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Chapter 1

Introduction

In this thesis, we tackle arithmetic questions arising from discrete dynamical systems. The techniques

used draw on classical complex dynamics, algebraic number theory, and algebraic geometry.

Nice stuff about history, maybe.

1.1 Discrete dynamical Systems

A discrete dynamical system is simply a set X with a self-map φ : X → X , allowing for iteration.

For a non-negative integer n, denote by φn the nth iterate of φ under composition, with φ0 taken to

be the identity map. In classical complex dynamics, the set X is the Riemann sphere P1(C). More

generally for this thesis, let K be a field with algebraic closure K. Let φ : P1
K

→ P1
K

be a morphism

defined over K; then we may write φ(z) ∈ K(z) as a rational map.

φ(z) = F (z)/G(z), F,G ∈ K[z], Res(F,G) 6= 0, deg φ = max{degF, degG}.

The (forward) orbit of a point α ∈ P1 under φ is simply the set of iterates of α,

Oφ{φn(α) : n ≥ 0}.

A fundamental question in dynamics is to classify points according to their orbits. Some types

of points are of particular interest. A point α ∈ P1 is periodic if there exists an integer n > 0 such

that φn(α) = α, and α is preperiodic if there exist integers n > m ≥ 0 such that φn(α) = φm(α).

Fix(φ,P1) = {the set of fixed points}
= {α ∈ P1 : φ(α) = α}

Per(φ,P1) = {the set of periodic points}
= {α ∈ P1 : φn(α) = α for some n ≥ 1}

PrePer(φ,P1) = {the set of preperiodic points}
= {α ∈ P1 : φn(α) = φm(α) for some n > m ≥ 0}
= {α ∈ P1 : Oφ(α) is a finite set}

3



CHAPTER 1. INTRODUCTION 4

We say P has period n if φn(P ) = P , and it has primitive period n if n > 0 is the smallest such

integer.

1.2 Arithmetic questions

One type of arithmetic question arising from discrete dynamical systems is the analysis of PrePer(φ,K),

the preperiodic points of a map φ(z) ∈ K(z) lying in the field K. Northcott proved in [17] that

for a fixed morphism φ : PN → PN defined over a number field K, there are at most finitely many

preperiodic points in PN (K). Lying deeper is the uniform boundedness conjecture of Morton and

Silverman (see [15]).

Conjecture 1. Let K/Q be a number field of degree D, and let φ : PN → PN be a morphism of
degree d ≥ 2 defined over K. There is a constant κ(D,N, d) such that

#PrePer(φ,K) ≤ κ(D,N, d).

This conjecture implies, for example, uniform boundedness for torsion points on abelian varieties

over number fields (see [5]). Even the special case n = 1 and d = 4 is enough to imply Merel’s

uniform boundedness of torsion points on elliptic curves proved in [9]. Torsion points on elliptic

curves are exactly preperiodic points under the multiplication-by-2 map on the curve. Points on the

elliptic curve map to P1 via their x-coordinate, and this multiplication-by-2 map induces a degree-

four rational map φ : P1 → P1, with the x-coordinates of the torsion points mapping to preperiodic

points of φ.

Definition 1. We say that two rational maps φ and ψ are linearly conjugate if there is some
h ∈ PGL2(K) such that φh = ψ. They are linearly conjugate over K if there is some h ∈ PGL2(K)

such that φh = ψ.

If P is a point of primitive period n for φ, then f−1(P ) has the same property for φf , and similarly

for preperiodic points. It is also easily seen that (φn)
f

=
(
φf
)n

. So linearly conjugate maps have

essentially the same dynamical behavior. However, if we are concerned with the arithmetic of the

periodic points, we must be a bit more careful.

Let a rational map φ(z), a point P , and f ∈ PGL2 all be defined over K, with φn(P ) = P . Then

both ψ(z) = φf (z) and Q = f−1(P ) are defined over K, and ψn(Q) = Q. However, if f is defined

instead over some finite extension of K, it is possible that ψ is still defined over K, but the periodic

point Q is not.

Example. Let

φ(z) = 2z +
5

z
and ψ(z) =

z2 − 3z

3z − 1
.

Both rational maps are defined over Q and have rational fixed points at infinity. The finite fixed

points of ψ(z) are also rational; they are z = −1 and z = 0. The fixed points of φ(z), however, are
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±i
√

5. One can check that

φf (z) = ψ(z) where f(z) =
i
√

5 (z − 1)

1 + z
.

1.3 Dynatomic polynomials

To tackle these arithmetic questions, we require algebraic descriptions of periodic and preperiodic

points. For any φ(z) ∈ K(z), we create a homogeneous polynomial Φn,φ(x, y) ∈ K[x, y] whose roots

are precisely points of period n for φ. If we homogenize φ(z) = φ(x, y) = [F (x, y) : G(x, y)] and

write φn(x, y) = [Fn(x, y) : Gn(x, y)], then

Φn,φ(x, y) = yFn(x, y) − xGn(x, y).

If P = [x : y] is a root of this polynomial, then by construction φn(P ) = P .

The polynomial Φn has as its roots all points of period n, including those of primitive period

k < n but satisfying k | n. We would like to examine points of primitive period n, so we define the

nth dynatomic polynomial for φ by

Φ∗
n,φ(x, y) =

∏

k|n
(Φk,φ(x, y))

µ(n/k)
=
∏

k|n
(yFk(x, y) − xGk(x, y))

µ(n/k)
, (1.1)

where µ is the Moebius mu function. (To ease notation, we will write simply Φn and Φ∗
n unless the

distinction is needed.) It is not clear a priori that Φ∗
n(x, y) is a polynomial, but this is in fact the

case. Morton and Silverman prove in [16] that Φn,φ is an effective 0-cycle for φ : X → X , where

X is a curve or φ is an automorphism of Pn. In his thesis, Hutz [?] has extended this to X an

irreducible, nonsingular projective variety of arbitrary dimension. The roots of Φ∗
n(x, y) are points

of formal period n, which include all points of primitive period n.

1.4 Quadratic polynomials

Let φ(z) ∈ K[z] be a quadratic polynomial, and assume that charK 6= 2. Then φ(z) is linearly

conjugate over K to some map fc(z) = z2 + c with c ∈ K. To see this, write

φ(z) = Az2 +Bz + C, A,B,C ∈ K.

Conjugating by h(z) = (2z −B)/(2A) ∈ PGL2(K), we get

φh(z) = z2 +

(
AC − 1

4
B2 +

1

2
B

)

︸ ︷︷ ︸
c∈K

.

Thus, studying the dynamics of quadratic polynomials — including the arithmetic dynamics of

these maps — reduces to studying the dynamics of the one-parameter family fc(z) = z2 + c. This
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is certainly the most-studied family of rational maps. The famous Mandelbrot set is a c-parameter

plane for fc, describing the fate of Ofc
(0).

We now summarize some of the arithmetic results known for the family fc. In his thesis,

Bousch [3] proved the following.

1. Φ∗
n,fc

(z) = Φ∗
n(z, c) ∈ Z[z, c], and this polynomial is irreducible for every n.

2. The affine curve Y1(n) given by Φ∗
n(z, c) = 0 is smooth.

3. Let X1(n) be the normalization of the projective closure of Y1(n). Then

genus X1(n) = 1 +
n− 3

4
κ(n) − 1

4

∑

m|n
φ
( n
m

)
mκ(m)

where κ(n) =
∑

k|n µ(n/k)2k (this is essentially the z-degree of Φ∗
n) and φ is the Euler totient

function.

Bousch’s genus formula shows that X1(1), X1(2), and X1(3) are all rational. So there are one-

parameter families of c-values giving maps fc with rational fixed points, rational points of period 2,

and rational points of period 3 respectively.

The genus of X1(4) is 2, and in [14] Morton shows that this curve is birational to the elliptic

modular curveX1(16), and that it has no finite rational points. In other words, there are no quadratic

polynomials defined over Q with a rational point of primitive period 4. X1(5) has genus 14. This

curve is not modular, but in [7] Flynn, Poonen, and Shaefer show that there are no finite rational

points. So there are no quadratic polynomials defined over Q with a rational point of primitive

period 5.

In [18], Poonen conjectures that no quadratic polynomial φ defined over Q has rational points of

primitive period n > 3. He shows that if this is true, then for such maps,

#PrePer(φ,Q) ≤ 9.

The set PrePer(φ,K) of preperiodic points of φ defined over K can be represented by a directed

graph, with an arrow from P to φ(P ), and Poonen provides a complete analysis of directed graphs

that occur as PrePer(φ,Q) for points of primitive period n ≤ 3 and φ ∈ Q[x] a quadratic polynomial.

1.5 Rational maps with automorphsims

Usually, φf 6= φ as rational maps, but this is not always the case.

Example. Consider the map φ(z) = 2z + 5
z from the example above, and let h(z) = −z. Then

φh(z) = −φ(−z) = φ(z).
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Definition 2. We define the stabilizer group (or automorphism group) of φ to be

Aut(φ) = {f ∈ PGL2 |φf = φ}.

One can prove the following three facts:

• If h ∈ Aut(φ), then f−1hf ∈ Aut(φf ), so linearly conjugate maps have the same stabilizer

groups, at least as abstract groups. (The groups are conjugate in PGL2.)

• Aut(φ) must be a finite subgroup of PGL2; furthermore, if two maps defined over a field K

are linearly conjugate, then they must be linearly conjugate over K unless the maps have a

nontrivial stabilizer group (see, for example, [20]).

• Most rational maps of degree d ≥ 2 have no nontrivial automorphisms, in the following sense.

Let Ratd be the parameter space of rational maps of degree d. Ratd is an affine open subscheme

of P2d+1
Z (see [21] for details). One can show that {φ ∈ Ratd |Aut(φ) 6= id} is a Zariski-closed

subset of Ratd ([22], exercise 4.38)..

Much of the work in this thesis began with (unsuccessful) attempts to extend Bousch’s results

to rational maps with a nontrivial PGL2 automorphism. The results for these maps differ in some

striking ways from the results for quadratic polynomials, and the proofs are complicated by the need

to consider linear conjugacy over K rather than over K.

1.6 Summary of results

As mentioned in the previous sections, the set of morphisms φ : P1 → P1 of degree d is parametrized

by an affine open subset Ratd of P2d+1, and there is a natural equivalence given by the conjugacy

action of PGL2 on these maps. It is natural, then, to consider the quotient space Md = Ratd/PGL2.

Generalizing work by Milnor in [11], Silverman proved in [21] that Md exists as an affine integral

scheme over Z and that M2 is isomorphic to A2
Z.

In Chapter 2, we consider the moduli space of rational maps of degree d with level-N structure;

that is, the space Md(N) of rational maps of degree d together with a point of formal period N .

Theorem 1. M2(N) is geometrically irreducible for every N > 1.

The proof takes advantage of the fact that we have an explicit description of the space M2. Using

a normal form for quadratic rational maps, one may iterate to find polynomial descriptions of the

M2(N) and then specialize and apply a result of Morton to prove irreducibility.

If we consider one-parameter families in M2, their intersections with the surfaces M2(N) are

algebraic curves. Bousch’s result, combined with Bertini’s theorem and the fact that the surfaces

are irreducible, says that we should expect irreducibility of the period-N curves except possibly on

a Zariski-closed subset of M2.

The main result of Chapter 3, then, is potentially surprising. Let Md(N,µm) represent the

moduli space of (equivalence classes of) rational functions of degree d having an automorphism of

order m, together with a marked point of formal period N .
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Proposition 1. M2(2n,µ2) is geometrically reducible for infinitely many n.

In other words, the period-N curves lying over the family of rational maps of degree 2 with a

nontrivial automorphism are reducible infinitely often. Similar results are known for the pure power

functions zd and for the Chebyshev polynomials. In both cases, the result is proved for only one

specific function of each degree d. In this case, we have an entire curve in the moduli space M2. In

fact, proposition 1 is actually a corollary of a more general result.

Theorem 2. Let p be prime. Md(pn,µp) is reducible for infinitely many n.

The proof is constructive, providing a particular proper closed subvariety of Md(pn,µp). The

difficulty of the proof lies in first defining the appropriate object, and then proving that the object

is in fact a variety, which is not at all obvious from the definition.

The construction gives a geometric explanation for reducibility when a rational map φ has a

nontrivial automorphism: If P is a point of formal period N , then h(P ) must be as well for h ∈
Aut(φ). There are two possible cases if the order of h divides N : either P and h(P ) are on the same

orbit, or the action of h interchanges the separate orbits of P and h(P ). The moduli space has at

least two components, corresponding to these two possibilities.

In Chapter 4, we take up the search for rational maps with a rational N cycle — the question at

the heart of Conjecture 1. This is equivalent to the search for rational points in the moduli space

M2(N). In the case of maps with a nontrivial automorphism, the situation is complicated by the

existence of nontrivial twists of the maps; that is, the existence of maps that are linearly conjugate

over PGL2(Q), but not linearly conjugate over PGL2(Q). It is necessary, then, to first establish a

normal form akin to the fc = z2 + c form for quadratic polynomials.

Lemma 1. Let K be a field with char(K) 6= 2, 3 and let φ be a rational map of degree 2 defined over
K. Then Aut(φ) ∼= µ2 if and only if φ is linearly conjugate over K to some map of the form

φk,b(z) = kz +
b

z
(1.2)

with k ∈ K r {0,−1/2} and b ∈ K∗. Furthermore, two such maps φk,b and φk′,b′ are linearly
conjugate over K if and only if k = k′ and b/b′ ∈ (K∗)2.

We are then able to adapt the methods of Morton in [14] and of Flynn, Poonen, and Schaefer

in [7] to prove the following.

Theorem 3. Let φ : P1 → P1 be morphism of degree 2 defined over Q, and suppose that Aut(φ) ∼=
µ2. Then

(a) φ has at least one rational fixed point.

(b) There is a one-parameter family of maps such that φ has exactly three rational fixed points. No
such map has exactly two rational fixed points.

(c) There is another one-parameter family of maps such that φ has a rational point of primitive
period 2.
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(d) No such rational maps have a rational point of primitive period 3.

(e) There is a one-parameter family of maps such that φ has a rational point of period 4. These
maps have exactly four such rational points.

(f) No such rational maps have more than four rational points of primitive period 4.

Finally, we provide evidence that no such maps have rational points of primitive period 5 or 6.

Summarizing, we have a conjecture similar to the one proposed for the polynomial family fc(z) =

z2 + c in [7].

Conjecture 2. If φ(z) ∈ Q(z) is a degree-2 rational map with Aut(φ) ∼= µ2, then φ has no rational
point of exact period N > 4.

These results are in contrast with the case of quadratic polynomials, where it is known that there

exists a one-parameter family of maps having rational points of period 3, and there are no Q-rational

points of primitive period 4 (see [14]) or 5 (see [7]). Evidence suggests that a quadratic polynomial

defined over Q cannot have a rational periodic point of primitive period N > 3. The proofs for the

case of rational maps with automorphisms are complicated by the need to consider quadratic twists

of the maps; quadratic polynomials do not have such twists.

In Section 4.3, we provide a complete analysis of directed graphs that occur as PrePer(φ,Q) for

degree 2 rational maps with automorphisms. We prove the following theorem.

Theorem 4. Let φ : P1 → P1 be morphism of degree 2 defined over Q, and suppose that Aut(φ) ∼=
µ2. Then

#{P ∈ Q|P is preperiodic and lands on a cycle of length at most four} ≤ 12.

The complete list of possible directed graphs can be found in Figure 4.1 on page 72. This work

is inspired by Poonen’s paper [18], in which he provides a complete analysis of directed graphs that

occur as PrePer(f,Q) for points of primitive period n ≤ 3 and f ∈ Q[x] a quadratic polynomial.

Specifically, he shows that if a quadratic polynomial f has no rational points of primitive period

greater than 3, then (counting the fixed point at infinity) #PrePer(f,Q) ≤ 9.

As Poonen explains in [18], these directed graphs can be thought of as the analogs of possible

torsion subgroups for elliptic curves over Q as classified in Mazur’s theorem [8]. Let φ(z) be a

rational map of degree two with Aut(φ) ∼= µ2 (up to linear conjugacy) and let G be a specific graph

of rational preperiodic points. Pairs (φ(z), G) are parameterized by points on an algebraic curve,

just as elliptic curves with given level structure correspond to points on modular curves. Deciding

whether a given graph is possible, then, reduces to finding rational points on these algebraic curves.

The particular curves whose rational points we need to determine have genus 0, 1, or 3. The

genus 0 and 1 curves have rational points at infinity, so they are respectively P1 and elliptic curves.

The elliptic curves all have small conductor and rank 0, so we are able to list their rational points

completely. In the case of the genus 3 curve, it covers an elliptic curve, which unfortunately has
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rank 1, so this does not allow us to list completely the (necessarily finitely many) rational points

on the curve. However, it also covers a genus 2 curve. We are able to find all of the rational points

on the genus 2 curve, and then we use that result to find all of the rational points on the original

genus 3 curve.

Poonen’s result for quadratic polynomials together with Theorem ?? suggests the following spe-

cific version of the Morton and Silverman conjecture.

Conjecture 3. Let φ : P1 → P1 be a morphism of degree 2 defined over Q. Then

#PrePer(φ,Q) ≤ 12.

The bound of twelve seems reasonable given the data thus far, with the existence of the totally

ramified fixed point at infinity reducing the total by three (a preimage P of the point at infinity,

along with two preimages of P ) in the case of quadratic polynomials. If the conjecture is true,

the bound of 12 would be sharp, since two examples in Section 4.4 give maps with twelve rational

preperiodic points.



Chapter 2

Modular curves and surfaces

2.1 Preliminaries

Let X be a variety and φ : X → X be a morphism defined over some field K. Let

Pern(φ) = {α ∈ X : φn(α) = α}

be the set of points of period n for φ. We define

∆(X) = {(x, x) : x ∈ X} ⊂ X ×X the diagonal, and

Γ(φn) = {(x, φn(x)) : x ∈ X} ⊂ X ×X the graph of the morphism φn.

We can then assign a multiplicity to each α ∈ Pern(φ) by taking the intersection of the diagonal

with Γ(φn) in X × X . Following Morton and Silverman in [16], we define the cycle of n-periodic

points

Zn(φ) =
∑

P∈P1

aP (n)P
def
= ∆ · Γ(φn), (2.1)

and the cycle of primitive n-periodic points

Z∗
n(φ) =

∑

P∈P1

a∗P (n)P
def
=
∑

k|n
µ
(n
k

)
Zk(φ), (2.2)

where µ is the Möbius mu function. In [16], the authors show that Z∗
n is an effective 0-cycle, and

they give a precise description of the points α ∈ X with a∗n(α) > 0, for X a curve.

If α ∈ Pern(φ) then φn induces a map from the cotangent space of X to itself,

(φn)
∗

: Ωα(X) −→ Ωα(X).

When X is a curve, then the cotangent space has dimension one, so (φn)∗ must be multiplication

by a scalar, which we call the multiplier of the cycle associated to α. When X = P1, the scalar is

exactly (φn)′ (α). In particular, for φ : P1 → P1, and for α ∈ P1 a fixed point of φ — that is, for

α ∈ Per1(φ) — the multiplier of the fixed point is simply φ′(α).

11
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Note that φ will have d+1 fixed points, counted with proper multiplicity. When X = P1 and the

fixed points of φ are all distinct, then we have an identity on the multipliers of these fixed points.

Let λ1, · · · , λd+1 be the multipliers. Then

d+1∑

i=1

1/(1 − λi) = 1. (2.3)

The requirement that the fixed points are distinct means that none of the λi are 1. If the fixed

points are not all distinct, a more complicated identity still holds (see [22], Exercise 1.18).

If we fix the variety X = P1, we may write the morphism φ : P1 → P1 using homogeneous

coordinates

φ(x, y) = [F1(x, y) : G1(x, y)]

= [adx
d + ad−1x

d−1y · · · + a1xy
d−1 + a0y

d : bdx
d + bd−1x

d−1y · · · + b1xy
d−1 + b0y

d],

for some polynomials F1, G1 ∈ K[x, y] with no common factors, and deg φ = degF1 = degG1. Of

course, for any u ∈ K
∗
, uF1 and uG1 define the same rational map φ. We therefore identify each φ

with a unique point in P2d+1 via

φ 7−→ [ad : ad−1 : · · · : a0 : bd : bd−1 : · · · b0].

The requirement that F1 and G1 share no common factors means, however, that not every point in

P2d+1 corresponds to a map of degree d.

The resultant of two polynomials F and G is a polynomial in the coefficients of F and G with the

property that Res(F,G) = 0 if and only if F and G have a common zero in P1. (See, for example,

Proposition 2.13 of [22] for details.) So the space of rational maps of degree d corresponds to an

affine variety (the complement of a hyperplane):

Ratd = P2d+1 r {Res(F1, G1) = 0}.

We allow elements of PGL2(K) to act on P1 as fractional linear transformations in the usual

way. For h ∈ PGL2 we define φh = h−1φh. This conjugacy has two agreeable properties related to

dynamical systems.

1. It respects iteration. That is,

(φn)
h

=
(
φh
)n
.

2. If P is a periodic (or preperiodic) point of φ, then h−1(P ) exhibits the same behavior for φh.

So linearly conjugate maps have essentially the same dynamical behavior. It is natural, then, to

consider the quotient space

Md = Ratd /PGL2 .

Generalizing work by Milnor in [11], Silverman proved in [21] that Md exists as an affine integral

scheme over Z and that M2 is isomorphic to A2
Z. In fact, if we let λ1, λ2, λ3 be the multipliers of the
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three fixed points of φ (counted with multiplicity), then the first two symmetric functions of these

multipliers form natural coordinates for M2:

M2 = {(σ1, σ2)} where σ1 = λ1 + λ2 + λ3, and σ2 = λ1λ2 + λ1λ3 + λ2λ3.

