
A CONSRUCTION OF R – CONTINUATION

So far, we have defined real numbers as

R = C/ ∼ .

0.1. Rationals as reals. Every rational number is, at the same time a real number.
We thus have to indicate how to identify a rational number with an equivalence class
of Cauchy sequences. In order words, we have to describe an embedding (injective
map) ι : Q → R. That is simple. For a rational number a ∈ Q, we set

ι(a) = [{a, a, a, . . .}]∼.

In other words, we consider the sequence {a, a, a, . . .} of rational numbers, note
that this is a Cauchy sequence, and associate the equivalence class of this Cauchy
sequence, which is an element of R, to a. We have to check that this map is an
injection. That reduces to the fact that a 6= b implies {a, a, a, . . .} ≁ {b, b, b, . . .},
and that is easy (do that!).

0.2. Decimal representation. We are actually accustomed to a different view-
point on reals. It is common to think about a real number as a sequence of decimal
digits preceded by the sign + or −, and supplied with a decimal dot. For example,

e = 2.718281828459045 . . . .

We will call that a decimal representation of a real number. We will think about
all these sequences of digits as infinite simply adding infinitely many zeroes if the
sequence stops.

Exercise Show that if the sequence stops then the number is rational. Give an
example of a rational number such that the sequence of digits does not stop (and
does not have an infinite tail of zeroes).

We now want to relate decimal representations to equivalence classes of Cauchy
sequences. We will construct a function from the set D of all decimal representations
to the set R. To do that, we introduce n-th truncation of a decimal representation.
For a decimal representation d, that is a rational number dn given by a decimal
representation whose digits coincide with those of d up to n-th digit after the dot,
and are all zeroes after that. For example, d0 is always an integer.

Proposition. Let d be a decimal representation. Then {dn} is a Cauchy sequence.

Exercise Prove this proposition.
We now can define a function

f : D → R

by

f(d) = [{dn}]∼,

and, in this way, associate a decimal representation d with the corresponding real
number [{dn}]∼.
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Let us now investigate the map f . This investigation will, in particular, clarify
a difficulty which one encounter if one defines real numbers as their decimal rep-
resentations. To begin with, the function f is not injective! Indeed, consider two
decimal representations

0.99999 . . . and 1.0000 . . . .

The corresponding Cauchy sequences of truncations are

{0, 0.9, 0.99.0.999, . . .} and {1, 1, 1, 1, . . .},

and these two Cauchy sequences belong to the same equivalence class. Thus we
have same real number corresponding to the two different representations! We
thus conclude that f does not have a left inverse, and we cannot really associate
a decimal representation to an arbitrary real number. Fortunately, this blemish is
not too bad as the next proposition tells us.

Proposition. If two different decimal representations d and d′ correspond to the
same real number (i.e. f(d) = f(d′)), then one of them has an infinite tail of zeroes
(and another one has an infinite tail of nines).

Exercise Prove this proposition.

Proposition. The map f is surjective.

Proof. Let {cn} be a Cauchy sequence of rational numbers. We need to construct
a decimal representation d such that

{cn} ∼ {dn}.

Since all cn are rationals, we can find an integer Dn such that |cn−10−nDn| ≤ 10−n.
Exercise Prove that for any rational number r and natural number k there

exists an integer Dk such that
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≤ 10−k.

It is possible (try to see that from your proof!) that there are actually two choices
of Dn. Let us agree to always take that one which is smaller by absolute value. I
now claim that, when n becomes bigger, a large amount of digits in Dn stabilizes.
If true, this claim allows me to construct a decimal representation d out of these
stabilized digits.

Let us now see how to develop this strategy in more details. We have that
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≤ 10−n.

Pick varepsilon = 10−l. Since {cn} is a Cauchy sequence, there exists Ml such
that

|cn − cm| < 10−l if (n > Ml) ∧ (m > Ml).

In this last inequality we can always assume that Ml > l. These inequalities imply
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≤ 3 · 10−l < 10−l+1 if (n > Ml) ∧ (m > Ml)

Together with our convention on the choice of Dn that implies that the first l−1
digits of the integers Dn and Dm are the same.
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