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Jónsson’s Conditions for Distributivity

A variety V is congruence distributive if and only if there are 3-ary
terms d0, . . . , dk (called Jónsson terms) such that

d0(x , y , z) ≈ x
di(x , y , x) ≈ x for 0 ≤ i ≤ k
di(x , x , y) ≈ di+1(x , x , y) for all even i < k (1)
di(x , y , y) ≈ di+1(x , y , y) for all odd i < k
dk (x , y , z) ≈ z.

How hard is it to test if V (A) is congruence distributive for a finite
A?

Ralph Freese and Matthew Valeriote () Maltsev Conditions June 2007 2 / 17



Jónsson’s Conditions for Distributivity

A variety V is congruence distributive if and only if there are 3-ary
terms d0, . . . , dk (called Jónsson terms) such that

d0(x , y , z) ≈ x
di(x , y , x) ≈ x for 0 ≤ i ≤ k
di(x , x , y) ≈ di+1(x , x , y) for all even i < k (1)
di(x , y , y) ≈ di+1(x , y , y) for all odd i < k
dk (x , y , z) ≈ z.

Let CD(k) be the class of varieties satisfying (1). Clearly
CD(k − 1) ⊆ CD(k).

How hard is it to test if V (A) is congruence distributive for a finite
A?

Ralph Freese and Matthew Valeriote () Maltsev Conditions June 2007 2 / 17



Jónsson’s Conditions for Distributivity

A variety V is congruence distributive if and only if there are 3-ary
terms d0, . . . , dk (called Jónsson terms) such that

d0(x , y , z) ≈ x
di(x , y , x) ≈ x for 0 ≤ i ≤ k
di(x , x , y) ≈ di+1(x , x , y) for all even i < k (1)
di(x , y , y) ≈ di+1(x , y , y) for all odd i < k
dk (x , y , z) ≈ z.

Let CD(k) be the class of varieties satisfying (1). Clearly
CD(k − 1) ⊆ CD(k).
If V is in CD(k) but not in CD(k − 1), we say V has Jónsson
level k . The Jónsson level of a single algebra A is the level of
V (A).

How hard is it to test if V (A) is congruence distributive for a finite
A?

Ralph Freese and Matthew Valeriote () Maltsev Conditions June 2007 2 / 17



Jónsson’s Conditions for Distributivity

A variety V is congruence distributive if and only if there are 3-ary
terms d0, . . . , dk (called Jónsson terms) such that

d0(x , y , z) ≈ x
di(x , y , x) ≈ x for 0 ≤ i ≤ k
di(x , x , y) ≈ di+1(x , x , y) for all even i < k (1)
di(x , y , y) ≈ di+1(x , y , y) for all odd i < k
dk (x , y , z) ≈ z.

How hard is it to test if V (A) is congruence distributive for a finite
A?

Ralph Freese and Matthew Valeriote () Maltsev Conditions June 2007 2 / 17



A Better Way

ρ = ρ1 ∪ ρ3, the union of the first and third projection kernels on triples.
So

Theorem
Let V be a variety and let S be the subalgebra of F3

V(x , y) generated by
(x , x , y), (x , y , x) and (y , x , x). Let T be the subset of S consisting of
triples whose middle coordinate is x.

V is congruence distributive iff there is a ρ-path in T from (x , x , y)
to (y , x , x), where the first link is ρ1.
If V is congruence distributive then the Jónsson level of V is the
length of the shortest such path.
Moreover, if V is congruence distributive then the Jónsson level is
at most 2m − 2, where m = |FV(x , y)| and this is the best possible
bound in terms of m.

Proof.
More or less obvious, (except the last part).
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EXPTIME

While FV(x , y) is sometimes small enough that the algorithms can
be used to test distributivity and find Jónsson terms (Gumm
terms, Hagemann-Mitschke terms, etc.),
But there is no polynomial time algorithm. In fact,
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EXPTIME

Theorem
The following problems are all EXPTIME complete: Given a finite
algebra A,

does A generate a congruence distributive variety?
does A generate a congruence modular variety?
does A generate a variety that omits all of the types in the set T ,
where T is one of:

{1},
{1, 2},
{1, 5},
{1, 2, 5}.
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Day Quadruples

Let a, b, c and d ∈ A and let

α = CgA(c, d) β = CgA((a, b)(c, d)) γ = CgA((a, c)(b, d))
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(a, b, c, d) is a Day quadruple if in the subalgebra B generated by
{a, b, c, d}

(a, b) /∈ CgB(c, d) ∨ [CgB((a, b)(c, d)) ∧ CgB((a, c)(b, d))]
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Polynomial Algorithms for Idempotent Algebras