Writing φ(x, y) = [F1(x, y), G1(x, y)], we are able to describe iteration: φn(x, y) = [Fn(x, y) :

Gn(x, y)] represents φ composed with itself n times, where the functions Fn and Gn are defined

recursively by

Fn(x, y) = Fn−1 (F1(x, y), G1(x, y)) and Gn(x, y) = Gn−1(F1(x, y), G1(x, y)).

We now create a homogeneous polynomial Φn,φ(x, y) whose roots are precisely points of period n

for φ.

Φn,φ(x, y) = yFn(x, y) − xGn(x, y).

If P = [x : y] ∈ P1 is a root of this polynomial, then by construction φn(P ) = P . The 0-cycle Zn(φ)

in equation (2.1) is then simply a formal sum of the roots of Φn,φ(x, y), counted with multiplicity.

Definition 3. The nth dynatomic polynomial for φ is given by

Φ∗
n,φ(x, y) =

∏

k|n
(Φk,φ(x, y))

µ(n/k)
=
∏

k|n
(yFk(x, y) − xGk(x, y))

µ(n/k)
.

The cycle Z∗
n(φ) in equation (2.2) is a formal sum of the roots of Φ∗

n,φ(x, y) counted with multi-

plicity, and the result that Z∗
n is an effective 0-cycle means that Φ∗

n,φ(x, y) is a polynomial.

We would like to say that the roots of Φ∗
n,φ are the points in P1 with primitive period n for φ.

(In other words, the points for which φn(α) = α, but φi(α) 6= α for 0 < i < n.) All such points are,

indeed, roots of Φ∗
n,φ, but it’s possible that other points with smaller primitive period arise as roots

as well. We call the roots of Φ∗
n,φ the points of formal period n for φ.

Example. Let φ(x, y) = [−x2 + y2 : xy]. Then we have:

Φ∗
1(x, y) = −y

(
2x2 − y2

)

Φ∗
2(x, y) = −y2

So we see that the point at infinity α = [1 : 0] is a fixed point, but it also appears as a double-root

of the 2nd dynatomic polynomial.

Recall that if K is a field with charK 6= 2 or 3, and f(z) ∈ K[z] is a quadratic polynomial, then

f is linearly conjugate to fc(z) = z2 + c for some c ∈ K. Consider c as a parameter and calculate

the nth dynatomic polynomial,

Φ∗
n,fc

(z) =
∏

k|n

(
fkc (z) − z

)µ(n/k)
.

Theorem 5. Let fc(z) = z2 + c. Then Φ∗
n,fc

(z) ∈ Z[z, c] is irreducible over C[z, c] for every n.



CHAPTER 2. MODULAR CURVES AND SURFACES 14

This result was first due to Bousch in his thesis [3], and was later generalized by Morton in [13]

to generic monic polynomials of degree d.

For every n,

C1(n) : Φ∗
n,fc

(z, c) = 0

defines an affine algebraic curve. These are modular curves in the sense that they parameterize

isomorphism classes of pairs (f, α), where f(z) is a quadratic polynomial and α is a point of formal

period n for φ. Theorem 5 says that these modular curves are geometrically irreducible. A natural

question to ask is how general this result may be. If we consider other families of degree-2 rational

maps on P1, should we expect these modular curves to be irreducible? In this chapter, we tackle

this question.

2.2 Level Structure for M2

We begin with some definitions and notation.

K a field

K a (fixed) algebraic closure of K

φ ∈ K(z) a rational map of degree d

φ(x, y) = [F1(x, y) : G1(x, y)] homogenization of φ(z)

Fn(x, y) = Fn−1(F (x, y), G(x, y))

Gn(x, y) = Gn−1(F (x, y), G(x, y))

φn(x, y) = [Fn(x, y) : Gn(x, y)] φ composed with itself n times, with Fn and Gn as above.

Φ∗
n,φ(x, y) the nth dynatomic polynomial for φ as defined in Section 2.1

P1 the projective line P1(K)

PGL2 the projective linear group over K

Ratd the space of degree d rational maps as described in Section 2.1

Md Ratd /PGL2

νd(n) the degree of Φ∗
n(x, y) =

∑
k|n µ (n/k)dk

Definition 4. Let

Ratd(N) = {(φ, α) : φ ∈ Ratd and α is a point of formal period N for φ}
and

Md(N) = {(φ, α) : φ ∈ Ratd and α is a point of formal period N for φ}/PGL2 = Ratd(N)/PGL2 .

For each N , we naturally have a surjective map from M2(N) to M2, simply forgetting the point

α. In fact, M2(N) is a ν2(N)-sheeted covering of M2. An algebraic curve C in M2 defines a family

of (isomorphism classes of) quadratic rational maps φC . Lying over C in M2(N) is an algebraic

curve C1(N), parameterizing pairs (φ, α), where φ is a map in the family φC and α is a point of

formal period N for φ.
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C1(N) −−−−→ M2(N)
y

y

C −−−−→ M2

Our main result in this chapter is the following.

Theorem 6. M2(N) is geometrically irreducible for every N > 1.

From this we will be able to conclude

Corollary 1. For every N > 1, only a Zariski-closed subset of families φC ⊂ M2 have reducible
modular curves C1(N).

Let φ : P1 → P1 be a rational function of degree 2, defined over C. Milnor has shown in [11] that

each such rational map is PGL2(C)-conjugate to either φ(z) = z + 1
z (if φ has a single fixed point)

or to a map of the form φa,b(z) = z2+az
bz+1 , with ab 6= 1, where a and b are the multipliers of the

fixed points 0 and ∞ respectively. This representation is not unique. In general, a map φ has three

distinct fixed points, and so three multipliers, say a, b, and c. Choosing elements of PGL2 which

permute the fixed points, we see that φa,b, φb,a, φa,c, φc,a, φb, c, and φc,b are all linearly conjugate.

The map φ(z) = z + 1
z has a single fixed point at infinity, with multiplier 1, so this map

corresponds to the point (3, 3) ∈ M2. Thus, we have a generically 6-to-1 map. Here [φa,b] denotes

the isomorphism class of φa,b(z) in the moduli space M2.

A2 r {ab = 1} −→M2 r {(3, 3)}
(a, b) 7−→ [φa,b]

We claim that this map is ramified only over the so-called symmetry locus, the family of maps in

M2 with a nontrivial PGL2 autmorphism.

First, we see that any map of the form φa,a satisfies φf = φ for f(z) = 1
z . If a map has a

nontrivial automorphism f , then f must permute the fixed points of φ. Taking derivatives on both

sides of φf = fφ, we see that the multipliers of the interchanged fixed points must be equal. If the

multipliers are not ±1, we conclude that φ is conjugate to the map φa,a.

The identity given in equation (2.3) shows that it is impossible for the two equal multipliers to

be −1. If a point has multiplier 1, then it is a double-root of the equation Φ1(x, y), so in fact it is a

fixed point of multiplicity two. Clearly there can be at most one such point for any φ ∈M2. So the

set of multipliers is {a, 1, 1} where a 6= 1. (We have already seen that if all three multipliers are 1,

the map is φ(z) = z + 1
z , which we have excluded from the discussion.) By Milnor’s normal form,

then, such a map is conjugate to one of the form φa,1. This map has a double-fixed point at infinity

and another fixed point at 0. Any automorphism of such a map must fix both of these points, so it

is of the form f(z) = kz, and a computation shows that we must have k = 1. In other words, these

maps have no nontrivial automorphisms.

If we consider the parameters a and b as indeterminates, we may compute Φ∗
n,φa,b

(x, y). Gauss’s

lemma shows that this will be a polynomial in Z[a, b, x, y]. So for every n, Φ∗
n (x, y, a, b) = 0 defines a



CHAPTER 2. MODULAR CURVES AND SURFACES 16

quasi-projective variety in P1×A2 r{ab = 1}. A point on the variety determines a rational function

φa,b and a point of formal period n for that function. We begin the proof of Theorem 6 by showing

that this quasi-projective variety is irreducible.

Lemma 2. Let φa,b(x, y) = [x2 + axy : bxy + y2]. For all n > 1, the coefficient of xν2(n) in Φ∗
n,φa,b

(that is, the lead coefficient in x) is Cn(b), the nth cyclotomic polynomial in b. By symmetry, we see
that the coefficient of yν2(n) is Cn(a).

Proof. For ease of notation, we will let φ = φa,b and let N = ν2(n) be the degree of Φ∗
n,φ(x, y).

Let ck be the coefficient of the highest-degree x-term in Φk,φ(x, y) = yFk(x, y) − xGk(x, y).

Since Φ∗
n,φ(x, y) =

∏
k|n (yFk(x, y) − xGk(x, y))

µ(n/k)
, and since we know that Φ∗

n,φ(x, y, a, b) is a

polynomial, we must have cN =
∏
k|n c

µ(n/k)
k .

We have F1(x, y) = x2 + axy, G1(x, y) = bxy + y2, and the iterates

Fn(x, y) = (Fn−1(x, y))
2 + a (Fn−1(x, y)) (Gn−1(x, y))

Gn(x, y) = b (Fn−1(x, y)) (Gn−1(x, y)) + (Gn−1(x, y))
2

An easy proof by induction shows that for all n ≥ 1, degx(Fn) = degx(Gn)+1. The result clearly

holds for F1 and G1, so then we calculate as follows.

degx(Fn) = max(2 degx(Fn−1, degx(Fn−1) + degx(Gn−1))

= 2 degx(Fn−1)

degx(Gn) = max(2 degx(Gn−1, degx(Gn−1) + degx(Gn−1))

= degx(Fn−1) + degx(Gn−1)

degx(Fn) = 2 degx(Fn−1)

= degx(Fn−1) + degx(Gn−1) + 1

= degx(Gn) + 1

Claim. Fn is monic of degree 2n in x, and Gn has degree 2n − 1 with lead coefficient bny as a

polynomial in x.

The fact about the degrees follows from the recursion and from the result above. The fact that Fn

is monic in x also follows easily from the recursive definition. It remains to compute the coefficient

of x2n−1 in Gn(x, y). It is true for n = 1 by the function definition. From the claim above, we

see that the highest-degree x term in Gn(x, y) will come from the product bFn−1Gn−1. We again

proceed by induction.

Gn(x, y) = b
(
x2(n−1)

+ lower order terms in x
)(

bn−1yx2(n−1)−1 + lower order terms in x
)

+ (lower order terms in x)

= bnyx2n−1 + lower order terms in x
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We are now in a position to calculate cN , the lead x-coefficient of Φ∗
n,φ(x, y) for n > 1. Note

that by the results above, ck = y(1 − bk).

cN =
∏

k|n
c
µ(n/k)
k =

∏

k|n

(
y(1 − bk)

)µ(n/k)

=
∏

k|n
yµ(n/k)

∏

k|n
(1 − bk)µ(n/k) =

∏

k|n
(1 − bk)µ(n/k)

Where the last equality follows because n > 1. We see that this is precisely the defining equation of

Cn(b), as desired.

Proposition 2 requires a result of Morton (Corollary 4 in [13]):

Lemma 3. For n > 1, the polynomial Φ∗
n,h(z, a) corresponding to h(z, a) = z2 + az is irreducible

over Q.

Proposition 2. Let φ(x, y) = φa,b(x, y) = [x2 + axy : bxy + y2]. The polynomial Φ∗
n,φ(x, y, a, b) is

irreducible over Q for all n > 1.

Proof. Suppose for contradiction Φ∗
n(x, y, a, b) = A(x, y, a, b)B(x, y, a, b) with deg(A), deg(B) ≥ 1.

Since the lead x coefficient in Φ∗
n,φ is Cn(b), the lead x coefficients in A and B are cn,A(b) and

cn,B(b), where cn,A(b)cn,B(b) = Cn(b).

Now, we specialize to b = 0. Since Cn(0) = 1, we see that cn,A(0)cn,B(0) 6= 0. So Φ∗
n(x, y, a, 0) =

A(x, y, a, 0)B(x, y, a, 0), where neither A nor B is trivial.

But the specialization to b = 0 yields the polynomial φa,0(x, y) = x2 + axy, which when deho-

mogenized is exactly the polynomial h(z, a) in Lemma 3. So Φ∗
n(x, y, a, b) is irreducible in this case,

and must therefore always be irreducible.

We note that the condition n > 1 is necessary, as Φ∗
1(x, y, a, b) = xy(x(1− b) + y(1− a)). This is

expected, because part of constructing Milnor’s normal form involves moving two of the fixed points

to 0 and ∞. The factor of xy in Φ∗
1 reflects these two fixed points for every value of a and b, and

the third factor provides the third fixed point.

Proof of Theorem 6. Consider the following commutative diagram.

Φ∗
N (x, y, a, b) = 0 −−−−→ M2(N) r {ν2(N) points over (3, 3)}

y
y

A2 r {ab = 1} −−−−→ M2 r {(3, 3)}

(2.4)

Each map is surjective, with the horizontal maps generically 6-to1 as described above, and the

vertical maps ν2(N)-to-1.

The top map gives a surjection from the geometrically irreducible variety Φ∗
N (x, y, a, b) = 0 to

the variety Md(N) r {a finite set of points}. Clearly, then, Md(N) must also be irreducible
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Proof of Corollary 1. For φ ∈ Rat2, let λ1, λ2, and λ3 be the multipliers of the fixed points of φ.

Take σ1 and σ2 as before, the first two symmetric functions of the multipliers, and let σ3 = λ1λ2λ3,

the third symmetric function.

The identity in (2.3) can be used to deduce that

σ3 = σ1 − 2 (2.5)

whenever none of the λi is 1. We recall that a multiplier of 1 indicates of fixed point of multiplicity

at least two, and it is trivial to check that equation (2.5) continues to hold when any two multipliers

are 1, so it holds for every map φ ∈ Rat2.

Note that the quadratic polynomials fc(z) = z2 + c have a superattracting fixed point at infinity

(that is, the multiplier for that fixed point is 0). So for this family of maps, σ3 = 0 and thus σ1 = 2.

Conversely, any map φ ∈ Rat2 satisfying σ1 = 2 must have a fixed point with multiplier of 0, which

we may move to the point at infinity with some element of PGL2. Milnor’s normal form then shows

that this map is a quadratic polynomial, and hence conjugate to fc for some c.

The line σ1 = 2 corresponds to a hyperplane slice of the surface M2(N). Bousch’s result in

Theorem 5 says that for every N , the resulting curve is irreducible. By Bertini’s theorem, then, we

conclude that the curves lying over families φC will be irreducible, except perhaps on a Zariski-closed

subset of M2.



Chapter 3

Maps with automorphisms

3.1 Preliminaries

We continue using the notation from Chapter 2. In addition, we will use the following.

Oφ(α) {φn(α) : n ≥ 0} the forward orbit of a point α under φ.

Fix(φ) {α ∈ P1 : φ(α) = α} the set of fixed points of a map φ.

Aut(φ) {f ∈ PGL2 : φf = φ} the automorphism group of a map φ.

As before, take φ(x, y) ∈ K(x, y) homogeneous, with φ(x, y) = [F1(x, y) : G1(x, y)]. Also, fix

h ∈ Aut(φ) of prime order p.

Fix some Q ∈ P1. Since h has finite order, Oh(Q) = {Q0, . . . , Qp−1} is a finite set. As a

convention, we take

Q = Q0
h7→ Q1

h7→ · · · h7→ Qp−1
h7→ Q0 = Q.

If ∞ = [1 : 0] = Qi for some i, choose f ∈ PGL2 so that f interchanges Qi and a point not on the

orbit of Q, and replace φ by φf . So with a change of coordinates, we may assume that none of the

Qi is infinity.

Definition 5. Let φ : P1 → P1 and h ∈ Aut(φ). A point Q ∈ P1 has period n relative to h, or
h-period n for φ, if Q 6= φn(Q) ∈ Oh(Q). That is, if φn(Q) = hj(Q) for some j > 0. Q has
primitive period n relative to h, or primitive h-period n for φ, if n > 0 is the smallest such integer.

In analogy with the dynatomic polynomials Φ∗
n, we wish to create polynomials which have as roots

points of h-period n (rather than points of period n). As in the case of dynatomic polynomials, we

wish to eliminate the roots having h-period k for k < n. We are led, then, to the following definition.

Definition 6. Let φ(x, y) ∈ K(x, y) be homogeneous, h ∈ Aut(φ), which we may write as h(x, y) =

[ax + by : cx + dy]. Let Fix(h) = {P1, P2} with Pi = [xi : yi]. For clarity of notation we will write
φ(x, y) − h(x, y) to represent the polynomial (cx+ dy)F1(x, y) − (ax+ by)G1(x, y).

19
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Ψpn,φ,h(x, y) =

p−1∏

j=1

(
φn(x, y) − hj(x, y)

)
(3.1)

Ψ∗
pn,φ,h(x, y) =

∏

k|n
pk∤n

(Ψk(x, y))
µ(n/k)

(3.2)

Ψ̃∗
pn,φ,h(x, y) =

Ψ∗
pn(x, y)

(y1x− x1y)δ1(y2x− x2y)δ2
(3.3)

where, for i = 1, 2, δi = ord(yix−xiy) Ψ∗
pn,φ,h(x, y).

By construction, roots of Ψpn are the points Q = [x : y] such that φn(Q) = hj(Q) for some

1 ≤ j ≤ p − 1. With Ψ∗
pn, we are eliminating (usually) the points Q such that φk(Q) = hj(Q) for

some k < n. The need to eliminate the fixed points of h as well will become clear as we proceed.

Since we will be fixing a rational map φ with a particular automorphism h, we will usually suppress

dependence on φ and h in our notation, writing simply Ψpn, Ψ∗
pn, and Ψ̃∗

pn.

Example. Let φ(x, y) = [x2 − 2xy : −2xy + y2]. It is a simple matter to check that φ has an

automorphism of order 2 in f(x, y) = [y : x] and an automorphism of order 3 in g(x, y) = [x− y : x].

We first compute a few of the dynatomic polynomials Φn,φ(x, y).

Φ∗
2(x, y) = −x2 + yx− y2

Φ∗
3(x, y) = 3

(
x3 − 3yx2 + y3

) (
x3 − 3y2x+ y3

)

Φ∗
4(x, y) =

(
−5x4 + 10yx3 − 5y3x+ y4

) (
x4 + yx3 − 9y2x2 + y3x+ y4

) (
−x4 + 5yx3 − 10y3x+ 5y4

)

Φ∗
6(x, y) =

(
7x6 − 21yx5 + 35y3x3 − 21y4x2 + y6

) (
x6 − 6yx5 − 6y2x4 + 29y3x3 − 6y4x2 − 6y5x+ y6

)
(
x6 − 21y2x4 + 35y3x3 − 21y5x+ 7y6

) (
x18 − 18yx17 − 54y2x16 + 1167y3x15 − 2466y4x14

− 7344y5x13 + 31065y6x12 − 20619y7x11 − 54513y8x10 + 99326y9x9 − 34119y10x8

−47844y11x7 + 51072y12x6 − 16155y13x5 − 621y14x4 + 1329y15x3 − 207y16x2 + y18
)

(
x18 − 207y2x16 + 1329y3x15 − 621y4x14 − 16155y5x13 + 51072y6x12 − 47844y7x11

− 34119y8x10 + 99326y9x9 − 54513y10x8 − 20619y11x7 + 31065y12x6 − 7344y13x5

−2466y14x4 + 1167y15x3 − 54y16x2 − 18y17x+ y18
)

We now compute a few of the relevant Ψ̃∗
pn(x, y) for φ. Note that

Fix(f) = {±1} and Fix(g) = {roots of z2 − z + 1}.

In other words, points in Fix(g) are the primitive sixth roots of unity.

Since f has order 2, the Ψ∗
N,φ,f are only defined for even N . We compute the first few of these.

Ψ2,φ,f(x, y) = Ψ∗
2,φ,f(x, y)

= x
(
x2 − 2xy

)
− y

(
y2 − 2xy

)
= (x− y)

(
x2 − yx+ y2

)

Ψ̃∗
2,φ,f(x, y) = x2 − yx+ y2
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Ψ4,φ,f(x, y) = Ψ∗
4,φ,f(x, y)

= x
(
x2 − 2xy

)2 − 2
(
x2 − 2xy

) (
y2 − 2xy

)
− y

(
y2 − 2xy

)2 − 2
(
x2 − 2xy

) (
y2 − 2xy

)

= (x− y)
(
x4 + yx3 − 9y2x2 + y3x+ y4

)

Ψ̃∗
4,φ,f(x, y) = x4 + yx3 − 9y2x2 + y3x+ y4

Ψ6,φ,f(x, y) = (x− y)
(
x2 − yx+ y2

) (
x6 − 6yx5 − 6y2x4 + 29y3x3 − 6y4x2 − 6y5x+ y6

)

Ψ∗
6,φ,f(x, y) =

Ψ6,φ,f(x, y)

Ψ2,φ,f(x, y)
= x6 − 6yx5 − 6y2x4 + 29y3x3 − 6y4x2 − 6y5x+ y6

Ψ̃∗
6,φ,f(x, y) = Ψ∗

6,φ,f(x, y)

Since g has order 3, the Ψ∗
N,φ,g are only defined for N divisible by 3. We compute the first few of

these.

