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In this paper we study the question of which complex analytic map-germs are determined
(up to R-equivalence) by their discriminants. This question was also studied in [PW] and
[GPW]; the result we obtain here is not quite as strong as that of [PW] and [GPW], but
holds for a much wider class of germs.

We will be concerned with complex analytic map-germs f : (N,S) −→ (P, y0), with S
finite, where N and P are complex analytic manifolds of dimension n and p respectively.
We begin by introducing the classes of germs we will work with.

Definition 1. A map-germ f : (N,x0) −→ (P, y0) with dimN ≥ dimP is a trivial un-
folding of a quasi-homogeneous germ, TQ for short, if it is A-equivalent to a germ
f̃ : (Cn, 0) −→ (Cp, 0),

f̃(u1, . . . , up−1, x1, . . . , xn−p+1) = (u1, . . . , up−1, g(x))

where g : (Cn−p+1, 0) −→ (C, 0) is singular and a quasi-homogeneous function (i. e. g is R-
equivalent to a weighted-homogeneous function; by Saito’s Theorem [S1], this is equivalent
to g ∈ J(g), as long as g has an isolated singularity).

A map-germ f : (N,S) −→ (P, yo) is generically TQ, GTQ for short, if there is a
dense subset C of its critical set Σ(f) such that fx is TQ for all x ∈ C. (Since f and Σ(f)
are germs, the meaning of the above statement is that: for any representative f̃ of f , there
exists a neighborhood U of S and a dense subset C̃ of U ∩Σ(f̃) such that f̃x is TQ for all
x ∈ C̃. We will make a number of such statements about germs, usually without explicitly
stating what it means for representatives).

Definition 2. A map-germ f : (N,S) −→ (P, y0) with dimN < dimP has no hidden sin-
gularities, NHS for short, if f(Sing(f)) ⊂ Sing(Im f) (Im f is the image of f , Sing(Im f)
its singular subset, Sing(f) the set of singular points of f , i. e. points where f is not an
immersion).

Recall that a map-germ f : (N,S) −→ (P, y0) is of finite singularity type, FST for
short, if f |Σ(f) is finite-to-one. Recall that the discriminant ∆(f) of a map-germ f is
f(Σ(f)) (so it is Im f if dimN < dimP ); ∆(f) is a variety-germ if f is FST . Recall that
fi : (Ni, Si) −→ (Pi, yi), i = 0, 1, are A-equivalent if there exist (analytic) diffeomorphism-
germs r : (N0, S0) −→ (N1, S1) and l : (P0, y0) −→ (P1, y1) such that l ◦ f0 = f1 ◦ r. They
are called R-equivalent if l is the identity.

We will prove the following:
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Theorem 1. Let

F : (N × C, S × [0, 1]) −→ (P × C, y0 × [0, 1])

be a C-level-preserving map-germ of FST such that the discrimininant of F is a product;
i. e.

(∆(F ), [0, 1]) = (∆(F0)× C, [0, 1]) .

If dimN ≥ dimP , assume that F is GTQ. If dimN < dimP , assume that F is NHS.
Then F is R-trivial (this means that F is R-equivalent to F0×1C; in particular this implies
that each

Ft : (N × {t}, S × {t}) −→ (P × {t}, y0 × {t}), 0 < t ≤ 1,

is R-equivalent to F0).

If f : N −→ P is a map, let Txf : TxN −→ Tf(x)P denote the derivative of f at x.
If f : (N,S) −→ (P, y0), let θN,S , θP,y0 and θf denote the sets of germs of vector fields
respectively on N at S, on P at y0 and along f , and let tf : θN,S −→ θf denote the map
induced by T f̃ , where f̃ is any representative of f . An η ∈ θf is liftable, or lifts over f ,
if there exists an α ∈ θN,S such that η = tf(α); an η ∈ θP,y0 is liftable if η ◦ f is. A vector
field is said to be tangent to a subvariety if it is tangent at regular points of the subvariety.

Theorem 1 is an easy consequence of a characterization of the liftable vector fields over
GTQ (if dimN ≥ dimP ) or NHS (if dimN < dimP ) map-germs f : (N,S) −→ (P, y0) as
the vector fields tangent to the discriminant. Indeed, the class of map-germs we study is
exactly the class for which the characterization holds:

Theorem 2. Let f : (N,S) −→ (P, y0) be FST. Any vector field tangent to ∆(f) lifts over
f if, and only if,

(if dimN ≥ dimP ) f is GTQ,
(if dimN < dimP ) f is NHS.

The point of view here is in some sense converse to work of [A], [S2] and [T] concerning
stable map-germs. In their case, an explicit description of the liftable vector fields is
available, and their interest is in seeing that these are the vector fields tangent to the
discriminant.

One may regard Theorem 1 as a local version of the main theorems of [GPW]; heuris-
tically, it shows that, amongst map-germs with given discriminant each path component
ought to be contained in a single A-class. To make these heuristics rigorous, we need to
pass to jet-spaces, and to consider finitely determined germs. We obtain:

Theorem 3. There are at most finitely many A-classes of A-finite map-germs with target
dimension greater than one with given source dimension and given discriminant.

This gives nothing new unless dimN ≥ dimP = 2, for otherwise A-finite germs are
critical normalizations, and the Theorem 0.3 of [GPW] shows that there is only oneR-class.
The examples in [GPW] show that this is definitely not true in the case dimN ≥ dimP = 2.
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Remarks.
1. In [T], Terao defines a map-germ to be TQ if it has the form

f(u, x) = (u, h(u, x)g(x))

with h(0, 0) 6= 0 and g quasi-homogeneous; it is a simple exercise to see that this is R-
equivalent to a germ of the form described in Definition 1.

2. Terao shows that, if dimN = dimP and f is FST, then f is automatically GTQ.
But this is not true in general for dimN > dimP . For example, take any FST f from
Cn to C which is not quasi-homogeneous, for instance f(x, y) = x5 + x2y2 + y5. Also,
such an f crossed with the identity on Cs gives a non-GTQ map from Cn+s to C1+s. A
more interesting example is f(u, x, y) = (u, x4 + y4 + ux2y2), which is not GTQ, which
has discriminant the u-axis and which is not analytically R-trivial along the u-axis. Note
that the functions fu(x, y) = x4 + y4 + ux2y2 are homogeneous, hence GTQ.

3. The CND map-germs of [GPW] are GTQ because, for a dense set of points x ∈ Σ(f),
the germ of f at x is of the form

(u1, . . . , up, x1, . . . , xn−p+1) 7−→ (u1, . . . , up,Σx2
i ) .

One may ask whether, in the dimN ≥ dimP = 2 case, there are only finitely many
R-classes with given discriminant (Theorem 3 refers to A-classes), and what invariant
distinguishes A- or R-classes with given discriminant. For more information on this, we
refer to [P3].

This paper is organized as follows: In §1 we exploit some commutative algebra to
characterize the image of the differential of a map-germ of FST. In §2 we prove Theorem
2; Theorem 1 is an easy corollary. In §3 we prove Theorem 3. In an appendix, we prove
a couple of propositions about G-triviality (or piecewise G-triviality) of families of map-
germs, for G a jet-Lie subgroup of one of the standard groups of singularity theory. This
is used in §3, and does not seem to be in the literature. Finally, in §4, we illustrate the
general theory with some computations.

We wish to thank the referee for suggesting the use of Cartan’s Theorem B to establish
G-triviality in Theorem 1 and in Proposition 1 of the appendix to §3.
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§1. Liftable vector fields along f

While the main theorems have been stated for analytic map-germs f : (N,S) −→ (P, y0),
they easily reduce to the case of analytic map-germs f : (Cn, 0) −→ (Cp, 0). Let On denote
the ring of analytic map-germs f : (Cn, 0) −→ Cp and O×p

n the p-tuples of elements of On.
We often identify O×n

n with the space θn of germs of analytic vector fields on Cn at 0, and
O×p

n with the space θf of germs of analytic vector fields along f .

Definition 1. A map-germ f : (Cn, 0) −→ (Cp, 0) is generically of finite singularity
type, GFST for short, if there is a dense subset C of the critical set Σ(f) such that f |C
is finite-to-one (so, if C = Σ(f), then f is FST ).

Proposition 1. Let f : (Cn, 0) −→ (Cp, 0) be GFST (n ≥ p). Let h ∈ O×p
n . Then the

following are equivalent:

1) h ∈ Im tf .
2) hx ∈ Im tfx for all x in Σ(f).
3) hx ∈ Im tfx for all x ∈ C, where C is dense in Σ(f).

