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Problem 1

In this series of questions, we revisit question 1 from the midterm.
“Show that for all real numbers a and b with a < b, (a, b) has the same cardinality as R.”

Our solutions from that time are subject to obvious critics: in fact, one cannot approach this question without a
proper definition of real numbers. We will now clarify ideas of a rigorous proof.

For the sake of clarity, we simplify the question slightly by putting a = 0 and b = 1.
We thus have two sets of real numbers

(0, 1) = {x ∈ R : 0 < x < 1},

and R, the set of all real numbers, and we want to prove that their cardinalities are equal. Recall that real numbers
are defined as Dedekind cuts.

We will make use of the representation of real numbers as strings of digits (finite to the left, infinite to the right,
with a point which separates the “integral” part). We now denote the set of all these strings of digits 0 and 1 by R01.
This set is slightly different from R: in class we constructed an injective map

h : R → R01,

which unfortunately is not surjective. We, however, proved that card(R) = card(R01).
We discussed this representation in class using either the set of two symbols {0, 1} or the set of ten symbols

{0, 1, 2, 3, 4, 5, 6, 7, 8, 9} as “digits”. It should be possible to use any other finite set as well. Denote by I01 the set
of strings of digits {0, 1}, and by I012 the set of strings of digits {0, 1, 2} which begin with “0.” (zero followed by a
point). They represent numbers from the interval (0, 1).

Question 1

Construct injective maps (as we did in class)

f : (0, 1) → I01 and g : (0, 1) → I012

(You may bound yourself with a description of either one of these maps; another one is similarly constructed.)
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Question 2

The maps f and g are not surjective. Prove that both sets I01\Image(f) and I012\Image(g) are infinite countable.
(You may prove the claim about one of these sets, for another one the proof is similar.)
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Question 3

Use the statements of questions 1 and 2 to prove that

card(I01) = card(I012) = card((0, 1))

Hint. Try to adopt the ideas used in problem 7 om p. 176 from the midterm.
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We now construct a map
u : R01 → I012

as follows. For an element from R01, we substitute the dot by 2, and insert 0. (zero followed by a dot) from the left
obtaining an element from I012 in this way.

Question 4

Prove that map u is injective.
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Question 5

Use Schroeder - Bernstein theorem and the statements obtained in the above questions, and prove that

card((0, 1)) = card(R).

Hint. The map from (0, 1) to R which takes every real number to itself is obviously injective.
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Problem 2

In this problem we will consider another possible definition of real numbers, and its relation to Dedekind cuts.
This definition was only briefly mentioned in class. Assume that by this moment we have already constructed rational
numbers, and proved their standard properties. The set of rational numbers is denoted by Q.

Definition 1 A sequence {an} of rational numbers is referred to as a Cauchy sequence if for every positive rational

ǫ > 0 there exists a natural number N such that the inequality m > n > N implies

|an − am| < ǫ

Question 6

For a string of digits xi ∈ {0, 1, 2, 3, 4, 5, 6, 7, 8, 9}

0.x1x2x3 . . .

prove that the sequence of rational numbers {Xn} defined by

Xn =
n

X

i=1

xi

10i

is a Cauchy sequence.

Remark 1 Of course, Xn = 0.x1x2x3 . . . xn (the string stops at n-th digit. We used to think about the
infinite strings 0.x1x2x3 . . . as decimal representations of real numbers from the interval (0, 1). The link
between these representations and Dedekind cuts was discussed in class.
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Let C be the set of all Cauchy sequences of rational numbers. We are going to define a relation ∼ on C.
For Cauchy sequences {an}, {bn} ∈ C let

(a ∗ b)n =

{

bn/2 if n is even
a(n+1)/2 if n is odd

We say that
{an} ∼ {bn}

if {(a ∗ b)n} is again a Cauchy sequence.
Question 7

Prove that ∼ is an equivalence relation on C.
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It follows from the statement of question 7 that ∼ determines a partition of the set C of all Cauchy
sequences into equivalence classes. This allows us to make the following definition.

Definition 2 A real number is an equivalence class of Cauchy sequences of rational numbers (with respect
to relation ∼).

The following lemma is useful, and helps in further arguments.

Lemma 1 Assume that Cauchy sequences {an} and {bn} do not belong to the same equivalence class. Than
one of the following two statements is true.

A. There exists N such that an > bn for all n > N .
B. There exists N such that an < bn for all n > N .

Remark 2 This lemma allows us to define inequalities between real numbers defined as equivalence classes
of Cauchy sequences of rational numbers.

Question 8

Prove the lemma.
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Our target now is to relate two definitions of real numbers, that which uses Dedekind cuts, and that
which uses Cauchy sequences. We now denote by CR the set of real numbers defined with Cauchy sequences,
and by DR the set of real numbers defined with Dedekind cuts.

Let α ∈ CR. Consider a Cauchy sequence {an} ∈ α. Consider the set S of all rational numbers q such
that there exist infinitely many n such that an > q. If S has a maximal element x, let B = S\{x}, otherwise
let B = S. Let B′ = R\B.

Question 9

Prove that B|B′ is a Dedekind cut.
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We call φ(α) the Dedekind cut constructed above from an equivalence class α ∈ CR, defining in this way
a map

φ : CR → DR

which takes α ∈ CR to φ(α) ∈ DR.
Question 10

Formulate, what does it means that the map φ : CR → DR is well-defined.
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Question 11

Prove that the map φ : CR → DR is well-defined.
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Question 12

Prove that the map φ : CR → DR is injective.
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Question 13

Prove that the map φ : CR → DR is surjective.
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Function φ thus establishes a one-to-one correspondence between the sets CR and DR.
Question 14

Formulate a list of claims which one still has to prove in order to establish the equivalence of the two
definitions of real numbers (via Dedekind cuts and via Cauchy sequences).
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