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An Approach to the p-adic Theory of Jacobi Forms

P. Guerzhoy

The theory of p-adic modular forms was developed by J.-P. Serre [8] and N. Katz [5]. This

theory is by now considered classical. Investigation of p-adic congruences for modular

forms of half-integer weight was carried out by N. Koblitz [6] and led him to deep con-

jectures. It seems natural to search for p-adic properties of other types of automorphic

forms. In this paper we use the Serre approach to p-adic theory of modular forms in order

to develop p-adic theory of Jacobi forms. The starting point of [8] was the definition of

p-adic modular forms via their q-expansions as p-adic limits of usual modular forms.

It turned out possible to define weight of p-adic modular form as an element of p-adic

Lie group X = Homcont(Z∗
p, Z∗

p). One can obtain this element as a limit of the weights of

the modular forms used in the definition of p-adic modular form. This phenomenon was

explained in [5] from the point of view of algebraic geometry. Although the geometric

interpretation of Jacobi forms seems vague, we show in this paper that an analogous

statement is true for Jacobi forms.

We state the basic properties of p-adic Jacobi forms in Theorems 1 and 2. In Corol-

lary 1 we consider sequences of Jacobi-Eisenstein series as examples of p-adic Jacobi

forms. As a number-theoretic application we obtain p-adic limit formulae for the aver-

age number (with appropriate weights) of representations of an integer by inequivalent

unimodular quadratic forms (Corollary 2).

Now we introduce some notations concerning p-adic analysis. Let p be a prime

number. In order to avoid some technical difficulties we assume p �= 2. The p-adic Lie

group X0 = Homcont(Z∗
p, C∗

p) appears as the domain of definition of the non-Archimedian

zeta-function [7]. It contains the subgroup X = Homcont(Z∗
p, Z∗

p). Each element of X could

be regarded as a pair (t, u), where t ∈ Zp and u ∈ Z/(p − 1)Z. An element k ∈ X is a pair if

k ∈ 2X, i.e., its second component u is a pair. (The structure of X is described in [8].) We

will often identify natural numbers with their images in X via the natural inclusion. We

Received 11 November 1993. Revision received 7 December 1993.



         

32 P. Guerzhoy

write | |p for the p-adic norm on rational numbers normalized such that |p| = p−1. We

denote by Lp(s; χ) the p-adic L-function [4], by ω the Teichmuller character, and by ζ∗ the

Kubota-Leopoldt p-adic ζ-function, such that

ζ∗(s, u) = Lp(s; ω1−u).

Following [8] for k ∈ X and an integer n ≥ 1, we denote by σ∗
k−1(n) the sum

σ∗
k−1(n) =

∑
dk−1,

where the summation is assumed over all divisors of n prime to p. All of our notations

which concern Jacobi forms are compatible with those of [2], where the general theory

of Jacobi forms is developed. In particular we assume q = exp(2πiτ) and ζ = exp(2πiz).

The formula that defines the operators D2ν will appear below in (3).

Theorem 1. Let us consider a sequence of Jacobi forms φi(τ, z) = ∑
n,r ci(n, r)qnζr of even

weights ki ≥ 2 and fixed index m. We assume ci(n, r) to be rational numbers. If there

exists a formal power series in two variables φ = ∑
r2≤4nm c(n, r)qnζr with coefficients

c(n, r) ∈ Qp, such that

φ(q, 0) =
∑

n

(
∑

r

c(n, r)

)
qn �= 0 (1)

as a formal power series in one variable, and

|φi − φ|p = sup
n,r

|ci(n, r) − c(n, r)|p −→ 0, (2)

when i → ∞, then the following assertions hold.

(i) The sequence of weights ki tends to a limit k ∈ X;

(ii) supν |D2ν(φi) − D2ν(φj)|p −→ 0, when i, j → ∞.

This theorem allows us to introduce the following.

