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Two addenda: first we want to point out that Cliff Bergman and Giora
Slutzki [1] showed that deciding if (c, d) is in the congruence of A generated
by a set of pairs is nondeterministic log-space complete, NL. This implies
it is polynomial time, P, (but not that it is linear time, of course). It is
believed that NL is properly contained in P.

Secondly Quinn Culver, a graduate student here at the University of
Hawaii, gave a better proof of the correctness of the algorithm. While his
proof is very similar to the original proof, it has the advantage that one need
not assume that the root finding was done without using the collapsing rule,
as was done in the original.

Here is his proof: as before we let θ1 be the final partition of the algorithm.
We need to show

(1) if u θ1 v then f(u) θ1 f(v) for f ∈ S.

As before, if at some point in the procedure (u, v) or (v, u) is on P , (1) will
hold. Fix u and let r0, r1, . . . , rt be the roots for u as the algorithm proceeds.
We prove by induction that (1) holds if v = ri. If u = b then r0 = a and
(1) holds since (a, b) gets on P . If u 6= b then r0 = u and (1) holds trivially.
When the root of u changes from ri to ri+1, ri is made to be a child of ri+1

and (ri, ri+1) is put on P . So (1) holds for ri and ri+1 and by induction it
holds for u and ri, which implies it holds for u and ri+1.

Now if u θ1 v then they have the same root and it is easy to see (1) holds.
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