Ψ3,φ,g(x, y) =
(
x
(
x2 − 2xy

)
− (x− y)

(
y2 − 2xy

)) (
(y − x)

(
x2 − 2xy

)
− y

(
y2 − 2xy

))

= −
(
x3 − 3yx2 + y3

) (
x3 − 3y2x+ y3

)

Ψ̃∗
3,φ,g(x, y) = Ψ∗

3,φ,g(x, y) = Ψ3,φ,g(x, y)

Ψ6,φ,g(x, y) = −
(
x2 − yx+ y2

)2 (
x3 − 3yx2 + y3

) (
x3 − 3y2x+ y3

)

Ψ∗
6,φ,g(x, y) =

Ψ6,φ,g(x, y)

Ψ3,φ,g(x, y)
=
(
x2 − yx+ y2

)2

Ψ̃∗
6,φ,g(x, y) = 1

Ψ9,φ,g(x, y) =
(
−x9 + 9yx8 − 84y3x6 + 126y4x5 − 84y6x3 + 36y7x2 − y9

)
(
x9 − 36y2x7 + 84y3x6 − 126y5x4 + 84y6x3 − 9y8x+ y9

)

Ψ̃∗
9,φ,g(x, y) = Ψ∗

9,φ,g(x, y) = Ψ9,φ,f(x, y)

Based on the example, one might conjecture that Ψ̃∗
pn is always a polynomial, and that it divides

Φ∗
pn. In this chapter, we prove these assertions. After determining that Ψ∗

pn is almost always

nontrivial, we will be able to conclude that the dynatomic polynomials Φ∗
n are reducible for infinitely

many n, and hence so are the moduli spaces defined by their vanishing.
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3.2 Some useful lemmas

Throughout, we fix a rational map φ : P1 → P1 of degree d ≥ 2, and a map h ∈ Aut(φ) of prime

order p.

Lemma 4.

(a) Fix(h) consists of exactly two distinct points.

(b) If Q ∈ Fix(h) then |Oφ(Q)| ≤ 2.

Proof. Any nontrivial element of PGL2 has exactly two fixed points, counted with multiplicity.

The only elements with exactly one fixed point are equivalent under a change of coordinates to a

nontrivial translation (where the fixed point is the point at infinity), but none of these has finite

order.

If h(Q) = Q then for any k ≥ 0, hφk(Q) = φkh(Q) = φk(Q) because h ∈ Aut(φ). In other

words, every point on the orbit of Q is fixed by h, so there can be at most two distinct points on

the orbit.

Lemma 5. Suppose Q has h-period n for φ.

(a) Then φkn(Q) ∈ Oh(Q) for all k.

(b) If Q has primitive h-period m, then m | n.

Proof. If φn(Q) = Q, the results are well-known for periodic points of a map. (See [22] for example.)

Otherwise, φn(Q) = hj(Q) for some 1 ≤ j ≤ p − 1. Clearly as sets Oh(Q) = Ohj (Q), so we may

rename the automorphism so that φn(Q) = h(Q). We may then show, in fact, that φkn(Q) = hk(Q)

for all k.

φkn(Q) = φ(k−1)nφn(Q)

= φ(k−1)nh(Q)

= hφ(k−1)n(Q) since h ∈ Aut(φ)

= hk(Q) by induction.

For the second result, we have

φn(Q) = φqm+r(Q) with 0 ≤ r < m

= φrφqm(Q) = φrhk(Q) for some k, by the result above

= hj(Q) for some 0 ≤ j < p, since φn(Q) ∈ Oh(Q)

hkφr(Q) = hj(Q) since h ∈ Aut(φ)

φr(Q) = hi(Q) ∈ Oh(Q) where i ≡ j − k (mod p).

By minimality of m, we see that necessarily r = 0 and so indeed m | n.
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If a rational map φ ∈ K(z) is defined at z = Q — that is if Q 6= ∞ and φ(Q) 6= ∞ — then we

may write

φ(z) =

n∑

i=0

λi(φ,Q)(z −Q)i + O
(
(z −Q)n+1

)

where λ0(φ,Q) = φ(Q) and O ((z −Q)n) represents a function vanishing to order at least n+ 1 at

z = Q. We take this as the definition of the λi(φ,Q).

Lemma 6. Let f, g, h be rational maps. Then:

(a) If λi(f, h(Q)) = λi(g, h(Q)) for all 0 ≤ i ≤ n, then also λi(fh,Q) = λi(gh,Q) for all 0 ≤ i ≤ n

(b) If λi(f,Q) = λi(g,Q) for all 0 ≤ i ≤ n (in particular, if f(Q) = g(Q)), then also λi(hf,Q) =

λi(hg,Q) for all 0 ≤ i ≤ n

Remark. Suppose we have φ, h ∈ K(z) and let f ∈ PGL2 be some change of coordinates. Then

Lemma 6 says that

λi(φ,Q) = λi(h,Q) for 0 ≤ i ≤ n =⇒ λi(φf, f
−1Q) = λi(hf, f

−1Q) for 0 ≤ i ≤ n

=⇒ λi(f
−1φf, f−1Q) = λi(f

−1hf, f−1Q) for 0 ≤ i ≤ n.

So if φ(Q) = h(Q), then equality of the first n coefficients, λi(φ,Q) and λi(h,Q), is preserved under

PGL2 conjugation. This is how the Lemma will be applied.

Proof. The n = 0 case is clear. For 1 ≤ m ≤ n,

λm(fh, P ) =
m∑

k=1

λk(f, h(Q))
∏

k−tuples (i1,...,ik)
i1+···+ik=m

λij (h,Q)

=
m∑

k=1

λk(g, h(Q))
∏

k−tuples (i1,...,ik)
i1+···+ik=m

λij (h,Q) by the hypothesis

= λm(gh,Q)

λm(hf,Q) =

m∑

k=1

λk(h, f(Q))
∏

k−tuples (i1,...,ik)
i1+···+ik=m

λij (f,Q)

=

m∑

k=1

λk(h, g(Q))
∏

k−tuples (i1,...,ik)
i1+···+ik=m

λij (g,Q) by the hypothesis

= λm(hg,Q)

Lemma 7. For any Q ∈ K,
p−1∏

i=0

λ1(h,Qi) = 1 (3.4)

Furthermore, if Q ∈ Fix(h), then λ1(h,Q) is a primitive pth root of unity.
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Proof. The first result follows from the fact that hp(z) = z. For all Q ∈ K, this gives (hp)
′
(Q) = 1,

so the numbers λ1(h,Q) = h′(Q) are well-defined (and nonzero) for all Q ∈ K. So then

p−1∏

i=0

λ1(h,Qi) =

p−1∏

i=0

h′(Qi)

= (hp)′(Q) = 1.

If Q ∈ Fix(h), the equation becomes (λ1(φ,Q))p = 1. If λ1(φ,Q) = 1, then Q is a double root

of h(z) − z = 0. The automorphism h has exactly two fixed points counted with multiplicity, and

from Lemma 4 we know that they are distinct. So λ1(φ,Q) must be a primitive pth root of unity,

since p is prime.

Lemma 8. Suppose that φ(Q) = h(Q). Then

λ1(φ,Qi)

λ1(h,Qi)
=
λ1(φ,Qj)

λ1(h,Qj)
for all i, j ≥ 0. (3.5)

p−1∏

i=0

λ1(φ,Qi) =

(
λ1(φ,Q)

λ1(h,Q)

)p
(3.6)

Proof. As described in Section 3.1, we assume without loss of generality that infinity is not in Oh(Q).

The required change of coordinates is valid by Lemma 6.

Since φh = hφ,

λ1(φh,Qi) = λ1(hφ,Qi)

λ1(φ,Qi+1)λ1(h,Qi) = λ1(h,Qi+1)λ1(φ,Qi) (3.7)

Dividing each side of equation (3.7) by the product λ1(h,Qi)λ1(h,Qi+1) — which is nonzero by

Lemma 7 — along with a simple induction gives the first result.

To prove the second result, divide each side of equation (3.7) by λ1(h,Qi) to get

λ1(φ,Qi+1) = λ1(φ,Qi)

(
λ1(h,Qi+1)

λ1(h,Qi)

)
(3.8)

Repeatedly using the substitution in equation (3.8), we have λ1(φ,Qi) = λ1(φ,Q0)
(
λ1(h,Qi)
λ1(h,Q0)

)
. Now,

using the identity in equation (3.4), we have

p−1∏

i=0

λ1(φ,Qi) =

p−1∏

i=0

λ1(φ,Q0)

(
λ1(h,Qi)

λ1(h,Q0)

)

=

(
λ1(φ,Q)

λ1(h,Q)

)p

Lemma 9. Assume φ(Q) = h(Q). If λj(φ,Q) = λj(h,Q) for all 1 ≤ j ≤ e, then

(a) λj(φ,Qi) = λj(h,Qi) for all Qi ∈ Oh(Q) and all 1 ≤ j ≤ e, and

(b) λj(φ
i, Q) = λj(h

i, Q) for all i and all 1 ≤ j ≤ e. In particular, we have
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• λ1(φ
p, Q) = 1, and

• λj(φ
p, Q) = 0 for all 2 ≤ j ≤ e.

Proof. Note first that λ1(h,Qi) 6= 0 by the fact that
∏p
i=1 λ1(h,Qi) = 1 from Lemma 7.

The first assertion is proved by induction. If λ1(h,Qi) = λ1(φ,Qi), neither is 0, so we may cancel

them both in equation (3.7) to get λ1(h,Qi+1) = λ1(φ,Qi+1).

Now suppose the implication holds for e − 1, and that λj(φ,Qi) = λj(h,Qi) for all 1 ≤ j ≤ e.

Because φh = hφ, we get

λe(φh, z) = λe(hφ, z), so in particular

λe(φh,Qi) = λe(hφ,Qi).

This gives

λe(φ,Qi+1) (λ1(h,Qi))
e
+ (∗) + λ1(φ,Qi+1)λe(h,Qi)

= λe(h,Qi+1) (λ1(φ,Qi))
e
+ (∗∗) + λ1(h,Qi+1)λe(φ,Qi)

where (∗) represents terms involving λj(φ,Qi+1) and λk(h,Qi) with 1 ≤ j, k < e, and similarly for

(∗∗). These terms will be equal on each side by the induction hypothesis, so they cancel, as do the

final two terms by the fact that λe(h,Qi) = λe(φ,Qi). We are left with

λe(φ,Qi+1) (λ1(h,Qi))
e

= λe(h,Qi+1) (λ1(φ,Qi))
e

λe(φ,Qi+1) = λe(h,Qi+1),

where the last equality follows from the fact that λ1(φ,Qi) = λ1(h,Qi) 6= 0 again.

For the second assertion, note that λj(φ
i, Q) is some polynomial combination of λk(φ,Qi) for

1 ≤ k ≤ j and Qi ∈ Oh(Q), and λj(h
i, Q) is the exact same polynomial combination of λk(h,Qi).

By the first assertion, then, these two must be equal for 1 ≤ j ≤ e.

The final two bullets follow immediately from the above, together with the fact that hp(z) = z.

This means that λ1(h
p, z) = 1 and λj(h

p, z) = 0 for j 6= 1. (So in particular, these hold at

z = Q.)

Lemma 10. Assume φ(Q) = h(Q), and let e be the smallest positive integer such that λe(φ,Q) 6=
λe(h,Q). Then

λe(φ
j , Q) − λe(h

j , Q) = j

(
j−1∏

i=1

λ1(φ,Qi)

)
(λe(φ,Q) − λe(h,Q)) .

Proof. We proceed by induction. The claim is trivial for j = 1. Assume the relation holds for j − 1.

Note that by Lemma 9, for all 0 ≤ f < e we have λf (φ
i, Qj) = λf (h

i, Qj) for all non-negative
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integers i and j, which gives equality of the terms marked (∗) and (∗∗) in the first equation below.

λe(φ
j , Q) − λe(h

j , Q) =
(
λe(φ,Qj−1)λ1(φ

j−1, Q)e + (∗) + λ1(φ,Qj−1)λe(φ
j−1, Q)

)

−
(
λe(h,Qj−1)λ1(h

j−1, Q)e + (∗∗) + λ1(h,Qj−1)λe(h
j−1, Q)

)

= λ1(φ
j−1, Q1)

e(λe(φ,Qj) − λe(h,Qj))

+ λ1(φ,Qj−1)(λe(φ
j−1, Q) − λe(h

j−1, Q))

= λ1(φ
j−1, Q)e(λe(φ,Qj−1) − λe(h,Qj−1))

+ (j − 1)

(
j−1∏

i=1

λ1(φ,Qi)

)
(λe(φ,Q) − λe(h,Q)) (3.9)

It remains to calculate the first term in this sum. First, note that λ1(φ
j−1, Q) =

∏j−2
i=0 λ1(φ,Qi)

(recall that Q = Q0). Next we use the fact that φh = hφ again. In what follows, equality of the

terms (∗) and (∗∗) follows as usual.

λe(φh,Qi) = λe(hφ,Qi)

λe(φ,Qi+1)λ1(h,Qi)
e + (∗) + λ1(φ,Qi+1)λe(h,Qi)

= λe(h,Qi+1)λ1(φ,Qi)
e + (∗∗) + λ1(h,Qi+1)λe(φ,Qi)

λ1(φ,Qi)
e (λe(φ,Qi+1) − λe(h,Qi+1)) = λ1(φ,Qi+1) (λe(φ,Qi) − λe(h,Qi))

So inductively again

λ1(φ
j−1, Q)e(λe(φ,Qj−1) − λe(h,Qj−1)) =

(
j−2∏

i=0

λ1(φ,Qi)
e

)
(λe(φ,Qj−1) − λe(h,Qj−1))

=

j−1∏

i=1

λ1(φ,Qi) (λe(φ,Q) − λe(h,Q))

Substituting this into equation (3.9) above gives the desired result.

Definition 7. Let

bQ(pn) = ordz=Q(Ψpn) =

p−1∑

i=1

ordz=Q(φn(z) − hj(z))

b∗Q(pn) = ordz=Q(Ψ∗
pn) =

∑

k|n
pk∤n

µ(n/k)bQ(pk)

b̃∗Q(pn) = ordz=Q(Ψ̃∗
pn)

=





0 if Q ∈ Fix(h)

b∗Q(pn) otherwise
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Lemma 11. Suppose Q has h-period 1 for φ. If p | N , then bQ(pN) = 0. If p ∤ N , then

(
λ1(φ,Q)

λ1(hj , Q)

)N
6= 1 for all j =⇒ bQ(pN) = bQ(p) = 1 (3.10)

(
λ1(φ,Q)
λ1(hj ,Q)

)N
= 1 for some j

and λ1(φ,Q) 6= λ1(h
j , Q)

}
=⇒ bQ(pN) > bQ(p) = 1 (3.11)

λ1(φ,Q) = λ1(h
j , Q) for some j =⇒




bQ(pN) > bQ(p) > 1 if charK | N
bQ(pN) = bQ(p) > 1 otherwise

(3.12)

Proof. Before continuing, we have some reductions. From the definition, it’s clear that

Ψpn,φ,h = Ψpn,φ,hj

for any 1 ≤ j ≤ p− 1. So by renaming the automorphism, we may assume that φ(Q) = h(Q) 6= Q.

By the proof of Lemma 5, then, φk(Q) = hk(Q) for all k. In other words, for all Qi ∈ Oh(Q),

φ(Qi) = h(Qi). If Q is a point such that φ(Q) = h(Q), we may change coordinates so that

Q = 0 = [0 : 1] and no Qi ∈ Oh(Q) satisfies Qi = ∞ = [1 : 0]. We will see that the condition(
λ1(φ,Q)
λ1(h,Q)

)N
= 1 is equivalent to λ1(φ

N , Q) = λ1(h
j , Q) where N ≡ j (mod p). By Lemma 6 each of

the conditions above are preserved under this change.

Since h has order p, every point Q ∈ P1 has period p under h. For Q /∈ Fix(h), the primitive

period for Q must be p. Therefore, Q has primitive period p for φ as well. Since φp(Q) = Q 6= hj(Q)

for any 1 ≤ j ≤ p− 1, we see that bQ(pN) = 0 whenever p | N , which proves the first assertion.

Because Q has primitive period p for h, the orbit Oh(Q) consists of p distinct points. That is,

if i 6= j then hi(Q) 6= hj(Q). We assume that φ(Q) = h(Q), so φ(Q) 6= hj(Q) for 2 ≤ j ≤ p − 1.

Hence, bQ(p) = ordz=Q (φ(z) − h(z)). We now proceed, focusing just on this term.

We may dehomogenize φ(x, y) to the rational map φ(z). Then for each i, we have

φ(z) = Qi+1 +
n∑

j=1

λj(φ,Qi)(z −Qi)
j + O

(
(z −Qi)

n+1
)

(3.13)

h(z) = Qi+1 +
n∑

j=1

λj(h,Qi)(z −Qi)
j + O

(
(z −Qi)

n+1
)

(3.14)

φ(z) − h(z) =

n∑

j=1

(λj(φ,Qi) − λj(h,Qi)) (z −Qi)
j + O

(
(z −Qi)

n+1
)

From this, we see that bQ(p) = 1 if λ1(φ,Q) 6= λ1(h,Q). Otherwise bQ(p) = e > 1 where e is the

smallest integer such that λe(φ,Q) 6= λe(h,Q). (Note there must be such an e since both are rational

maps but deg φ > deg h says that they cannot be equal.)

Assume now that λ1(φ,Q) 6= λ1(h,Q), and let N = pn + j for some 1 ≤ j ≤ p − 1. Iterating
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equation (3.13) starting with Q0 = 0, we have

φ(z) = Q1 + λ1(φ, 0)z + O
(
z2
)

(3.15)

φ2(z) = Q2 + λ1(φ,Q1)
(
λ1(φ, 0)z + O(z2)

)
+ O(z2)

= Q2 + λ1(φ,Q1)λ1(φ, 0)z + O(z2). (3.16)

By an easy induction we get

(3.17)

φp(z) =

(
p−1∏

i=0

λ1(φ,Qi)

)
z + O(z2) (recall that Qp = Q0 = 0)

=

(
λ1(φ, 0)

λ1(h, 0)

)p
z + O(z2) by Lemma 8. (3.18)

φpn(z) =

(
λ1(φ, 0)

λ1(h, 0)

)pn
z + O(z2).

φpn+j(z) = Qj +

(
λ1(φ, 0)

λ1(h, 0)

)pn j−1∏

i=0

λ1(φ,Qi)z + O(z2). (3.19)

Combining this with equation (3.14), we have

φpn+j(z) − hj(z) =

((
λ1(φ, 0)

λ1(h, 0)

)pn j−1∏

i=0

λ1(φ,Qi) − λ1(h
j , 0)

)
z + O(z2)

=

((
λ1(φ, 0)

λ1(h, 0)

)pn j−1∏

i=0

λ1(φ,Qi) −
j−1∏

i=0

λ1(h,Qi)

)
z + O(z2)

So bQ(pN) = bQ(p) = 1 unless the coefficient of z above vanishes, or in other words unless

(
λ1(φ, 0)

λ1(h, 0)

)pn j−1∏

i=0

λ1(φ,Qi)

λ1(h,Qi)
= 1 (since

j−1∏

i=0

λ1(h,Qi) 6= 0 by Lemma 7)

(
λ1(φ, 0)

λ1(h, 0)

)pn+j

= 1 (by equation (3.5)), (3.20)

from which the first two assertions follow.

We now consider the case that λ1(φ,Q) = λ1(h,Q). We saw above that in this case bQ(1) = e > 1

where e is the smallest positive integer such that λe(φ,Q) 6= λe(h,Q). So by Lemma 9, λ1(φ
p, 0) = 1,

and λj(φ
p, 0) = 0 for all 2 ≤ j < e. Therefore

φp(z) = z + λe(φ
p, 0)ze + O(ze+1). (3.21)

We may iterate φp in this easier form to find that

φpn(z) = z + nλe(φ
p, 0)ze + O(ze+1).
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Composing this version of φpn(z) with the expansion of φ in equation (3.13), we find the following.

φpn+j(z) = Qj + λ1(φ
j , 0)

(
z + nλe(φ

p, 0)ze + O(ze+1)
)

+ λ2(φ
j , 0)

(
z + nλe(φ

p, 0)ze + O(ze+1)
)2

+ · · ·

= Qj +
e−1∑

i=1

λi(φ
j , 0)zi +

(
λ1(φ

j , 0)nλe(φ
p, 0) + λe(φ

j , 0)
)
ze + O(ze+1)

φpn+j(z) − hj(z) =
e−1∑

i=1

(
λi(φ

j , 0) − λi(h
j , 0)

)
zi +

(
λ1(φ

j , 0)nλe(φ
p, 0) + λe(φ

j , 0) − λe(h
j , 0)

)
ze + O(ze+1)

By Lemma 9, the terms λi(φ
j , 0) − λi(h

j , 0), hence bQ(pN) ≥ e. By Lemma 10,

λe(φ
p, 0) = λe(φ

p, 0) − λe(h
p, 0) since e > 1 means λe(h

p, 0) = 0

= p

(
p−1∏

i=0

λ1(φ,Qi)

)
(λe(φ, 0) − λe(h, 0)) .

So the coefficient of ze vanishes if and only if

(
npλ1(φ

j , 0)

p−1∏

i=1

λ1(φ,Qi) + j

j−1∏

i=1

λ1(φ,Qi)

)
(λe(φ, 0) − λe(h, 0)) = 0.

Now, λe(φ, 0) − λe(h, 0) 6= 0 by our choice of e. By Lemma 8,

j−1∏

i=1

λ1(φ,Qi) 6= 0,

so we may divide by it. Note also that

λ1(φ
j , 0) =

j−1∏

i=0

λ1(φ,Qi).

So bQ(pN) > e if and only if

np

p∏

i=0

λ1(φ,Qi) + j = 0

np+ j = 0 since by Lemma 9, we know

p∏

i=1

λ1(φ,Qi) = 1.

N = 0 by choice of N.

The coefficient of ze vanishes if and only if charK | N , and in this case bQ(pN) > e.

Lemma 12. Suppose Q ∈ Fix(h) ∩ Fix(φ). Then



CHAPTER 3. MAPS WITH AUTOMORPHISMS 30

(
λ1(φ,Q)

λ1(hj , Q)

)N
6= 1 for all j =⇒ bQ(pN) = bQ(p) = p− 1 (3.22)

(
λ1(φ,Q)
λ1(hj ,Q)

)N
= 1 for some j

and λ1(φ,Q) 6= λ1(h
j , Q)

}
=⇒ bQ(pN) > bQ(p) = p− 1 (3.23)

λ1(φ,Q) = λ1(h
j , Q) for some j =⇒




bQ(pN) > bQ(p) > p− 1 if charK | N
bQ(pN) = bQ(p) > p− 1 otherwise

(3.24)

Proof. If φ(Q) = Q and h(Q) = Q, then z = Q is a root of φ(z) − hj(z) for every 1 ≤ j ≤ p − 1.

