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ABSTRACT. It is shown that the lattice of subspaces of a finite dimensional
vector space over a finite prime field is projective in the class of modular
lattices provided the dimension is at least 4.

In this paper it is shown that the lattice of subspaces of an n-dimensional
vector space over the field with p elements (i.e., a projective geometry of
dimension n — 1 over Z,) is a projective modular lattice for 4 < n < » and
p a prime. This answers problem 9 of [15].

Recall that a modular lattice L is a projective modular lattice if for any
modular lattices M and N and any lattice homomorphisms 4 of L into N and
f of M onto N, there is a homomorphism g of L into M such that
f(g(a)) = h(a) for all a € L. This is equivalent to the existence of a homo-
morphism f of a free modular lattice FM(X) onto L and a homomorphism g
of L to FM(X) such that f(g(a)) = a for all a € L. The map gofis a
retraction, i.e., it is an endomorphism of FM(X) which is point-wise fixed on
its image. Thus projective modular lattices are the retracts (images of retrac-
tions) of free modular lattices. In particular, every projective modular lattice
is a sublattice of a free modular lattice. Thus as a corollary to our result we
obtain that every finite planar modular lattice can be embedded into a free
modular lattice (in fact, into FM(4)), since all these lattices can be embedded
into the subspace lattices described above (cf. [3]).

The first section of this paper reviews the definition and important results
on von Neumann n-frames of characteristic r. It is shown in [4] the free
modular lattice generated by an n-frame of characteristic , which we denote
FM(P(n, r)), is a projective modular lattice for 3 < n < w and r > 1. In the
second section a review of von Neumann’s coordinatization is given. We
prove the main result in the third section by showing that FM(P(n, p)) is
isomorphic to the lattice of subspaces of an n-dimensional vector space over
Z, for4 < n < wand p a prime.

A subdirectly irreducible modular lattice L is a splitting modular lattice if
there is a lattice equation & such that each variety of modular lattices either
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