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Abstract

A number n is said to be ordinary if the smallest number with exactly n divisors is
p‘fl_l .- p%~! where ¢y - - - qq is the prime factorization of n and ¢ > ... > ¢, (and

where pj denotes the k-th prime). We show here that all square—free numbers are

ordinary and that the set of ordinary numbers has natural density one.
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1 Two Theorems

In 1968 M. E. Grost [2]| introduced the function A(n) which assigns to each
number n the smallest number with exactly n divisors. (The numbers and
divisors we consider here are always assumed to be positive integers.) His cal-
culation of A(n) for all numbers n which are products of 6 or fewer primes
suggests that most numbers are “ordinary” in the sense of the following defi-

nition.

Definition. A number n with prime factorization ¢1¢s - - - ¢, where ¢g; > ... >

¢o is called ordinary [2] if A(n) = piho pl~! where we denote the k-th

prime by pg. A number which is not ordinary is called extraordinary. We

regard the number 1 as being ordinary.

For example 5 is ordinary (since A(5) = 257! = 16) and 8 is extraordinary
(since A(8) = 24, not 30). There are infinitely many extraordinary numbers;
indeed Grost shows that all numbers of the form 16p where p is a prime
greater than 3 are extraordinary and one can show that a prime power p* is
extraordinary if and only if 27 < p,. However the next two theorems indicate
that Grost’s terminology is well-chosen. The first shows that a large natural
class of numbers is ordinary; the second gives a sense in which almost all
numbers are ordinary. We will let O denote the set of ordinary numbers; also,

we let |A| denote the number of elements in a finite set A.



Theorem 1 All square—free positive integers are ordinary.

Theorem 2 O has natural density 1; that is,

1,...,N
L lon{L.. N}

Theorem 2 is an immediate consequence of Theorem 7 below, which gives an
upper bound for |{1,..., N}\ O|. The proofs of these theorems are elementary

and will assume nothing beyond the material in [5].

2 Distribution of Primes

We will assume throughout the paper that a and 3 denote positive constants

such that for all numbers N > 2,

aNlog N <py < [NlogN . (1)

The next lemma provides the information about the distribution of primes
needed in the proof of the first theorem. In the proof of this lemma we will
assume that o and [ are chosen in formula (1) so that 3/a = 256. (The
proofs of [5, Theorem 8.1, p. 217 and Theorem 8.2, p. 220]—plus an easy
computation—show that we may take o = 1/(32log2) and § = 8/log2.) The
arguments below could be simplified, but only a little, by using values of «

and (3 closer to 1. A survey of such values as of 1996 appears in [7, p. 249].



Lemma 3 If a and b are positive integers, then poip—1 < pg/‘Tp“.

Proof. We will often use the inequality perq—1 < 29 'p., which follows from
Bertrand’s Postulate [5, Theorem 8.6, p. 224]. As an application note that the

lemma is true whenever a < 5 and b > 2 since in these cases

2(1—1 < 3\/4+pa—1 S pb\/ 4+pa_1 .

The lemma can also be directly verified in the ten cases with a < 5 and b < 2.

Hence we may suppose without loss of generality that a > 6.

Now suppose b < 10. The function f(y) = pj — 2°=1(y* — 4) is positive on
the interval [4,00) since f(4) > 0, f'(4) > 0 and f”(4) > 0 and for all y > 4,

f"(y) > 0. If we set y = /po +4 (so that y > 4 since a > 6), then we obtain

Paroo1 < 207 1py = 227 (y2 — 4) < p¥ = pyPett

Therefore we may henceforth assume that b > 11, so p, > 31.

Let g(y) = 31¥ — 3§(y2 —4). Then g is positive on [2,00) (argue as above).
Note that since a > 4, we have 2log2a < 3loga. If a > b we have (setting
y =4+ aaloga, soy > 2)
30
Patb-1 < P2a < B(2alog2a) < —(aaloga)
a

3 @a 10g a
:_5@2_4) <31V < py TR < VTR



On the other hand, if a < b then we also have

Pasb1 < P < 23blog2b < 48blogh < 31%ablogh < pi < py**Pe

(recall that 3/a = 256). This completes the proof of the lemma. O

3 Proof of Theorem 1: square free numbers are ordinary

We next introduce some more notation and terminology which will be used
in the rest of the paper and make some basic observations. We let n denote
an integer larger than 1, and write n = ¢; ---q, where ¢ := (q1,...,¢,) is a
nonincreasing sequence of primes. Let & be the set of all finite nonincreasing
sequences of integers larger than one whose product is n, so ¢ € §. Given
t=(t,...,t5) €S we set A(t) = pi' ' pl¢™' so n is ordinary if and only
if A(n) = A(q). We will say that t* € S is a compression of t if it is obtained
from t by replacing two coordinates t, and t, by their product t,t,.. Thus for
example if n = 120, then (5,4, 3,2) is a compression of (5,3,2,2,2). We will
write A(n) = p¥ - pi»~" where u, > 1. It is an easy exercise [2, Lemma 3,

p. 725] to verify that u := (uy,...,uy) € S.