This gives the lower bound on bQ(p).

From Lemma 7, λ1(h
j , Q) is a primitive pth root of unity for each j. But also λ1(h

j , Q) =

(λ1(h,Q))
j

by the definition of the λi and the fact that Q ∈ Fix(h). This shows that if i 6= j, then

λ1(h
i, Q) 6= λ(h

j , Q). So if λ1(φ,Q) = λ1(h
j , Q), then λ1(φ,Q) 6= λ1(h

i, Q) for all i 6= j.

That is, if bQ(p) > p− 1, the excess is accounted for by a single factor of Ψp(x, y). The rest of

the proof proceeds exactly as in Lemma 11.

We conclude the section by stating a result from [16] which will be used in the sequel. We begin

with a definition.

Definition 8. Let

aQ(n) = ordz=Q(Φn) = ordz=Q(φn(z) − z)

a∗Q(n) = ordz=Q(Φ∗
n) =

∑

k|n
µ(n/k)aQ(k)

Proposition 3. Let K be a field, X/K a smooth projective curve, and let φ : K → K be a non-
constant morphism defined over K such that φn is non-degenerate. Fix a point Q ∈ X and define
integers m, q, r by

m = the exact period of Q (set m = ∞ if Q /∈ Per(φ)),

q = the characteristic of K,

r = the multiplicative period of (φm)
′
(Q) in K

∗

(set r = ∞ if m = ∞ or if (φm)
′
(Q) is not a root of unity ).

(a) a∗Q(n) ≥ 0 for all n ≥ 1.

(b) Let n ≥ 1. Then a∗Q(n) ≥ 1 if and only if one of the following three conditions is true.

(i) n = m.

(ii) n = mr.

(iii) n = qsmr for some s ≥ 0.
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3.3 Reducibility results

We now prove the main results for this chapter.

Theorem 7. Let φ be a rational map with an automorphism h of prime order p. Let K be a field
over which φ, h, and Fix(h) are all defined. The dynatomic polynomiasl Φ∗

pn is reducible over K for
infinitely many values of n.

Corollary 2 gives the result for general fields K, and Proposition 9 is a stronger result that holds

in characteristic 0.

Proposition 4. With the hypotheses in Theorem 7, Ψ̃∗
pn ∈ K[x, y] (that is, it is a polynomial) for

all n ≥ 1. More specifically, fix a point Q ∈ P1 and define integers m, q, and r by

m = the primitive h-period of Q for φ

(set m = ∞ if Oh(Q) ∩ Oφ(Q) = Q),

q = the characteristic of K,

r = the multiplicative period of
λ1(φ

m, Q)

λ1(hj , Q)
, where 1 ≤ j ≤ p− 1 satisfies φm(Q) = hj(Q),

(set r = ∞ if either m = ∞ or if
λ1(φ

m, Q)

λ1(hj , Q)
is not a root of unity for any 1 ≤ j ≤ p− 1).

(a) b̃∗Q(pn) ≥ 0 for all n ≥ 1.

(b) Let n ≥ 1. Then b̃∗Q(pn) ≥ 1 if and only if one of the following conditions is true.

(i) n = m.

(ii) n = mr, with p ∤ r.

(iii) n = mrqs for some s ≥ 1.

Proof. It’s clear from definitions that Ψ̃∗
pn(x, y) is a polynomial if and only if Ψ∗

pn(x, y) is a poly-

nomial. Further, if Q ∈ Fix(h), b̃∗Q(pn) = 0. Otherwise b̃∗Q(pn) = b∗Q(pn), so we prove that for

Q /∈ Fix(h), b∗Q(pn) satisfies the statement of the proposition.

From Lemma 5 we see that unless m | n, bQ(pk) = 0 for any k | n, so then also b∗Q(pn) = 0. We

need only consider the case that m | n. Now suppose that p ∤ n. The condition that pk ∤ n adds no

information, so we may calculate

b∗Q(pn) =
∑

k|n
pk∤n

µ(n/k)bQ(pk) =
∑

k|n
µ(n/k)bQ(pk). (3.25)

For clarity we write bQ(φ, pn) for bQ(pn) because we will be dealing with multiple rational maps.

Let ψ = φm — so Q has primitive h-period 1 for ψ — and let N = n/m. By the argument above,
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the only terms which contribute to the sum in equation (3.25) are the ones where m | k, so

b∗Q(φ, pn) =
∑

k|n
µ(n/k)bQ(pk) =

∑

k′|N
µ(mN/mk′)bQ(φ, pmk′)

=
∑

k′|N
µ(N/k′)bQ(φm, pk′) =

∑

k′|N
µ(N/k′)bQ(ψ, pk′) = b∗Q(ψ, pN) since p ∤ N .

Since Q has primitive h-period 1 for ψ, we may apply Lemma 11. For clarity of notation, we rename

the automorphism so that ψ(Q) = h(Q).

Case Ia
(
λ1(ψ,Q)
λ1(h,Q)

)N
6= 1.

Case Ib λ1(ψ,Q) = λ1(h,Q) and q ∤ N .

In both cases, we have bQ(ψ, p) = bQ(ψ, pk) for all k | N . So then

∑

k|N
µ(N/k)bQ(ψ, pk) =

∑

k|N
µ(N/k)bQ(ψ, p) =




bQ(ψ, p) > 0 if N = 1 so that n = m

0 if N > 1 so that n > m

Since bQ(ψ, p) = bQ(φn, p) = bQ(φ, pn), we conclude that in these cases b∗Q(pn) = bQ(pn) > 0 if and

only if m = n.

Case II λ1(ψ,Q) = λ1(h,Q) and q | N .

Write N = qsM with q ∤ M . Since ψ(Q) = h(Q), we know from the proof of Lemma 5 that

ψq
i

(Q) = hq
i

(Q) = hj(Q) for some 0 ≤ j ≤ p− 1.

Since p 6= q — we know p ∤ N but q | N — we see that in fact 1 ≤ j ≤ p − 1. Then because

λ1(ψ,Q) = λ1(h,Q), Lemma 9 says that also

λ1

(
ψq

i

, Q
)

= λ1

(
hq

i

, Q
)

= λ1

(
hj , Q

)
.

If k | M , then necessarily q ∤ k, so we may apply equation (3.12) to conclude that

bQ
(
ψ, pqik

)
= bQ

(
ψq

i

, pk
)

= bQ

(
ψq

i

, p
)

= bQ
(
ψ, pqi

)
.

We may then compute

b∗Q(ψ, pN) =
∑

k|N
pk∤N

µ(N/k)bQ(ψ, pk) =
∑

k|N
µ(N/k)bQ(ψ, pk) since p ∤ N

=
∑

k|M

s∑

i=0

µ(qsM/qik)bQ(ψ, pqik)

=


∑

k|M
µ(M/k)



(

s∑

i=0

µ(qs−i)bQ(ψ, pqi)

)

=




bQ(ψ, pqs) − bQ(ψ, pqs−1) > 0 if M = 1

0 if M > 1.
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The fact that b∗Q(ψ, pN) > 0 when M = 1 follows from applying equation (3.12) to the differ-

ence bQ

(
ψq

s−1

, pq
)
− bQ

(
ψq

s−1

, p
)
. So we have shown that in this case, b∗Q(φ, pn) ≥ 0, and that

b∗Q(φ, pn) > 0 if and only if n = mqs.

Case III
(
λ1(ψ,Q)
λ1(h,Q)

)N
= 1.

Since r is the exact order of λ1(ψ,Q)
λ1(h,Q) in K

∗
, we have r | N (and further r > 1 or we are in Case Ib

or Case II). If r ∤ k, then by Lemma 11, bQ(ψ, pk) = bQ(ψ, p). So we may split the sum of b∗Q(ψ, pN)

into two parts:

∑

k|N
µ(N/k)bQ(ψ, pk) =



∑

k|N
r∤k

+
∑

k|N
r|k


µ(N/k)bQ(ψ, pk)

=



∑

k|N
r∤k

µ(N/k)bQ(ψ, p)


+



∑

k|N
r|k

µ(N/k)bQ(ψ, pk)




=
∑

k|N
µ(N/k)bQ(ψ, p) +

∑

k|N
r|k

µ(N/k) (bQ(ψ, pk) − bQ(ψ, p))

=
∑

k|N
r|k

µ(N/k) (bQ(ψ, pk) − bQ(ψ, p)) (since N > 1 the first sum vanishes).

Now if k | N and r | k, then k = rk′ for some k′ a divisor of N/r. So we can rewrite the final

sum as

∑

k|N
r|k

µ(N/k) (bQ(ψ, pk) − bQ(ψ, p)) =
∑

k′|(N/r)
µ

(
N/r

k′

)
(bQ(ψ, prk′) − bQ(ψ, p))

=
∑

k′|(N/r)
µ

(
N/r

k′

)
(bQ(ψr, pk′) − bQ(ψ, p))

= b∗Q(ψr, pN/r) −




bQ(ψ, p) if N = r

0 if N > r.

If N = r, then

b∗Q(φ, pn) = b∗Q(ψ, pN) = b∗Q(ψr, p) − bQ(ψ, p) = bQ(ψr, p) − bQ(ψ, p) = bQ(ψ, pr) − bQ(ψ, p) > 0.

And in this case,

b∗Q(φ, pn) = bQ(ψ, pr) − bQ(ψ, p)

= bQ(φn, p) − bQ(φm, p) (3.26)

If N > r, then

b∗Q(φ, pn) = b∗Q(ψ, pN) = b∗Q(ψr, pN/r) (3.27)
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Since p ∤ r, we have

ψr(Q) = hr(Q) = hj(Q) for some 1 ≤ j ≤ p− 1,

and as before we have
λ1(ψ

r, Q)

λ1(hj , Q)
=

(
λ1(ψ,Q)

λ1(h,Q)

)r
= 1.

If N 6= 0 in K, we may apply Case Ib to ψr and conclude that b∗Q(ψr, pN/r) = 0 since N/r > 1. If

N = 0 in K, then we can apply Case II to b∗Q(ψr, pN/r) and again conclude that b∗Q(ψr, pN/r) = 0

unless N/r = qs for some s ≥ 1.

In Case III, we conclude that b∗Q(pn) > 0 if and only if N = r or N = qsr, so n = mr or

n = mqsr, where p ∤ r.

We must now consider the case that p | n, so n = ptn′ where t ≥ 1 and p ∤ n′. Then the condition

that pk ∤ n means that k = ptk′ for some k′ that divides n′. So we have:

b∗Q(φ, pn) =
∑

k|n
pk∤n

µ(n/k)bQ(φ, pk) =
∑

k′|n′

µ
(
ptn′/ptk′

)
bQ
(
φ, p

(
ptk′

))

=
∑

k′|n′

µ(n′/k′)bQ
(
φp

t

, pk′
)

= b∗Q

(
φp

t

, pn′
)

since p ∤ n′. (3.28)

Suppose that Q has primitive h-period m′ for φp
t

and primitive h-period m for φ. We know that

the primitive h-period for φ must divide ptm′. That means m = pt
′

m′′ with 0 ≤ t′ ≤ t and m′′ | m′.

If t′ < t, then φpm(Q) = Q 6= h(Q). Hence t′ = t and also m′′ = m′ by minimality of m′. So in fact

m = m′pt.

We now apply the results above to the map φp
t

. We conclude that b∗Q(φ, pn) ≥ 0 for all Q ∈ P1

and b∗Q(φ, pn) > 0 if and only if one of the following conditions hold.

1. Q has primitive h-period n′ for φp
t

. So by the argument above, Q has primitive h-period

n = ptn′ for φ.

2. Q has h-period m′ for φp
t

, n′ = m′r. In this case, n = ptn′ = ptm′r. By the argument above,

Q has primitive h-period m = ptm′ for φ. So we have n = mr.

3. Q has h-period m′ for φp
t

, n′ = m′rqs. In this case, n = ptn′qs = ptm′rqs. So with m = ptm′

as above we have n = mrqs.

We know that the Ψ̃∗
pn are polynomials. We now show that they are divisors of the associated

dynatomic polynomials.

Proposition 5. For every n ≥ 1, Ψ̃∗
pn | Φ∗

pn.

Proof. To show that Ψ̃∗
pn | Φ∗

pn, we must show that a∗Q(pn) ≥ b̃∗Q(pn) for all Q ∈ P1. If Q ∈ Fix(h),

then b̃∗Q(pn) = 0 for all n, and the result is immediate, so we assume Q /∈ Fix(h), in which case

b̃∗Q(pn) = b∗Q(pn). Clearly, we need only consider the case b∗Q(pn) > 0; there are three ways this
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can happen, described in Proposition 4. Throughout, we assume that b∗Q(pn) > 0 and that Q has

primitive h-period m for some m | n, and we rename the automorphism so that φm(Q) = h(Q).

Case I n = m.

Since Q has primitive h-period n, we also have φkn(Q) = hk(Q) for all k ≥ 1, so in particular we

may conclude φpn(Q) = Q, and in fact pn is the primitive period of Q. Since bQ(pk) = 0 for k < n,

we have b∗Q(pn) = bQ(pn). Similarly, since pn is the primitive period of Q, aQ(k) = 0 for k < pn;

therefore a∗Q(pn) = aQ(pn) ≥ 1 by Lemma 3. If bQ(pn) = 1, we are done.

Otherwise, bQ(φn, p) = e > 1 where e is the smallest positive integer such that λe(φ
n, Q) 6=

λe(h,Q). By Lemma 9, then, λ1(φ
pn, Q) = 1 and λi(φ

pn, Q) = 0 for 1 < i < e. This says that

aQ(pn) ≥ e, and we are done in this case.

Case II n = mr with r > 1, p ∤ r, and λ1(φm,Q)
λ1(h,Q) a primitive rth root of unity.

As above, since Q has primitive h-period m for φ, we know that Q has primitive period pm for

φ. Also, since λ1(φm,Q)
λ1(h,Q) is a primitive rth root of unity and p ∤ r, we have by equation (3.18)

λ1(φ
pm, Q) =

(
λ1(φ

m, Q)

λ1(h,Q)

)p

is also a primitive rth root of unity.

From Proposition 4 (see equation (3.26)), we know that

b∗Q(pn) = bQ(φn, p) − bQ(φm, p).

A similar proof in [16] shows that, since λ1(φ
pm, Q) is a primitive rth root of unity,

a∗Q(pn) = aQ(φpn, 1) − aQ(φpm, 1).

Since λ1(φ
pm, Q) 6= 1 and λ1(φ

m, Q) 6= λ1(h,Q), we conclude that bQ(φm, p) = aQ(φpm, 1) = 1.

It remains to show that if bQ(φn, p) = e > 1, then aQ(φpn, 1) ≥ e, but this follows immediately from

Lemma 9, exactly as in Case I. Summarizing, we have

a∗Q(pn) = aQ(pn) − aQ(pm) = aQ(pn) − 1

≥ bQ(pn) − 1 = bQ(pn) − bQ(pm) = b∗Q(pn)

Case III n = mrqs with λ1(φm,Q)
λ1(hj ,Q) a primitve rth root of unity, and charK = q.

Once again, the primitive period of Q is pm. By equation (3.27), we see that

b∗Q(pn) = b∗Q(φmr , pqs) = bQ(φmr, pqs) − bQ(φmr , pqs−1)

= bQ(pmrqs) − bQ(pmrqs−1) (3.29)

and in [16] a similar argument shows that

a∗Q(pn) = aQ(pmrqs) − aQ(pmrqs−1). (3.30)
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From Proposition 4 and Lemma 11, we conclude that bQ(φmr, pqs−1) = e > 1 and bQ(φmr , pqs) =

f > e > 1. For ease of notation, we let ψ = φmrq
s−1

. Then we have ψ(Q) = hj(Q) for some j, and

furthermore since e > 1,

λi(ψ,Q) = λi(h
j , Q) for 1 ≤ i < e.

By Lemma 10,

λe(φ
pmrqs−1

, Q) = λe(ψ
p, Q) = λe(φ

pm, Q) − λe(h
p, Q) since if e > 1, λe(h

p, Q) = 0

= p

(
p−1∏

i=1

λ1(φ,Qi)

)
(λe(φ,Q) − λe(h,Q)).

This can never vanish since q 6= p and neither of the other terms can vanish. This means that

aQ(pmrqs−1) = bQ(pmrqs−1) = e.

The exact same argument applied to ψ = φpmrq
s

shows that

aQ(pmrqs) = bQ(pmrqs) = f.

Equations (3.29) and 3.30, then, show that a∗Q(pn) = b∗Q(pn) in this case.

In order to prove that the dynatomic polynomials Φ∗
pn are reducible for infinitely many n, we

must be sure that the factors Ψ̃∗
pn are nontrivial. The example at the end of Section 3.1 shows that

this is certainly not always the case. First, we must show that deg Ψ̃∗
pn < deg Φ∗

pn for suitable choice

of n. We require one additional lemma.

Lemma 13. For n > 1, a ≥ 2 and p ≥ 2,
∑

k|n
µ(n/k)apk > p

∑

k|n
µ(n/k)ak

Proof. Let f(n) = apn and g(n) = pan, and define h = (f − g) ∗ µ, where ∗ represents convolution

in the usual number-theoretic sense. The statement of the lemma is equivalent to h(n) > 0 for all

n > 1. By properties of convolution (see [10] for example), h ∗ 1 = ((f − g) ∗µ) ∗ 1 = f − g. In other

words, ∑

k|n
h(k) = apn − pan.

We will show by induction that h(n) < apn and h(n) > 0 for all n > 1. Since a ≥ 2 and p ≥ 2,

h(1) = ap − pa < ap and h(1) = a(ap−1 − p) ≥ 0.

In fact, h(1) = 0 if and only if a = p = 2.

Now consider a prime q,

h(q) = apq − paq − h(1) < apq since paq > 0 and h(1) ≥ 0.
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But also

h(q) = apq − paq − ap + pa = ap(ap(q−1) − 1) − pa(aq−1 − 1)

≥ ap(aq−1 − 1)(aq−1 + 1) − pa(aq−1 − 1) since p ≥ 2

= (aq−1 − 1)(ap(q−1) + 1 − pa) > 0 since ap ≥ pa and q ≥ 2.

Now suppose for all k < m, h(k) < apk and also that h(k) > 0 if n > 1. If m is prime, the result

holds by the argument above. Assume then that m is composite (so clearly m > 3). For all k | m,

if k 6= m, we have h(k) ≥ 0 by the induction hypothesis, so

h(m) = apm − pam −
∑

k|m
k 6=m

h(k) < apm.

Also by the induction hypothesis, h(k) < apk for each k in the sum above. Further, the largest

divisor of m is at most m− 2 since m ≥ 4. So we can say that

∑

k|m
k 6=m

h(k) < ap(m−2) + · · · + ap =
ap(m−1) − ap

ap − 1

Using this rough estimate, we find

h(m) > apm − pam − ap(m−1) − ap

ap − 1

=
ap(m+1) − apm − ap(m−1) + ap

ap − 1
− pam

=
ap(m−1)(a2p − 1) − apm + ap

ap − 1
− pam

= ap(m−1)(ap + 1) − apm + ap

ap − 1
− pam

> apm + ap(m−1) − apm + ap − pam since the denominator is > 1

= ap(m−1) + ap − pam > 0

Proposition 6. Begin with the hypotheses in Theorem 7, and let deg φ = d.

(a) If d > 2, then deg(Ψ̃∗
pn) < deg(Φ∗

pn) for all n ≥ 1.

(b) If d = 2, then deg(Ψ̃∗
pn) < deg(Φ∗

pn) for all n > 1.

Proof. From definition 6, we see that deg(Ψ̃∗
pn) ≤ deg(Ψ∗

pn) for every n. So we prove now that

deg(Ψ∗
pn) < deg(Φ∗

pn) for n > 1. Consider first the case that p ∤ n, so if k | n, we have already pk ∤ n.

deg Ψ∗
pn =

∑

k|n
pk∤n

µ(n/k)(p− 1)
(
dk + 1

)
=





(p− 1) (d+ 1) if n = 1

(p− 1)
∑
k|n µ(n/k)dk if n > 1
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Note that if k | pn then either k | n or k = pk′ for some k′ | n. So

deg Φ∗
pn =

∑

k|pn
µ(pn/k)

(
dk + 1

)

=
∑

k|n
µ(pn/k)dk +

∑

k|n
µ(pn/pk)dpk +

∑

k|pn
µ(pn/k)

Since by hypothesis p ∤ n, we know that gcd(p, k) = 1 for k any divisor of n. Therefore µ(pn/k) =

µ(p)µ(n/k) = −µ(n/k). (Recall also that pn > 1 so the final term vanishes.)

deg Φ∗
pn = −

∑

k|n
µ(n/k)dk +

∑

k|n
µ(n/k)dpk (3.31)

Comparing equations (3.31) and (3.31), we see that deg Ψ∗
pn < deg Φ∗

pn when n > 1 follows from

the fact that
∑
k|n µ(n/k)dpk > p

∑
k|n µ(n/k)dk for all n > 1, from Lemma 13.

In the n = 1 case, we wish to show that (degφ)
p

+ 1 − p(deg φ + 1) > 0 when d > 2. From

equations (3.31) and (3.31), we have

deg Φ∗
p − deg Ψ∗

p = (dp − d) − (p− 1)(d+ 1) = dp − pd− (p− 1),

which is increasing with d, so it will be positive for all d > 2 if it is positive when d = 3. In that

case, we calculate

deg Φ∗
p − deg Ψ∗

p = 3p − 3p− (p− 1),

which is clearly increasing with p, so we simply check that for p = 2 we have 9 − 6 − 1 = 2 > 0.