Proof. 1) =⇒ 2): (1) means that there is an α ∈ θn such that h = tf · α. Then there
is a neighborhood U of 0 on which are defined representatives h̃, f̃ and α̃ of h, f and α

such that h̃(x) = Txf̃ · α̃(x) for all x ∈ U . Then h̃x = tf̃x · α̃x for all x ∈ U , hence for all
x ∈ Σ(f̃); this is the meaning of (2).

2) =⇒ 3) is clear.
The proof of 3) =⇒ 1) uses some results of commutative algebra, which we now recall;

a good general reference is [K].

Let R be a commutative, Noetherian local ring, I an ideal of R, m the maximal ideal
of R, and M a finitely generated R-module.

A sequence a1, . . . , ak of elements of I is called an M-sequence in I if, for each i
between 1 and k, ai is not a zero-divisor of M/(a0, . . . , ai−1)M , where a0 = 0. All maximal
M -sequences in I have the same length, called the I-depth of M , denoted d(I,M). The
depth of M is d(m,M), abbreviated d(M).

A chain P0 ⊂ P1 ⊂ · · · ⊂ Pr of prime ideals in R, with Pi 6= Pi+1 for all i, is said
to have length r. If P is a prime ideal, the height of P , denoted htP , is the upper
bound of the lengths of the chains of prime ideals contained in P . The height of I is
the lower bound of the heights of all prime ideals containing I. The dimension of R,
denoted dimR, is the height of m. The dimension of M is the dimension of R/AnnM ,
where AnnM = {r ∈ R : rM = 0} is the annihilator of M . M is Cohen-Macaulay if
dimM = d(M). If R is Cohen-Macaulay (as an R-module), then ht(I) = d(I,R) for every
ideal I, by Thm VI.3.14 of [K].

For each a ∈ M , let Ann(a) = {r ∈ R : ra = 0}. Those ideals Ann(a) which are prime
are called associated prime ideals of M . The set of these is denoted Ass(M). (The
union of the associated primes of M is the set of zero divisors of M , and the intersection of
the associated primes is AnnM). M is unmixed if dimR/P = dimM for all P ∈ AssM .
It is a fact that if M is Cohen-Macaulay, then M is unmixed (see e.g. Prop. VI.3.9 of
[K]).
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Let ϕ : Rn −→ Rp be an R-module map. Let I(ϕ) be the ideal generated by the p× p
minors of the matrix representation of ϕ. By Cor. 2.5 of [BR], d(I(ϕ), R) ≤ n− p+ 1. By
Thm. 2.9 of [BR], if R is Cohen-Macaulay and d(I(ϕ), R) = n−p+1, then M = Rp/ϕ(Rn)
is Cohen-Macaulay, hence unmixed.

Now we specialize to the case R = On. It is easy to see that, for any ideal I ⊂
On, dimOn/I equals the set theoretic dimension of the variety V (I) and ht I equals the
codimension of V (I). Also it is easy to see that On is Cohen-Macaulay. Let ϕ = tf ,
J(f) = I(ϕ) and M = O×p

n / Im tf . V (J(f)) = Σ(f), the critical set of f . From the results
stated above, dim Σ(f) ≥ p− 1 and, if dim Σ(f) = p− 1, then M is unmixed.

Now suppose f is GFST. If dim Σ(f) > p− 1, then there is an open manifold U ⊂ Σ of
dimension equal to dim Σ(f) on which f has rank k < p. Thus f is locally equivalent to
a projection with positive dimensional fiber, hence f is not finite on U , contradicting the
assumption. So dim Σ(f) = p− 1. The converse of this result is not true: f(x, y) = (x, xy)
is not GFST, but dim Σ(f) = 1 = p− 1.

Let M be a coherent sheaf of O modules, where O is the sheaf of germs of complex
analytic functions on Cn. Let Pa,i’s be the associated primes of Ma and let Va,i = V (Pa,i).
The proof of the next proposition (which is Proposition 1.15 of [GPW]) is a simplification
of the proof of Malgrange’s Theorem on M-dense sets.

Proposition 2. Suppose ξ is a section of M near a. Then ξ(a) = 0 if, and only if, for
each i and any representative Ṽa,i of Va,i, there exists in Ṽa,i a sequence xj −→ a such
that ξ(xj) = 0 for all j.

Now we complete the proof of 3) =⇒ 1).
Let f̃ and h̃ be representatives of f and h respectively, a = 0, M = O×p/tf(O×n) and

ξ the section of M induced by h̃.
3) implies that ξx = 0 for all x ∈ C, which is dense in Σ(f). Since M0 = M is unmixed,

C is also dense in V (P ) for each P ∈ Ass(M). By Prop. 2, ξ(0) = 0, hence 1) holds. �

Let Σr denote the submanifold of J1(Cn,Cp) consisting of 1-jets of maps having kernel
rank r. Let Σr

t denote the set of those z = j2f(x) such that j1f(x) ∈ Σr and j1f t Σr

at x. By (2.7) of [GPW], j2f(x) ∈ Σn−p+1
t if, and only if, Σ(f) is the germ at x of a

(p− 1)-dimensional manifold and I(Σ) = J(f). This holds, for example, for the fold map
f(u, x) = (u,

∑
x2

i ) and also for the quadratic transformation g(u, x) = (u,
∑
uixi). A

map-germ f has non-degenerate critical set if f is generically Σn−p+1
t (i. e., there is a

thin subvariety V of Σ(f) such that j2f(x) ∈ Σn−p+1
t for all x ∈ Σ(f)− V ). These map-

germs appear extensively in [GPW]. The corollary below is included for general interest;
it is not used in the rest of this paper.

Corollary 1. Suppose f has non-degenerate critical set. Then h ∈ Im tf0 if, and only if,
h(x) ∈ ImTfx for all x ∈ C, C some dense subset of Σ(f) (as germs at 0).
(Tfx : TxCn −→ Tf(x)Cp is the derivative of f , whereas tf0 is the induced map on germs
(at 0) of vector fields).

Proof. Suppose j2f(x) ∈ Σn−p+1
t ; without loss of generality, we will assume x = 0. Then,

by Lemma 2.6 of [GPW], there exist source and target coordinates in which f takes the
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form
f(u, x) = (u, F (u, x)), F ∈ m2

n

and

I(Σ(f)) = J(f) =
(
∂F

∂x1
, . . . ,

∂F

∂xn−p+1

)
On .

If h(x) ∈ ImTfx for each x near 0, then there exist (not necessarily continuous) functions
ai(x) and bi(x) such that

h(x) =
p−1∑
i=1

ai(x)
∂f

∂ui
+

n−p+1∑
j=1

bj(x)
∂f

∂xj

=
p−1∑
i=1

ai(x)
∂

∂ui
◦ f +

0,
p−1∑
i=1

ai(x)
∂F

∂ui
+

n−p+1∑
j=1

bj(x)
∂F

∂xj

 ,

where ∂
∂ui

means the i-th unit vector in Cp.

Thus the ai(x) are holomorphic, as is h(x)− Σai(x) ∂f
∂ui

=
(
0,Σbj(x) ∂F

∂xj

)
.

Since
∑
bj(x) ∂F

∂xj
= 0 on Σ(f), and I(Σ(f)) = J(f), there exist holomorphic cj(x) such

that ∑
bj(x)

∂F

∂xj
=
∑

cj(x)
∂F

∂xj
.

This proves that h ∈ Im tfx for any x at which j2f(x) ∈ Σr
t . The result now follows from

Proposition 1. �

Proposition 3. Let f : (Cn, 0) −→ (Cp, 0) be FST (n < p). Let ψ ∈ O×p
n . Then ψ ∈ Im tf

if, and only if, ψx ∈ Im tfx for all x in the complement of a codimension ≥ 2 subvariety
of (Cn, 0).

Proof. “Only if” is immediate, as discussed in the proof of Proposition 1.
“If”: Since f is FST, Im f is a variety-germ V . Choose a projection π : (Cp, 0) −→

(Cn, 0) such that π|V is finite (it is well-known that such π exist). Then π ◦ f is FST.
Assume that U is an open set whose complement has codimension at least 2 in Cn, and
for each x ∈ (U, 0), there exists ξx ∈ O×n

x such that ψx = tfxξx. Thus tπ(ψx) = t(π ◦ f)ξx.
Since Σ(π ◦ f) is a hypersurface, U ∩Σ(π ◦ f) is dense in Σ(π ◦ f), so Proposition 1 implies
that there exists ξ such that tπ(ψ) = t(π ◦ f)ξ.

