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RESIDUALLY SMALL VARIETIES WITH MODULAR
CONGRUENCE LATTICES
BY
RALPH FREESE AND RALPH MCKENZIE!

ABSTRACT. We focus on varieties Y of universal algebras whose congruence lattices
are all modular. No further conditions are assumed. We prove that if the variety V
is residually small, then the following law holds identically for congruences over
algebras in V: B-[8, 8] < [B, 8]. (The symbols in this formula refer to lattice
operations and the commutator operation defined over any modular variety, by
Hagemann and Herrmann.) We prove that a finitely generated modular variety V
is residually small if and only if it satisfies this commutator identity, and in that
case V is actually residually < n for some finite integer n. It is further proved that
in a modular variety generated by a finite algebra A the chief factors of any finite
algebra are bounded in cardinality by the size of 4, and every simple algebra in the
variety has a cardinality at most that of 4.

By a variety we mean a class of similar algebras closed under the formation of
subalgebras, homomorphic images and direct products. A variety is locally finite if
every finitely generated algebra in it is finite. A variety V(4) = HSP(A) generated
by a finite algebra A is locally finite. If 4 is an infinite locally finite subdirectly
irreducible algebra, then HS(A4) includes finite subdirectly irreducible algebras with
no finite bound on their cardinality. (A theorem of Quackenbush [17].) Thus for a
locally finite variety Y there are exactly two possibilities: either there is an integer
n such that every finite subdirectly irreducible algebra in V" has size at most n, and
then every subdirectly irreducible algebra in V" has size at most n, or else V has
finite subdirectly irreducible algebras with no finite bound on their size. In the
latter case there are still many possibilities for the spectrum of subdirectly irreduc-
ible algebras in Y. There may or may not be an infinite subdirectly irreducible
algebra. A variety is called residually < k (where « is a cardinal, possibly finite) if
every subdirectly irreducible algebra in it has cardinality < k. The only known
example of a locally finite, residually < w (i.e. residually finite) variety that is not
residually < n for any n < w is due to Baldwin and Berman [2]-their variety has
infinitely many basic operations and is not generated by any one finite algebra.
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