Theorem
Let A be a finite idempotent algebra and V be the variety it generates.
Then V fails to be congruence modular if and only if there is a Day
quadruple, (a, b, c, d) in A2. Moreover, this Day quadruple can be
chosen so that

there exist x0, x1, y0, y1 in A such that a = (x0, x1), b = (x0, y1),
c = (y0, x1), and d = (y0, y1);
if V omits type 1 then these elements may be choosen so that
d ∈ SgA2

(a, b, c);
if V omits both type 1 and type 5 then these elements may be
chosen so that d ∈ SgA2

(a, b, c) and c ∈ SgA2
(a, b, d).
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Polynomial Algorithms for Idempotent Algebras

n = |A|

m = ||A|| =
r∑

i=0

kini

r = the largest arity of the operations of A

(ki = the number of basic operations of arity i)

Ralph Freese and Matthew Valeriote () Maltsev Conditions June 2007 8 / 17



Polynomial Algorithms for Idempotent Algebras

Theorem
Let A be a finite idempotent algebra with parameters as above. Then
each of the following can be determined in the time indicated:

V(A) is congruence modular: crn4m2.

V(A) is congruence distributive: crn4m2.
V(A) is congruence semidistributive: crn2m2.
V(A) is congruence permutable: crn4m2.
A has a majority term: crn6m2.
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The ALVIN Variant of Jónsson’s Theorem

A variety V is congruence distributive if and only if there are 3-ary
terms d0, . . . , dk such that

d0(x , y , z) ≈ x
di(x , y , x) ≈ x for 0 ≤ i ≤ k
di(x , x , y) ≈ di+1(x , x , y) for all odd i < k (2)
di(x , y , y) ≈ di+1(x , y , y) for all even i < k
dk (x , y , z) ≈ z.

Let CD′(k) be the class of varieties satisfying (2).
What is the relationship between CD(k) and CD′(k)?
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The ALVIN Variant of Jónsson’s Theorem

Proposition
CD(k) ⊆ CD′(k + 1) and CD′(k) ⊆ CD(k + 1).

CD(k) = CD′(k) when k is odd.
V ∈ CD(2) if and only if it has a majority term.
V ∈ CD′(2) if and only if it has a Pixley term.
CD′(2) ( CD(2).

What about even k > 2?
Is CD′(2k) ( CD(2k)?
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Hagemann-Mitschke Terms for k Permutability

V has k -permutable congurences if and only if it has ternary terms
p0, p1, . . . , pk such that p0(x , y , z) ≈ x , pk (x , y , z) ≈ z, and, for
i = 0, . . . , k − 1,

pi(x , x , y) ≈ pi+1(x , y , y).

The minimal such k is at most |FV(x , y)|.
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Kearnes’ Example

Let Kn = {0, 1, . . . , n − 1} as a lattice. Let

pi(x) =

{
i if x < i
i − 1 otherwise

(The retraction onto the i th cover, followed by flipping the cover.)
Then for i = 1, . . . , n − 1,

hi(x , y , z) = (x ∧ z) ∨ [x ∧ pn−i(y)] ∨ [z ∧ pi(y)]

are Hagemann-Mitschke terms.
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The Reduct is to these Terms is Distributive

Jónsson terms:

di(x , y , z) = hi(x , y , z) i even
di(x , y , z) = hi(x , hi(x , y , z), z) i odd

ALVIN Jónsson terms:

fi(x , y , z) = hi(x , y , z) i odd
fi(x , y , z) = hi(x , hi(x , y , z), z) i even

The reduct to the di ’s has Jónsson level n but alvin level n + 1, and

The reduct to the fi ’s has alvin level n but Jónsson level n + 1.
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The ALVIN Variant Revisited

Proposition
CD(k) ⊆ CD′(k + 1) and CD′(k) ⊆ CD(k + 1).
CD(k) = CD′(k) when k is odd.
V ∈ CD(2) if and only if it has a majority term.
V ∈ CD′(2) if and only if it has a Pixley term.
CD′(2) ( CD(2).

CD′(2k) * CD(2k) and CD′(2k) * CD(2k) for k > 1.
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The End

Trailer ...
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The Theorem

Theorem
Let A be a finite idempotent algebra and V be the variety it generates.
Then V fails to be congruence modular if and only if there is a Day
quadruple, (a, b, c, d) in A2. Moreover, this Day quadruple can be
chosen so that

there exist x0, x1, y0, y1 in A such that a = (x0, x1), b = (x0, y1),
c = (y0, x1), and d = (y0, y1);
if V omits type 1 then these elements may be choosen so that
d ∈ SgA2

(a, b, c);
if V omits both type 1 and type 5 then these elements may be
chosen so that d ∈ SgA2

(a, b, c) and c ∈ SgA2
(a, b, d).
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