Let η = tfξ. Then tπ(ψ) = tπ(η). On a dense subset of V , π|V is locally biholomorphic,
so ψ = η at the pre-images of these points, hence everywhere by density. �
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§2 Liftable target vector fields

Let V be a variety germ in (Cn, 0); let V ◦ denote the set of regular points of V , possibly
of differing dimensions. Let θ(V ) denote the set of vector field germs at 0 ∈ Cn which are
tangent to V ◦. Let I be an ideal in On. Let

θ(I) = {v ∈ θn = O×n
n : vI ⊂ I},

where vf = df · v. Let I(V ) denote the ideal of all analytic germs vanishing on V .

Lemma 1. If I = I(V ), then θ(V ) = θ(I).

Proof. (⊂): Let v be in θ(V ) and f ∈ I. Since f |V ◦ ≡ 0 and v is tangent to V ◦, vf ≡ 0
on V ◦, hence on V . Therefore vf ∈ I.
(⊃): Suppose vI ⊂ I. Let f1, . . . , fs generate I. Replacing v, V and fi by representatives,
denoted by the same letters, and restricting to a small enough neighborhood of 0, vfi = 0
on V and TxV

◦ = ∩s
i=1 ker(dfi)x for all x ∈ V ◦, so vx ∈ TxV

◦. Thus v ∈ θ(V ). �

If I is a sheaf of ideals in O, then we have a sheaf θ(I) so that θ(I)x = θ(Ix), for all x.

Lemma 2. Let I be a coherent sheaf of ideals in O. Then θ(I) is coherent.

Proof. Let h1, . . . , hs generate I on an open set U . Let h = (h1, . . . , hs) and let dh denote
the Jacobian matrix of h. Then θ(V (I)) over U is the kernel of the composition

O×n dh−→ O×s π−→ (O/I)×s .

The kernel of a morphism between coherent sheaves of modules is coherent. �

Note that θ(V ) is an analytic invariant: if h is a bianalytic map and h(V ) = W , then
h∗θ(V ) = θ(W ) (where h∗v = dh ·v ◦ h−1). Similarly, if f and g are A-equivalent, with
g = ` ◦ f ◦ r, then `∗θ(∆(f)) = θ(∆(g)).

We wish to show that, under appropriate conditions on f , all vector fields in θ(∆(f))
lift over f ( i. e., v ◦ f = df · α, for some α ∈ θn).

Say that f is a trivial unfolding of a function if it is A-equivalent to f̃ = (u, g(x)),
where g is a C-valued function. If g is singular, necessarily g(Σ(g)) = {0}, so ∆(f̃) =
Cp−1 × {0}.

Lemma 3. We are given f : (Cn, 0) −→ (Cp, 0), n ≥ p, of FST. The following are
equivalent:

1) f is a trivial unfolding of a singular function;
2) ∆ = f(Σ(f)) is non-singular of dimension p− 1, and there exist v1, . . . , vp−1 ∈ θ(∆)

with v1(0), . . . , vp−1(0) a basis for T0∆, and such that each vi lifts over f ;
3) ∆ = f(Σ(f)) is non-singular of dimension p− 1, and every vector field on ∆ has an

extension to (Cp, 0) which lifts over f .

Proof. 3) =⇒ 2): Immediate.
2) =⇒ 3): Suppose v is any vector field on ∆. Then there are ai ∈ O∆ such that
v = a1(v1|∆) + · · · + ap−1(vp−1|∆). Let a′i ∈ Op be any extension of ai. Then v′ =

7



a′1v1 + · · ·+ a′p−1vp−1 is an extension of v which lifts over f .
1) =⇒ 2): Select coordinates so that f(u, x) = (u, g(x)).

df

(
∂

∂ui

)
=

∂

∂ui
∈ θ(∆), i = 1, . . . , r − 1 .

2) =⇒ 1): Since f is singular, but df(0) contains v1(0), . . . , vp−1(0), f has rank p − 1.
Thus, coordinates can be chosen so that ∆ = Cp−1×{0} and vi(0) = ∂

∂ui
, i = 1, . . . , p− 1,

and f(u, x) = (u, F (u, x)) with F singular at 0.
Let

ξi =
p−1∑
j=1

aij
∂

∂uj
+

n−p+1∑
k=1

bik
∂

∂xk
, i = 1, . . . , p− 1,

be a lift for vi over f ; so that

vi ◦ f =
p−1∑
j=1

aij
∂f

∂uj
+

n−p+1∑
k=1

bik
∂f

∂xk

=
p−1∑
j=1

aij
∂

∂uj
◦ f +

0,
p−1∑
j=1

aij
∂F

∂uj
+

n−p+1∑
k=1

bik
∂F

∂xk

 .

Let A be the (p− 1)× (p− 1) matrix (aij). Then A(0) = I. Multiply both sides of

0 =
p−1∑
j=1

aij
∂F

∂uj
+

n−p+1∑
k=1

bik
∂F

∂xk
, i = 1, . . . , p− 1 ,

by A−1, yielding

0 =
∂F

∂ui
+

n−p+1∑
k=1

cik
∂F

∂xk
, i = 1, . . . , p− 1 .

This is the Thom-Levine condition for Re-triviality of the family fu given by fu(x) =
F (u, x). So we can choose coordinates on (Cn, 0) such that f takes the form f(u, x) =
(u, g(x)) (with g(x) = F (0, x)), as desired. �

Lemma 4. Let f : (Cn, 0) −→ (Cp, 0), n ≥ p, be FST. Then f is TQ ⇐⇒ ∆ = f(Σ(f))
is non-singular of dimension p− 1, and all vector fields in θ(∆) lift over f .

Proof. By Lemma 3, we can assume under either hypothesis that, after a coordinate
change, f(u, x) = (u, g(x)), g a singular function (with isolated singularity since f is
FST ), and ∆ = Cp−1 × {0}.

=⇒: Then g is assumed quasi-homogeneous. By Saito’s Theorem [S1], there exist
φi ∈ On−p+1 such that

g =
n−p+1∑

i=1

φi
∂g

∂xi
.
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Then

tf

(
n−p+1∑

i=1

φi
∂

∂xi

)
=

(
0,

n−p+1∑
i=1

φi
∂g

∂xi

)
= (0, g) = (yp ◦ f)

(
∂

∂yp
◦ f
)
,

so yp
∂

∂yp
lifts over f .

We observed in the preceeding proof that the ∂
∂ui

, i = 1, . . . , p− 1, lift over f . Together
with yp

∂
∂yp

, these vector fields generate θ(∆) as an Op-module, completing the argument.
⇐=: Let

ξ =
p−1∑
j=1

aj
∂

∂uj
+

n−p+1∑
k=1

bk
∂

∂xk

be a lift of yp
∂

∂yp
, so that

(0, g) =
(
yp

∂

∂yp

)
◦ f =

p−1∑
j=1

aj

(
∂

∂uj
◦ f
)

+
n−p+1∑

k=1

bk

(
0,

∂g

∂xk

)
.

Thus aj = 0 for j = 1, . . . , p− 1, and

g =
n−p+1∑

k=1

bk
∂g

∂xk
.

Setting u = 0 gives g =
n−p+1∑

k=1

bk(0, x) ∂g
∂xk

, so g is quasi-homogeneous by Saito’s Theorem.

Thus f is TQ as desired. �

Proposition 1. Let f : (Cn, 0) −→ (Cp, 0), n ≥ p, be FST. Then f is GTQ ⇐⇒ all
vector fields of θ(∆) lift over f .

Proof. Let f denote a representative of the germ, such that its discriminant ∆ satisfies
(∆, 0) = ∆(f0). Let η be in θ(∆).

=⇒: By Lemma 4, the germ of η at f(x) lifts over the germ of f at x for the dense set
of x’s in Σ at which f is TQ. By Proposition 1 of §1, η0 lifts.
⇐=: Let Θ denote the sheaf θ(∆y). Since Θ is coherent, we can assume that there are

sections η1, . . . , ηk into Θ which generate θ(∆y) for every y ∈ ∆ (shrinking representatives
if necessary). Since (η1)0, . . . , (ηk)0 lift, so do (η1)y, . . . , (ηk)y, hence so do all vector fields
in θ(∆y). If y is a non-singular point of ∆, we have that f is TQ over y by Lemma 4.
Thus f is GTQ. �

Remark. The proof works if, rather than assuming f FST, we only assume that f is
GFST and that f(Σ(f)) is a variety.

