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ABSTRACT. A class of irreducible polynomials P over a valued field (F,v) is introduced, which
is the set of all monic irreducible polynomials over F' when (F,v) is maximally complete. A
“best—possible” criterion is given for when the existence of an approximate root in a tamely
ramified Henselian extension K of F' of a polynomial f in P guarantees the existence of an
exact root of f in K.

§1. Introduction and the main theorem

Throughout this paper (F,v) will be a valued field with nontrivial value group vF,
residue class field F' and valuation ring O. For any a € O and polynomial h € O[z] we let
@ and h denote the canonical images of @ and h in F' and F[z], respectively.

We begin with an example. Suppose that ¢ is an odd prime. Then f(z) = 22 — ¢ is
irreducible over the g-adic numbers Q,, and if K is an algebraic extension of Q, with an
element o with v(f(a)) > v(q) (where v is the g-adic valuation), then 2v(f'(«)) = v(q)
and hence by Hensel’s Lemma (Engler and Prestel, 2005, Theorem 1.3.1) a root of f lies
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in K. More generally suppose that g € F[x] is a generalized Schonemann polynomial over
F, i.e., that: g = p® 4+ th where e > 1; p € O[] is monic with p irreducible; h € O[z] has
Pt h and degp® > degh; and t € O has v(t) € svF for all divisors s > 1 of e. Then g
is also irreducible over F', and if (F,v) is Henselian and if a tamely ramified finite degree
extension (K, u) of (F,v) has an element o with u(g(a)) > v(t), then K has a root of g
(Brown, 2007, Lemma 4 and Corollary 7).

In this paper we generalize the above result to a large class P of irreducible polynomials
over F'. If v is discrete rank one, then P is the set of monic polynomials over I’ which are
irreducible over the completion of (F,v), and if (F,v) is maximally complete (Schilling,
1950, Definition 9, p. 36), then P is the set of all monic irreducible polynomials over F'.
(See Remark 6(C) below.) The role of “v(t)” in this generalization will be played for each
h € P by an invariant 7; of h lying in the divisible hull of vF which will be constructed
along with the set P, but which can be characterized intrinsically in several ways. (See
Remark 6(B).) The construction and analysis of P and the invariants 7, will be made in
the next section. Anticipating that work, we close this introduction by stating our only

theorem. It will be proved in Section 3.

Theorem 1. Suppose that (F,v) is Henselian and h € P. Suppose that a is an element
of a tamely ramified finite degree extension (K, u) of (F,v) with u(h(a)) > . Then there

1s a root of h in K.

The analysis of v, will show that for each h € P it is best possible in the above theorem
(see Remark 8 at the end of Section 3). The hypothesis that (K, u) is a tamely ramified

extension of (F,v) says that the field extension K /F is separable, the characteristic of F
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does not divide the ramification index e, ;, = (uK : vF), and [K : F] is the product of
€y/v and the residual degree f,,/, = K : F).

There are examples in (Brown, 2007, Remark 2(B)) showing that Theorem 1 gives a
stronger result in general than those obtained from some natural direct applications of

Hensel’s Lemma to the problem of the existence of roots of polynomials in P.

§2. The class P of polynomials

We shall let € denote the set of all extensions of v to a valuation on F'[z] mapping into
QuF | J{oc} where we let QuF' denote a (fixed) divisible hull of vF'. For extensions w of v
to a valuation on F[z] we allow w™!(c0) to be a nonzero ideal of F[z]. The extensions w
with w=!(c0) trivial correspond precisely to extensions of v to the rational function field
F(z), and the extensions with w~!(co) nontrivial (in which case w™!(c0) is a maximal
ideal) correspond precisely to the extensions of v to the field F[z]/w~™!(c0). This paper
is indeed about algebraic extensions of F'; however, valuations on F[z] give us a setting
in which we can describe ways in which two extensions of v to possibly different simple
algebraic extensions of F' can be closely related.

A notational convention will be useful. Whenever w (respectively, w;) is used to denote
an extension of v to a valuation on F'[z|, we will denote the associated (surjective) place
by 7 : F[zx] — k|{J{oo} (respectively, by 7; : Flx] — k; [J{oo}).

Definition 2. Suppose that n > 0. A strict system of polynomial extensions over (F,v) of

length n 4 1 is a finite sequence

g = ((907 wO?’YO)? R (gn—l—h wn+177n+1))
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of elements of Flx] x & x (QuF | J{—oc}) such that for some a € F,
(A) go =z —a, yo = —00, and wy(h) = v(h(a)) for all h € F[z];
and when 0 <7 < n:

(B) deggi+1 > deggi;
(C) Yig1 = wi(git1);
(D) wit1(git1) = o0;

(E) wi(A,)/(d; — 1) > w;(Ap)/d; >, for all r < d; where

gir1 =9+ Y Avgy
r<d;

is the g;—expansion of g;11 (so deg A, < deg g; for all r < d;);

(F) if e > 0 is least with ew;(Ag) € d;w; F[z], then the polynomial

(1) Ydi/e+ Z Ti(s(di/e)—rAer)Yr
r<d;/e

is irreducible over k; for all s € F[x] with d;w;(s) = —ew;(Ap).
The symbol —oo above is used with the convention that —oo < a for all a € QuF U{oo}.
One should observe that in (F') of the above definition we have e | d;; indeed

1

2) e= (wiF[a:] + Zwi(A) wiF[:c]) .

Also one can check that the irreducibility of the polynomial (1) above over k; is independent
of the choice of s and, using the inequalities of (E), that the coefficients of this polynomial
are indeed finite.

