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0. Introduction

p-adic families of Siegel modular forms were considered from various points of view in
recent years [10], [7]. In particular, p-adic families of Eisenstein series were considered
by A. Panchishkin and K.Kitagawa. In this connection, the question of whether one can
assemble Siegel cusp eigenforms into p-adic families (from the point of view of their Fourier
coefficients) becomes interesting. The nature of the Fourier coefficients of arbitrary Siegel
cusp forms remains vague even in the case of degree two (see [8] for numerical examples and
discussion). In general, when the degree is greater than one, the theory of Fourier coefficients
and the theory of Hecke eigenvalues are not ”proportional” at all, and so the situation is
quite different from the one-variable case. The picture, however, becomes much clearer if
one considers the Siegel cusp forms which are connected to elliptic cusp forms via a lifting
procedure.

Consider the Maaf lifting, as described in [11], [2]. One should mention that forms in
the Maaf} space are of course strictly speaking not "true” Siegel modular forms, in the sense
that they are obtained by means of a lifting process from G L,. Thus many properties can be
derived from corresponding properties of forms on G'Ly. In this case, the squares of Fourier
coefficients of the cusp Siegel eigenform are essentially equal to the central special values of
the L-function associated to the elliptic cusp form. Thus, informally speaking, the ”square”
of a p-adic interpolation result follows from ”restriction to diagonal” of two-variable p-adic
L-functions. Meanwhile, in order to obtain the result on p-adic interpolation of the Fourier
coefficients themselves, instead of their squares, we need a more delicate technique.

Consider a normalized p-ordinary A-adic cusp eigenform of tame conductor 1. Its special-
izations at certain arithmetic points are p-stabilized newforms, which are actually oldforms
of level p and trivial Nebentypus. Consider the corresponding newforms on SLs(Z), and
apply the Maaf lifting as in [2], [11]. We get in this way an infinite collection of Siegel cusp
forms. Thus, the p-adic interpolation problem for their Fourier coefficients makes sense. We
describe this procedure and formulate our result in the first section of the paper. The addi-
tional Euler factors in our theorem mirror the difference between the p-stabilized newforms
and the complex-analytic newforms on SLy(Z).

We introduce Jacobi forms in the second section, recall their place in the construction of
Maaf lifting [2], and the description of their Fourier coefficients in terms of cycle integrals [4].
Note that a p-adic family of Jacobi forms was considered in [6]. This family corresponds to
a p-ordinary A-adic form of non-trivial tame level. The form comes from powers of a Hecke
character. A certain conjecture was posed in loc. cit. The technique of the present paper is
applicable in this setting as well. The corresponding paper will be published elsewhere.

The fourth section is devoted to the proof of the theorem of section 1. Here we make
use of the p-adic interpolation of cycle integrals from [9]. Not all the cycle integrals may be
interpolated p-adically, in fact only those associated with quadratic forms satisfying certain



congruence conditions. For this reason, we have to show that one can assemble everything,
making use of only these quadratic forms. This is the subject of the third section of the
paper.

The question about the A-adic Maa# lifting was posed by E. Freitag on a conference which
took place at Institut Fourier (Grenoble), 1996. This work was undertaken to answer this
question. I wish to express deep gratitude to A.Panchishkin who transmitted the question
to me. His long-term interest in the subject gave me much encouragement.

1. Notations and statement of the theorem.

A Siegel modular form of degree two F' has the Fourier expansion

F(r,z,7)= Y A(n,r,m)e(nt +rz +m7').
n,r,meL
n,m,4mn—r2>0

The Maafl Spezialschar contains the forms satisfying the condition

Aln,rym) = > d*A(nm/d*,r/d,1). (1)

d|(n,r,m)

The Hecke algebra for the Siegel modular forms is generated by certain operators Ts(l) and
Ts(1*) with prime numbers [ (we follow the notations of [2]). Given an eigenform F in the
Maaf} Spezialschar, set

FITs() = wF  and  FITY(D) =7F,
where T4 (1) = Ts(p)? — Ts(p?). The associated zeta-function is defined by the Euler product

