
CARDINALITIES

Recall (cf. Definition 13.1) that we call two sets isomorphic if there exists a
bijection (which is an isomorphism by Corollary 12.8) between them. Furthermore,
we say that two isomorphic sets have the same cardinal number (cf. Definition
17.1) or, equivalently, they have same cardinality.

We will make use of the notation

S ∼= T

to say that the sets S and T are isomorphic.
Clearly, every set is isomorphic to itself, and the isomorphism is performed by

the identity map.
When we consider finite sets, nothing surprising happens, namely, we have the

following obvious proposition.

Proposition. Two finite sets are isomorphic if and only if they have the same

amount of elements.

No finite set is isomorphic to an infinite sets.

This fact is too obvious to prove, and we will not prove it. Remark that the above
proposition is a variation of ”pigeon box principle”. That states, in particular, that
one may put all pigeons in boxes, one in every box, if and only if the amounts of
pigeons and boxes are equal. Note that when one puts pigeons into boxes in this
way, one establishes a one-to-one correspondence between the sets of pigeons and
boxes.

The situation becomes much more interesting when we begin to consider infinite
sets. The first infinite set we have dealt with is

N = {0, 1, 2, 3, 4, 5, 6, 7 . . .},

the set of natural numbers.

Definition. A set is called denumerable if this set is isomorphic to N.

A set is called countable if it is either finite or denumerable.

Here is something which never happens with finite sets. If we take an element
out of N, it stays denumerable. Specifically, we have that

N \ {0} ∼= N.

Indeed, the function

f : N → N \ {0}

defined by

f(n) = n + 1

establishes the isomorphism (you have to prove that now!)
The example above shows that two infinite sets which manifestly differ by an

element may still be isomorphic. Another example of the behavior of infinite sets
differs from that of finite sets goes even further: two infinite sets which manifestly
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differ by an infinite set of elements may still be isomorphic. Specifically, we have
that

N ∼= Z.

Indeed, the function
f : N → Z

defined by

f(n) =

{

n

2
if n is even

−n+1

2
if n is odd

establishes the isomorphism (you have to prove that now!)