Now if p | n, then we have n = prn′ where r ≥ 1 and p ∤ n′. The condition that pk ∤ n means

that k = prk′ for some k′ | n′. So we have:

deg Ψ∗
pn =

∑

k|n
pk∤n

µ(n/k)(p− 1)
(
dk + 1

)

= (p− 1)
∑

k′|n′

µ (prn′/prk′)
(
dp

rk′ + 1
)

= (p− 1)
∑

k′|n′

µ (n′/k)
(
dp

r
)k′

+
∑

k′|n′

µ(n′/k′)

=





(p− 1)
∑

k′|n′ µ (n′/k′)
(
dp

r)k′
if n′ > 1

(p− 1)
(
dp

r

+ 1
)

if n′ = 1
(3.32)

Since n = prn′, pn = pr+1n′. If k | pn but pr ∤ k, then p2 |
(
pr+1n′/k

)
, which means that

µ(pn/k) = 0. So the only divisors which contribute to the sum below are ones of the form prk′

where k′ | pn′.

deg Φ∗
pn =

∑

k|pn
µ(pn/k)

(
dk + 1

)

=
∑

k′|pn′

µ(pr+1n′/prk′)
(
dp

rk′
)

=
∑

k′|pn′

µ(pn′/k′)
(
dp

r
)k′

(3.33)
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Comparing equations (3.32) and (3.33), we see that if n′ > 1 we are reduced to the case p ∤ n above.

If n′ = 1, the sum in equation (3.33) is

dp
r+1 − dp

r ≥ 4dp
r − dp

r

since d ≥ 2, p ≥ 2 and r ≥ 1

= 3dp
r

> dp
r

+ 1 since d ≥ 2, p ≥ 2 and r ≥ 1

So again deg Φ∗
pn > deg Ψ∗

pn.

We must also prove non-triviality in the sense that Ψ∗
pn 6= 1. If all roots of Ψ∗

pn are in Fix(h),

then the polynomial Ψ̃∗
pn will be trivial. So we must first examine the possible values of b∗Q(pn)

when Q ∈ Fix(h).

Proposition 7. With the hypotheses in Theorem 7, let Q ∈ Fix(h), and define integers q and r as
in Proposition 4. Then b∗Q(pn) ≥ 1 if and only if one of the following conditions is true.

(i) n = pt for some t ≥ 0.

(ii) n = rpt for some t ≥ 0.

(iii) n = rqspt for some t ≥ 0, s ≥ 1.

(iv) n = 2pt for some t ≥ 0.

(v) n = 2rpt for some t ≥ 0.

(vi) n = 2rqspt for some t ≥ 0, s ≥ 1.

Proof. Let m be the primitive period of Q for φ. From Lemma 4, we know that m = 1 or 2. So

there are really three cases.

(i) n = mpt for some t ≥ 0.

(ii) n = mrpt for some t ≥ 0.

(iii) n = mrqspt for some t ≥ 0, s ≥ 1.

In the case p ∤ n, the proofs follow exactly as in Proposition 4. However, we must reconsider the

case where p | n, since we used in an essential way the assumption that Q /∈ Fix(h).

Suppose, then, that p | n, so write n = ptn′ where p ∤ n′. As in equation (3.28), we find that

b∗Q(φ, pn) = b∗Q

(
φp

t

, pn′
)
.

Let m′ be the primitive period of Q for φp
t

. We must have m′ = 1 if m = 1 or if m = p = 2, and

m′ = 2 otherwise. Applying the three cases where p ∤ n to BQ

(
φp

t

, pn′
)
, we see that either n′ = m′,

or n′ = m′r, or n′ = m′qs. Substituting each of these for n′ gives the desired result.
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We can now prove a nontriviality result for general fields K by showing that points of primitive

h-period ℓ for φ exist for almost all primes ℓ. This proof is essentially the same as the proof of

existence of points of primitive period ℓ found, for example, in [22].

Proposition 8. Under the hypotheses of Theorem 7 with deg φ = d, for all prime numbers ℓ except
for at most d+ 6 exceptions, the map φ has a point of primitive h-period ℓ.

Proof. We begin by discarding the finitely many primes satisfying any of the following conditions:

• ℓ = 2.

• ℓ = p.

• ℓ = charK.

• There is some Q with primitive h-period 1 and some 1 ≤ j ≤ p − 1 such that λ1(φ,Q)
λ1(hj ,Q) is a

primitive ℓth root of unity.

• There is some Q ∈ Fix(φ) and some some 1 ≤ j ≤ p− 1 such that λ1(φ,Q)
λ1(hj ,Q) is a primitive ℓth

root of unity.

There are at most d+1 points of primitive h-period 1, and the set Fix(h) has at most 2 elements,

so this list eliminates at most d+6 primes. Note that we have eliminated the primes where b∗Q(pℓ) ≥ 1

for Q ∈ Fix(h).

For any of the remaining primes ℓ, consider a root of Ψ∗
ℓn(x, y). This must be a point of h-period ℓ.

If it does not have primitive h-period ℓ, then it must have primitive h-period 1 by Lemma 5. Because

of the primes we have eliminated, and by results in Proposition 11, we see that bQ(pℓ) = bQ(p), so

∑

roots of Ψ∗

p∩roots of Ψ∗

pℓ

bQ(pℓ) =
∑

roots of Ψ∗

p∩roots of Ψ∗

pℓ

bQ(p) ≤
∑

roots of Ψ∗

p

bQ(p) = d+ 1.

That is, the total multiplicity of all roots of Ψ∗
pℓ that do not have primitive h-period ℓ is at most

d+ 1. But the degree of Ψ∗
pℓ is dℓ + 1. So Ψ∗

pℓ has at least one point of primitive h-period ℓ.

Corollary 2. For a rational map φ with degφ = d, under the hypotheses of Theorem 7, the poly-
nomial Ψ̃∗

pℓ is nontrivial for all primes ℓ with at most d+ 6 exceptions.

Proof. This follows immediately from the result above.

As in the case of periodic points, a stronger result is possible if we restrict ourselves to charac-

teristic 0. The following result parallels a proof by I.N. Baker for periodic points in [1].

Proposition 9. Let φ be a rational map of degree d ≥ 2 defined over a field K of characteristic 0,
and let h be an automorphism for φ of prime order p. Suppose that φ has no points of primitive
period n > 1 relative to h in K. Then

(d, n, p) ∈ {(2, 2, 2), (2, 2, 3), (2, 2, 4), (2, 3, 2), (2, 3, 3), (2, 3, 4), (3, 2, 2), (3, 2, 3), (4, 2, 2)}.
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Proof. We begin by bounding p in terms of d. Any rational map φ of degree d has at most d + 1

fixed points, and any automorphism of φ must permute these fixed points. So h can have order at

most d+ 1.

Suppose that φ is as described, and that φ has no points of primitive period n relative to h. Then

all roots of the (nontrivial) polynomial Ψpn(x, y) are accounted for by points of primitive h-period

m < n or by points in Fix(h). Let

S = {Q ∈ P1 : Ψpn(Q) = 0},

and for each Q ∈ S, let

mQ =





the primitive h-period of Q for φ if Q /∈ Fix(h)

the primitive period of Q for φ (necessarily 1 or 2) if Q ∈ Fix(h).

By lemma 5 and similar facts about periodic points, we know that each mQ | n. So let

M = {m ∈ Z : 1 ≤ m < n and m | n}.

We now compute lower and upper bounds for

∑

Q∈S
(bQ(pn) − bQ (pmQ)) , (3.34)

under the assumption that Q ∈ S implies that mQ ∈M ; that is, that there are no points of primitive

h-period n. For the lower bound,

∑

Q∈S
bQ(pn) = deg Ψpn = (p− 1) (dn + 1) (3.35)

∑

Q∈S
bQ(pmQ) =

∑

m∈M

∑

mQ=m
Q∈S

bQ(pmQ)

=
∑

m∈M
deg Ψpm

≤
∑

m∈M
(p− 1) (dm + 1) (3.36)

Now, when n = 2, the set M = {1}, so the final sum in equation (3.36) is exactly

(p− 1)(d+ 1) = (p− 1)
(
dn−1 + (n− 1)

)
.

If n > 2, then gcd(n, n− 1) = 1 and so

∑

m∈M
(dm + 1) ≤

n−2∑

i=1

(
di + 1

)
≤ dn−1 + n− 1.

So we have our lower bound:

(p− 1)
(
dn − dn−1 − (n− 1)

)
≤
∑

Q∈S
(bQ(pn) − bQ (pmQ)) . (3.37)
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To compute the upper bound, we will use the assumption that all of the points are roots of Ψpm for

somem ∈M . Then from Lemmas 11 and 12 applied to the map φm, we see that bQ(pn)−bQ(pm) > 0

if and only if
λ1 (φm, Q)

λ1 (hj , Q)

is a primitive rth root of unity for some r not divisible by p and some 1 ≤ j ≤ p−1. Equation (3.18)

(again applied to φm) shows that λ1(φ
pm, Q) must then be a primitive rth root of unity. In other

words, Q must be on a rationally indifferent cycle of length pm.

Also, by Proposition 5, we know that aQ(pn) ≥ bQ(pn) for every n. So we may now compute

the upper bound
∑

Q∈S
(bQ(pn) − bQ (pmQ)) =

∑

Q∈S
Q on a rationally indifferent cycle

(bQ(pn) − bQ (pmQ))

≤
∑

Q∈S
Q on a rationally indifferent cycle

bQ(pn)

≤
∑

Q∈S
Q on a rationally indifferent cycle

aQ(pn).

On page 146 of [2], Beardon provides exactly the upper bound we require; he shows that
∑

Q∈S
Q on a rationally indifferent cycle

aQ(pn) ≤ pn(d− 1). (3.38)

We now show that the inequality

(p− 1)
(
dn − dn−1 − (n− 1)

)
≤ pn(d− 1) (3.39)

can never hold for n ≥ 2 and d > 4.

Since p−1
p ≥ 1

2 and 1
2

(
dn − dn−1 − (n− 1)

)
≥ 1

2

(
dn − dn−1

)
− n, we may work instead with the

inequality

1

2

(
dn − dn−1

)
≤ nd

1

2

(
dn−1 − dn−2

)
≤ n

d− 1

2
dn−2 ≤ n (3.40)

2dn−2 ≤ n

where the last step follows from the assumption that d > 4. The function 2dn−2 − n is increasing

with n and is 0 when n = 2. Going back to the original inequality (3.39), we check that for n = 2

and d > 4 it still cannot hold:

1

2

(
d2 − d− 1

)
≤ 2(d− 1)

d(d− 1) − 1 ≤ 4(d− 1)

(d− 4)(d− 1) − 1 ≤ 0
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which clearly cannot hold for d > 4.

When d = 4, the inequality in equation (3.40) becomes 3
22n−2 ≤ n. Again, we see that the

function 3
24n−2 − n is increasing with n and it is already positive when n = 3, so the inequality can

hold only when n = 2. Given the bound on p, it is a simple matter to check that when d = 4, n = 2,

and p = 3 or 5, then inequality (3.39) cannot hold. So when d = 4, n = p = 2 is the only possibility.

Similar computations show that when d = 3 and n ≥ 3, and when n = 2 and d ≥ 5, inequal-

ity (3.39) cannot hold. Given the bounds on p, this completes the proof.

3.4 Reducibility for pure power functions

We are able to provide a complete description of how the dynatomic polynomials factor in the

case of the pure power functions and their reciprocals. Note that both maps have the degree 2

automorphism z 7→ 1/z. Additionally, φ(z) = zd has a z 7→ ζd−1 automorphism and φ(z) = 1
zd has

a z 7→ ζd+1 automorphism, where ζk represents a kth root of unity.)

Lemma 14. Let φ(z) = zd for d ≥ 2. Then for n > 1,

Φ∗
n,φ(z) =

∏

k|dn−1
k∤dm−1,m|n,m 6=n

Ck(z)

Remark. We note that this fact has appeared in the literature, for example in [13]. But unable been

to find a proof, we provide one here for completeness.

Proof. First we show that this holds for n prime.

Φ∗
n,φ(z) =

∏

k|n
(zd

k − z)µ(n/k) =
zd

n−1 − 1

zd−1 − 1
=

∏
k|dn−1 Ck(z)∏
k|d−1 Ck(z)

=
∏

k|dn−1
k∤dm−1,m|n,m 6=n

Ck(z)

Now assume that the result holds for all n < N . Since we have the result for primes, we assume

N is composite, and write N = pen for some prime p, with e ≥ 1 and p ∤ n. If k | N and pe−1 ∤ k,

then p2 | (N/k), which gives µ(N/k) = 0; in other words, k will not contribute to the product

Φ∗
n. Further, if pe−1k | N , then k | pn, so either k = k1 or k = pk1 for some k1 | n, and these

sets are disjoint since p ∤ n. Finally, note that since p ∤ n and hence p ∤ k for any k | n, we have

µ(pen/pe−1k) = µ(pn/k) = −µ(n/k), Putting this all together, we may compute

Φ∗
N,φ(z) =

∏

k|N
(zd

k − z)µ(N/k) =


∏

k|n
(zd

(pe−1k) − z)µ(pen/pe−1k)




∏

k|n
(zd

(pek) − z)µ(pen/pek)




=


∏

k|n

(
z

“

dpe−1
”k

− z

)−µ(n/k)



∏

k|n

(
z(d

pe

)
k

− z

)µ(n/k)


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=




∏

k|
“

dpe−1
”n

−1

k∤
“

dpe−1
”m

−1,m|n,m 6=n

1

Ck(z)







∏

k|(dpe

)
n−1

k∤(dpe

)
m−1,m|n,m 6=n

Ck(z)




=
∏

k|dN−1
k∤dm−1,m|N,m 6=N

Ck(z)

The penultimate equality above follows from the induction hypothesis because n < N . The final

equality follows from the fact that if k | dm − 1 for some m | N and m 6= N , then k | dpem − 1 for

some m | n or k | dpe−1n − 1. (Note the divisors of dp
e−1m − 1 for some m | n are included in the

first set.)

Lemma 15. Let φ(z) = 1
zd for d ≥ 2. Then for N > 2,

2 ∤ N =⇒ Φ∗
N,φ(z) =

∏

k|dN+1
k∤dm+1,m|N,m 6=N

Ck(z) (3.41)

N = 2n with 2 ∤ n =⇒ Φ∗
N,φ(z) =

∏

k|dN−1

k∤d2m−1,m|n,m 6=n
k∤dn+1

Ck(z) (3.42)

N = 2en with e ≥ 2 and 2 ∤ n =⇒ Φ∗
N,φ(z) =

∏

k|dN−1
k∤dm−1,m|N,m 6=N

Ck(z) (3.43)

Proof. If φ(z) = 1
zd , then for k odd, we have φk(z) = 1

zdk , and for k even, we have φk(z) = zd
k

. So

we may calculate

Φ∗
N (z) =



∏

k|N
2|k

(
zd

k − z
)µ(N/k)






∏

k|N
2∤k

(
zd

k+1 − 1
)µ(N/k)


 . (3.44)

If 4 | N , then for any odd divisor k of N , we have µ(N/k) = 0, so the second product is empty.

We may rewrite

∏

k|N
2|k

(
zd

k − z
)µ(N/k)

=


∏

k|N
zµ(N/k)




∏

k|N

(
zd

k−1 − 1
)µ(N/k)


 =

∏

k|N

(
zd

k−1 − 1
)µ(N/k)

,

which simplifies to the expression in equation (3.43) by the exact argument given in lemma 14.

If N is odd, it has no even divisors; so the first term is an empty product. The argument in this

case follows word-for-word the argument in lemma 14, with dn − 1 replaced by dN + 1. Note that

since N is odd, dm + 1 | dN + 1 when m | N .
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It remains only to consider the case that 2 | N but 4 ∤ N . So N = 2n with n odd. Then any odd

divisor k of N is simply a divisor of n. We see that for such divisors, µ(N/k) = µ(2n/k) = −µ(n/k).

So the second term in equation (3.44) is

∏

k|N
2∤k

(
zd

k+1 − 1
)µ(N/k)

=
∏

k|n

(
zd

k+1 − 1
)−µ(n/k)

=
∏

k|dn+1
k∤dm+1,m|n

1

Ck(z)
(3.45)

by the argument for the case when N is odd.

Similarly, we recognize that even divisors of N are of the form 2k where k | n, and in this case

µ(N/2k) = µ(2n/2k) = µ(n/k). The first term in equation (3.44) then becomes

∏

k|N
2|k

(
zd

k−1 − 1
)µ(N/k)

=
∏

k|n

(
zd

2k−1 − 1
)µ(n/k)

=
∏

k|dN−1

k∤d2m−1,m|n

Ck(z). (3.46)

Multiplying equations (3.46) and (3.45), we get precisely the expression in equation (3.43).

Corollary 3. We assume deg φ = d ≥ 2.

1. Let φ(z) = zd. If d > 2, then Φ∗
n(z) is reducible for every n. If d = 2, then Φ∗

n(z) is irreducible
if and only if 2n − 1 is prime.

2. Let φ(z) = 1
zd . If d > 2, then Φ∗

n(z) is reducible for every n. If d = 2, then Φ∗
n(z) is reducible

for every n > 3.

Proof. (1). Φ∗
1(z) = zd − z, which is reducible. Lemma 14 says that Φ∗

n(z) for n > 1 is irreducible

if and only if dn − 1 has no divisors other than those which divide dm − 1 where m | n. We always

have d− 1 | dn− 1, and if d > 2, it’s easy to see that the quotient dn−1 + · · ·+ d+ 1 does not divide

dm − 1 if m < n. So then Φ∗
n(z) is reducible for every n.

In the case d = 2, we see that if 2n − 1 is prime, then Φ∗
n(z) = C2n−1(z) is irreducible. If n is

prime but 2n− 1 is not prime, then 2n − 1 clearly has a factor not of the form 2m− 1 with m|n. So

then Φ∗
n(z) is reducible. Finally, if n is composite, let k be the smallest positive divisor of n. We

argue as above that the quotient of 2n − 1 and 2k − 1 does not divide 2m − 1 for any m 6= n. So

then Φ∗
n(z) has at least two nontrivial factors, namely C2n−1(z) and C(2n−1)/(2k−1)(z).

(2). In this case, Φ∗
1(z) = zd+1−1, which is reducible since d ≥ 2. If 4 | n, 2n−1 is not prime, so

the fact that Φ∗
n(z) is reducible follows from the fact that it is identical to Φ∗

n for the map φ(z) = zd,

which is reducible in this case by the argument above.

If n is odd, we need to see that dn + 1 has a factor which does not divid dm + 1 for any m | n.

Let k be the smallest nontrivial divisor of n. Then (dn + 1)/(dk + 1) = dn−k − dn−2k + · · ·+ 1. For
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this quotient to divide dm + 1, it is certainly necessary that n− k < m, But with n ≥ 4 and k the

smallest divisor of n, we have n− k ≤ n/k which is the largest divisor of n. So we have at least two

nontrivial factors of Φ∗
n, namely Cdn+1(z) and C(dn+1)/(dk+1)(z) with k the smallest positive divisor

of n.

Finally, if 2 | n but 4 ∤ n, we see from equation 3.42 that for m an odd divisor of n, we have

Cdm−1(z) | Φ∗
n(z). In particular, Cd−1(z) | Φ∗

n(z) is a nontrivial factor as long as d > 2. If d = 2,

we must restrict to the case n > 3, in which case we are assured of an odd factor of n greater than

one.

3.5 An irreducibility result

We now focus on the case degφ = 2.

Lemma 16. Let φ be a rational map of degree d = 2 with a stabilizer group of order 2 and suppose
charK 6= 2. Then φ is PGL2-conjugate to some map of the form

ψ =
z2 + a

az + 1
(3.47)

Proof. Milnor shows in [11] that any degree-2 rational map with at least two fixed points is linearly

conjugate to some map of the form z2+az
bz+1 , where a and b are the multipliers of the fixed points at

0 and ∞. The only map with a single fixed point has stabilizer group S3, so we may disregard this

case.

We already argued on page 15 that φ must in fact have three distinct fixed points. So then,

any element of Aut(φ) must interchange two fixed points of φ (since it has order 2), and since any

nontrivial element of PGL2 cannot fix three points in P1. An automorphism must also preserve the

multipliers of fixed points, so we see that if φ has a nontrivial automorphism, it necessarily has at

least two multipliers that are equal. Given this fact, if φ has a nontrivial automorphism, we can

choose a normal form for φ such that φ(z) = z2+az
az+1 .

Proposition 10. Let φ be a rational map of degree d = 2, with an automorphism group of order 2,
and let p be a prime such that 2p−1 is prime. Then the dynatomic polynomial Φ∗

p(x, y) is irreducible.

Proof. We use the normal form from Lemma 16. Suppose that Φ∗
n(x, y) = A(x, y)B(x, y) with

deg(A), deg(B) ≥ 1. Exactly as in theorem 6, we see that specializing to a = 0 will cause neither

factor to become trivial.

Specializing to a = 0, we have the map φ(z) = z2, so by theorem 14, Φ∗
p(z) is a product of

cyclotomic polynomials Cm(z) such that m | 2p − 1 but m 6 | 2k − 1 for any k | p. In the case that

2p− 1 is prime, then, we have simply the (2p− 1)st cyclotomic polynomial, which is irreducible.

Remark. For n = 2, the polynomial has a factor of a+ 1, but since it is not defined for a2 = 1 (this

does not give a degree 2 map), this does not correspond to reducibility in the corresponding variety.



Chapter 4

Rational periodic points

4.1 Preliminaries

If two maps defined over a field K are linearly conjugate, then they must be linearly conjugate over

K unless the maps have a nontrivial stabilizer group (see [20]). In the analysis of rational periodic

points for quadratic polynomials in [14], [7], and [18], the authors use the fact that every quadratic

polynomial is linearly conjugate over Q to a unique polynomial of the form fc(z) = z2 + c with

c ∈ Q. Rational periodic points are in one-to-one correspondence, so it is enough to analyze the

existence (or nonexistence) of rational periodic points for the family fc.