Proof of Theorem 1. Suppose that t* € S is a compression of t = (¢1, ..., 1)
€ S, say obtained by replacing the coordinates t, and t; (where s < r) by
their product. It suffices to show that A(t*) > A(t). After all, if ¢ = u then

we are done, and otherwise we can get from ¢ to u by a finite sequence of



compressions, each of which will have greater value under the map A than the

previous one, contradicting that A(n) = A(u).

Let m be least with ¢, < tst, (so m < s and if m # 1 then ¢, 1 > t,ts). Then
t*is the (d—1)—tuple (t1, ..., tm1, trts, iy ooy bs1y tsgty e ooy bpe1y bogty - - oy ta)
where it is understood that the subsequence tq,...,t,,_1 is empty if m = 1;
that ¢,,,...,ts_1 is empty if m = s; that t,44,...,t._1 is empty if r = s+ 1;
and that ¢,,1,...,t4 is empty if r = d. For each ¢ from 0 to d —m we can pick

a prime e; dividing t,,.,; since the e; are clearly distinct, we have

b = maX{60> R ed—m} > maX{pb s >pd—m+1} = Pd—m+1 -

Therefore

2=t +t(ts—t) > (tm+1) +3 >4+ pimus

so the preceding lemma implies that pg < p's .

The above inequality py < pts implies that

tr—trt1, br41—tr42 tg—1—tq tq—1 tr—1
25 A “Pic1 Pd S Pd
tr—ts C— tm—t =

< pizlt'r ts S pi;;t.s tmpnTJ,-l m+1 ptss 1—ts .

1—1 . tg—1

Therefore pt -+ pg " is less than



t1—1 tm-1—1 t.t.—1 tm—1 te_1—1, ts+1—1 tr—1—1 ¢ ..1—1 tq—1
D1 P Pt Pyt PSTU Dsi o Pr DTN Dl

i.e., A(t) < A(t*), which was to be proved. O

Remark 4 The proof of Theorem 1 can be adapted to show that all numbers

of the form 4n where n is square-free and odd are also ordinary.

4 Proof of Theorem 2: almost all numbers are ordinary

We continue to let the unmodified noun “number” mean positive integer, but
we will also refer to “real numbers” in this section which are not necessarily
integers. For any real number = we let [2] = —[—z] denote the smallest

number N with N > z.

The proof of Theorem 2 depends in part on the idea that a number which
is not square-free can still be ordinary if it has many distinct prime factors
relative to its total number of prime factors. The next lemma shows one way

in which this can happen.

Lemma 5 For each real number x let F(x) denote the set of numbers not
divisible by any [x]—th power of a prime and let P(x) denote the set of products
of at least [x] primes. Then for any real number K > 1 there exists a real

number D with F(K)NP(D)C O.

P(2) is of course the set of composite numbers. F'(2) is the set of square—free



numbers, so Theorem 1 says that if K = 2, then we can take D = 1 in the

above lemma.

Remark 6 The proof of Lemma 5 will show that for any real number K > 1,

it suffices to pick D > 4K? large enough that for all z > v/D/2 we have

2V a(z/K) log(z/K) 203z log(2z) @)

and

(az logz)? > 28zlog(2z). (3)

Proof. Pick a real number D > 4K? satisfying the conditions of Remark 6.

Suppose n € F(K) N P(D). As in Section 3 we assume that A(n) = A(u);
note that a > D > 4. For each j < b we can write u; = pq where p is prime.

Then by the minimality of A(n) = A(u) we must have

q—1 g—1 p—1
Py <Pl s

SO pj- < pps1- Hence by Bertrand’s postulate

207 p; < p? < pypr < 227 p;,
so ¢ < b— j+ 1. Therefore u; has at most b — j + 1 prime factors. Thus

n = uj - - - Up has at most # < b? prime factors, so b > Va.



Now consider any ¢t = (t1,...,t;) € S with d > \/a (so d/2 > v/D/2). Let t*

be a compression of ¢ obtained by replacing t, and ¢, (where r > s) by t,t,.

There exists a least m with t,, < t,t,. By definition t,, > t,, 1 > -+ > tg;

consequently, t,, is at least as large as the largest prime dividing 7" :=t,,, - - - t4.

Note that 7" is a product of at least d —m+1 primes and since n € F(K) each

one of these primes is repeated fewer than [K| times. Thus T has at least
d—

g =1+ [Tm} distinct prime factors. Therefore if m < d/2, then d — m >

d/2>+D/2 > K, and

9 d—m d—m
15 > tsty 2>t > pg > @ I log

Hence by the choice of D we have

piz > 2\/a(d/2K)10g(d/2K) > 203(d/2)logd > pg.

The inequality pfs > p, also holds if m > d/2 since then by the choice of D

N d. d\’
P 2 045108;5 > Bdlogd > pg.