Definition 1. A formal series in two variables over the field of p-adic numbers Qp

φ =
∑

n,r

r2≤4nm

c(n, r)qnζr

is referred to as a p-adic Jacobi form of even weight k ∈ 2X and index m ∈ Z if it satisfies

(1) and there exists a sequence of Jacobi forms φi(τ, z) = ∑
n,r ci(n, r)qnζr of even weights

ki and fixed index m such that |φ − φi|p −→ 0 and ki −→ k, as i → ∞.
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Remarks. (1) The second assertion of the Theorem 1 means that for a p-adic Jacobi form

φ of weight k and an integer number ν ≥ 0 one can define a p-adic modular form D2ν(φ)

of weight k + 2ν. In other words, the operator D2ν acts analogously with the complex-

analytic situation.

(2) It is obvious that each Jacobi form becomes a p-adic Jacobi form if it satis-

fies (1).

(3) The condition (1) is stronger than we need in order to prove Theorem 1; however,

we can not drop it altogether because we must avoid the case when the limit is zero.

Proof of Theorem 1. Let us first consider modular forms

D0(φi) =
∑

n

(
∑

r

ci(n, r)

)
qn.

Since the summation over r is always finite, the condition (2) yields

sup
n

∣∣∣∣∣
∑

r

ci(n, r) −
∑

r

cj(n, r)

∣∣∣∣∣
p

≤ max
n,r

|ci(n, r) − cj(n, r)|p −→ 0,

when i, j → ∞. In accordance with definition [8], the sequence of modular forms D0(φi)

defines a p-adic modular form. The assertion (i) follows now from the Theorem 2 of [8].

Let us now consider the sequence D2ν(φi) for arbitrary ν ≥ 0. By definition [2] one has

D2ν(φi) =
∑

n≥0

(
∑

r

P
(ki−1)
2ν (r, nm)ci(n, r)

)
qn, (3)

where

Pk−1
2ν (r, n) =

∑

0≤µ≤ν

(−1)µ
(2ν)!

µ!(2ν − 2µ)!

(k + 2ν − µ − 2)!

(k + ν − 2)!
r2ν−2µnµ, (4)

and the inner summation over r is finite. We rewrite (4) as a polynomial in variable k:

P
(k−1)
2ν (r, n) = a0(n, r, ν)kν + a1(n, r, ν)kν−1 + · · · + aν(n, r, ν).

Here al(n, r, ν) ∈ Z yields |al(n, r, ν)|p ≤ 1. We are now able to estimate the difference:

|D2ν(φi) − D2ν(φj)|p ≤ sup
r

∣∣∣∣∣∣
∑

0≤l≤ν

(al(n, r, ν)kl
ici(n, r) − al(n, r, ν)kl

jcj(n, r)

∣∣∣∣∣∣
p

≤ sup
l,r

|kl
ici(n, r) − kl

jcj(n, r)|p. (5)

Taking into account assertion (i) we conclude that the number (kl
i − kl

j) is divisible on a

large power of p for i and j sufficiently large (since this number is divisible by (ki − kj)).

This makes obvious assertion (ii).
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The action of operators Vl on Jacobi forms is defined in [2]. They are closely

connected to Hecke operators. In particular, they act on the modular forms which appear

in the Taylor expansion of a Jacobi form as usual Hecke operators. Following [8], we will

define the action of these operators on p-adic Jacobi forms through their action on the

Fourier expansions. For a p-adic Jacobi form of weight k φ = ∑
r2≤4nm c(n, r)qnζm and

natural number l we put

(φ|V (p)
l ) =

∑

n,r


 ∑

a|(n,r,l)

ak−1c(ml/a2, r/a)


 qnζr.

For l = 0 we put

(φ|V (p)
0 )(τ, z) = c(0, 0)G∗

k.

Here G∗
k is the p-adic Eisenstein series of weight k defined in [8]:

G∗
k = 1

2
ζ∗(1 − k) +

∑

n≥1

σ∗
k−1(n)qn.

The following assertion becomes evident as a consequence of our Theorem 1 (i), Theorem

4.1 of [2], and the results of [8].

Proposition 1. Let φ be a p-adic Jacobi form of weight k ∈ 2X and index m, defined by a

sequence of Jacobi forms φi.

Then for each l ≥ 0 the formal series φ|V (p)
l is a p-adic Jacobi form of the same

weight k and index ml; moreover, φi|Vl −→ φ|V (p)
l .

If there exists a sequence of Jacobi forms φi, defining φ, such that the sequence

of their weights tends to infinity in the usual sense (as a sequence of elements of Z), then

the p-adic modular form φ|V (p)
0 is defined by the seqence of modular forms φi|V0.