To complete the proof of Theorem 2, we now prove:
9



Proposition 2. Let f : (Cn, 0) −→ (Cp, 0), n < p, be finite. Let ∆ = f(Cn, 0). Then f
is NHS ⇐⇒ all vector fields of θ(∆) lift.

Proof. ⇐=: Using coherence, as in the proof of Proposition 1, every vector field η ∈ θ(∆y)
lifts, for all y sufficiently near 0. But if f has hidden singularities, then we can find a y
which is a non-singular point both of ∆ and of f(Sing(f)), and an η ∈ θ(∆y) such that η
is not tangent to f(Sing(f)). But then η can’t lift over f , contradicting the assumption.

Our proof of (=⇒) employs normalizations; see for example [Gu] for the definition and
properties of normalizations.

Every variety has a normalization. A normalization has the following factorization
property: if g : V −→ ∆ is a normalization, and f : W −→ ∆ is finite and onto with
W normal, then there exists a finite h : W −→ V such that f = g ◦ h. An immediate
consequence of the factorization property is the uniqueness of normalization: if f and g
are both normalizations, then f = g ◦ h, where h is bianalytic. We need a parametrized
form of uniqueness.

Lemma 5. If ft : V ⊂ Cn −→ ∆ are normalizations (analytic in x and t), then there
exist bianalytic maps ht : V −→ V (analytic in x and t) such that ft ◦ ht = f0.

Proof. Let F (x, t) = (f0(x), t) and G(x, t) = (ft(x), t); these are both normalizations from
V ×C to ∆×C. Thus there is a bianalytic H(x, t) = (ht(x), t) such that F = G◦H, hence
f0 = ft ◦ ht. �

This proves Proposition 2 in the case f a normalization: given a vector field η tangent
to ∆, integrate to yield bianalytic kt preserving ∆, with k0 = I; let ft = kt ◦ f ; by the
Lemma, there is an ht with ft ◦ ht = f ; let ξ = d

dt |t=0 h
−1
t ; then

η ◦ f =
d

dt

∣∣∣∣
t=0

ft =
d

dt

∣∣∣∣
t=0

f ◦ h−1
t = dfξ .

To prove Proposition 2 in the general case, let f : (Cn, 0) −→ ∆ be finite and onto.
Let g : V −→ ∆ be the normalization of ∆. There is a finite h : (Cn, 0) −→ V such that
f = g ◦ h.

Let S be the union of the singular set of V , the singular (non-immersion) set of g and
the multiple point set of g; so g is an embedding on V − S. Observe that f is NHS if, and
only if, h(Σ(h)) ⊂ S.

There is a codimension ≥ 1 subvariety X of Sing(f) such that, letting U = (Cn, 0)−X
and U ′ = h(U), we have:
1) h|Σ(h) ∩ U is an immersion, and
2) h(Σ(h) ∩ U) is nonsingular and coincides with S ∩ U ′.

If η is a vector field tangent to ∆, then η lifts over g, since g is a normalization; i. e.
there is a vector field ζ tangent to V such that η ◦ g = dgζ (it is clear what this means at
regular points of V ; we won’t discuss the meaning at singular points of V , since these are
of codimension ≥ 2 in V , and won’t affect our argument).

This ζ must necessarily be tangent to S ∩ U ′. By Proposition 1 in the case n = p (and
Terao’s result that all FST germs are GTQ in these dimensions), ζy lifts over h at all
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y ∈ U ′. Combining these two liftings, we see that η lifts over f at each point of U . By
Proposition 3 of §1, it lifts over f at 0 also.

This completes the proof of Proposition 2, and hence of Theorem 2.

Proof of Theorem 1.
Replace F by a representative, which we also denote by F . The vector field ∂

∂t is tangent
to ∆(F ). By Theorem 2, η = ∂

∂t ◦F lifts over the germ of F at S ×{t}, for each t ∈ [0, 1].
This implies that η− ∂F

∂t lies in the coherent OU sheaf generated by the ∂F
∂xi

, where U is a
sufficiently small Stein neighborhood of S× [0, 1]. It is a consequence of Cartan’s Theorem
B (see for example Theorem VIIIA15 of [GR]), that there are analytic functions ai defined
on all of U such that η − ∂F

∂t =
∑
ai

∂F
∂xi

. Then α = (a1, . . . , an, 1) satisfies dF · α = η on
U . We integrate α to get the R-trivialization.

Remarks on the real case.
Consider an analytic map-germ f : Rn −→ Rp of finite singularity type whose complex-

ification fC : Cn −→ Cp is GTQ if n ≥ p or NHS if n < p. Suppose a real analytic vector
field η has ηC ∈ θ(∆(fC)). So ηC has a lift α over fC. If n ≤ p, then the immersion points
of f are dense; α is necessarily tangent to Rn at each immersion point, hence is at all of
Rn, and hence is the complexification of a real lift β of η over f . Presumably the lifts α
constructed in the case n > p also preserve Rn, but we haven’t checked this.

It follows that an analogue of Theorem 1 holds in real case, at least if n ≤ p: if f is
t-level-preserving and if ∆(fC) is a product, then the family ft is R-trivial.

On the other hand, we have the example:

Example. Let ft(x, y) = (x2 − ty2, 2x2y) = (u, v), t 6= 0. Then f is FST and the real
discriminant f(Σ(f)), which is the negative u-axis, is a product. However, the complex
discriminant, which is the union of the u-axis and the curve u3+2tv2 = 0, is not a product,
hence ft is certainly not analytically R-trivial.

11



§3 Finiteness of the number of A-types

Theorem 3. There are at most finitely many A-classes of A-finite map-germs with target
dimension greater than one with given source dimension and given discriminant.

Proof. When the target dimension is greater than two, or when the source dimension is
one and the target dimension is two, there is only one R- and hence one A-class; this was
proven in [GPW] and [PW] (see Theorems 0.6 and 0.8 of [GPW]). So we restrict to the
case source dimension greater than or equal to targent dimension equal to two. Here the
discriminant is a plane curve germ. Now the discriminant of a multi-germ is the union
of the discriminants of its component germs. Since there are only finitely many ways to
apportion the finitely many components of a plane curve germ amongst the component-
germs of a multi-germ, it is sufficient to treat the case of germs with just one source
base-point. So we work henceforth with map-germs

(Cn, 0) −→ (C2, 0), n ≥ 2 .

It is enough to treat the case of non-empty discriminant, i. e. of critical map-germs.
For a map-germ f : (Cn, 0) −→ (C2, 0) of FST, results of [GPW] show how to construct

a generator δ(f) for the Fitting ideal F0(f∗(θf/tf(θn))) (see (3.1), (3.2), (3.7) and (3.8)
of [GPW]), and show that this ideal is I(∆(f)) if, and only if, f is A-finite (since p = 2
and f is FST , (2.12) and (3.2) of [GPW] imply that F0(f∗(θf/tf(θn))) = I(∆(f)) if, and
only if, f has only fold singularities (= trivial unfolding of a Morse singularity) except at
0; by a result of Mather and Gaffney, this is equivalent to f being A-finite).

The proof of the theorem will be based on two lemmas:

Lemma 1. There exist non-decreasing functions N,K : N −→ N, such that if
δ : (C2, 0) −→ (C, 0) has Ke-codimension = k, and f : (Cn, 0) −→ (C2, 0) is an A-finite
map-germ with ∆(f) = δ−1(0), then

1) f has Ke-codimension ≤ K(k),
2) f is N(k)-A-determined.

A subset of Cn is constructible if it is a finite union of subsets which are locally closed
(the intersection of an open and a closed subset) in the Zariski topology. Constructible
sets have only finitely many connected components (in the Euclidean topology). Let U be
an open subset of Cn (in the Euclidean topology). Then f : U −→ C is a Nash function
if its graph is contained in an algebraic hypersurface (which can be assumed irreducible).
A map is Nash if its component functions are. The inverse image of a constructible set A
by a Nash map f with constructible domain U is constructible (it is the projection to U of
the intersection of the constructible sets A × U and Γ(f) (the graph of f); the projection
of a constructible set is constructible by a theorem of Chevalley). Let Σr denote the set
of r-jets of critical germs, and let

W r(n, 2) = { jrf(0) : Ke- cod f ≥ r }.