ZF(S) — H(1 _ ,Yll—s + (,Yll _ le—?)l—Zs _ 7[[2]6—1—38 4 l4k—2—4s)—1.
l

The previous Saito-Kurokawa conjecture, proven by Maaf8 Andrianov and Zagier, ([2], [11]),
establishes an isomorphism, as modules over the Hecke algebra, between the Maafl Spe-
cialschar of weight k£ 4+ 1 and the space of elliptic cusp forms of weight 2k. If f is an elliptic
cusp Hecke eigenform of weight 2k, and L(f, s) is its L-function, one has

Zp(s) =C(s —k+1)C(s — k+2)L(f,s).

In this paper, our object of consideration is the set of numbers A(n,r, m), where the
corresponding normalized elliptic cusp Hecke eigenform for, = 3,50 a2k (n)g" comes from a
p-adic family.

Evidently, the numbers A(n,r, m) are defined up to a common non-zero multiple.

The construction [2] yields that A(nm,r, 1) depends only on r? — 4nm.

Put B(N) = A(nm,r,1) for N = 4nm — r%. Let D < 0 be a fundamental discriminant
(i.e. a discriminant of a quadratic field). Then

B@|D) = BOD) X uld) () dhan(t/a). )

dlt
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Let us now vary the elliptic cusp Hecke eigenform. Let p > 5 be a rational prime. Fix

an embedding Q — Qp of algebraic numbers into Tate’s field. In the following, we will
not distinguish between algebraic numbers and their images under this embedding. Let
A = Z,[[1 + pZ,]] be the completed group ring on the principal unit group 1 + pZ,. Put
AL = A[(Z/pZ)*]. Let Ry be the universal p-ordinary Hecke algebra of tame conductor 1 [9].
For a finite flat A-algebra R we put

X(R) — HOmcont (Ra @p) .

Let k£ be an odd integer, and let fo, be a normalized p-ordinary cusp Hecke eigenform of
weight 2k on SLy(Z). Put

fo(T) = for(T) — Bar far (pT), (3)

where g Ber = p?* 1, the eigenvalue of the p-th Hecke operator as,(p) = agy, + Bk, and
|agr|, = 1. Thus fi, is an ordinary p-stabilized newform. Pick the arithmetic point & of
signature (2k,w?) corresponding to f;,. The symbol w denotes the Teichmiiller character.
We have the natural finite-to-one mapping

T X(Ry) = X(A) = X(A).

Since r is arithmetic, it is unramified over X(A) by a theorem of Hida ([3], Theorem 2.5
b). Thus, there is a neighborhood U of w(k) in X (A), and a local section of 7 in U (see
9], p.132 for the construction of this section. We get so far a family of ordinary p-stabilized
newforms parameterized by points of U. We embed Z, x Z/(p — 1)Z into X' (A;) identifying
a pair ([,u) with the arithmetic point of signature ({,w"). We identify an even integer 2k
with (2k,2k mod (p — 1)) € Z, x Z/(p — 1)Z. The corresponding p-stabilized newform fJ,
has trivial Nebentypus and level p. Thus, by (3), we obtain the cusp Hecke eigenform fo, of
weight 2k on SLy(Z). Pick kg such that (kg, ko mod p — 1) € U. Thus we obtain the family
{ for} parameterized by weights with 2k = 2k, mod (p— 1)p”" with sufficiently large N. This
is not a p-adic analytic family in the sense of [5] (though {f;.} is).
Denote by
Fy, = > Ag(n,r,m)exp(2mi(nt + 1z + m7'))

n,r,mez
n,m,4nm—r2>0

the cusp Siegel modular form of weight k£ + 1 in the Maafl Spezialschar corresponding to fo
as above.
Now we can formulate our main result.

Theorem. Assume that there exist fundamental discriminants Dy = r¢ — dngmg =
0 mod p and Dy = r? — 4nymy # 0 mod p such that
Aap, (nomo, 1o, 1) # 0 (4)
and
Aopy (namy, 1,1) #0 (5)
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Then there exist a normalization of the Siegel modular forms Fyy,, and analytic functions Ap

on U such that b
Ap(k) = (1 — (;) ﬂ%pk) Agi(n,r,m)

for any fundamental discriminant D = r? — 4nm, and k € U.

