
EXERCISES AND EXAMPLES TO 6.1 AND 6.2

0.1. examples of induction arguments. Here are some exercises and semi-
serious examples of inductive arguments.

0.1.1. a line on campus. There is a line near a campus center office, and the first
person in line is a registered student. Moreover, every registered student in this
line (except the last in line) is followed by a registered student again. Induction
argument allows us to conclude that everyone in this line is a registered student.

Please, take a moment, apply your common sense, and try o explain yourself in
words, why there are nobody but registered students in this line.

Let us now look at a formal argument. The situation is a bit special since we
cannot apply Proposition 6.3 directly. That is because a statement which we want
to be true for every n ∈ N would look somehow artificial and awkward (the whole
line is only finite!) I thus apply our Claim 6.2 instead.

Proof. We firstly assign to every person in our line a number; that is his place
number in the line. All these numbers are positive integers. Let T be the set of
numbers assigned to the people in line which are not registered students. We want
to show that T is empty. For the sake of a contradiction we assume otherwise.
Then Claim 6.2 guarantees the existence of a minimal element t ∈ T . It cannot
happen that t = 0 because we assigned 0 to nobody (first person in line has got
number 1). It also cannot happen that t = 1 because the first person in line is a
registered student. Thus t− 1 ≥ 1 is a number assigned to somebody in line. Since
t − 1 < t, and t is a minimum element in T , the number t − 1 is assigned to a
registered student. However, a registered student is followed by either a registered
student or nobody, therefore the number t must be either assigned to a registered
student, or not assigned at all. That contradicts to the fact that t ∈ T . �

0.1.2. variations on Proposition 6.3. The line on campus story above hints that
some variations of Proposition 6.3 are true and may be useful. We provide some of
them here.

Proposition. Let S ⊆ N, and let k ∈ N be an integer. Assume that

• k ∈ S

• If n ∈ S, then n + 1 ∈ S

Then S ⊇ {n ∈ N | n ≥ k}.

Exercise. Prove the proposition. There are three (equivalent) ways to do
that. Firstly one may make use of Claim 6.2. Alternatively, one may make use
of Proposition 6.3. Finally, one may present an induction argument. Try to do at
least two out of the three. Note that Proposition 6.3 is a special case k = 0 of this
proposition.

One sometimes makes it even more general: integers Z are as good as natural
numbers N here.

Proposition. Let S ⊆ Z, and let k ∈ Z be an integer. Assume that
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• k ∈ S

• If n ∈ S, then n + 1 ∈ S

Then S ⊇ {n ∈ Z | n ≥ k}.

Exercise. Prove the proposition.
Here is yet another variation which is sometimes convenient in practice.

Proposition. Let S ⊆ N, Assume that

• 0 ∈ S

• If k ∈ S for every natural k ≤ n, then n + 1 ∈ S

Then S = N.

Exercise. Take a moment to explain yourself the difference between this
proposition and Proposition 6.3.

Prove the proposition making use of the following sketch. Denote by p(n) the
statement ”k ∈ S for every natural k ≤ n”. Explain why it suffices to prove that

((0 ∈ S) ∧ (p(n) ⇒ p(n + 1)) ⇒ S = N.

Define the set

U = {n ∈ N | p(n) is true} .

Apply Proposition 6.3 to the set U ⊆ N.

0.1.3. mathematicians in a train. Finally, we consider a story. Please do not take
this story too seriously, and do not try to confirm it with field experiments!

Several mathematicians are traveling by train together. The windows are open,
and while the train runs through a dusty tunnel some of them get their faces dirty.
A steward enters the machine and says: ”Some of you got dirty. Lavatories to step

out for washing your face are available at every stop.”

We assume that there are no mirrors there, and all mathematicians are very lazy
to do anything, in particular, they are too lazy not speak to each other, or even
to check their faces with hands. Being mathematicians, they, however, are never
lazy to think and look around. Out of laziness, no one of them would go anywhere
unless this person is absolutely convinced that it is necessary to go. However, if
anyone of them concludes that his or her face is dirty, that person tries to wash it
as soon as possible. Please note that this is not a real life story, and we therefore
can take these assumptions.

I claim a bit surprising outcome

Proposition. If there are n mathematicians with dirty faces, they all will step out

for washing on n-th stop.

Proof. We use induction in n.
For the base, consider the case n = 1. There is exactly one dirty mathematician.

This person looks at the others, observes all clean faces around, and concludes that
since someone is dirty that should be him. Thus he rushes to wash himself on the
first stop.

For the induction step, we need to prove the proposition for n + 1 dirty faces
under the assumption that it holds true for n dirty faces. We thus assume that
n+1 faces are dirty. Every one of those who got dirty can see n dirty faces around.
This mathematician thinks: ”If I am clean, then there are exactly n dirty faces, and

they will step out to wash themselves on n-th station.” With that in mind, every
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dirty person waits until n-th station is gone. At this moment, since no one moved
to the lavatories, this mathematician realizes that his own faces is also dirty, and
rushes to the exit at n + 1-st station.

�

Exercise. Consider the case n = 2, and convince yourself that the argument
indeed works in this case. Try n = 3.

Reamark Let us modify the story just a little bit. Can one take the steward out
of the story? Assume that there is an ad somewhere about the availability of lava-
tories. The fact that some faces are dirty may be observed by our mathematicians
without the steward. Has the steward really provided for useful information? Sur-
prisingly, the answer is ”yes”, the steward with these seemingly meaningless words
was a deal-breaker. They will seat there forever, and begin count the stops only
after the steward’s announcement. Indeed, our induction argument looses its base
case n = 1 without the steward. If only one person is dirty, that person observes
only clean faces around, and does not see any need to go to a lavatory. Now, if there
are two of them every one can see one dirty face, but cannot conclude anything
after the first stop. If that other person is the only one who got dirty, he would

do just nothing; the same if my face is also dirty. We thus see that the steward’s
words were absolutely necessary, and that is surprising since these words contain
no new information for the audience already in the case n = 2.

Here we see that an induction argument never takes off without a base case.