12



Lemma 2. For any r, k ∈ N, there exists a finite partition

{Sλ : λ ∈ Λ} of Σr(n, 2)−W r(n, 2)

by constructible submanifolds, and Nash maps

δλ : Sλ −→ Jk(2, 1)

such that, if pr(z) is the r-th order polynomial representative of z ∈ Sλ, then δλ(z) is the
k-jet of a generator of I(∆(pr(z))).

Let us assume these lemmas for the moment, and see how they lead to a proof of the
theorem.

Let C be a plane curve-germ, with I(C) generated by δ ∈ O2. Then δ is of FST; we set

k = 1 +Ke- cod δ

and set r = max{N(k − 1),K(k − 1) + 1} (notation of Lemma 1).
The maps

δλ : Sλ −→ Jk(2, 1) (notation of Lemma 2)

are Nash, so that
(δλ)−1({JkK-orbit of δ})

is constructible, so has finitely many components

Cλ,i, i = 1, . . . , Qλ .

By Lemma 1,1),
Ke- cod f ≤ K(k − 1) ≤ r − 1 ,

so, by the definition of W r(n, 2),

jrf(0) /∈W r(n, 2) .

Thus we have jrf(0) ∈ Cλ,i for some λ and i.
We claim:

if f, g : (Cn, 0) −→ (C2, 0) are such that, for some λ ∈ Λ and i ∈ {1, . . . , Qλ},

jrf(0), jrg(0) ∈ Cλ,i ,

then f and g are A-equivalent.
If the claim is proved, we are done, for then there are at most as many A-classes with

the given curve C as discriminant as there are components Cλ,i (λ ∈ Λ, i = 1, . . . , Qλ); and
there are only finitely many such. Next we prove the claim.

We can construct a piecewise analytic curve

φ : (C, [0, 1]) −→ Cλ,i

13



such that φ(0) = jrf(0), φ(1) = jrg(0).
It is clearly enough to treat the case where φ is analytic.
Let

G : (Cn × C, 0× [0, 1]) −→ (C2 × C, 0× [0, 1])

be given by
G(x, t) = (pr(φ(t))(x), t)

By Lemma 1,2), f , g are r-A-determined, so it is sufficient to prove that G is A-trivial.
Now, for t ∈ [0, 1], δλ(φt) has constant JkK-class, that of δ, and so in fact its polynomial

representative pkδλ(φt), which we will denote δλ(Gt) has constant K-class, since δ is k-K-
determined.

Thus by Proposition 2 of the Appendix to this section, the (C, [0, 1])-level-preserving
germ

δλ(G) : (C2 × C, 0× [0, 1]) −→ (C× C, 0× [0, 1])

given by
δλ(G)(x, t) = (δλ(Gt)(x), t)

is K-trivial. We claim that G isA-trivial. For letK be the diffeomorphism of (C2×C, 0×C)
which is the source component of the K-trivialisation of δλ(G); then, defining

G′ : (Cn × C, 0× C) −→ (C2 × C, 0× C)

by
G′ = K−1 ◦G ,

we have that G′t has constant discriminant

(δλ(Gt) ◦K)−1(0)

(since δλ(G) ◦K is C-trivial), and thus, by the main theorem, is A-trivial.
So G is A-trivial, as required. Thus the theorem does indeed follow from the lemmas;

here are their proofs.

Proof of Lemma 1. Write L = Ke-cod f .
Notice that if L = 1, f is an A1-singularity, and so δ is non-singular, i. e. Ke-cod δ = 0;

and conversely.
It follows from Proposition 2.15 of [GPW] that I(∆(f)) has a generator in mL

2 ; hence
every generator is in mL

2 . Let δ be a generator of I(∆(f)). Thus

Lδ −
(
Y1

∂δ

∂Y1
+ Y2

∂δ

∂Y2

)
∈ mL+1

2 ,

and hence

Ke- cod δ ≥ dimC

{
O2

〈 ∂δ
∂Y1

, ∂δ
∂Y2

〉+mL+1
2

}

≥


0 if L = 1
1 if L = 2
1 + 2 + · · ·+ (L+ 1)− 2− 4 if L ≥ 3 .
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Thus if we define

K(0) = 1,

K(k) = 2, for k = 1, 2, 3

and

K(k) = sup
{
K :

1
2
(K + 1)(K + 2)− 6 ≤ k

}
for k ≥ 4 ,

then
L ≤ K(k) .

So this proves 1,1).
For 1,2), let {F ; i, j} be a stable unfolding of f , δ(F ) a generator for I(∆(F )). Then, by

naturality results of [GPW] (one can use either Theorem 3.10 or Theorem 3.11), δ(F )◦j is
a generator for I(∆(f)), so is C-equivalent to δ. Suppose now that g : (Cn, 0) −→ (C2, 0)
is such that there exists a morphism (i′, j′) : g −→ F , such that j, j′ have the same r-jet,
for some r.

If a map-germ g has Ke-codimension = d, then md+1
n θg ⊂ TKg, hence it is (d + 1)-K-

determined (see for example the proof of (5.7) of Chapter III of [GWPL]).
Now δ(F ) has zero (L− 1)-jet (by the same argument as for δ(f)), so δ(F ) ◦ j, δ(F ) ◦ j′

have the same (L+ r− 1)-jet. If δ has Ke-codimension k, then it is (k+ 1)-K-determined;
so δ(F ) ◦ j is also (k+ 1)-K-determined. Thus if r = k+ 2−L, then δ(F ) ◦ j, δ(F ) ◦ j′ are
K-equivalent.

Now, by the proof of [P2, (3.5)], ifm`
nθf ⊂ TKf (` ≥ 1), and if g has the same (r+1)`-jet

as f , then there exists a (C, [0, 1])-parameter family

(it, jt) : (1− t)f + tg −→ F

of morphisms such that jt has constant r-jet. Since Ke-cod(f) = L, mL+1
n θf ⊂ TKf . Thus,

if g has the same (k+3−L)(L+1)-jet as f the discriminants of (1−t)f+tg (t ∈ (C, [0, 1]))
have constant K-class, the K-class of δ. Hence, by Proposition 2 of the Appendix to this
section, this family of discriminants is piecewise K-trivial, so that, as in the part of the
proof of the theorem we have just been through, (1− t)f + tg (t ∈ (C, [0, 1])) is piecewise
A-trivial; in particular, f , g are A-equivalent.

We have thus proved that f is

(k + 3− L)(L+ 1)-A-determined;

so that, since L ≤ K(k) and, if L = 1, then k = 1, we have that f is N(k)-A-determined,
where

N(k) = sup
2≤L≤K(k)

{(k + 3− L)(L+ 1)} . �

Proof of Lemma 2. We aim to show the existence of a finite partition

{Sλ : λ ∈ Λ}; Λ finite
15



of Σr(n, 2) −W r(n, 2) by constructible submanifolds such that, for each λ ∈ Λ, we have
the following:

There exist polynomials α1, . . . , αm ∈ θpr(z) (so we can consider each αi to be in
C[x1, . . . , xn]×2) and a linear isomorphism X = (X1,X2) : (C2, 0) −→ (C2, 0) such that,
for all z ∈ Sλ, α1, . . . , αm project to a C-basis for

θpr(z)/{t(pr(z)(θn) + (X1 ◦ pr(z))∗m1θpr(z)} .