Remarks. 1. Together with (1) and (2), this provides the description of p-adic behavior
of all the Fourier coefficients of the Siegel cusp forms in the family.

2. We do not consider Eisenstein series here. However, one can formally look at them
as "Maafl lifting” of elliptic Eisenstein series on SLs(Z). The theorem remains true for
this case. This is just because the numbers Ay (n,r, m) are equal in this case to Cohen’s
generalized class numbers [1]:

Aoi(n,r,m) = H(k,r* — 4nm)

These are special values of the Dirichlet L-function at negative integers, and, therefore, the
assertion follows from the construction of Kubota - Leopoldt p-adic L-function.

Much more general results in this direction for Eisenstein series (of arbitrary degree, and
twisted with a cyclotomic character) were recently obtained by A.Panchishkin [7].

3. The author does not know a situation when the assumptions (4) and (5) do not hold.
I can not however, get rid of (4). As to (5), it is included just in order not to overload the
text with the proof that it always holds.
2. Jacobi forms.

The space J,.\T of Jacobi forms of weight k41 is isomorphic as a module over the Hecke
algebra to the space of elliptic cusp forms of weight 2k [2]. Let
Gy1(1,2) = Z cor(n,7)¢"¢"  q = exp(2mitT), ( = exp(2miz)
n>0, r2<4n

be the Jacobi eigenform of weight &£+ 1 which corresponds to for. The numbers cox(n, ) are
defined up to a common non-zero multiple. According to [2], we may put

Aok (n,r, 1) = co(n, r). (6)

This, together with (1) defines the numbers Ay, (n, r,m) in question. Thus we will prove the
theorem as a statement on Fourier coefficients of Jacobi forms rather than on the Fourier
coefficients of Siegel cusp forms in Maafl Spezialschar.

The numbers ¢y (n, 7) now become the object of our attention. For the sake of simplifying
the notations, we will sometimes drop the index 2k.

In order to recall the description of these numbers in terms of cycle integrals, we need
some additional notations. We consider integral binary quadratic forms

Q(z,y) = [a,b,¢|(z,y) = az® + by + cy’.
The group action of SLy(Z)

la,b,c]o < 3 ? ) = [a, b, ¢|(ax + By, yx + dy)
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preserves the discriminant A = b? — 4ac and the greatest common divisor (a,b,c). The
number of classes is finite. We denote by Oa the set of all quadratic forms with discriminant
A. For a fundamental discriminant D, dividing A, denote by xp, : Qp, — {£1,0} the
generalized genus character as in [4].

The cycle integral is defined by ([4])

rk,Q(f2k) =/C FT)Q(r, 1) dr

Q

where Cy is the image in SLy(Z)\$ of the semicircle a|7|? +bRT + ¢ = 0 (oriented from left
to right if @ > 0, from right to left if a < 0, and from —¢/b to ico if a = 0.

Specializing [4], Section IL.4, to our setting, we get the following.

Proposition. Let Dy = r2 — 4ny < 0 be a fundamental discriminant. Then for all
n,r € Z with D = r? —4n < 0, we have

c(n,r)e(no,mo) =Cr > Xpo(@)rro(f) (7)

QEQpp,/SL2(Z)

The number Cy, does not depend on n,r,ng,ro.

The sum on the right in (7) does not depend on the particular choice of representatives
Q € Qpp,/SLs(Z). We make certain special choices below.

3. Preparation Lemmas.

Lemma 1. Assume A = 0 mod p. Then one can choose a representative system ) =
[a,b,c] € Qa/SLo(Z) such that a =b = 0 mod p for any Q.
Proof. Indeed, for a quadratic form @ = [a,b, ] with b Z 0 mod p we have a # 0 mod p
(otherwise A = b*> — 4ac Z 0 mod p). Choose § = —b/(2a) mod p. Thus Q o ( (1) f ) is
SLy(Z)-equivalent to @ and satisfies b = 0 mod p. Therefore one can assume b = 0 mod p.
If a # 0 mod p then ¢ = 0 mod p (because A = 0 mod p). Thus Qo ( 119 p; ! ) lies in the
same class as () and satisfies « = b = 0 mod p as desired.