From the inequality p%s > p; we can conclude that A(t*) > A(t) (argue exactly
as in the last paragraph of the proof of Theorem 1). It follows as in the proof
of Theorem 1 that n is ordinary, since otherwise we can obtain u from ¢
by a proper finite sequence of compressions of elements of & whose number
of coordinates is greater than or equal to y/a, each compression having an

increased value under A, contradicting that A(q) = A(u). O

10



Theorem 2 follows immediately from the next result.
Theorem 7 Suppose that 0 < § < % Then

{1,2,---,N}\ O] = O(N/Q(loglogN)tS).

In the proof below the symbol p will always be understood to denote a prime

number.

Proof of Theorem 7. We will show for sufficiently large numbers N that
{1,2,---, N} \ O] is bounded by a sum of two functions, each of which is
o(IN/20esles M) " Firgt pick e € (0,5 — 0). Consider any N large enough that
the inequalities (4) and (7) below are valid. Then set K = (loglog N)2~¢ and
D = (loglog N)=¢. We now verify that D and K satisfy the conditions of

Remark 6.
There exists a number y, > 2 such that for all real numbers z > yjq,

ov/azlogz (az logz)2 > 2032%log(22%).

We require N to be large enough that

(loglog N)*/? > 2y, .. (4)
Thus K > 1 and D > 4K2. Suppose that = > vD/2 = (loglog N)2~% /2.
Since 1/2 > € we have z > (loglog N)275/2 > (loglog N)5/2 > yo, so that

11



the inequality (3) of Remark 6 is valid for z = z. Now let y = 2/ K; then

y > (VD/2)/K = (loglog N)**/2 > yy. ()

Hence if y > K, then by the choice of y, we have

a(log2)*ylogy > (log(2B8y K log(2yK)))>. (6)

If we choose N large enough that
a(log 2)%((loglog N)</?/2) log((log log N)*/%/2)

> (log(28(loglog N)'~*log(2(loglog N)'~*)))?, (7)

then using the inequality (5) we see that (6) holds also in the case that y < K.
Thus in all cases the inequality (2) of Remark 6 holds with z = y K = x. Thus

K and D satisfy the conditions of Remark 6 and hence

H1,...,N}\O| <{L,...,N}\ P(D)|+ {1,...,N}\ F(K)|. (8)

We next show that both summands on the right hand side of the inequality
(8) are o( N/200sl0s N)*) For the second summand we have

gNzl

K
p>2 P

|{1,...,N}\F(K)|§ZL%

p>2
1 Tdo N K+1 N
SN(Q_K+/3:_K) T oK K—1_O(2<loglogN>6>
2

since K = (loglog N)z ¢ and 1/2 > e+ 4.

12



Pick real numbers C' and FE such that for all x > 3 we have 14+ (z) < Cz/logz
and Zpgx% < Floglogx [5, Theorem 8.1, p. 217, and Theorem 8.4, p. 222].

We now show that for all numbers L > 2 and M > e° we have

{1,...,M}\ P(L)| < ClogiM(é%EloglogM)L_z. (9)

The inequality (9) is obvious if L = 2; suppose that it is valid for some L > 2.

We can write

{1, MINP(LA D <1+7(M)+ > {L,...,[M/p]}\ P(L)|

where we sum over all primes p < v/ M. Note that 8F loglog M > 2 and that

if p < M, then log[M/p] > 1 log M. Hence by the induction hypothesis

M AM 1
{1,...,M}\ P(L+1)|<C +C (8Eloglog M)E=2 3" —

log M log M gt P
<C M (8E loglog M)=!
— logM ’

proving the inequality (9).

Since P(D) = P([D]), [D] —2 < D and N > ¢°, we may deduce from the

inequality (9) that

N
< (—— b
{1 N}\ P(D)] < O (8B loglog )

which is o(N/20g0e M)’ hecause
N ./ N
lOg (Clog—N(SE lOg 10g N) /m)

13



= log C' — loglog N + (loglog N)'~“log(8Eloglog N) + (log 2)(loglog N)°

goes to —oo as N — oo. O

Remark 8 The inequality (9) can be improved when L is sufficiently small
relative to M. There exist absolute constants A and B such that if 2 < L <

(loglog M) /2, then

M (B +loglog M)F2
log M (L—2)!

{L....M}\P(L)[< A (10)
After all, any number less than or equal to M with fewer than L prime factors
has at most L — 1 distinct prime factors; the bounds of [3, Lemma B, p. 85]
therefore can be applied to give the inequality (10). (The restriction on L

guarantees that

(L -

Z B+loglogM) <L_2 1
(B—I—loglogML 2

Remark 9 Grost calls numbers in the range of A minimal numbers. Ramanu-
jan’s highly composite numbers [6] (i.e., numbers with more divisors than any
smaller number) are all minimal numbers but the converse is false. For exam-
ple, A(5) = 16 is minimal, but it is not highly composite since 12 has more
divisors. It would be interesting to study the asymptotic behavior of minimal
numbers and to compare this behavior to that of the highly composite num-
bers [1], [4], [6]. In particular, it would be interesting to have a sense of what

proportion of minimal numbers are highly composite.

14



The author thanks the referee for urging him to prove Theorem 2 by giving
an upper bound for the number of extraordinary numbers less than a given

number and for making valuable suggestions about such a bound.
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