Assuming this, let us see how it leads to δλ.
Let Oalg

n denote the ring of germs of Nash functions at 0 in Cn.
By the Preparation Theorem for Nash functions (the Theorem of §1 of [LT]), the pro-

jections of α1, . . . , αm are a minimal set of generators of the Oalg
1 -module

(X1 ◦ pr(z))∗

{
θr

p(z)
t(pr(z))(θn)

}
;

following the proof of Proposition 3.2 of [GPW], this module is a free Oalg
1 -module. Thus

we can find unique (φz)ij ∈ Oalg
1 , such that

X2 ◦ pr(z)αi =
m∑

j=1

(X1 ◦ pr(z))∗(φz)ijαj (*)

(the results used here and later in this proof from [GPW] are stated for On, but hold
equally well over Oalg

n ).
Now let Dz be the m×m matrix with Oalg

2 -entries (δij is the “Kronecker δ”):

(Dz)ij = X ∗
1 (φz)ij −X2 · δij ;

then, again by the proof of Proposition 3.2 of [GPW],

δ(z) = detDz

generates I(∆(pr(z))).
We must show that δ(z) is a Nash map. To see this, consider the map-germ given by

G(x, z) = (pr(z)(x), z),

at some z0 ∈ Sλ.
G is an unfolding of pr(z0), so (αi, 0), i = 1, . . . ,m, form an Oalg

C×Sλ
basis for

((X1, 1Sλ
) ◦G)∗(θG/tG(θCn×Sλ

)) ;

since this is again a free module by the proof of Proposition 3.2 of [GPW], {(αi, 0) :
i = 1, . . . ,m} is a free Oalg

C×Sλ
-basis (by Oalg

C×Sλ
we mean the germs of Nash functions at

{0} × z0 ∈ C× Sλ). We can thus find unique Φij ∈ Oalg
C×Sλ

such that

(X2 ◦ π1 ◦G) · αi =
m∑

j=1

({(X1, 1Sλ
) ◦G}∗ Φij) · αj
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(here π1 : C2 × Sλ −→ C2 is the projection).
Let D̃ be the m×m matrix with Oalg

C2×Sλ
-entries

D̃ij = (X1, 1Sλ
)∗Φij −X2 ◦ π1 · δij ; (**)

then δ̃ = det D̃ generates the discriminant ideal for G.
The uniqueness of the (φz)ij proves that on restricting (∗∗) to C2 × z, we obtain (*);

that is, (φz)ij = Φij ◦ iz , where iz : C2 −→ C2 × Sλ is inclusion as C2 × z; and thus
δz = δ̃ ◦ iz , so δz varies analytically with z, near z0.

We define δλ : Sλ −→ Jk(2, 1) by δλ(z) = jk(δz)(0) ; by the above this is an analytic
map. There is a polynomial P such that P (y, z, δ̃(y, z)) ≡ 0, with y = (y1, y2). Differ-
entiating this with respect to yi yields a polynomial equation satisfied by the graph of
∂δ̃(y, z)/∂yi. Taking higher partials, and then restricting to y = 0, we see that δλ is Nash
(if it is a Nash germ, then it is Nash on all of Sλ, since it must satisfy the same polynomial
equation globally).

It thus remains to show the existence of a partition {Sλ : λ ∈ Λ} as described above.
For any linear isomorphism X of (C2, 0), and for any z ∈ Σr(n, 2), define

dX (z) = dimC

{
θpr(z)

t(pr(z))(θn) + (X1 ◦ pr(z))∗m1 · θpr(z)

}
.

It is a consequence of Nakayama’s lemma (see e.g. [GWPL, III, (1.12)]) that if

d′X (z) = dimC

{
θpr(z)

t(pr(z))(θn) +
{
(X1 ◦ pr(z))∗m1 +mk+1

n

}
θpr(z)

}
≤ k

then dX (z) = d′X (z).
Thus the set VX ,k = {z ∈ Σr : dX (z) ≥ k} is {z ∈ Σr : d′X (z) ≥ k}, and is thus defined

by the vanishing of matrices whose entries are polynomial with the coefficients of pr(z),
thus with respect to coordinates in Jr(n, 2). In sum VX ,h is an algebraic subset of Σr.
Thus its complement is Zariski-open in Σr, and thus so also is

Wk =
⋃

lin. isom. X

{Σr − VX ,k}

= {z ∈ Σr : ∃X such that dX (z) < k} .

Define

Xk = Wk+1 −Wk

= {z ∈ Σr : ∀X , dX (z) ≥ k and ∃X0 such that dX0(z) = k} .

Note also that

Σr −
∞⋃

k=1

Xk ⊂W r(n, 2)
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for if z /∈ W r then, by definition of W r(n, 2), pr(z) is of Ke-codimension ≤ r − 1, so in
particular of FST, and thus, for generic X , dX (z) is finite (as in Lemma 3.3 of [GPW]).

Now let Yk = Xk −W r . Then Y k −W r =
⋃

j≥k

Xj −W r, so is algebraic in Σr −W r; so

Yk is constructible.
Note too that there are only finitely many distinct Yk, for the chain of algebraic sets

· · · ⊇ Y k −W r ⊇ . . .

in Σr −W r becomes constant (Noetherian property).
For any z0 ∈ Yk, find α1, . . . , αk ∈ C[x1, . . . , xn]×2 such that these project to a C-basis

for

Ez0 =
{

θpr(z0)

t(pr(z0)(θn) + (X1 ◦ pr(z0))∗m1 · θpr(z0)

}
.

Then, for a Zariski-open subset U ⊂ Yk, α1, . . . , αk project to a C-basis for Ez for z ∈ U .
Let Yk1 = Yk−U , which is constructible, of lower dimension than Yk. Proceed in a similar
way for Yk1: find a basis for Ez1 , for some z1 ∈ Yk1, yielding a basis everywhere in Yk1

except on a constructible subset Yk2 of lower dimension. Since dimYk < ∞, we can,
proceeding in this way, find a constructible finite partition Sk = {Yk −Yk1, Yk1−Yk2, . . . }
of Yk, such that for each S ∈ Sk, there exist α1, . . . , αk ∈ C[x1, . . . , xn]×2 giving a basis
for E2 for all z ∈ S.

Now let {Sλ : λ ∈ Λ} be some finite constructible stratification of Σr − W r which
subdivides the finite collection of constructible sets ∪kSk.

Then {Sλ : λ ∈ Λ} has the desired properties. �

Appendix to §3.
In this appendix, mappings and manifolds are Cτ , which denotes either complex ana-

lytic, real analytic or C∞; E = R or C, whichever is appropriate.
Let B be one of R, C, K, L, A. Let Bk denote the subgroup of B consisting of all

elements whose k-jet at 0 is the identity. Let JkB denote the Lie group consisting of all
k-jets at 0 of elements of B. A subgroup G of B is a called a jet-Lie subgoup of B of
finite codimension if JkG is a Lie subgroup of JkB and Bk ⊂ G, for some k <∞, k ≥ 1
(see [BPW] for more details).

Let f : (N × E,S × [0, 1]) −→ (P × E, y0 × [0, 1]) be a Cτ (E, [0, 1])-level-preserving
map-germ. Let f t0 : (N ×E,S× t0) −→ (P ×E, y0× t0) be the germ-restriction of f . Let
T ′Gf t0 denote the elements of the G tangent space of f t0 having zero ∂/∂t component; see
(1.3) of [W] for this notation.

Proposition 1. Let G be a jet-Lie subgroup of B of finite codimension, where B is one of
R, C, K, L or A. Let f be as above such that, for each t0 ∈ (E, [0, 1]),

∂f t0

∂t
− ∂

∂t
∈ T ′Gf t0 . (*)

Then f is piecewise G-trivial. In the smooth case, we have that f is G-trivial; in the
analytic cases, we can prove G-triviality for G one of R, C, K, and for A if we assume f
finitely A-determined.
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Proof. Taking representatives in (∗), we find an interval [at0 , bt0 ] containing t0 such that

∂f [at0 ,bt0 ]

∂t
− ∂

∂t
∈ T ′Gf [at0 ,bt0 ] .

It follows from the Thom-Levine theorem for G-equivalence that f [at0 ,bt0 ] is trivial.
Since the intervals (at0 , bt0) cover [0, 1], so does some finite subcollection of them; so

there exist points
0 = c0 < c1 < · · · < cm = 1

with each [ci, ci+1] in one of these intervals, hence with f [ci,ci+1] G-trivial, i. e. f is piecewise
G-trivial.

One obtains G-triviality in the complex analytic case by arguments similar to the proof
of Theorem 2. If G = R, C or K, the argument is almost exactly the same. Suppose for
example that G = K and that S is a point; we let x1, . . . , xn, t and y1, . . . , yp, t denote
the local coordinates in N × E and P × E, respectively. The hypothesis (*) implies that
∂
∂t ◦ f −

∂f
∂t lies in the coherent OU sheaf generated by all the ∂f

∂xi
and the fj

∂
∂yi

, where
fj , j = 1, . . . , p + 1, denote the components of f , and U is a sufficiently small Stein
neighborhood of S × [0, 1]. By Theorem VIIIA15 of [GR], there are analytic functions ai

and bi,j defined on all of U such that ∂
∂t ◦ f −

∂f
∂t =

∑
ai

∂F
∂xi

+
∑
bi,jfj

∂
∂yi

. Then the
ai’s and bi,j ’s generate the K-trivialization in the standard way. The case of S a finite set
follows immediately, since K-trivializations act independantly at each point of S.