We will make use of the following property of the system of representatives.

Lemma 2. Assume A = O0mod p and A # 0mod p?. If {Q = [a,b,c]} with a =
b = 0mod p is a representative system of Qa/SLy(Z), then {Q = |a/p,b,cp|} is also a
representative system.
Proof. Since the number of classes is finite, it is sufficient to show that if [a/p,b,cp] is
S Ly(Z)-equivalent to [a'/p,b', ¢'p], then [a,b,c] is SLy(Z)-equivalent to [a', b, ¢']. Assume

la/p,b,pc| o < f; ”g = [d'/p,V,pc]. Since A # 0 mod p?, we have a #Z 0 mod p?. Thus

pcd = (a/p)B? + bBd + pcd? yields f = 0 mod p. It follows that [a,b, c| o ( %9 ﬂgp ) —

la', b, ], as desired.
Notice that, under the assumption of Lemma 2, if Dy = 0 mod p,

oo ([a/p, b, pel) = (A/ DO) voullab, <)), (®)
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This easily follows from [4], Proposition 1, p.508.
Choose the system of representatives as in Lemma 1. We get for a fundamental discrim-
inant Dy = 0 mod p and a discriminant D # 0 mod p

Z XDo (@) Tk (f2r) = Z XDo (@)7Tk,Q(f2r(T) — Bak far(pT)) =

Qpp,y/SL2(Z) Qpp,/SL2(2)
b (9)
(1 - (5) 52kp_k> > X 0o (@)1, (for)-

Qppy/SL2(Z)

The last equality follows from Lemma 2 and (8) after the variable change 7 +— 7/p in the
second term.

Assume now that the discriminant D = 0 mod p, and D # 0 mod p?. We claim that for
a fundamental discriminant Dy = 0 mod p

> XDo (Q)Tr,0(f2r,) = > XDo(Q)7k,Q(f2r) (10)

Q€Qpp,/SL2(Z) Q€Qpp,/SL2(Z)

at least under the assumption

(M> -1 (1)

D

Indeed, in the view of (3), it is sufficient to show that

Z XDo(Q) / foe(p7)(a7? + b7 + )" tdr =0 (12)
Q€Qpp/SL2(Z) Cq

for a special choice of representative system @ € Qpp,/SLa(Z).

Lemma 3. Let Dy = 0 mod p be a fundamental discriminant and D be a discriminant
such that (D,p*) = p. Assume (11). Then one can pick a representative system @ =
la,b,c] € Qpp,/SLa(Z) such that a = 0 mod p* and b = 0 mod p unless (a, b, c) = 0 mod p.

Proof. Lemma 1 yields that we can assume a = 0 mod p? and b = 0 mod p. A quadratic
form [a, b, ¢] is SLy(Z)-equivalent to [a’, V', ¢/] with

a = aa® + bBy + c?

V' = 2aaf + bad + by + 2¢v6
d = aB* +bBd + cb*

s
o

quadratic form in («, v/p)

for any € SLy(Z). Put v = 0 mod p. It follows from the assumption (11) that the

b 2
%oc2 + —al + cZ
p b p p



represents zero modulo p. The assertion of Lemma 3 follows.
Now we notice that the integrals in (12) are stable under the variable change 7 — 7+1/p.
It follows that the sum in the left in (12) splits into the sums

a a 5, b
XD, (la,2—a+b, —a”+ —a+c¢
> xooll 5 el )

amodp

multiplied by integrals [c,, for (p7)(at? + b + ¢)F~Ldr for Q € [a, b, c]. Since

a a b Dy/p p
2= b, —a? 4+ = = 13
X, (|a, pa—l- ,pZa +pa+c]) ( ” ><a2a/p2+ab/p+c , (13)

o?a/p* +ab/p+c=ab/p+ec, and ¥ ymodp (
(12).