In the case of rational maps with a nontrivial stabilizer group, the situation is more complicated.

Up to conjugation by PGL2(Q) this is a one-parameter family; but, as we have seen in the example

on page 4, that equivalence is inadequate for analyzing rational periodic points. We must worry

about twists of the one-parameter family, as described in the following lemma.

Lemma 17. Let K be a field with char(K) 6= 2, 3 and let φ be a rational map of degree 2 defined
over K. Then Aut(φ) ∼= µ2 if and only if φ is linearly conjugate over K to some map of the form

φk,b(z) = kz +
b

z
(4.1)

with k ∈ K r {0,−1/2} and b ∈ K∗. Furthermore, two such maps φk,b and φk′,b′ are linearly
conjugate over K if and only if k = k′ and b/b′ ∈ (K∗)2.

Remark. Note that for fixed k, all maps of the form φk,b(z) are linearly conjugate overK. Conjugate

by fb(z) = z√
b

to see that

φfb

k,1(z) = kz +
b

z
= φk,b(z). (4.2)

The content of the lemma, then, is developing a normal form that incorporates the quadratic twists,

allowing us to examine rational periodic and preperiodic points. By abuse of notation, we will say

that maps φ(z) as described in the lemma are linearly conjugate over K to a unique map of the

form φk,b(z) with k ∈ K r {0,−1/2} and b ∈ K∗/ (K∗)2 .

47
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Proof. First we prove that Aut(φ) contains a subgroup isomorphic to µ2 if and only if φ is linearly

conjugate to some map of the form given in (4.1), with b, k ∈ K and bk 6= 0. One direction is clear:

z 7→ −z is an automorhpism of φb,k. By the remarks above, if φ is linearly conjugate to some φk,b,

then Aut(φ) ∼= Aut(φk,b) ⊇ µ2.

We generalize Milnor’s proof in [11] that a quadratic rational map defined over C possesses a

nontrivial automorphism if and only if it is linearly conjugate to a map in the unique normal form

φ(z) = k(z + z−1) with k ∈ C r {0}. Aut(φ) contains an element f of order 2. By, for example,

Theorem 3.1 of [20] and using the fact that char(K) 6= 2, 〈f〉 is conjugate to 〈−z〉.
Let g ∈ PGL2 such that g−1fg = −z. Then Aut(φg) ⊇ 〈−z〉. That is,

φg(−z) = −φg(z),

so φg must be an odd function. Writing φg(z) = F (z)/G(z) with F,G ∈ K[z], we see that φg(z) is

odd if and only if F (z) is even and G(z) is odd or vice-versa. If F (z) is odd, then we may conjugate

by h(z) = 1/z to get

(φg)
h

(z) = (even)/(odd).

So φ(z) is linearly conjugate to a map of the form

φk,b(z) =
kz2 + b

z
= kz +

b

z
. (4.3)

Clearly kb 6= 0 because deg(φ) = deg(φk,b) = 2.

It is easy to check that the multipliers of the three fixed points for φ(z) are {2k− 1, 2k− 1, 1/k}.
Linearly conjugate maps must have the same set of fixed-point multipliers, so for a given map φ(z)

as described in the theorem, there is in fact a unique nonzero k such that φ(z) is linearly conjugate

to a map of the form given above.

We claim that in fact k ∈ K∗. Let σ1, σ2, and σ3 be the three symmetric functions of the multi-

pliers. From [20], we know that the moduli space of degree-2 rational maps up to linear equivalence

is isomorphic to A2, with coordinates (σ1, σ2). If φ(z) is defined over K, then it necessarily corre-

sponds to a rational point in this moduli space, so σ1 and σ2 are both K-rational. Also from [11]

we know that σ3 + 2 = σ1. (this is proved over C, but it is a purely algebraic statement so the

result holds over any field). Therefore, the multipliers are the roots of a monic cubic polynomial

with coefficients in K, and 2k− 1 is a multiple root. Since charK 6= 2, 3, the polynomial must split

into three linear factors, and we conclude that k ∈ K∗ as desired.

All of the above holds for any φ with Aut(φ) ⊇ µ2. We now show that Aut(φk,b) ) µ2 if and

only if k = −1/2. Again, we generalize a proof of Milnor’s in [11].

By the remark above, φ−1/2,b(z) is linearly conjugate to φ−1/2,−1/2(z). Let f(z) = (z+1)/(z−1).

It is an easy matter to check that

φf−1/2,−1/2(z) =
1

z2
.

We note that Aut(1/z2) ⊇ S3 since Aut(1/z2) ⊇ 〈1/z, ζ3z〉 with ζ3 a primitive cube root of unity.

(In fact, Aut(1/z2) ∼= S3.) Since char(K) 6= 3 the group 〈ζ3z〉 is linearly conjugate to some group

G ( Aut(φ−1/2,b) of order 3, so Aut(φ−1/2,b) ) µ2.
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Now consider some φk,b with Aut(φk,b) ) µ2. For any rational map φ : P1 → P1 and any

f ∈ Aut(φ), f permutes the critical points of φ. In this case, the critical points of φk,b are ±
√
b/k,

which are interchanged by the automorphism z 7→ −z. So using Milnor’s notation, we have a

subgroup Aut0(φk,b) ⊂ Aut(φk,b) of index ≤ 2, consisting of automorphisms which fix the two

critical points.

Choose f ∈ PGL2 such that f sends the critical points to {0,∞}, and let ψ = φfk,b. Consider

some nontrivial g ∈ Aut0(ψ). Since g fixes 0 and ∞, we see that g(z) = λz for some λ 6= 0, and since

g is nontrivial we see also that λ 6= 1. Then g ∈ Aut(ψ) means that ψ(λz) = λψ(z), so in particular

ψ(0) ∈ {0,∞} and ψ(∞) ∈ {0,∞}. If ψ fixes both 0 and ∞, then ψ(z) = αz2 for some α 6= 0. But

then we must have λ = 1, which contradicts g being nontrivial.

So instead we have ψ(0) = ∞ and ψ(∞) = 0, which means that ψ(z) = α/z2, which is conjugate

to 1/z2. But we have already seen that z 7→ 1/z2 is conjugate to φ−1/2,−1/2(z), and that the k value

is unique. For any other k ∈ K∗, then, it follows that the stabilizer group is exactly 〈−z〉.
Now define

Twist(φ/K) =

{
K-equivalence classes of maps ψ such that

ψ is K-equivalent to φ

}
.

Let φk,1(z) = kz + z−1 ∈ K(z) with k ∈ K r {0,−1/2}. We claim that there is an isomorphism

K∗/(K∗)2
∼−→ Twist(φk,1/K),

and that in fact each K-equivalence class corresponds to a unique map of the form

φk,b(z) = kz +
b

z
with b ∈ K∗/ (K∗)2 .

This will complete the proof of the lemma. Any map φ(z) ∈ K(z) with the given automorphism

group is K-equivalent to some map φk,b(z), which in turn is conjugate to φk,1 ∈ K(z). The map φ

is therefore in some equivalence class of Twist(φk,1/K), and hence must be K-equivalent to a map

of the given form. The following argument is adapted from a similar one in Silverman in [22].

First, we show that there is an injection

K∗/(K∗)2 →֒ Twist(φk,1/K). (4.4)

For a fixed k, all φk,b are linearly conjugate (over K) to φk,1, so we have a map of sets

K∗ −→ Twist(φk,1/K) (4.5)

b 7−→ [φk,b]K ,

where [φk,b]K represents the equivalence class of φk,b in Twist(φ/K). If b/c ∈ (K∗)2, then φk,b and

φk,c are K-linearly equivalent. Let f(z) = z
√
b/c ∈ PGL2(K); then

φk,c = φfk,b.
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So (4.5) induces a well-defined map

K∗/(K∗)2 −→ Twist(φk,1/K).

We now use the fact that if two rational maps are K-linearly equivalent, then their n-periodic

points generate the same field extension of K. Clearly

Pern(φ
f ) = {f−1(P ) : P ∈ Pern(φ)}.

With f ∈ PGL2(K), P and f−1(P ) must generate the same extension.

Assume first that k 6= 1. Then the finite fixed points of φk,b(z) are given by

z = ±
√
b√

1 − k
.

Hence if φk,b and φk,c are K-linearly equivalent, then K
( √

b√
1−k

)
and K

( √
c√

1−k

)
are the same, which

holds if and only if b/c ∈ (K∗)2 (we are again using the fact that char(K) 6= 2). So we conclude

that (4.4) is an injection, as claimed.

If k = 1, we must use the points of period 2 since the point at infinity is the only one fixed by

φ1,b(z). We calculate the second dynatomic polynomial Φ2(x, y) = 2x2 + by2, so the period-2 points

are

z = ±
√
− b

2
.

The argument above shows that if φ1,b is K-equivalent to φ1,c, then b/c ∈ (K∗)2. So indeed the

map in (4.4) is an injection.

Now, in [20], we find that

Twist(φ/K) →֒ H1 (GK ,Aut(φ)) . (4.6)

Take [ψ]K ∈ Twist(φ/K) with ψ = φf for some f ∈ PGL2(K). Then [ψ]K maps to the cocycle

σ 7→ f−1fσ. In this case,

H1 (GK ,Aut(φk,1)) = H1 (GK ,µ2)

By standard results in Galois cohomology (see, for example, [19]), we have an isomorphism.

K∗/(K∗)2
∼−→ H1 (GK ,µ2) (4.7)

b 7−→


σ 7→

σ
(√

b
)

√
b


 .

By Hilbert’s Theorem 90, every cocycle is equivalent to one of the form σ 7→ σ(
√
b)√
b

for some

b ∈ K∗/(K∗)2, so we map this cocycle back to b.

We need to show that the two injections in (4.4) and (4.6) are inverses of each other. Begin

with some b ∈ K∗/(K∗)2, define fb(z) = z√
b
∈ PGL2 and consider φfb

k,1 = φk,b. Then [φk,b]K ∈
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Twist(φ/K), and so [φk,b]K maps in (4.6) to the cocycle f−1
b fσb , which maps by the isomorphism

in (4.7) to b. Then in (4.4), we see that b 7→ φk,b.

Reasoning in the oppostie direction, begin with some [ψ]K ∈ Twist(φk,1/K). Choose a rep-

resentative ψ ∈ [ψ]K , and find f such that φf = ψ. Then by (4.6), [ψ]K maps to the cocycle
(
σ 7→ f−1fσ

)
. By the isomorphism in (4.7), this is equivalent to a cocycle of the form


σ 7→

σ
(√

b
)

√
b




for some b ∈ K∗/(K∗)2. Note that φk,b also maps to this cocycle, so by the injectivity of (4.6),

φk,b ∈ [ψ]K . Now we see that the given cocycle maps via the isomorphism to b, which maps by the

injection in (4.4) to φk,b ∈ [ψ]K .

4.2 Rational periodic points

From now on, we take φ(z) ∈ Q(z) to be a rational map of degree 2 satisfying Aut(φ) ∼= µ2. If

we wish to examine rational periodic points for φ, by Lemma 17 it is enough to examine the case

φ(z) = kz + b
z , for k ∈ Q r {0,−1/2} and b ∈ Q∗/(Q∗)2. We will use φ(z) = kz + b

z and the

homogeneous form φ(x, y) = [kx2 + by2 : xy] interchangeably.

Proposition 11. Let φ(z) = kz + b
z , with k ∈ Q∗ and b ∈ Q∗/(Q∗)2. Then

(a) For all k and b, the point at infinity is a rational fixed point for φ(z).

(b) If b = 1− k , then φ(z) has two finite rational fixed points; otherwise, φ(z) has no finite rational
fixed points.

Proof. Consider the dynatomic polynomial Φ∗
1(x, y) = (k − 1)x2y + by3. Roots of this polynomial

are precisely the fixed points of φ(x, y). We see that P = [1 : 0], the point at infinity, is always a

root. If k = 1, then P is a triple root of the polynomial. (So for k = 1 we have no finite fixed points

at all.)

We now dehomogenize to find the finite fixed points for k 6= 1.

Φ∗
1(z) = (k − 1)z2 + b.

Solving Φ∗
1(z) = 0 for z, we find z = ±

√
b

1−k , which is rational precisely when b
1−k ∈ (Q∗)2. The

two finite fixed points are always distinct, since b 6= 0. From Lemma 17, this is equivalent to

b = 1 − k.

Remark. Proposition 11 says that every degree-2 rational map defined over Q with automorphism

group µ2 has at least one rational fixed point, since φ must be linearly conjugate over K to some

map of the form φk,b and the fixed point at infinity must map to some rational fixed point of φ.

This property, which is quite different from most one-parameter families of rational maps, can be

explained more intrinsically.
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First, if Aut(φ) = 〈f〉 ∼= µ2, then f ∈ PGL2(Q). Let σ ∈ Gal(Q/Q). Then

φ = φσ since φ is defined over Q

= (φf )σ = (φσ)f
σ

= φf
σ

So fσ ∈ Aut(φ, meaning that fσ ∈ {id, f}. Since fσ must have order 2, f = fσ, and so f is defined

over Q as well.

Now, f must permute the fixed points of φ. If φ has only one fixed point, clearly f fixes that.

If φ has three fixed points, f must interchange two of them and fix the third since f has order two.

(Recall that φ cannot have exactly two fixed points by Proposition 11). In any case, there is exactly

one point P fixed by both f and φ. We claim that P is a rational point.

Again, let σ ∈ Gal(Q/Q). Then

f(P σ) = (f(P ))
σ

since f is defined over Q

= P σ

The same calculation works for φ(P σ), so P σ is the common fixed point of f and φ. In other words,

P σ = P .

Proposition 12. Let φ(z) = kz + b
z , with k ∈ Q∗, and b ∈ Q∗/(Q∗)2. Then φ(z) has a rational

point of primitive period 2 if and only if b = −(k + 1).

Proof. Begin with the dynatomic polynomial

Φ∗
2(x, y) = k

(
(k + 1)x2 + by2

)
.

Roots of this polynomial are precisely the points of formal period 2 for φ(x, y). We see that P = [1 :

0], the point at infinity, is a root if and only if k = −1. We know that P = [1 : 0] is actually a fixed

point, so for k = −1, we have no two-cycle. Further, for a fixed point have formal period 2, it must

have multiplier −1, which can happen only when k = −1. Recall that the multipliers are 2k-1, 2k-1

and 1/k.

We now dehomogenize to find the points of period 2 if k 6= −1. Solving

Φ∗
2(z) = k

(
(k + 1)z2 + b

)
= 0

for z, we find z = ±
√

−b
k+1 , which is rational precisely when −b

k+1 ∈ (Q∗)2, and it has two distinct roots

since b 6= 0. Again, because b is defined only modulo squares, this is equivalent to b = −(k+ 1).

Theorem 8. Let φ(z) = kz + b
z with k, b ∈ Q∗. Then φ(z) has no rational point of primitive

period 3.

Proof. We compute the third dynatomic polynomial for φ(z) = kz + b
z ,

Φ∗
3(b, k, z) =k6z6 + k5z6 + k4z6 + 3bk5z4 + 2bk4z4 + 3bk3z4

+ bkz4 + 3b2k4z2 + b2k3z2 + b2z2 + 2b2k2z2 − b2kz2 + b3k3.
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We wish to show that there are no rational (allowable) values of b, k, and z such that Φ∗
3(b, k, z) = 0.

Since the parameter b simply represents quadratic twists of the curve Φ∗
3 = 0, properties like the

reducibility and genus of the curve are independent of b. By Theorem 10, we know that the Φ∗
3 = 0

is irreducible.

Since Φ∗
3 = 0 is even in z, by letting x = z2 we see that it covers a curve of genus 2.

Θ∗
3(b, k, x) = k6x3 + k5x3 + k4x3 + 3bk5x2 + 2bk4x2 + 3bk3x2 + bkx2

+ 3b2k4x+ b2k3x+ b2x+ 2b2k2x− b2kx+ b3k3

= 0.

Let F be the curve Φ∗
3 = 0 and C be the curve Θ∗

3 = 0. We have a map

g : F −→ C.

To find the rational points of F , then, it is sufficient to find the rational points of the genus 2 curve

C, and then then to find their preimages under

g : F (Q) −→ C(Q).

A change of coordinates x = bx and dividing by b3 removes the dependence on b

k6x3 + k5x3 + k4x3 + 3k5x2 + 2k4x2 + 3k3x2 + kx2 + 3k4x+ k3x+ x+ 2k2x− kx+ k3 = 0.

And another change of coordinates x = x/k and multiplying by k drops the total degree a bit

G(k, x) = k4x3 + k3x3 + k2x3 + 3k4x2 + 2k3x2 + 3k2x2

+ x2 + 3k4x+ k3x+ x+ 2k2x− kx+ k4

= 0.

Simultaneously solving G(k, x) = ∂
∂xG(k, x) = ∂

∂kG(k, x) = 0 shows that the curve has no finite

singular points. However, it has two singularities on the line at infinity: one of multiplicity four at

[1 : 0 : 0] and one of multiplicity three at [0 : 1 : 0]. The curve has genus 2, so it must be birational

to a hyperelliptic curve.

Repeatedly blowing up the singularities and changing coordinates allows us to find the birational

hyperelliptic curve C1 defined by

v2 = u6 + 2u5 − 5u4 + 10u3 − 10u2 + 4u− 1. (4.8)

Here is a sketch of the relevant substitutions. Note that with each substitution, the singularities

become less severe. Since the two singularities are at infinity, take a different affine piece. Consider

the affine slice with k = 1, which gives the curve

y3 + xy6 − xy5 + 2xy4 + xy3 + 3xy2 + x2y5 + 3x2y3 + 2x2y2 + 3x2y + x3y2 + x3y + x3 = 0.
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This curve has a triple-point at (0, 0), so we substitute x = x1y and divide by y3, which gives another

model

1 + x1y
4 − x1y

3 + 2y2x1 + x1y + 3x1 + x2
1y

4 + 3y2x2
1 + 2yx2

1 + 3x2
1 + y2x3

1 + yx3
1 + x3

1 = 0.

This curve has singularities at [1 : 0 : 0], [−1 : 0 : 1], and [0, 1, 0]. Take the affine slice x1 = 1 to

get another model

z6 + 3z5 + 3z4 + z3 + yz4 + 2yz3 + yz2 + 2y2z3 + 3y2z2 + y2z − y3z2 + y4z + y4 = 0

which has a singularity at (0,−1). We substitute z = z1 − 1 to move the singularity to (0, 0) and

then substitute z1 = z2y and divide by y3 to get

z2
2 + 2y1z

2
2 − z2 − y2

1z
2
2 + 2y1z2 + y3

1z
2
2 − y2

1z2 + z3
2 − 1 = 0.

This curve has a singularity at (0,−1), so again substitute z2 = z3 − 1 to move the singularity to

(0, 0) and then blow up again with z3 = y1z4 and divide by y2
1 to get

−2z2
4 + 2y1z

2
4 − 2z4 − y2

1z
2
4 + y1z4 + y3

1z
2
4 − 2y2

1z4 + y1 + y1z
3
4 = 0.

This curve has two double-points at infinity, so we take another affine slice z4 = 1 to get the

model

y1x
4
2 − 2x4

2 + y1x
3
2 − 2y2

1x
2
2 − 2x3

2 + 2y1x
2
2 − y2

1x2 + y3
1 + y1x2 = 0

which has a node at (0, 0). Substituting y1 = y2x2 and dividing by x2
2 gives

y2x
3
2 − 2x2

2 + y2x
2
2 − 2x2

2y
2
2 − 2x2 + 2y2x2 − x2y

2
2 + x2y

3
2 + y2 = 0.

A calculation shows that this curve has a node at infinity along the line x2 − y2 = 0, which we

move to an axis by substituting y2 = y3 + x2 to get

−x2
2y3 + x2

2y
2
3 − x2 + 2y3x2 − x2y

2
3 + x2y

3
3 + y3 = 0. (4.9)

This curve is quadratic in x2, so it is birational to the curve C1 defined by

v2 = u6 − 2u5 + 5u4 − 10u3 + 10u2 − 4u+ 1,

where the right hand side of the equation above is the x2-discriminant of equation (4.9), with u = y3.

C1 has a few obvious rational points, namely (0,±1) and (1,±1). Also, since the degree is even

in u, the curve has two points at infinity, both of which are rational points because when writing the

curve as v2 = f(u) the lead coefficient of f(u) is a square in Q. We call these points ∞+ and ∞−.

Magma gives a bound on the rank of J(Q), the Mordell-Weil group of the Jacobian, as 0; and so

the rank is 0. Magma also computes that the torsion subgroup has order 21, giving the entire set of
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points on J(Q) as:

identity, {∞+,∞+}, {∞−,∞−},
{(0, 1), (0, 1)}, {(0,−1), (0,−1)}, {(1, 1), (1, 1)},

{(1,−1), (1,−1)}, {∞+, (0, 1)}, {∞+, (0,−1)},
{∞+, (1, 1)}, {∞+, (1,−1)}, {∞−, (0, 1)},
{∞−, (0,−1)}, {∞−, (1, 1)}, {∞−, (1,−1)},
{(0, 1), (1, 1)}, {(0, 1), (1,−1)}, {(1+

√
−3

2 , 3+
√
−3

2 ), (1−
√
−3

2 , 3−
√
−3

2 )},
{(0,−1), (1, 1)}, {(0,−1), (1,−1)}, { 1+

√
−3

2 , −3−
√
−3

2 ), (1+
√
−3

2 , −3+
√
−3

2 )}.

As usual, {P1, P2} is shorthand for the divisor class containing P1 + P2 −∞+ −∞−.

