
SAMPLE PAPER: CYCLOTOMIC POLYNOMIALS

YOUR NAME HERE

1. Introduction

Let ζn = e2πi/n ∈ C. Then ζnn = 1 so ζn is a root xn − 1 ∈ Q[x].
Obviously ζkn is also a root. A root of xn − 1 is primitive if its multi-
plicative order is n. So for example, ζ512 is a primitive 12th root of unity
but ζ412 is not since its order is 3.

The nth cyclotomic polynomial is defined by

Φn(x) =
∏

1≤a<n
gcd(a,n)=1

(x− ζan)

You should prove some of the basic properties of Φn(x):

(1)

xn − 1 =
∏

1≤a≤n

(x− ζan) =
∏

1≤d≤n
d |n

Φd(x)

(2) Φn(x) ∈ Z[x].
(3) Φn(x) is irreducible in Q[x].
(4) Find out what the Euler ϕ function is and how to evaluate it.
(5) Show the degree of Φn(x) is ϕ(n).
(6) Find Φn(x) when n is prime.
(7) Show that if n is odd then Φ2n(x) = Φn(−x).
(8) Find Φn(x) for n = 1 to 20.

Gauss’ lemma is useful for proving the second item and the third item
is hard. The others are not hard.

The factorization

xn − 1 =
∏

1≤d≤n
d |n

Φd(x)

factors xn − 1 into irreducible factors over Q[x]. Since Φn(x) ∈ Z[x]
it can be viewed as a polynomial over Zp for any prime p. Φ7(x) =
1 + x+ x2 + x3 + x4 + x5 + x6. Investigate how this factors in Zp[x] for
various primes p.
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2. Symbolic references and the bibliography

Theorem 1. Let G be a group with at least two elements and which
has no nontrivial normal subgroup. Then G is simple.

Proof. This is the definition. �

If you look in the TEX file you can see how to set up theorems and
proofs and give them symbolic labels, and how to use these labels, for
example “see Theorem 1.” It is ofter necessary to run LATEX twice to
get this to work.

Using bibliography references: put an entry in the file AlgebraR-
efs.bib and to refer to it do something like: “the above proof uses some
ideas from [2] and some from [1]. You need to run LATEX, then BibTEX,
the LATEX twice.
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