The following property of p-adic Jacobi forms of index 1 concerns the known

structure of the graduated algebra Jk,1 of Jacobi forms of index 1. Let us denote by Ek,1

the Jacobi-Eisenstein series [2]:

Ek,m(τ, z) = 1

2

∑

(c,d)=1

∑

λ∈Z
(cτ + d)−kem

(
λ2 aτ + b

cτ + d
+ 2λ

z

cτ + d
− cz2

cτ + d

)
, (6)

where we assumed em(x) = e2πimx.

Theorem 2. Let {φi}∞i=1 define a p-adic Jacobi form of index 1. For each i we denote by fi

and gi the uniquely defined modular forms such that

φi = fiE4,1 + giE6,1.
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Then the sequences ∆fi and ∆gi, where ∆ = ∑
n≥1 τ(n)qn is the discriminant func-

tion, define p-adic modular forms.

Proof of Theorem 2. The assertion of the theorem follows immediately from Theorem 1

and the following.

Lemma 1. Let Ψ be a Jacobi form of even weight l and index 1. Let Ψ = FE4,1 + GE6,1, for

modular forms F and G of weights (l − 4) and (l − 6). Then

288∆F = E6D2(Ψ) − i

π
E6D0(Ψ)′ − li

6π
D0(Ψ)E′

6

288∆G = −E4D2(Ψ) + i

π
E4D0(Ψ)′ − li

4π
D0(Ψ)E′

4,

(7)

where Eisenstein series Ek are defined by Ek = 1 − (2k/Bk)
∑

n≥1 σk−1(n)qn.

Remark. Since

2πiF1(E6, D0(Ψ)) = lE′
6D0(Ψ) − 6E6D0(Ψ)′

2πiF1(E4, D0(Ψ)) = lE′
4D0(Ψ) − 4E4D0(Ψ)′,

(8)

where Fν denotes the Cohen operator ([1], Theorem 7.1), the assertion of Lemma 1 is

equivalent to

288∆F = E6D2(Ψ) − 1

3
F1(E6, D0(Ψ)))

288∆G = −E4D2(Ψ) + 1

2
F1(E4, D0(Ψ))).

(9)

The numerators of (9) are cusp forms (see [2], Corollary to Theorem 3.3). It follows

that modular forms F and G are correctly defined by (7).

Proof of Lemma 1. The identity Ψ = FE4,1 + GE6,1 yields the system of equations

D0(Ψ) = D0(FE4,1) + D0(GE6,1)

D2(Ψ) = D2(FE4,1) + D2(GE6,1).

(10)

Since for every Jacobi form φ and modular form f one has

D0(fφ) = fD0(φ),
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one can rewrite the first equation of (10) as

D0(Ψ) = FD0(E4,1) + GD0(E6,1).

In order to simplify the second equation of (10) we will use the following assertion.

Proposition 2. Let f be a modular form of weight k1 and φ a Jacobi form of weight k2

and arbitrary index.

Then

D2(fφ) = k1 + k2

k2
fD2(φ) − ik1

πk2
fD0(φ)′ + i

π
f′D0(φ).

One can obtain the proof of this proposition by combining the formulae (9), (7)

and (12) from Chapter I.3 of [2].

Lemma 1 now follows by solving the system of two linear equations.

Theorem 2 is proven now.

As an example of p-adic Jacobi forms we consider Jacobi-Eisenstein series (6).

Corollary 1. Let ki be a sequence of even integers, considered as elements of X. Let

limi→∞ ki = k ∈ X.

Then the sequence of Jacobi-Eisenstein series Eki,m
defines a p-adic Jacobi form

of weight k and index m.

Proof. In the case when m = 1, the assertion follows from the explicit formulae for

the Fourier expansion coefficients of the Jacobi-Eisenstein series ([2], Theorem 2.1) and

the Kummer congruences. Since Eki,m
= Eki,1|Vm, it is sufficient to apply Proposition 1 in

order to obtain the desired assertion for arbitrary m > 0.