There can therefore be no other points in C1(Q), apart from the six points already found, since

any other points in C1(Q) would give rise to additional members of J(Q). We need to find the

corresponding rational points on the curve F . The change of coordinates from G(k, x) = 0 to C1 is

x =
−2u4 + 5u3 − 5u2 + 2u− 1 + v

2u2(u2 − u+ 1)
(4.10)

k =
1 − u2 + u3 − 2u+ v

4u(1 − u)
. (4.11)

Using the equation for C1, we can find alternate forms for x and k as well,

x =
2(u− 1)4

−2u4 + 5u3 − 5u2 + 2u− 1 − v
(4.12)

k =
2u(u− 1)

1 − u2 + u3 − 2u− v
. (4.13)

We see that at (u, v) = (0, 1) and (u, v) = (1,−1), the denominator of equation (4.11) vanishes

but the numerator does not, so k has a pole at these points. Similarly at (u, v) = (0,−1) and

(u, v) = (1, 1), the numerator of equation (4.13) vanishes but the denominator does not, so these

points give k = 0.

It remains to investigate the points ∞+ and ∞−. At ∞+, we have the formal expansion

v = u3 − u2 + 2u− 3 + 4u−2 + · · ·

Substituting this into equation (4.11), we find that

k = −u
2

+ powers of u−1,

so k has a pole at ∞+.

Similarly, at ∞−, we have the formal expansion

v = −(u3 − u2 + 2u− 3 + 4u−2 + · · · )

Substituting this into equation (4.11), we find that

k = 0 + powers of u−1,
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so the point at ∞− pulls back to k = 0.

The curve G(k, x) = 0 therefore has just four rational points: (0, 0), (0,−1), and the two points

at infinity. The k-values for this curve correspond exactly to the k-values on our original curve C,

and k = 0 does not give a rational map of degree 2. So no rational maps φ have a rational point of

primitive (or even formal) period 3.

This result is quite different from the case of quadratic polynomials. There is a one-parameter

family of c values such that fc(z) = z2 + c has a rational point of primitive period 3, in which case it

has exactly three such points [12]. If a map φk,b were to have a rational point of primitive period 3,

it would necessarily have six of them, since the three cycles are related by the autmorphism:

{α, φ(α), φ2(α)} and {−α,−φ(α),−φ2(α)}.

By results in Section 4.3, this would give rise to at least 14 rational preperiodic points, which would

seem to be “too many” for a rational map of degree 2.

The next theorem also provides a contrast to the quadratic polynomial case, in which fc(z) can

never have a rational point of primitive period 4.

Theorem 9. Let φ(z) = kz + b
z with k ∈ Q∗ and b ∈ Q∗/(Q∗)2.

(a) There is a one-parameter family of such maps

φm(z) =
2mz

m2 − 1
− m

z(m4 − 1)

with a rational point of primitive period 4. In this case, φ(z) has exactly four points of primitive
period 4.

(b) φ(z) cannot have more than four points of primitive period 4.

Proof. We first calculate the fourth dynatomic polynomial for φ, which we know to be reducible by

results in Chapter ??. One factor parameterizes maps and four cycles where z and −z are on the

same cycle, and the other factor parameterizes maps and four cycles where z and −z are on different

cycles.

Φ∗
4(b, k, z) = Ψ∗

4(b, k, z)Λ
∗
4(b, k, z) (4.14)

Ψ∗
4(b, k, z) = k3z4 + kz4 + 2bk2z2 + 2bz2 + b2k (4.15)

Λ∗
4(b, k, z) = z8k9 + 4bz6k8 + bz6k4 + 2bz6k6 + 6b2z4k7 + 4b2z4k5 (4.16)

+ 3b2z4k3 + b2z4k + 4b3z2k6 + 2b3z2k4 + b3z2k2 + b3z2 + b4k5

We will show that there is a one-parameter family of k and b values for which Ψ∗
4 has four rational

z roots, and that there are no maps for which Λ∗
4 has rational z roots.

Ψ∗
4 even in z, so substitute z2 = x and consider the curve

k3x2 + kx2 + 2bk2x+ 2bx+ b2k = 0.
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A change of coordinates x = bx1 and dividing by b2 removes dependence on b, so we have

k3x2
1 + kx2

1 + 2k2x1 + 2x1 + k = 0.

And once again, the change x2 = x1

k and multiplying by k drops the total degree, leaving the model

k2x2
2 + x2

2 + 2k2x2 + 2x2 + k2 = 0.

This is already quadratic in x2, with discriminant 4(1 + k2), so it is birational to the rational curve

d2 = (1 + k2).

This curve is parameterized by k = 2m
m2−1 and d = m2+1

m2−1 .

Tracing back the change of coordinates, we find

x2 =
−2(1 + k2) ± 2d

2(1 + k2)
= −1 ± d

1 + k2
. (4.17)

So let

x2 = −1 +
d

1 + k2
= − 2

m2 + 1
;

which means that

x1 = kx2 = − 4m

m4 − 1
,

bx = − 4m

m4 − 1
.

Since x = z2 is a square, and b is taken as a number modulo squares, we may simply let

b = − m
m4−1 . (Note that taking the other root for x2 in (4.17) results in the same b value modulo

squares.) Let

φm(z) = kz +
b

z
=

2mz

m2 − 1
− m

z(m4 − 1)
. (4.18)

We now recalculate the fourth dynatomic polynomial for this φm(z)

Φ∗
4 =

(
−2m4

(m− 1)12(m+ 1)12 (m2 + 1)6

)

(
m2z + z − 1

) (
m2z + z + 1

) (
m2z + z −m

) (
m2z + z +m

)

(−512z8m14 − 2048z8m12 − 3072z8m10 − 2048z8m8 − 512z8m6 + 16z6m16

+ 112z6m14 + 1104z6m12 + 2864z6m10 + 2864z6m8 + 1104z6m6

+ 112z6m4 + 16z6m2 − 2z4m16 − 16z4m14 − 88z4m12 − 752z4m10

− 1356z4m8 − 752z4m6 − 88z4m4 − 16z4m2 − 2z4 + z2m14 − z2m12

+ 29z2m10 + 227z2m8 + 227z2m6 + 29z2m4 − z2m2 + z2 − 32m6)

(4.19)

So as long as m /∈ {−1, 0, 1} we have the following four rational points of period 4.

1

m2 + 1

φm7−→ −m
m2 + 1

φm7−→ −1

m2 + 1

φm7−→ m

m2 + 1

φm7−→ 1

m2 + 1

φm7−→ · · ·
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Note that the condition on m (which is necessary so that b and k are both defined and nonzero)

insures that all four points in the cycle are distinct.

If φ(z) = kz + b
z is to have more than four rational points of primitive period 4, there must be

rational roots of Λ∗
4(b, k, z) = 0. Following Morton in [14], we define the trace of an n-cycle in C of

φ(z) = kz+ b
z to be the sum of the elements in the cycle. Then we let τn(z, b, k) ∈ Q(b, k)[z] be the

polynomial whose roots for generic b, k are the traces of all the n-cycles where the trace is nonzero.

Only modest modifications to Morton’s method of computing the polynomials τn are necessary for

the case of rational functions.

Rational solutions to Λ∗
4(b, k, z) = 0 necessarily yield rational solutions to τ4(b, k, z) = 0. The

hope is to find only finitely many solutions to the second equation, and then find the corresponding

solutions to the first one. In this case, however, τ4(b, k, z) = 0 has infinitely many rational solutions,

meaning that there are infinitely many rational b and k values such that φk,b has three Galois-stable

4-cycles. (See Remark 4.2 following this proof.)

Instead, for fixed b and k, let α be a root of Λ∗
4(z, b, k). Then the other roots are necessarily

φ(α), φ2(α), φ3(α), −α, −φ(α), −φ2(α), and −φ3(α). Let t1 = α + φ2(α), t2 = φ(α) + φ3(α),

t3 = −α− φ2(α), and t4 = −φ(α) − φ3(α).

We let τ4,2(z, b, k) ∈ Q(b, k)[z] be the polynomial whose roots for generic b, k are the ti for

i = 1, . . . , 4. We see that τ4,2(z, b, k) must have degre 4 in z, and it is easy to check that the

coefficients of the linear and cubic terms both vanish. Let τ4,2(z, b, k) = z4 +Uz2 + V and solve for

U and V so that this polynomial vanishes identically modulo Λ∗
4(z, b, k). We find that

τ4,2(z, b, k) = z4 +
4bk4 + 4bk2 + b

k5
z2 +

4b2k4 + 4b2k2 + b2

k8
.

Since τ4,2 is even in z, we may substitute x = z2 and consider instead roots of

x2 +
4bk4 + 4bk2 + b

k5
x+

4b2k4 + 4b2k2 + b2

k8
= 0.

A change of variables x→ bx and dividing by b2 removes dependence on b:

x2 +
4k4 + 4k2 + 1

k5
x+

4k4 + 4k2 + 1

k8
= 0. (4.20)

This curve is already quadratic in x, and the discriminant is

d2 =
(2k2 − 2k + 1)(2k2 + 2k + 1)(1 + 2k2)2

k10
.

So we may search for rational points on the elliptic curve

y2 = (2k2 − 2k + 1)(2k2 + 2k + 1). (4.21)

Letting k → 2k/y and y → −1 + 2k3/y2 and multiplying both sides by y4/k3 puts the curve in

Weierstrass form

y2 = k3 − 16k,
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which has the minimal model

y2 = k3 − k.

This is curve 32a2 in Cremona’s tables [4]. It has rank 0 and torsion subgroup of order 4. The curve

in equation (4.21) must then have exactly four rational points. It has a double-point at infinity

(since it has the form y2 = quartic), and the obvious points (k, y) = (0,±1). That must be all of

the rational points, so the only possible finite k-value is 0, which does not yield a valid rational map

of degree 2.

Example. Let m = 2. Computing k and b from equation (4.18), we have the rational map φ2(z) =
4z
3 − 2

15z with the four-cycle

1

5

φ27−→ −2

5

φ27−→ −1

5

φ27−→ 2

5

φ27−→ 1

5

φ27−→ · · ·

Remark. Let φm1 = k1z+ b1
z and φm2 = k2z+ b2

z with k1, k2, b1, and b2 as given in equation (4.18).

By lemma 17, these rational maps are linearly conjugate over Q if and only if k1 = k2 and b1
b2

∈ (Q∗)2.

We can solve

k1 = k2

2m1

m2
1 − 1

=
2m2

m2
2 − 1

(m2 −m1)(m1m2 + 1) = 0

m1 = m2 or m1 = − 1

m2

If m1 6= m2, then k1 = k2 if and only if m1 = − 1
m2

. We can now compute the relevant b1 and b2

in this case.

b1 = − m1

m4
1 − 1

b2 = − m2

m4
2 − 1

= − (−1/m1)

(−1/m1)4 − 1
= − m3

1

m4
1 − 1

= m2
1b1

We see, therefore, that φm1 is linearly conjugate to φm2 if and only if m1 = m2 or m1 = − 1
m2

.

Remark. If we consider the curve C : Λ∗
4(b, k, z) = 0 where the parameter b merely represents

quadratic twits of the curve, then C has an automorphism (b, k, z) 7→ (b, k, φ(z)). The curve

τ4(b, k, z) − 0, represents C/ , the quotient of C by this automorphism. The curve C also has

an automorphism (b, k, z) 7→ (b, k, φ2(z)), and the quotient of C by this second automorphism is

given by τ4,2(b, k, z) = 0.

Examining τ4(b, k, z), we can show that for any k value, we may choose a b so that φk,b has three

Galois-stable four cycles, but no rational points of primitive period 4.

If α is a root of Ψ∗
4, then so is −α, and that Ψ∗

4 represents a single four-cycle with trace 0.

(Clearly, this gives a Galois-stable four cycle.) To compute τ4, then, we want the traces of the
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cycles given by Λ∗
4(b, k, z), so we expect τ4 to be quadratic. Further, we can see that the sum of the

two traces will vanish: if α is on one 4-cycle, then −α is on the other. Therefore the irreducible

polynomial for the traces will be of the form τ4(z, b, k) = z2 + V for some V ∈ Q(b, k), and it is an

easy matter (with Mathematica) to compute

τ4(z, b, k) = z2 +
b
(
4k4 + 4k3 + 4k2 + 2k + 1

)

k5
.

Since τ4 is even in z, we may let x = z2 and consider instead the polynomial

x+
b
(
4k4 + 4k3 + 4k2 + 2k + 1

)

k5
= 0.

A change of variables x→ bx/k5 and then multiplying by k5/b, and we have

x+
(
4k4 + 4k3 + 4k2 + 2k + 1

)
= 0.

Any rational k yields a rational x. We may then choose b so that k5x/b is a square. In fact, it is

enough to let b = −
(
4k4 + 4k3 + 4k2 + 2k + 1

)
. (It is an easy matter to check that this relationship

between k and b is different from the one in equation (4.18), so that if φk,b has three Galois-stable

four-cycles, it does not have any rational points of primitive period 4.)

Using this substitution, we may recompute the 4th dynatomic polynomial.

Φ∗
4(k, z) = k4(16k10 + 32k9 + 48k8 + 48k7 + 40k6 + 24k5 + 12k4 + 4k3 + k2

− 8z2k6 − 8z2k5 − 16z2k4 − 12z2k3 − 10z2k2 − 4z2k − 2z2 + z4k2 + z4)

(16k11 + 32k10 + 48k9 + 48k8 + 40k7 + 24k6 + 12k5 + 4k4 + k3

+ 16zk9 + 16zk8 + 16zk7 − 8zk5 − 16zk4 − 12zk3 − 8zk2 − 3zk − z

− 8z2k6 − 12z2k3 − 8z2k2 − 12z2k5 − 16z2k4 − 3z2k − z2

− 4z3k5 − 4z3k4 − 4z3k3 − 2z3k2 − z3k − z4k3)

(16k11 + 32k10 − +48k9 + 48k8 + 40k7 + 24k6 + 12k5 + 4k4 + k3

16zk9 − 16zk8 − 16zk7 + 8zk5 + 16zk4 + 12zk3 + 8zk2 + 3zk + z

− 8z2k6 − 12z2k5 − 16z2k4 − 12z2k3 − 8z2k2 − 3z2k − z2

+ 4z3k5 + 4z3k4 + 4z3k3 + 2z3k2 + z3k − z4k3).

We conclude by presenting evidence that for n = 5 and n = 6, there are no rational periodic

points for φ(z) = kz+ b
z of primitive period n. It seems reasonable that there are no rational periodic

points of period n > 4, but certainly a different approach would be necessary to prove this result.

Proposition 13. Let φ(z) = kz + b
z with k ∈ Q r {0,−1/2} and b ∈ Q∗/(Q∗)2. Then there are at

most finitely many φ with a rational point of primitive period 5. In fact, there are only finitely many
such maps with a Galois-stable five cycle.

Proof. Again, irreducibility of the curve Φ∗
5(b, k, z) = 0 is unaffected by the parameter b. By Theo-

rem 10, we know that Φ∗
5(1−k, k, z) = 0 is irreducible over Q. It is a seemingly unweildy polynomial
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of degree 30 in each k and z, but using techniques like those in the previous lemmas, we can con-

sider the trace of an orbit of a given five-cycle, and calculate the polynomial τ5(b, k, z). Since −α
is a root of Φ∗

5 whenever α is, and since α and −α are necessarily on different orbits, we see that

τ5(b, k, z) ∈ Q(b, k)[z] will be a degree-6 polynomial that is even in z.

Mathematica allows us to calculate the coefficients as before, and we find that

τ5(b, k, z) = z6 +
b
(
11k6 + 11k5 + 11k4 + 7k3 + 5k2 + 2k + 1

)

k7
z4

+
b2
(
19k8 + 38k7 + 57k6 + 60k5 + 55k4 + 38k3 + 24k2 + 9k + 3

)

k10
z2

+
b3
(
3k3 + 3k2 + 3k + 1

)2 (
k4 + k3 + k2 + k + 1

)

k13
.

We may substitute x = z2 to get

τ5(b, k, x) = x3 +
b
(
11k6 + 11k5 + 11k4 + 7k3 + 5k2 + 2k + 1

)

k7
x2

+
b2
(
19k8 + 38k7 + 57k6 + 60k5 + 55k4 + 38k3 + 24k2 + 9k + 3

)

k10
x

+
b3
(
3k3 + 3k2 + 3k + 1

)2 (
k4 + k3 + k2 + k + 1

)

k13
.

Substituting x→ b
k3 x and multiplying by k13/b3 removes the dependence on b and leaves a polyno-

mial. So we seek rational solutions to

0 = k4x3 +
(
11k6 + 11k5 + 11k4 + 7k3 + 5k2 + 2k + 1

)
x2

+
(
19k8 + 38k7 + 57k6 + 60k5 + 55k4 + 38k3 + 24k2 + 9k + 3

)
x

+
(
3k3 + 3k2 + 3k + 1

)2 (
k4 + k3 + k2 + k + 1

)
.

(4.22)

The curve described in equation (4.22) has genus 4 and is not hyperelliptic. Certainly any rational

triple (b, k, z) such that Φ∗
5(b, k, z) = 0 would yield a rational point on this curve. Furthermore, any

rational point on this curve with k 6= 0 corresponds to a Galois-stable five cycle for φ(z). By Falting’s

Theorem [6], there can be only finitely many such points.

Remark. It seems likely that there are not any finite rational points on the curve in equation (4.22)

other than the point (k, x) = (−1/2,−11/4). The author has tested rational points with height

≤ 1, 000 and found no other rational solutions. However, the author can find no map to curves of

lower genus nor any other method for proving there are no such points.

Recall that k = −1/2 gives a map with additional automorphisms. For this k-value we can trace

back the substitutions and find that this corresponds to the map

φ(z) = −z
2

+
22

z
.

This map has two Galois-stable five cycles, but no rational points of period 5.

One might ask if for every n (or even just for infinitely many n) there is always a map in

Twist
(
φ−1/2,1/Q

)
with a Galois-stable n-cycle.
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Proposition 14. Let φ(z) = kz + b
z with k ∈ Q r {0,−1/2} and b ∈ Q∗/(Q∗)2.

(a) There are no such maps φ such that φ has exactly six rational points of primitive period 6.

(b) There are at most finitely many φ with more than six rational points of primitive period 6.

Proof. Again, from results in Chapter ?? we know that the sixth dynatomic polynomial for this

family factors as

Φ∗
6(b, k, z) = Ψ∗

6(b, k, z)Λ
∗
6(b, k, z).

Further, it is shown that there is a natural isomorphism (over Q) between the curves Φ∗
3(b, k, z) = 0

and Ψ∗
6(b, k, z) = 0. The fact that there are no rational points on Ψ∗

6(b, k, z) = 0 follows from

Theorem 8, which proves part (a). since if Λ∗
6(b, k, z) had a rational z-root, it would necessarily have

12 of them because the autmorphism interchanges the cycles of α and −α.

The rest of the proof follows exactly as in the case of Proposition 13. If we let τ6(b, k, z) be

the polynomial with roots ti such that ti is the trace of a six-cycle corresponding to some root α

of Λ∗
6(b, k, z) = 0, then τ6(b, k, z) is an even polynomial in z of degree 8. Letting x = z2, we can

change variables to remove the dependence on b and get a polynomial τ5(k, x) in k and x. The curve

τ5(k, x) = 0 has genus 7, so we may again invoke Falting’s theorem to conclude that there are at

most finitely many points on the curve. The rest follows as before.

Remark. We note for interest that τ6(k, x) defined about does indeed have at least one finite rational

point, namely (k, x) = (−1/2, 6). The corresponding b value must then be 6 since as before we have

xb = z2 and b is defined only modulo squares. The map φ(z) = − 1
2z + 6

z had the expected Galois-

stable 6-cycle in Ψ∗
6(b, k, z), but it has two others as well; there are two degree-6 factors of Λ∗

6(b, k, z),

though there are no rational 6-cycles.

4.3 Rational preperiodic points

We now wish to classify not just rational periodic points, but also rational preperiodic points.

Therefore, we follow Poonen in [18] for the notation describing preperiodic points.

Definition 9. Let m and n be positive integers. Given a rational map φ, we say that P is a
preperiodic point of type mn if P enters an m cycle after n iterations. That is, φn+m(P ) = φn(P ).

Example. As shown in Poonen’s article, z = 3/4 is a point of type 32 for the polynomial φ(z) =

z2 − 29/16 since we have

3/4
φ7→ −5/4

φ7→ −1/4
φ7→ −7/4

φ7→ 5/4
φ7→ −1/4

φ7→ −7/4 · · ·

The following small lemma will be helpful throughout the section.

Lemma 18. Let K be a field. Let φ(z) = kz + b
z ∈ K(z), with bk 6= 0, and let α1, α2 ∈ K

∗. Then
φ(α1) = φ(α2) if and only if α1 = α2 or α1 = b

kα2
.



CHAPTER 4. RATIONAL PERIODIC POINTS 63

Proof. This is a simple algebra exercise:

kα1 +
b

α1
= kα2 +

b

α2

kα2
1α2 + bα2 = kα1α

2
2 + bα1

(kα1α2 − b)(α1 − α2) = 0,

and the result follows.

We begin by describing rational preperiodic points of type m1.

Proposition 15. Let φ(z) = kz + b
z , with k ∈ Q r {0,−1/2} and b ∈ Q∗/(Q∗)2. Then

(a) For all k and b, z = 0 is a point of type 11 for φ(z).

(b) There are as many rational points of type m1 as there are rational points of primitive period m,
unless m = 1 and k = 1/2.

(c) If k = b = 1/2, then φ(z) has three rational fixed points, but z = 0 is the only point of type 11.

Proof. For part (a), we begin with the homogeneous form for φ. We see that φ(0, 1) = [b : 0] = [1 : 0],

which is a fixed point from Proposition 11. So z = 0 is always a point of type 11.

For part (b), if w is a rational point of period m, then some rational point α1 satisfies φ(α1) = w

(namely the preimage of w on the m-cycle). We know from Lemma 18, then, that α2 = b
kα1

is also

a rational preimage of w. Unless α1 = α2, it cannot be on the m-cycle, so it is a rational point of

type m1. Since a point can have only two preimages under φ, this exhausts all points of type m1.

