ON n-PERMUTABLE CONGRUENCES

J. HAGEMANN and A. MITSCHKE

In this note we prove a theorem equivalent to the well-known Mal’cev-type-
theorem for n-permutable equational classes, but simpler in form.
The result which is stated in [2], {5] and {8] is the following one.

THEOREM !. For any equational class W the following statements are equivalent:

(a) The congruence relations of every algebra of U are n-permutable.

(b) There exist (n+ 1)-ary algebraic operations p,, ..., p, of U satisfying the follow-
ing identities

170 (x01 ARE) xn) = Xo»
Pi-1 (X0, Xo» X2, X2, ...) = P; (X5 X5 X35 X2, ...) ieven,
Pi-1(x0, Xy, Xy, X3, X3, ...) = P; (Xg, X1, Xy, X3, X3,...) io0dd,
Pn(X0s eens Xp) = X,

THEOREM 2. For any eguational class U the following statements are equivalent:
(i) The congruence relations of every algebra of W are n-permutable.
(ii) There exist ternary algebraic operations §,,..., §,_, of W such that

q-l(xs Z: Z)=x,
q-i—l (x’ X, Z) = q-i (xa z, Z),
q-n—l (X, X, Z) =2Z.

Remark. These algebraic operations are the natural generalization of the well-
known Mal’cev condition for permutable classes. H. Werner proved in [7] that the
following statements are equivalent for any equational class U :

(1) The congruences of each A¢W are permutable.
(2) For any AeW each reflexive subalgebra of A* is symmetric.
(3) For any AW each reflexive subalgebra of A? is transitive.

Generalizing this J. Hagemann proved in [3]: For any equational class U the
following statements are equivalent:

(1) The statements of Theorem 2.

"(2) For any AeW and each reflexive subalgebra R of A>

R™'cRo--sR (n—1)-timesR.
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(3) For any AeW and each reflexive subalgebra R of A*

Ro.--oR — Ro---oR

[ —— N ——
n-times {n—1)-times

Proof. We shall prove the equivalence of (ii) and theorem 1 (b).
(ii)=-(b). If we define the operations p,, ..., p, by

Do (X0, s Xp) 1=
p_i(xoa""x) q( Xi— l)xnx;+1) 1<l<n~1
Bn(X0y s Xp) 1= X,

we get for2<ig<n—1

Pio1 (Xo0s Xos X2, X25+0.) = Gy (Xiz 15 Xi— 1, X;)
= g, (x;_1, X}, X;) i even

= pi (X0, Xo» X2, X3, --)

Pi-1 (xo, X1y Xq5 X3, X3, ) =q;— (xi—l’ Xi— 15 X;)
=G, (x;- 15 X3, X;) i odd

:ﬁi(x()’ xl, xl, x3, X3, ...)

because in both cases x;_,=x;_; and x;=Xx;,, and condition (ii) can be applied.
Moreover we have

po (xo, xl, Xl, X3, X3, ...) = xO
by definition and
P1 (X0, X1, X5 X3, X3, ... ) = Gy (Xg, X1, X1) =X, by (ii).

From the above formulae we see that it does not matter if # is odd or even. In both
cases we get by (11) q-n—l (xn—l’ Xn—1> xn)=xn'
(b)=(ii). Wedefinefor 1<i<n—1

Gi(x, ¥, 2) =P (%00 X, ¥y 2,000y 2 )

—— e et
i-times (n—i)-times
Then we get
q-l (x> Z, Z) =P—1 (x’ 2,2, Z)

=p0(x’ z, Zyanay Z) bY(b)
=X
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and for2<ign—1
Gio1 (X, %, 2)=p; 1 (x,..s X, Z,..., 2)
rer— o———
i-titmes (n+ 1 —i)~times
=5 (X,e0s X, 2Z,...,72)
—— s
i-times  (n+ 1 —i)-times
=q; (x, z, Z)

because in both cases / even or odd the formula of (b) can be applied. Moreover we
get by the above argument

Goo1 (X, X, 2) = Ppy (X, .00y X, 2)
=P (%, ..., X, 2)
=2z
which completes the proof.
Now we investigate the few known concrete examples. Using theorem 2 (ii) the
operations can be defined more symmetrically.
One example for (n+ 1)-permutable equational classes has been given by E. T.
Schmidt [6]. He defines an n-Boolean algebra B=(B, vV, A, fi, .- far Ugs -+ Uy) Of
type (2,2, 1,..., 1 0,..., 0) by the following conditions:

(B, v, A)isadistributive lattice and the equations

XViUg=Xx,
XVu,=u,,
[(xvu_g) Au]v fi(x)=u;,
[Gevuag) Aud A filx) =u;-y
are valid for B.
One easily verifies the equations f; (x) v x=u; v x and f; (X) A x =u;_; A X.
We now define for 1 <i<n the operations

[x A (fo-ien ) v 2] v [2 4 (i(p) v X)]

ﬁi (X, s Z) :
and get

xA(fi(2)vz)]viza(fi(z)vx)]
=(xAu)Vv(zAauy) v (zAx)

Bie1 (%%, 2) =[x A (facis2(X) v 2)] v [z A (fio (%) v X)]
=(XAUj1)V(XAZ)V[zA (- VvX)]
=[x A (Up-i41 V]V (zAU-1) v (zAX)
=[x A(focis1(@ v v(za fi(2)) v (zAX)
= [x(/\ (fn-)i+1(z) vZ)]vza(fi(z) v x)]
=pi(x, 2z

bi(x, 2 2)
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and
Bl x, 2) =[x A (A (X)) v 2)] v [z A (f,(x) v X)]
=(xAuy)v(xaz)v(zau,)

which are the conditions of theorem 2 (ii) forn+ 1.
There are examples of 3-permutable equational classes.

EXAMPLE 1 ([4]). Implication algebras.
An implication algebra is an algebra (7, -) of type (2) which satisfies the following
equations
(xy) x=x,
(xy) y = (yx) x,
x(yz) = y(xz).

Here we write xy instead of x- y.

From the definition one can conclude the existence of a unique element 1 satis-
fyingx-x=1land l-x=x.
So, if we define ternary operations p, g by

p{x,y,2):=(zy)x and §{x,y 2):=(xy)z,
we get
p(x, z,z)=(zz) x = Ix = x,
P(x, x,2) = (2x) x = (x2) z = §(x, z, 2)
and

G(x,x,2z)=(xx) z = z.

EXAMPLE 2 ([1]). Right-complemented semigroups.
A right-complemented semigroup is an algebra (S, -, %) of type (2, 2) satisfying
the equations

x(x*y) =y (yx),
xy*xz=y*(xx2z),
x(y*xy)=x.

Right-complemented semigroups are 3-permutable as was shown by B. Bosbach
according to theorem 1 (b).
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Defining 5(x, y, z):= x(y*z)and §(x, y, z): = z(yxx) we get

P(x,z,2)=x(zxz)=x,
P(x, %, z)=x(x*z)
= z(z*x)
=q(x, z, z)
and

G(x,x,z)=z(xxx)=z.

This proof even shows that we have a larger class of algebras which is 3-permutable,
because we used only two of the three independent axioms.
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