Remarks. (1) In the case m = 1, one can find a statement equivalent to Corollary 1

in [6], Theorem 4. The equivalence is due to the isomorphism between the “+”-space

of modular forms of half-integer weight and the space of index-one Jacobi forms. The

detailed description of this isomorphism is contained in [2], Theorem 5.4.

(2) One can also define Jacobi-Eisenstein series

Ek,m(τ, z) = (4πi)t

2

∑

(c,d)=1

∑

λ∈Z
χ(λ)(cτ + d)−kem

(
λ2 aτ + b

cτ + d
+ 2λ

z

cτ + d
− cz2

cτ + d

)
. (11)

Here χ is a Dirichlet character modulo r, the number r is a power of a prime number p, and

t = (1 − χ(−1))/2. Corollary 1 remains true also for such Jacobi-Eisenstein series, if one
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replaces the sequence of weights ki ∈ X in Corollary 1 by the sequence of pairs (ki, χi) ∈ X0.

The explicit calculation of the Fourier expansion coefficients of such Jacobi-Eisenstein

series demands more work. It can be found in [3].

As an example of p-adic Jacobi forms of weight k ∈ 2Z, which are not analytic

Jacobi forms, one can now consider the series

E∗
k,1 =

∑

n,r

e∗
k,1(n, r)qnζr,

where

e∗
k,1(n, r) =




Lp(3 − 2k, ω2k−2) if r2 = 4n; r even

Lp(2 − k, ωk−1χD) if D = r2 − 4n < 0 square free

0 if D = r2 − 4n > 0.

If D = r2 − 4n = D0f
2 < 0, and D0 is square free, one has

e∗
k,1(n, r) = Lp(2 − k, ωk−1χD)

∑

d|f
(p,d)=1

µ(d)χD0 (d)dk−2σ∗
2k−3(f/d).

Here µ denotes the Mobius function and χD the quadratic character of imaginary quad-

ratic field Q(
√

d).

As an application of the theory developed here, we will consider a p-adic assertion

that follows from a result of Waldspurger [10]. This result was discussed and re-proved

in the framework of the theory of Jacobi forms in [2], §7.

Let us denote by (Λi, Qi), where 1 ≤ i ≤ h, the inequivalent unimodular positive

definite rational-valued quadratic forms on lattices Λi of rank 2k. For such a form Q let

B(x, y) be the associated bilinear form with Q(x) = (1/2)B(x, x). Following [2] we introduce

the Jacobi theta series for fixed y ∈ Λ:

ΘQ,y =
∑

x∈Λ

qQ(x)ζB(x,y).

Theorem 7.1 of [2] yields that ΘQ,y is a Jacobi form of weight k and index m = Q(y). Let

εi = w−1
i /(w−1

1 + · · · + w−1
h ), where wi is the number of automorphisms of Qi. It is proven

in [2] that

h∑

i=1

εi

∑

y∈Λi
Qi(y)=m

ΘQi,y
(τ, z) = (Ek,1|Vm)(τ, z). (12)

The way we propose to obtain p-adic assertions from the last formula is as follows.

We fix m and choose a sequence of weights kj ∈ Z, such that kj → ∞ as j → ∞ and
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kj → l ∈ X when j → ∞ as a sequence of elements of X. In accordance with the earlier

considerations, we obtain a p-adic Jacobi form in the right-hand side. It follows that

the left-hand side also turns out to be a p-adic Jacobi form. We can now apply Theorem

1 (ii) in order to obtain an identity for p-adic modular forms and compare their Fourier

expansions. We denote by rQ(n) the number of representations of an integer n by the form

Q. Such numbers appear as Fourier coefficients on the left. In the case m = l = 0 (under

this assumption (12) turns out to be a result of Siegel [9]), the calculations described

above give the following.

Corollary 2. Let kj be a sequence of integers such that limj→∞ kj = ∞ in the usual sense,

limj→∞ kj = 0 in X, and 4|kj. (For example one can take kj = 4pj.)

Then

lim
j→∞

1

kj

hj∑

i=1

εirQi
(n) = 2p

p − 1

∑

d|f
(p,d)=1

d−1,

where the limit in the left is assumed to be p-adic (in the topology of Qp).

In the proof we used the known value p−1/p of the residue of the Kubota-Leopoldt

zeta-function at its only pole.
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