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ON THE HECKE EQUIVARIANCE OF THE BORCHERDS

ISOMORPHISM

P. GUERZHOY

Abstract

We prove that the Borcherds isomorphism is Hecke equivariant if one considers multiplicative
Hecke operators acting on the integral weight meromorphic modular forms. This answers a part of
a question of Borcherds [1, 17.10] using his suggestion to define the multiplicative Hecke operators.

Let M be the multiplicative group of integral weight meromorphic modular forms
for some character of SL2(Z) with integer coefficients, leading coefficient 1, and
whose zeros and poles are supported at cusps and imaginary quadratic irrationals.
Denote by Mk,h ⊂ M the subset which consists of modular forms of weight k and
for which order of the pole at infinity is h. We have M = ∪k∈Z,h∈ 1

12 Z
Mk,h and

Mk1,h1Mk2,h2 ⊂ Mk1+k2,h1+h2 . Let M
+
1
2

(Γ0(4)) be the space of modular forms of

weight 1/2 with respect to Γ0(4) which satisfy Kohnen’s plus-condition and whose
poles are supported at the cusps of Γ0(4). (Recall that a modular form f(τ) of weight
1/2 satisfies Kohnen’s plus-condition if its q-expansion

∑

n≫−∞ c(n)qn has c(n) = 0
for n ≡ 2, 3 mod 4. Throughout, we let q = e2πiτ with ℑτ > 0.) In [1, Theorem 14.1],
Borcherds establishes an isomorphism between the multiplicative group M and the
additive group M

+
1
2

(Γ0(4)). Denote this isomorphism by B : M → M
+
1
2

(Γ0(4)).

Let p be a prime. Let k be an integer and let α =

(

a b
c d

)

be a real 2×2 matrix

whose determinant is positive. The operator [α]k acts on meromorphic functions on
the complex upper half-plane by

f ◦ [α]k(τ) = f((aτ + b)/(cτ + d))(cτ + d)−k(detα)k/2.

Let Ap be the set of 2 × 2 matrices with integer entries and whose determinant
equals p. Consider the coset decomposition

Ap =

p+1
∑

i=1

SL2(Z)αi. (0.1)

Define the multiplicative Hecke operator M(p) by

Mk,h(p)f = M(p)f = εpk(p−1)/2

p+1
∏

i=1

f ◦ [αi]k, (0.2)

where ε = eπih(p−1) is a twelfth root of unity chosen such that the leading co-
efficient of M(p)f is 1. It is straightforward to check that M(p)f does not de-
pend on the choice of representatives [αi]. Also M(p) maps elements of Mk,h to
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elements of M(p+1)k,(p+1)h and defines a doubly graded multiplicative group en-
domorphism: if f, g ∈ M have weights k1 and k2 have poles at infinity of or-
ders h1 and h2 respectively, then Mk1+k2,h1+h2(p)(fg) = Mk1,h1(p)fMk2,h2(p)g ∈

M(p+1)(k1+k2),(p+1)(h1+h2).
On the weight 1

2 side let T +
1/2(p

2) be the usual Hecke operator. If φ ∈ M
+
1
2

(Γ0(4))

has the Fourier expansion φ =
∑

n≫−∞ c(n)qn then T +
1/2(p

2)φ =
∑

n≫−∞ b(n)qn

with

b(n) = c(p2n) + p−1

(

n

p

)

c(n) + p−1c(n/p2). (0.3)

This is a direct extension to the meromorphic case of the definition of Hecke op-
erators acting on the Kohnen’s plus-subspace of holomorphic half-integral weight
modular forms [3]. The proof that pT +

1/2(p
2) acts on M

+
1
2

(Γ0(4)) repeats the cor-

responding proof in the holomorphic case [3, Theorem 1 i]. Note that M
+
1
2

(Γ0(4))

is a graded additive group, the gradation being defined by c(0), the constant term,
and pT +

1/2(p
2) is a graded group endomorphism. Similarly to the multiplicative case

above the endomorphism multiplies the gradation by p + 1. Under the Borcherds
isomorphism c(0) corresponds to the weight of a modular form.

We prove that the Borcherds group isomorphism B commutes with the action of
Hecke operators.

Theorem 1. The diagram of graded groups and their homomorphisms

M
B

−−−−→ M
+
1
2

(Γ0(4))

M(p)





y





y

pT+
1/2

(p2)

M
B

−−−−→ M
+
1
2

(Γ0(4))

is commutative.