4. Proof of the theorem.

For a quadratic form @ = [a, b, ¢] we put Q" = [a, —b, ¢]. Our p-adic interpolation argu-
ment is essentially based on the following result of Stevens. The statement below specializes
to our setting a special case of Theorem 5.5 (see also Lemma 6.1) of [9].

Proposition. There exist
e complex numbers Q= (k) # 0 for k € U,

e p-adic periods Q, € k() for k € U with Q, # 0
o p-adic analytic Q,-valued functions Jo(k) defined for any Q = [a,b,c] with a = b =
0 mod p on k € U with the following property.

If k € U is an arithmetic point lying under (2k,2ky mod p — 1) € X(A) with 2k =

2ky mod p — 1, then

W) =0, the sum (13) vanishes. This proves

Jo(w) = s a3 + e (F3)-

Both sides of the identity are algebraic numbers.

Notice that when @) runs through a representative system for Qpp,/SL2(Z), the form
()" also runs through a representative system for Qpp,/SLa(Z).

Putting now together (6), (7), (9), Lemma 1 and the above Proposition, we finish the
proof of our theorem in the case when

D =7?—4nm # 0 mod p
and, with (10) instead of (9), in the case when

DD, /p?
D=7r?>—4nm=0modp with <70/p>:1.
p

The number ¢y (ng, 7o), which is assumed to be non-zero at k = ko, becomes a part of a
normalization factor.

It is somehow astonishing, but the author is not able to produce a proof along the same
lines in the case when

DD, /p?
D=7r>—4nm=0modp with (70/p> = -1
p
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This situation is similar to that which one encounters in [6].
Fortunately, we have the following alternate route. Assume Dy = 15 — 4ny = 0 mod p is

such that
<M> 1
5 )
Then, for ¢(nqy,r) # 0,

c(ng, m2)c(ny, r1) c(ng, 70)?
C(noa TO)C(”h 7“1)

c(ng,ro)c(ng, re) =

Thus Agg(ng, 19, 1) (under the same normalization as above) interpolates to a ratio of smooth
functions (according to the already proven cases of the theorem!) on U. Passing, if necessary,
to a smaller neighborhood U; C U (in order to avoid the possible zeros in the denominator),
we get the assertion of the theorem in this case as well. We remark that this was the only
step in the whole proof, where the (technical) condition (5) was used.

REFERENCES

[1] Cohen, H., Sums involving the values at negative integers of L-functions of quadratic charac-
ters, Math. Ann. 217, 271-285 (1975)

[2] Eichler M., Zagier D., The Theory of Jacobi Forms, Progress in Mathematics, v.55, Birkhauser,
Boston-Basel-Stuttgart, 1985.

[3] Greenberg, R., Stevens, G., p-adic L-functions and p-adic periods of modular forms, Invent.
Math., 111, 407-447 (1993)

[4] Gross, B., Kohnen, W., Zagier, D., Heegner points and derivatives of L-series, II, Math. Ann.,
278, 497-562 (1987)

[5] Hida, H., Elementary theory of L-functions and Eisenstein series, London Math. Soc. Student
Texts, 26, Cambridge University Press, 1993.

[6] Kohnen, W., p-adic congruences for cycle integrals associated to elliptic curves with complex
multiplication, Math. Ann. 280, 267-283 (1988)

[7] Panchishkin, A.A., On the Siegel - Eisenstein measure, to appear in Israel J. Math.

[8] Skoruppa, N.-P.; Computations of Siegel modular forms of genus two, Math. Comp. 58,197,
381-398 (1992)

[9] Stevens, G., A-adic modular forms of half-integral weight and A-adic Shintani lifting, Contemp.
Math. 174, 129-151 (1994)

[10] Tilouine, J., Urban, E., Familles p-adiques & trois variables de formes de Siegel et de
représentations galoisiennes. C. R. Acad. Sci. Paris Sér. I Math. 321,1, 5-10 (1995)
[11] Zagier, D., Sur la conjecture de Saito-Kurokawa (d’aprées H.Maa8), Séminaire Delange-Pisot-

Poitou 1979-1980, Progress in Math. v.12, 371-394, Birkh&user, Boston-Basel-Stuttgart, 1980.