Now suppose G = A and that f is A-finite. There is a Stein neighborhood U of y0×[0, 1]
and a holomorphic δ on U such that ∆(f) is defined by δ = 0 and, for each t0 ∈ [0, 1], the
restriction to t = t0 of δ = 0 is the reduced equation of ∆(f) ∩ {t = t0} (for p > 1, the
existence of δ is guaranteed by Corollary 2.17 of [GPW]; for p = 1, ∆(f) is just {y0} ×E,
so the existence of δ is clear).

Condition (*) implies that for each t0 ∈ [0, 1] there is a vector field tangent to the
discriminant ∆(f t0). This vector field generates a K-trivialization of the germ of δ at
(y0, t0). By the K case of this Proposition, we actually have a global K-trivialization of δ.
Thus there is a vector field η on all of U tangent to ∆(f). By Theorem 2, there is a germ
αt0 such that df t0αt0 = ηt0 . Again applying Theorem VIIIA15 of [GR], we get a global α
such that dfα = η. Integrating α and η yields our A-trivialization of f .

Unfortunately, we have been unable to prove such a result for G = L.
One obtains G-triviality in the real analytic case by complexifying. One obtains G-

triviality in the C∞ case by glueing vector fields via a standard partition of unity argu-
ment. �

Proposition 2. let G be a jet-Lie subgroup of B of finite codimension, where B is one of
R, C, K, L, A.

Let f : (N × E,S × [0, 1]) −→ (P × E, y0 × [0, 1]) be a Cτ (E, [0, 1])-level-preserving
map-germ such that f(S×E) ⊂ y0×E and such that ft has constant G-class for t ∈ [0, 1],
this class being of finite codimension.

Then f is G-trivial (piecewise G-trivial if G = L).

Proof. We have
Bk ⊂ G ⊂ B, for some k <∞, k ≥ 1 .
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Since ft is G-finite, it is B-finite, so Bk-finite, so finitely Bk-determined.
Let r <∞. The Cτ -germ

αr : (E, [0, 1]) −→ Jr(N,P )S,y0

given by
αr(t) = jr(ft)(S)

maps into the JrG-orbit of jrf0(S). There is a fibration JrG −→ JrG · jrf0(S), so this
map-germ lifts locally to JrG. Let I ⊂ [0, 1] be an interval over which it lifts to the
Cτ -germ φr : (E, I) −→ JrGS,y0 ; φ0 = jr1. Taking r-th order polynomial representatives
with respect to some coordinates yields a (E, I)-level-preserving family B of elements of
G; B0 = 1. We have jr(Bt · f0)(S) = jr(ft)(S); so the (E, I)-level-preserving map-germ

g : (N × E,S × I) −→ (P × E, y0 × I)

given by gt = B−1
t ft has constant r-jet.

Now choose r to be 1 plus the order of Bk-determinacy of f0 if B = R, C, K or twice
this order if B = L, A.

Our aim is to prove g Bk-trivial, which will complete the proof; we will use Proposition
1.

Each gt0 , t0 ∈ I, is `-Bk-determined (for some `), so

m`+1
N,Sθgt ⊂ TBkgt0 .

Multiplying through by CN×E,S×t0 for R, C, K or by CN×E,S×t0J(gt)k + CP×E,y0×t0 for
L, A:

m`+1
N,Sθ

′
gt0×1E

⊂ T ′Bk(gt0 × 1E)

(in the L, A cases, we use FST to see that CN×E/CN×E · J(gt) is finitely generated over
CP×E , so that CN×E = CN×E · J(gt) + CP×E).

Now gt0 × 1E and gt0 differ by an element of mr+1
N,SC

×p
N×E,S×t0

; so that

T ′Bk(gt0 × 1E) +mr+k
N,S · θ

′
gt0

= T ′Bk · gt0 +mr+k
N,Sθ

′
gt0

,

and so
m`+1

N,Sθ
′
gt0 ⊂ T ′Bkg

t0 +mr+k
N,Sθ

′
gt0 .

The second term on the RHS can be removed by Nakayama’s lemma in the R, C and
K cases, and by the Proposition 3 below in the L and A cases.

Since r ≥ `,
∂gt0

∂t
− ∂

∂t
∈ mr+1

N,Sθ
′
gt0 ⊂ m`+1

N,Sθ
′
gt0 , for all t0 ∈ I, hence for all t0 ∈ [0, 1];

so Proposition 1 does indeed apply. �
For the application of Proposition 3 to the above proof, replace

f, (N,S), (P, y0), I
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by
g, (N × k, S × t0), (P × k, y0 × t0), m`+1

N,S ,

and A, C by:

A-case:
L-case:

θ′gt
o

/
tgt0

(
mk+1

N,Sθ
′
N×k,S×t0

)
,

θ′gt0 ,

T ′Akg
t0
/
tgt0

(
mk+1

N,Sθ
′
N×k,S×t0

)
T ′Lkg

t0 .

Proposition 3 is a generalization of Lemma 1.6(ii) of [W] (where the proof is in fact
incorrect).

Proposition 3. Let A be a finitely-generated CN,S-module and f : (N,S) −→ (P, y0) a
Cτ map-germ; suppose that A/f∗mP ·A is finite-dimensional. Let I be a finitely generated
ideal contained in mN,S and C ⊂ f∗mP ·A a CP,yo

-module.
Suppose

I ·A ⊂ C + (f∗mP + I) · I ·A . (1)

Then
I ·A ⊂ C .

Proof. Let
E = (f∗mp + I) ·A/f∗mp ·A

be a finitely generated CN -module. By (1), E = I · E ; by Nakayama’s lemma, E = 0, and

I ·A ⊂ f∗mp ·A .

Thus (1) implies
I ·A ⊂ C + f∗mp · I ·A . (2)

Let
E ′ = (C + I ·A)/C ,

an f∗CP -module. The proof will be finished if we prove E ′ = 0. (2) implies

E ′ = f∗mP · E ′ .

Thus if we prove that E ′ is a finitely generated f∗CP -module, we will be finished by
Nakayama’s lemma.

Since E ′ is a quotient of I ·A, it is enough to prove that I ·A is finitely generated as an
f∗CP -module. By the Preparation Theorem, then, we must show

dimE{I ·A/f∗mP · I ·A} <∞ .

Since dimE(A/f∗mP · A) < ∞, ∃s such that ms
N · A ⊂ f∗mP · A; so it is enough to

show I ·A/ms
N · I ·A has finite dimension. This follows because I ·A is a finitely generated

CN -module. �

21



§4. Computations

There has been a considerable amount of classification work done on mappings from
the plane to the plane, see [A3], [G], [B], [P1] and in particular [Go1] and [R] ([A3] and
[Go1] are ostensibly classifying projections of smooth spaces; for the equivalence of this
with A-classification, see the Appendix of [Go2]; given this, [A3] contains the classification
of all map-germs from the plane to the plane of Ae-codimension at most 2, and [Go1]
contains the classification of all A-simple and enveloping singularities for n ≥ p). The
methods employed use the notion and machinery of finite-determinancy. These methods
are now highly developed, and very efficient [BPW], but the computations are formal,
algebraic and not very enlightening. The methods developed in this paper introduce more
geometry into the problem and essentially reduce the A-classification of map germs to the
K-classification of singular points of plane algebraic curves.

We also use our main result to prove a result concerning caustics which is stated, without
proof, in a paper of Zakalyukin [Z].

Example 1. A-finite map-germs (C2, 0) −→ (C2, 0).

For such germs, Theorem 1 allows us to obtain information concerning A-symplicity and
degrees of A-determinancy of such germs from knowledge of the K-type their discriminant
curves.

(a) Consider, for example, A-finite germs with 3-jet g(x, y) = (x, y3); any such germ can
be written f(x, y) = (x, y3 +α(x)y), by a remark of du Plessis [P1, p. 154] (essentially one
considers f as an unfolding of the function y3). The critical set is given by 3y2 +α(x) = 0,
and so the discriminant in (u, v)-space has equation 27v2 + 4α3(u) = 0 (since v2 = 4y6 =
− 4

27a(x)
3 = − 4

27α(u)3). Now the K-classification of the germ {27v2+4α3(u) = 0} depends
only on the order of α: if α has order k then the function germ 27v2 + 4α3(u) is K-
equivalent to 27v2 + 4u3k. Defining an unfolding of f by F (x, y, a) = (x, y3 + α(a, x)y)
(where α(a,−) parametrises all polynomials in x of order ≥ k, and degree ≤ 2k) then
by applying Theorem 1 to suitable 1-parameter sub-families one can deduce that for any
a, with order α(a, x) = k, F (x, y, a) is A-equivalent to f = (x, y3 + xky). Moreover f is
(k + 1)-A-determined; it is easy to show that any change in terms of degree ≥ k + 2 does
not change the diffeomorphism type of the critical set. (Since one can only consider finite
dimensional unfoldings, one can first check the geometric criterion for a germ to be finitely-
A-determined, and so deduce that finite dimensional unfoldings are enough. Alternatively
use these unfolding to deduce that

TA(f) +mN
2 V (f) ⊃ mk+1

2 V (f)

for any N , and hence, by [W, p. 491] deduce that f is finitely A-determined, finishing as
before.)

