
A CONSRUCTION OF R

There are many possible constructions of real numbers. It is possible to prove
that they are all equivalent, defining the same object. In particular, a construction
which makes use of Dedekind cuts is presented in the notes.

Here I present a construction of real numbers which makes use of Cauchy se-
quences. To recall: we have already defined rational numbers, and thus may operate
with them freely.

To begin with, we review the notion of sequence. In fact, this notion fits well
into the discussion in Section 1.4 of indexed sets. We, however, revise it from the
point of view of functions. As usual, N stands for the set of natural numbers.

0.1. Sequences.

Definition. Let A be a set. A sequence of elements of A (indexed by N) is a
function

a : N → A.

Notations which we use for sequences differ a little from typical functional nota-
tions. In particular, we frequently write

an instead of a(n)

for an element of the sequence (the image of n under a). One also uses

{an}

for the whole sequence, or more explicitly

{a0, a1, a2, . . .}

when the rule is either clear, or not important. As you see, the set A has been
dropped from the notations. However, it is frequently important, and should always
be specified if a confusion is possible.

0.2. Operation. Let us introduce an operation ∗ on the set of all sequences with
elements in A. For two sequences {an} and {bn}, set

{bn} ∗ {cn} = {an}

with

an =

{

bm if n is even and n = 2m

cm if n is odd and n = 2m + 1.

Specifically, we just have the sequence {bn} ∗ {cn} as

b0, c0, b1, c1, b2, c2, . . . .
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0.3. Cauchy sequences. We will need a special kind of sequences which are called
Cauchy sequences.

Definition. A sequence {cn} of rational numbers is a Cauchy sequence if

∀ε > 0 ∃N ∈ N : (n > N ∧ m > N) ⇒ |cn − cm| < ǫ

In this definition, we assume that ε ∈ Q. Typically, one assumes ε ∈ R, but
we just want to define real numbers, so we stop for time being to assume that we
already know what they are! One may as well define a Cauchy sequence of real
numbers, complex numbers, or elements of some more abstract sets (metric spaces).
That is standard in analysis.

Here are some examples of Cauchy sequences:

cn = 1 ∀n ∈ N,

cn =
1

n + 1
∀n ∈ N,

cn = 2−n ∀n ∈ N.

Exercise Prove that the above sequences are Cauchy sequences.

0.4. Real numbers: idea of construction. Cauchy sequences look like converg-
ing sequences: they should have limits. We want to introduce real numbers as
these limits. Intuitively, a real number can be approximated by rationals, and we
want to take these approximations (a sequence of rationals which converges to the
real number) as the real number. However, for a real number, there may be many
sequences which converge to it, and we inevitably come to the consideration of
equivalence classes.

0.5. Real numbers. Denote by C the set of all Cauchy sequences of rational num-
bers.

Define a relation ∼ on C by
{bn} ∼ {cn}

if and only if the sequence {bn} ∗ {cn} is again a Cauchy sequence.
Exercise Let

cn =
1

n + 1
∀n ∈ N,

and
bn = 0 ∀n ∈ N.

Show that
{bn} ∼ {cn}

Exercise Give an example which shows that not all Cauchy sequences are equiv-
alent.

Your example shows that, for Cauchy sequences {bn} and {cn}, the sequence
{bn} ∗ {cn} may be not a Cauchy sequence.

However, if {bn} ∗ {cn} is a Cauchy sequence, then so are both {bn} and {cn}.
Prove that!

The following proposition will be helpful in the prove of an important proposition
below.

Proposition. Let {bn} and {cn} be Cauchy sequences. Then {bn} ∼ {cn} if and
only if

∀ε > 0 ∃N ∈ N : (n > N ∧ m > N) ⇒ |bn − cm| < ǫ.
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Proof. Let

{an} = {bn} ∗ {cn}.

I will only prove one direction of this if and only if statement here, and leave
another one as an exercise.

Exercise Prove

∀ε > 0 ∃N ∈ N : (n > N ∧ m > N) ⇒ |bn − cm| < ǫ.

assuming that {bn} ∼ {cn}. Hint: simply write down what does it mean that
{an} = {bn} ∗ {cn} is a Cauchy sequence.

Let us now assume that

∀ε > 0 ∃N ∈ N : (n > N ∧ m > N) ⇒ |bn − cm| < ǫ.

We have to prove that {bn} ∼ {cn}. That means that we need to show that
{an} = {bn} ∗ {cn} is a Cauchy sequence. In other words, we have to prove that

∀ε > 0 ∃N ∈ N : (n > N ∧ m > N) ⇒ |an − am| < ǫ

In order to do that, we pick and arbitrary ε > 0 and need to show that an appropri-
ate N exists. To begin with, note that the distance |an − am| may be the distance
between elements of sequence {bn} or {cn}. Indeed, if both n and m are even, then

|an − am| = |bn/2 − bm/2|,

while if both n and m are odd,

|an − am| = |c(n−1)/2 − b(m−1)/2|.

Since both {an} and {bn} are Cauchy sequences, these differences are smaller than
ε if the indeces are large enough. specifically, since {bn} is a Cauchy sequence, there
exists N1 such that

|an − am| = |bn/2 − bm/2| < ε as soon as n > N1 andm > N1

if both n and m are even. Similarly, since {cn} is a Cauchy sequence, there exists
N2 such that

|an − am| = |c(n−1)/2 − b(m−1)/2| < ε as soon as n > N2 andm > N2.

if both n and m are odd.
Exercise Explain why I can derive the above inequalities from the definition of

a Cauchy sequence. In particular, why I disregard the fact that the indices are not
n and m but n/2 and m/2 or (n − 1)/2 and (m − 1)/2.

In the case, when the indices have opposite parity, it is given to us that the
distance between the elements of {bn} or {cn} becomes smaller than ε if the indices
are large enough. That is there exist N3 and N4 such that

|an − am| = |bn/2 − c(m−1)/2| < ε as soon as n > N3 andm > N3

and

|an − am| = |b(n−1)/2 − cm/2| < ε as soon as n > N4 andm > N4

We now take the largest of the four quantities

N = max{N1, N2, N3, N4},

and combine all inequalities above to conclude that

|an − am| < ε as soon as n > N andm > N.
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This last inequality just tells us that {an} is a Cauchy sequence as required. �

Here is a little simpler criterion for two Cauchy sequences {bn} and {cn} to be
in relation.

Proposition. Let {bn} and {cn} be Cauchy sequences. Then {bn} ∼ {cn} if and
only if

∀ε > 0 ∃N ∈ N : (n > N) ⇒ |bn − cn| < ǫ.

The proof is similar to that of the previous proposition, and I leave it as an
exercise. In fact, this proposition allows one to give another equivalent definition
of the relation ∼.

Since we introduce a relation which we denote by ∼, we probably want it to be
an equivalence relation.

Proposition. The relation ∼ on the set C is an equivalence relation.

You can prove this proposition on your own.
Exercise Prove that ∼ is reflexive and symmetric.
Exercise Use the previous Proposition in order to prove that ∼ is transitive.
Since ∼ is an equivalence relation, we can define the set of equivalence classes.

Definition. The set of real numbers is defined as

R = C/ ∼ .

0.6. TODO list. We have defined R. Let me briefly list the questions we have to
address in this connection.

• How to embed Q into R?
• How these real numbers defined as equivalence classes of Cauchy sequences

are related to just usual decimals?
• How the usual order relation is defined on these real numbers?
• Which important properties do real numbers have that rationals do not?

In other words, why did we bother to enlarge rationals to reals?
• How are the operations (addition and multiplication) defined on our real

numbers?

I will address these questions in my further lectures.


