,w,} is the standard coordinate system in (IE",0), we have

%—%etf(C”)+J(f) Cr»
(by the chain rule)
ctf(Cy")
(by (1.2), (i)) so that
tg(C;M<=tf(C™

(y) follows at once; indeed ImTg, cIm T, for all xe(IE",0). As observed in the
remark following (0.11), («) is implied by (y).
() holds because f—geJ(f)*?, so vanishes on X(f).



204 A. du Plessis and L. Wilson

“if”. Since f, g agree on X(f), and J(f)=I(Z(f)), we have (with respect to
any local co-ordinates)

f—gel(f)*? 1)
Thus, by (1.2), (i), there exists £€ C" such that
f—g=tf(%). )

It is sufficient then to show éeJ(f)*"; and so, since J(f)=I(Z(f)), to show
that & vanishes on X(f).

Let f,g: U>V be representatives for f, g, with U, V identified via co-or-
dinate charts as open subsets of IE", [E? respectively, and £ a representative for
& such that (a), (), (), (1), (2) hold with f, g, ¢ replaced by f, g, & By (5.4) we
can without loss of generality suppose that 27—7+1( f) is 1-open and -dense in

Z(f).
Let C be the t-dense subset of X(f) such that

Imdg . cIlmdf, for xeC

(the existence of C being guaranteed by (y), of course).

It will clearly be enough to show that £ vanishes on C NZ"=PHL(f) (since
this is a t-dense subset of X(f)).

So let xeCAZ*=?*1(f).

Differentiating (2) (for £, g, &) at x gives, for any velE",

dZ,(0) —df () =d](dE () +(@*]),(v)(E(x)).
Since xeC, so that Imd§, cImdf,, it follows that
@f)()(E(x)elmdf,.

Moreover, since f(x)=§(x) (by (B) for J, &), df.(5(x))=0, ie.

¢(x)eKerdf,.
Thus we have

21, )(Ex)=0 for any velE" 3)

(where 6%f,: E">Hom(Kerdf,, Cokerdyf,) is the full second intrinsic derivative
of f at x).

Since xeZ"~P*1(f), (3.2) implies that &2 f. is surjective. But this implies £(x)
=0, completing the proof.

(For suppose &(x)+0. Then there obviously exists

¢peHom(Kerdf,,Cokerdf,) with ¢(£(x))+0.

But since 62 f is surjective, there exists velE" such that 62 f v)=¢.
So 82f,(v)(é(x)) %0, contradicting (3)). [
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