Proof. Let f ∈ Mk and consider its Borcherds product expansion

f = q−h
∏

n≥1

(1 − qn)c(n2).

According to [1, Theorem 14.1], there is a unique φ = Bf ∈ M
+
1
2

(Γ0(4)) with the

Fourier expansion Bf =
∑

m≫−∞ c(n)qn. Put pT +
1/2(p

2)φ =
∑

n≫−∞ pb(n)qn with

the coefficients b(n) defined by (0.3). Pick the matrices

(

p 0
0 1

)

and

(

1 j
0 p

)

with j = 0, . . . , p − 1 as the representatives in (0.1). Put ζ = e2πi/p. We have
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M(p)f = εf ◦

[(

p 0
0 1

)]

k

p−1
∏

j=0

f ◦

[(

1 j
0 p

)]

k

= εq−hp

p−1
∏

j=0

ζ−hjq−h/p
∏

n≥1



(1 − qnp)

p−1
∏

j=0

(1 − ζnjqn/p)





c(n2)

= q−h(p+1)
∏

n≥1
(p,n)=1

(1 − qn)c(n2)(1 − qnp)c(n2)
×

∏

n≥1

(1 − qn)pc(p2n2)(1 − qp2n)c(p2n2)

= q−h(p+1)
∏

n≥1

(1 − qn)pb(n2),

where the one before last equality follows from the identity
∏p−1

j=0 (1−ζjX) = 1−Xp.

Again by Borcherds theorem [1, Theorem 14.1] the element of M+
1
2

(Γ0(4)) which

corresponds to M(p)f ∈ M is uniquely defined by the product expansion exponents
pb(n2), and therefore coincides with pT +

1/2(p
2)φ.

Remark 1. The calculation above also proves that our multiplicative Hecke
operator M(p) takes modular forms with integer coefficients and leading coefficient
equal to one to modular forms which have the same properties. In particular, this
explains our choice of the factor pk(p−1)/2 in the definition (0.2) instead of the usual
factor pk/2−1 for the classical additive Hecke operators.

Remark 2. Since the isomorphism B was discovered, lots of research of vari-
ous mathematicians was devoted to generalizations of the Borcherds construction.
The author admits the possibility that this result is known to the experts. For in-
stance, as the referee pointed out, Gritsenko and Nikulin proved in [2, Theorem
A.7] an analogous result for the Borcherds lift for Sp(2, Z). However, our result
never appeared in the literature. The author chooses to present the result to the
readers because the proof is simple, fits well into the original setting of Borcherds
[1, Theorem 14.1] and answers a question posed there [1, 17.10] exactly as it was
formulated.

Remark 3. One may inquire about a more intrinsic description of ε. The mod-
ular form f belongs to a character of SL2(Z). Such a character is defined by its

values on elements S =

(

0 −1
1 0

)

and ST =

(

0 −1
1 1

)

which must be a eπia

and e2πib/3 correspondingly with a = 0, 1 and b = 0, 1, 2. From Zagier’s explicit
construction of the Borcherds isomorphism [4] one derives that the denominator of
h coincides with the denominator of a/2+ b/3. It follows that ε = eπi(p−1)(3a+2b)/6.

References

1. Borcherds, Richard E., Automorphic forms on Os+2,2(R) and infinite products, Invent. Math.
120 (1995), no. 1, 161–213.

2. Gritsenko, V. A.; Nikulin, V. V., Igusa modular forms and ”the simplest” Lorentzian Kac-



4 on the hecke equivariance of the borcherds isomorphism

Moody algebras. (Russian. Russian summary) Mat. Sb. 187 (1996), no. 11, 27–66; trans-
lation in Sb. Math. 187 (1996), no. 11, 1601–1641.

3. Kohnen, Winfried, Modular forms of half-integral weight on Γ0(4), Math. Ann. 248 (1980),
no. 3, 249–266.

4. Zagier, Don, Traces of singular moduli, Motives, Polylogarithms and Hodge Theory, Part I
(Irvine, CA, 1998), 211–244, Int. Press Lect. Ser., 3, I, Int. Press, Somerville, MA, 2002.

Department of Mathematics
Temple University
1805 N. Broad Str.
Philadelphia, PA 19122, USA

pasha@math.temple.edu