If α1 = α2, then α2
1 = b/k, so modulo squares we may take b = k, and our map φ(z) = k

(
z + 1

z

)
.

Also, we see that α1 is a double-root of the polynomial φ(z)−φ(α1), which says α1 is a critical point

of φ(z). Given our form for φ(z), we have α1 = ±1.

We claim that the only rational k-values for which ±1 can possibly be periodic are k = ±1/2.

Since −φ(z) = φ(−z), it is enough to analyze the case α1 = 1.

If k > 1, then one may check that limr→∞ φr(1) diverges to infinity. Likewise, it grows negative

without bound for k < −1, so the only possible k values to result in a periodic critical point are

those −1 < k < 1.

Let k = m
n in lowest terms, and suppose n 6= 2. Consider any prime p|n. If p 6= 2, then

ordp(φ(1)) = ordp

(
2m

n

)
< 0,

and furthermore, if ordp
(
s
t

)
< 0 for some s

t ∈ Q in lowest terms, then

ordp

(
φ
(s
t

))
= ordp

(
m(s2 + t2)

nst

)
< ordp

(s
t

)
.
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So then φr(1) diverges to infinity p-adically, and α1 cannot be periodic. Finally, we just need to

consider the case k = m
n , n = 2e for some e > 1. Then we have

ord2(φ(1)) = ord2

( m

2e−1

)
< 0,

and the rest of the argument follows as above. So in this case, φr(1) diverges to infinity 2-adically,

and α1 = 1 cannot be periodic.

Hence, the only possible k-values to yield a periodic (or preperiodic) critical point are k = ±1/2.

Recall that we do not consider the case k = −1/2 because the corresponding rational maps φ have

automorphism group S3, so we need only consider the case that k = 1/2. It is easy to check that

for k = 1/2, the points ±1 are fixed points for φ(z). So, in this case, there are no points of type

11 other than z = 0. Every other rational point of period m has a corresponding point of type m1.

This completes the proof of part (c) as well.

We now move on to rational preperiodic points of type m2.

Proposition 16. Let φ(z) = kz + b
z , with k ∈ Q r {0,−1/2} and b ∈ Q∗/(Q∗)2. Then

(a) φ(z) has no rational points of type 12 unless k = −b. In this case there are two preimages of 0,
and there are never any other points of type 12.

(b) φ(z) has both points of type 12 and finite fixed points if and only if k = 1
1−x2 and b = −1

1−x2 for
some x ∈ Q∗.

(c) φ(z) has no rational points of type 22.

(d) φ(z) has no rational points of type 42.

Proof. For part (a), consider possible preimages of z = 0.

φ(α) = kα+
b

α
= 0

kα2 + b = 0

α2 = − b

k

This has a solution in Q if and only if − b
k ∈ (Q∗)2, in which case it has two distinct solutions since

b 6= 0. Because b is only defined modulo squares, this is equivalent to k = −b.
We now consider other points of type 12, which map after two iterations to a finite rational fixed

point. Because we assume that we have finite rational fixed points, we know that b = 1 − k.

Let α be a rational fixed point and x the corresponding point of type 11. Without loss of

generality, we may take the positive point, so let α =
√

b
1−k = 1 by our normalization. Then

x = b
kα = 1−k

k . We seek a point w such that φ(w) = x.

kw +
b

w
=

b

kα

kw +
(1 − k)

w
=

1 − k

k

k2w2 − (1 − k)w + k(1 − k) = 0
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The final equation is quadratic in w, and it has rational roots if and only if the discriminant (1 −
k)2−4k3(1−k) is a square. Because k must be rational, we are left with the task of finding rational

points on the elliptic curve

y2 = (x− 1)(2x− 1)(2x2 + x+ 1). (4.23)

A change of variables x → x
x−1 and y → 2y+x+1

(x−1)2 transforms the curve in equation (4.23) to the

reduced form

y2 + xy + y = x3 − x. (4.24)

This is curve 14a4 in Cremona’s tables [4]. The curve has rank 0, and torsion group Z/6Z. It is a

simple matter to find the six rational points on this curve:

{O, (1, 0), (0, 0), (−1, 0), (0,−1), (1,−2)}.

Using the change of coordinates, we may find the six rational points on our original curve:

{(0, 1), (0,−1), (1/2, 0), (1, 0)}

and a double point at infinity.

Since the x-coordinate corresponds to our k value, we see that we may eliminate the point at

infinity and the points (0,±1). We need only consider what happens when k = 1/2 or k = 1.

When k = 1, we know from Proposition 11 that φ(z) has a triple fixed point at infinity and no

finite rational fixed points. Since the preimages of z = 0 have already been discussed, we are done

in this case. Similarly for k = 1/2, we have b = 1 − k = 1/2. In this case, we have seen above that

there are no points of type 11 other than z = 0, so there can be no points of type 12 except for

preimages of 0. This concludes part (a).

For part (b), recall that φ(z) has finite fixed points if and only if b = 1 − k, and it has points

of type 12 if and only if b = −k. We need to see when these two conditions give the same value of

b ∈ Q/(Q∗)2. Letting b = −kx2 = 1 − k, we have

1

1 − x2
= k.

So we see that we have both rational fixed points and rational points of type 12 if and only if there

is some x ∈ Q∗ such that k = 1
1−x2 . (Note that x 6= 0 since b 6= 0.) In this case,

b = −k = − 1

1 − x2
.

For part (c), we need to look for preimages of points of type 21. If we have a rational two-cycle,

we know that b = −(k + 1). With this normalization, the points of the two cycle are ±1, and the

type 21 points satisfy x = ∓ (1+k)
k . So we seek rational w such that

kw +
b

w
=

−(k + 1)

k

kw − (k + 1)

w
=

−(k + 1)

k

k2w2 + (1 + k)w − k(1 + k) = 0
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A rational root w requires that the discriminant (k + 1)2 + 4k3(k + 1) is a square. Since k must

be rational, we are left with the task of finding rational points on the elliptic curve

y2 = (x+ 1)(2x+ 1)(2x2 − x+ 1). (4.25)

A change of variables x→ −x maps this curve isomorphically onto the one in (4.23), for which we’ve

already found the rational points {(0, 1), (0,−1), (1/2, 0), (1, 0)} and a double point at infinity. The

rational points on the curve in equation (4.25) must then be

{(0, 1), (0,−1), (−1/2, 0), (−1, 0)} and a double point at infinity.

Again, the x−coordinate corresponds to our k value. We know that k = −1/2 is not an allowable

value, and that for k = −1 we have no rational two-cycle by Proposition 12.

For part (d), we must assume that φ(z) has a rational 4-cycle, so from Theorem 9

φ(z) =
2mz

m2 − 1
− m

z(m4 − 1)
.

The four cycle contains the rational points {± 1
m2+1 ,± m

m2+1}. So we first calculate the relevant type

41 points.

x =
b

kα
=

(
− m

z(m4 − 1)

)(
m2 − 1

2mz

)(
±m2 + 1

)

= ∓1

2
.

Similarly,

x =
b

kα
=

(
− m

z(m4 − 1)

)(
m2 − 1

2mz

)(
±m

2 + 1

m

)

= ∓ 1

2m
.

Because of the automorphism of φ, without loss of generality we may consider only the positive

type 41 points. We first will seek preimages of the point x = 1/2.

φ(w) =
2mw

m2 − 1
− m

w(m4 − 1)
=

1

2

4m(m2 + 1)w2 − (m4 − 1)w − 2m = 0

The final equation is quadratic in w, so again rational solutions require that the discriminant (m2 +

1)(m6 −m4 + 31m2 + 1) is a square.

In other words, we seek rational points on the genus 3 hyperelliptic curve

F : d2 = (m2 + 1)(m6 −m4 + 31m2 + 1). (4.26)

Since the equation is even in m, there is a map to an elliptic curve

E : d2 = (x+ 1)(x3 − x2 + 31x+ 1),



CHAPTER 4. RATIONAL PERIODIC POINTS 67

defined by f : (m, d) 7→ (m2, d).

The minimal Weierstrass model for E is y2+xy = x3−x2−x+1, which is curve 58a in Cremona’s

table [4]. Unfortunately, this curve has rank 1, so we are unable to use it to find the finitely many

rational points on the curve F .

However, there is also a map to a curve of genus 2

C : y2 = x(x + 1)(x3 − x2 + 31x+ 1),

defined by g : (m,w) 7→ (m2,mw).

To find all of the rational points on F , it is sufficient to find all rational points on the genus 2

curve C, and then to find their preimages under

g : F (Q) −→ C(Q).

Magma tells us that the rank of J(Q), the Mordell-Weil group of the Jacobian, is 0 and that the

torsion subgroup is isomorphic to Z/2Z × Z/8Z. Hence the total number of elements in J(Q) is 16.

A short search yields the 16 rational members of the Jacobian:

identity, {(−1, 0),∞},
{(1, 8),∞}, {(1, 8), (1, 8)},
{(1,−8),∞}, {(0, 0),∞},

{(−1, 0), (1, 8)}, {(−1, 0), (0, 0)},
{(−1, 0), (1,−8)}, {(4 +

√
17,−116 − 28

√
17), (4 −

√
17,−116 + 28

√
17)},

{(0, 0), (1, 8)}, {(4 +
√

17, 116 + 28
√

17), (4 −
√

17, 116 − 28
√

17)},
{(0, 0), (1,−8)}, {(8 +

√
65, 548 + 68

√
65), (8 −

√
65, 548 − 68

√
65)},

{(1,−8), (1,−8)}, {(8 +
√

65,−548 − 68
√

65), (8 −
√

65,−548 + 68
√

65)},

where, as usual, {P1, P2} represents the divisor class containing P1 + P2 − 2∞. There can therefore

be no other points in C(Q), apart from the five obvious points:

{∞, (0, 0), (−1, 0), (1, 8), (1,−8)},

since any other members of C(Q) would give rise to additional members of J(Q). Using

g : F (Q) −→ C(Q)

(m,w) 7−→ (m2,mw)

we see that (−1, 0) can have no preimages. The points {(0, 0), (1, 8), (1,−8),∞} ∈ C(Q) have

x ∈ {0, 1,∞}, and so any preimages in F (Q) must have m ∈ {0, 1,−1,∞}. We find the points

(m,w) ∈ {(0, 1), (0,−1), (1, 8), (1,−8), (−1, 8), (−1,−8),∞+,∞−}.

This must give all of F (Q). We see that necessarily m ∈ {0,±1,∞}, none of which are allowable in

the parameterization of φ(z) given in Theorem 9. So, indeed, there are no points of type 42 which

are preimages of ±1/2.
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Following the same calculations as above for the point x = 1/2m, we get the curve

G : d2 = (m2 + 1)(m6 + 31m4 −m2 + 1).

By a change of coordinates d → d/m4 and m → 1/m, this is isomorphic to the curve F in equa-

tion (4.26). This change preserves the set of possible m values given above, so again we find that no

rational points on the curve G correspond to rational points of type 42.

Proposition 17. Let φ(z) = kz + b
z , with k ∈ Q r {0,−1/2} and b ∈ Q∗/(Q∗)2. Then

(a) φ(z) has no rational points of type 1n for n > 2.

(b) φ(z) has no rational points of type 2n for n > 1.

(c) φ(z) has no rational points of type 4n for n > 1.

Proof. Parts (b) and (c) follow immediately from Proposition 16.

For part (a), it is enough to prove that there are no rational points of type 13. From Proposi-

tion 16, we need only consider the case k = −b. In this case, the only possible rational points of type

12 are preimages of 0, so to examine points of type 13, we must find the preimages of such points.

If α is a point of type 12, then α = ±1. We seek w ∈ Q such that

k

(
w − 1

w

)
= 1

kw2 − w + k = 0.

Rational roots of this quadratic exist if and only if the discriminant 1+4k2 is a square in Q. This is

equivalent to seeking integer solutions to the equation m2 + 4n2 = 1, which clearly has only (±1, 0)

as solutions. Since k 6= 0, these solutions do not correspond to any points of type 13, and therefore

none exist.

Finally, we consider if and when it’s possible for φ(z) to have rational points of period m and n

simultaneously when m 6= n.

Proposition 18. Let φ(z) = kz + b
z , with k ∈ Q r {0,−1/2} and b ∈ Q∗/(Q∗)2. Then

(a) φ(z) has two finite rational fixed points and a point of period 2 if and only if for some m ∈ Q

we have
k =

1 +m2

1 −m2
and b =

2

m2 − 1
.

(b) φ(z) has points of type 12 and a rational point of period 2 if and only if for some x ∈ Q we have

k =
1

x2 − 1
and b =

−1

x2 − 1
.

(c) φ(z) has two finite rational fixed points, rational points of type 12, and a rational point of period 2

if and only if for some t ∈ Q we have

k = −
(
t2 + 2t+ 2

)2

4t(t+ 1)(t+ 2)
and b =

1

t(t+ 1)(t+ 2)
.
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Proof. We know from Proposition 11 that φ(z) has finite rational fixed points if and only if b = 1−k,
and we know from Proposition 12 that φ(z) has a rational two-cycle if and only if b = −(1 + k). For

some m ∈ Q∗, we want

1 − k = −(1 + k)m2

1 + x2 = k(1 −m2)

k =
1 +m2

1 −m2

Solving b = 1−k, we find b = 2m2

m2−1 which is equivalent modulo squares to the expression in part (a).

For part (b), b must satisfy both b = −k and b = −(1 + k) modulo squares. This requires some

x ∈ Q∗ such that

−kx2 = −(1 + k)

k =
1

x2 − 1
.

The value for b follows immediately from this.

For part (c), we begin with the expressions from part (a). If we also require points of type 12,

we need b = −k. That is, for some y ∈ Q∗ we want

−by2 = k

−2y2

m2 − 1
=

1 +m2

1 −m2

2y2 = 1 +m2

This rational curve is parameterized by

(m, y) =

(
− t

2 + 4t+ 2

t2 − 2
,− t

2 + 2t+ 2

t2 − 2

)
.

Substituting m into the expressions for b and k in part (a) yields the parameterization given in

part (c).

Proposition 19. Let φ(z) = kz + b
z , with k ∈ Q r {0,−1/2} and b ∈ Q∗/(Q∗)2. Then

(a) φ(z) cannot have both finite rational fixed points and a rational point of period 4.

(b) φ(z) has both rational points of type 12 and a rational point of period 4 if and only if for some
t ∈ Q∗, we have

k = −
(
t2 − 2

) (
t2 + 4t+ 2

)

4t(t+ 1)(t+ 2)
and b =

(
t2 − 2

) (
t2 + 4t+ 2

)

t(t+ 1)(t+ 2)
.

(c) φ(z) cannot have both a rational point of period 2 and a rational point of period 4.
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Proof. From Proposition 11, φ(z) has finite rational fixed points if and only if b = 1 − k, and from

Theorem 9, φ(z) has a rational point of period 4 if and only if k = 2m/(m2−1) and b = −m/(m4−1).

We need to show that these cannot both be true, taking b modulo squares. If they were true, we

would have some x ∈ Q∗ such that

bx2 = 1 − k

−mx2

m4 − 1
=

2m

m2 − 1

mx2 + (m2 − 2m− 1)(m2 + 1) = 0

This has rational solutions in x if and only if the discriminant

−4m(m2 + 1)(m2 − 2m− 1)

is a square. So we seek rational points on the genus 2 curve

C : d2 = −m(m2 + 1)(m2 − 2m− 1). (4.27)

Magma tells us that the rank of J(Q), the Mordell-Weil group of the Jacobian, is 0 and that the

torsion subgroup is isomorphic to Z/2Z×Z/10Z. Hence the total number of elements in J(Q) is 20.

A short search yields the 20 rational members of the Jacobian:

identity, {(−1, 2),∞}, {(−1,−2),∞}, {(0, 0),∞},
{(1, 2),∞}, {(1,−2),∞}, {(−1, 2), (−1, 2)}, {(−1,−2), (−1,−2)},

{(1, 2), (1, 2)}, {(1,−2), (1,−2)}, {(1, 2), (−1, 2)}, {(1,−2), (−1,−2)},
{(1, 2), (−1,−2)}, {(1,−2), (−1, 2)}, {(0, 0), (−1, 2)}, {(0, 0), (−1,−2)},
{(0, 0), (1,−2)}, {(0, 0), (1, 2)}, {(

√
−1, 0), (−

√
−1, 0)}, {(1 +

√
2, 0), (1 −

√
2, 0)},

There can therefore be no other points in C(Q), apart from the six obvious points:

{∞, (0, 0), (1, 2), (−1, 2), (1,−2), (−1,−2)},

since any other points of C(Q) would give rise to additional members of J(Q). The only finite m

values represented here are m ∈ {0,±1}, none of which are allowable in the parameterization in

Theorem 9. This proves part (a).

For part (b), we know that φ(z) has rational points of type 12 if and only if b = −k. Reasoning

as above, we need to find x ∈ Q∗ such that

bx2 = −k

− mx2

m4 − 1
= − 2m

m2 − 1

x2 = 2m2 + 2

This describes a rational curve which may be parameterized by

(x,m) =

(
2t2 + 4t+ 4

t2 − 2
,
−t2 − 4t− 2

t2 − 2

)
.
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Substituting this m into the expressions for k and b gives the desired parameterization.

Finally, from Proposition 12, φ(z) has a rational two-cycle if and only if b = −(1+k). Reasoning

as above, we would have some x ∈ Q∗ such that

bx2 = −(1 + k)

−mx2

m4 − 1
= −

(
1 +

2m

m2 − 1

)

mx2 − (m2 + 2m− 1)(m2 + 1) = 0

Again, this has rational solutions in x if and only if the discriminant

4m(m2 + 1)(m2 + 2m− 1)

is a square. So we seek rational points on the genus 2 curve

D : d2 = m(m2 + 1)(m2 + 2m− 1). (4.28)

A change of variables m→ −m maps the curve D above isomorphically onto the curve C in (4.27).

We see on the list of rational points for C that (−m, d) was a rational point whenever (m, d) was.

The rational points on D must therefore be exactly the same set. So again, we have no valid m

values.

Combining the results of Propositions 15–19, we see that the maximal number of rational prepe-

riodic points landing eventually at a fixed point or a two cycle will occur in two different cases:

• when φ(z) has finite rational fixed points, points of type 12, and a rational two cycle as

described in Proposition 18(c), or

• when φ(z) has a rational four cycle and points of type 12, as described in Proposition 19(b).

In each case, there are a total of 12 rational preperiodic points, including the fixed point at infinity.

And we have proved the following.

Theorem 10. Let φ : P1 → P1 be morphism of degree 2 defined over Q, and suppose that Aut(φ) ∼=
µ2. Then

#{P ∈ Q|P is preperiodic and lands on a cycle of length at most four} ≤ 12.

4.4 Examples

In this section, we give a complete list of the possible directed graphs corresponding to rational

preperiodic points for φ(z) = kz + b
z , based on the results in Section 4.3. A diagram of each

possibility is shown in Figure 4.1.
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H-2,1L

H1�3,-1�3L

Figure 4.1: All possible directed graphs; (k, b) values are shown for each.
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(a) φ(z) = z + z−1

k = 1, so there are no fixed points other than the one at infinity. Furthermore b 6= 2 and b 6= −k,
there is no rational 2-cycle and no points of type 12.

(b) φ(z) =
1

2

(
z + z−1

)

k = b = 1/2, so there are finite rational fixed points at ±1, but no points of type 11 other than 0

and no rational points of period 2 or 4.

(c) φ(z) = z − z−1

k = 1 and b = −k, so we do have points of type 12, but in this case there are no finite rational

fixed points, and no rational points of period 2 or 4.

(d) φ(z) =
3

4
z +

1

z
b

1−k is a square and k 6= 1/2, so we have two finite rational fixed points and three rational points

of type 11. There are no rational points of type 12 and no rational points of period 2 or 4.

(e) φ(z) = −1

3
z +

1

3z
k = 1

1−x2 and b = − 1
1−x2 (here x = 2), so we have two finite rational fixed points, three rational

points of type 11 and two rational points of type 12. There are no rational points of period 2

or 4.

(f) φ(z) = −2z + z−1

b
1−k is not a square but −b

1+k is a square, so we have rational points of period 2 but no finite

rational fixed points. Whenever we have rational points of period 2, we have points of type 21

and no rational points of period 4.

(g) φ(z) = −5

4
z +

1

z
k = − 1+m2

1−m2 and b = 2
m2−1 (in this case, we take m = 3, so k = −5/4 and m = 1/4 ≡ 1 modulo

squares), so we have finite rational fixed points and rational points of period 2. Since k 6= 1/2,

there are three points of type 11, and since we have rational points of period 2, we have points

of type 21. We have no points of type 12 and no rational points of period 4.

(h) φ(z) =
1

3
z − 1

3z
k = 1

x2−1 and b = −1
x2−1 , so we have points of type 12 and a rational points of period 2. There

are no finite rational fixed points and no points of period 4.

(i) φ(z) = −25

24
z +

1

6z

k = − (t2+2t+2)2

t(t+1)(t+2) and b = 1
t(t+1)(t+2) (here t = 1), so φ(z) has rational fixed points, points of

type 12 , and rational points of period 2. Since k 6= 1/2, there are three points of type 11, and

since we have rational points of period 2, we have points of type 21 but no rational points of

period 4.

(j) φ(z) =
4

3
z − 2

15z
k = 2m

m2−1 and b = − m
m4−1 (we took t = 2) , so φ(z) has rational points of period 4. Since φ(z)
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has rational points of period 4, it can have no finite rational fixed points nor any rational points

of period 2. In this case, we have no points of type 12.

(k) φ(z) =
7

24
z − 7

6z

k = − (t2−2)(t2+4t+2)
4t(t2+3t+2) and b =

(t2−2)(t2+4t+2)
t(t+1)(t+2) (we took t = 1), so φ(z) has four rational points

of period 4 and two points of type 12. Since φ(z) has rational points of period 4, it can have no

finite rational fixed points nor any rational points of period 2.
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