(b) Let f : (C2, 0) −→ (C2, 0) be a germ transverse to Σ1, so that Σ(f) is smooth. Then
the 2-jet of f reduces to (x, y2) (a fold) or (x, xy). Obvious changes of coordinates show
that any germ with 2-jet (x, xy) can be reduced to (x, xy + g(y)) where g is holomorphic
of order ≥ 3. The critical set is given by x + g′(y) = 0 and the discriminant ∆(f) is
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parametrised by (−g′(y), g(y) − yg′(y)). If g has order k then it is easy to see that the
defining equation for ∆(f), say h, has terms of lowest degree k. Indeed, the k-jet of h is
easily found to be (k − 1)k−1uk + akkvk−1, where g(y) = ayk + . . . . We now require a

Lemma 1. Let f0 : (C2, 0) −→ (C2, 0) be a germ transverse to Σ1; let h = 0 be the
defining equation of its discriminant ∆(f0), which is necessarily irreducible. Suppose that
h : (C2, 0) −→ (C, 0) is irreducible K-simple (see [BG, p. 469]); in other words suppose
that there is no unfolding hu of h = h0 with the hu all K distinct and ({hu = 0}, 0)
irreducible. Then f0 is A-simple.

Proof. Suppose that f0 is notA-simple. Then we can find an unfolding F (x, t) = (f(x, t), t)
with

f : (C2 × C, {0} × C) −→ (C2, 0)

satisfying f(−, 0) = f0 and the ft = f(−, t), all A-inequivalent, for t near 0. If ∆(F ) is
the discriminant of F then let H = 0, H : (Cn × C, {0}) × C) −→ (C, 0), be its defining
equation, and write ht for H(−, t). Each ft must be transverse to Σ1, hence Σ(ft) must be
smooth, hence ∆(ft) must be irreducible. The deformation ht contradicts our hypothesis
that h0 is irreducible K-simple. �

In [BG, p. 471] the irreducible K-simple mappings (C2, 0) −→ (C, 0) with non-zero
4-jet were classified. In the notation of Arnold [A2] they correspond to types A2k, E6k,
E6k+2, W12, W18 and W#

1,2q−1.
Returning now to the case of a transverse Σ1 germ we can easily deduce that for any g

of order = k ≤ 5 the germ f(x, y) = (x, xy + g(y)) is A-simple. This follows because the
k-jet of the defining function h for ∆(f) is of the form auk + bvk−1, ab 6= 0, and Arnold’s
classification shows that, for k = 3, h is of type A2, for k = 4, h is of type E6 and, for
k = 5, h is of type W12. Moreover since there is only a single K-orbit of type A2 and only
one of type E6 we can predict a single A-simple germ in each of these cases, while there
may be two (indeed there are two) A-simples corresponding to the W12 germ. In fact in
[R] Reiger classifies all A-simple germs (C2, 0) −→ (C2, 0) and amongst his normal forms
we find (x, xy+y3), (x, xy+y4), (x, xy+y5+y7) and (x, xy+y5) (see also the classification
in [Go1]).

Note that the above lemma also shows that the germs (x, y3 + xky) are A-simple, for k
odd at least, since the critical set here is of type Aeven.

(c) For our final example we consider germs f with 3-jet equal to (x, xy2). If fk is the
k-jet of such a germ we can easily reduce fk to the form (x, xy2 + g(y)), and since we
are only interested in finitely A-determined germs we may suppose that f is of this form.
The critical set is given by 2xy + g′(y) = 0 which, if g has order ≥ 3, is a pair of smooth
transversally intersecting curves. Writing g′(y) = 2yg1(y) we find that the discriminant is
a pair of curves parametrized by (x, 0), (−g1(y),−y2g1(y) + g(y)). If g has order 4 then
the second of these curves has an A2k singularity at the origin with cuspidal tangent the
x-axis, and the defining equation for ∆(f), say h, is, in Arnold’s notation of type E6k+1.
As in (a) one can show that f is then (2k + 1)-A-determined, and produce normal forms
(x, xy2 + y4 + y2k+1), (see [R]). Moreover the arguments given in (b) can be modified to
show that these maps are A-simple.
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If g has order 5 then the defining equation h for ∆(f) has 6-jet of the form av4 + bu5v
where ab 6= 0. It follows that h is of type W17; there are three K-orbits of this type with
representatives v4 +u5v+u2v3, v4 +u5v+u3v3, v4 +u5v. It is easy to see that the germs
f(x, y) = (x, xy2+y5+y6), (x, xy2+y5+y9), (x, xy2+y5) yield germs whose discriminants
are of these types. Again one can use Theorem 1 to show that these germs are simple and
6 (respectively 9, 9)-A-determined.

Example 2. Catastrophe Maps.

Let G(t, z, x) = Gt(z, x) be a 1-parameter family of unfoldings

Gt : (Cs × Cn, 0) −→ (C, 0)

of functions Gt(−, 0). We shall suppose that the critical set M0 of G0, given by ∂G0
∂z1

=
· · · = ∂G0

∂zs
= 0, is smooth, and the projection to the second factor π0 : (M0, 0) −→ (Cn, 0)

is FST. (So, for example, this is the case if G0 is a potential versal unfolding of G0(−, 0).)

Proposition 1. [Z]. Let G, G0 be as above, and let M =
{

(t, z, x) : ∂Gt

∂zi
= 0
}
; clearly

M is smooth. If π : M −→ C × Cn is the natural projection and its set of criti-
cal values ∆(π) is an analytic product in the t-direction then the Jacobian ideals Jt =
Os

〈
∂Gt

∂zi
(z, 0), 1 ≤ i ≤ s

〉
are all isomorphic.

Proof. If Mt = M ∩ {t} × Cs × Cn then Mt is smooth, for t small, since M0 is. Let
πt : (Mt, 0) −→ (Cn, 0) be the natural projection. Since π0 is FST the hypotheses imply,
via Theorem 1, that the πt are all A-equivalent. In particular they are all K-equivalent.

By an elementary lemma ([B, p. 326], the Symmetry Lemma of [M]) it follows that the
maps (

∂Gt

∂z1
(−, 0), . . . ,

∂Gt

∂zs
(−, 0)

)
: (Cs, 0) −→ (Cs, 0)

are all K-equivalent. Hence the ideals Jt are all isomorphic.

Remarks. In [BF] and [Z] there are algorithms given for the construction of the module of
vector fields tangent to the bifurcation set of a (potential versal unfolding of a) holomorphic
function germ g. If this set has a non-zero tangent vector field it is locally a product, and
the above result shows that the catastrophe map is a local product too. In [BF] it was shown
that any such non-vanishing tangent field corresponds, infinitesimally, to a deformation of
the germ g with the Jacobian ideal constant along the deformation.
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[LT] F. Lazzeri and A. Tognoli, Alcune proprietà degli spazi algebrici, Ann. Scuola Norm. Sup. Pisa

24 (1970), 597–632.

[M] J. Montaldi, On contact between submanifolds, Michigan Math. J. 33 (1986), 195–199.

[N] R. Narasimhan, Introduction to the theory of analytic spaces, Lecture Notes in Mathematics no.

25, Springer-Verlag, New York, 1966.

[P1] A. A. du Plessis, On the determinancy of smooth map-germs, Invent. Math. 58 (1980), 107–160.

[P2] , On the genericity of topologically finitely-determined map-germs, Topology 21 (1982),

131–156.

[P3] , in preparation.

[PW] A. A. du Plessis and L. C. Wilson, On right-equivalence, Math. Z. 190 (1985), 163–205.

[R] J. Rieger, Families of maps from the plane to the plane, J. London Math. Soc. (2) 36 (1987),

351–369.

[S1] K. Saito, Quasihomogene isolierte singularitäten von hyperflächen, Invent. math. 14 (1971),
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