We let P = P(F) denote the set of all polynomials over F' which appear as the first

coordinate of some term (h, w, 7) of some strict system of polynomial extensions over (F,v).
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That any such polynomial A uniquely determines both the corresponding coordinates w
and v independently of any strict system of polynomial extensions in which h appears
will follow from Proposition 5 and Remark 6(B) below. Definition 2, while admittedly
complicated, puts the notion of a sequence of n+1 extensions of polynomials from (Brown,
1972, Definition 5.8, p. 467, and §7) (with the degrees of the polynomials strictly increasing
and the first polynomial linear) into a setting which allows an efficient inductive analysis
in Proposition 5 of the polynomials in P and their associated valuations and invariants.
While this paper uses ideas and some arguments from (Brown, 1972), we will not use the

results of that paper except in Remark 6(C), which itself is not applied elsewhere in this

paper.

Ezamples 3. Suppose that g = p® + th € F[z] is a generalized Schénemann polynomial as
in Section 1.
(A) If degp = 1 and e > 1, then ((p,up,—00),(g,u1,v(t))) is a strict system of
polynomial extensions of length one, where ug( > b;p) = v(by) and ui(cg + Y bip*) =
i<e
min; (v(b;) + Lv(t)) for all b; € F, ¢ € F[z]. A concrete example over the field Qs of 3-adic
numbers of such a polynomial g would be (z — 1) — 3.
(B) If deg p > 1, then ((z, wg, —0), (p, w1, 0)) is a strict system of polynomial extensions
of length one, where wg(c) = v(c(0)) and w(pc + dz b;x') = min;<qegpv(b;) for all
i<degp
ce Flx], b; € F.
(C) If degp > 1 and e > 1, then ((x,wg, —00), (p,w1,0), (g, ws,v(t))) is a strict system
of polynomial extensions of length 2, where ws(cg+ > b;p*) = min;(wq (b;) + Lv(t)) for all
i<e

¢ € Flz] and b; € Fx] with degb; < degp. An example of such a polynomial g over Q3
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would be the classical Schénemann polynomial (2% — 2)% — 3.

The above examples generalize routinely to a class of polynomials considered by Khan-
duja and Saha (1997, Theorem 1.1) even without the separability requirement of their
theorem.

Let N > 0. Our last two examples will be strict systems of polynomial extensions of

length N + 1. Both will have the form

g = ((907w07 —00), (g1, w1,71), " - 7(9N+1;wN+17'7N+1))

where for each n we denote by w,, an extension of v to a valuation on F'[z] with w,,(g,) = co.

(D) Let p be a rational prime and v be the p-adic valuation on Q with v(p) = 1. Let

go =, g1 = x> — p, and for each n > 1 let g1 = g2 — p?" gp_1 and let v, = %2,}_1.

Then (i) the sequence g above is a strict system of polynomial extensions over (Q,v) of
length N +1, and (ii) wy+1(9n) = YN+1/2. The N = 0 case of the assertion (i) is included
in Example (A) above, and the general case of both assertions is easily proven by induction
on N using Proposition 5 below. (To prove (i) apply the Proposition to wy, and having
proved (i), then prove (ii) by applying the Proposition to wy41. The key observation is
that the induction hypothesis implies that wy(gn+1 — 9%) = Yn+1.) The Proposition
implies that the w,, are uniquely determined.

(E) Let v be the t-adic valuation on the rational function field Q(¢) with v(¢) = 1. Let

2n+1 _2n71_

go=x,91 =2>—2,and for alln > 1let g, 41 = g2 —t 1g,_1 and let ,, = 2" —2.
Then (i) g is a strict system of polynomial extensions over (Q(¢),v) of length N + 1, and

(ii) gN/tQN_1 is a unit with respect to the valuation w,, 1 and its residue class is a 2V st

root of 2. The N = 0 case of this assertion is a special case of Example (B) above, and
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the general case follows by induction on NV using exactly the outline given parenthetically

in the previous example (D).

For the remainder of this section we assume that g is a strict system of polynomial
extensions over (F,v) and use the notation for g in the above Definition 2. In the next
Proposition we will also use the convention introduced just before Definition 2 as well as

the following

Notation 4. (A) Write Jo = {0} and ¢° = 1. When 0 <i <n+1let J; = [[{0,1,...,d; -
1<
1}. For any o € Z' we write 0 < o if all the coordinates of o are nonnegative, in which case
we also write 0 = (c(0),--- ,0(i—1)) and g7 = H‘g;(‘j). In all cases, {g7 : 0 € J;} is a basis
j<i
for the F-space F[x]deg g;, Where for any m > 1 we write F[z],, = {h € F[z] : degh < m}.

We will say that {g? : o0 € J;} is a valuation basis for F[z]qeq 4, with respect to an extension

of v to a valuation w on F[x] if for all choices of a, € F' we have

<Z ayg ) —(ITIéll'iw(Cng ).

(B) Let E denote either F[z] or a field extension of F. For any extension u of v to a
valuation on E let e,/, = (uE : vF) denote the ramification index and f,/, = [E : F]

denote the residual degree of the extension.

Proposition 5. Suppose that w is an extension of v to a valuation on F|x| with w(gn4+1) >
Yn+1- LThen for all integers i with 0 <1 < n we have:
(A) w(gi) = wit1(gi) = Yiv1/di;

(B) {97 : 0 € Jix1} is a valuation basis for w on F[T]degg: .5
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(C) git1 is irreducible over F'; w;i1 is the unique extension of v to F[x] mapping g; 41
tO OO; and deg gl+1 = ewi+1/vfwi+1/v;
(D) there is an F-homomorphism ®;.1 : ki1 — k with ®;117,41(cg®) = 7(cg”)

whenever c € F, 0 < o € Z'tY, and w(cg?) > 0.

In (A) of the above Proposition we have identified (as one can do, uniquely) the subgroup
of elements of wF[x] which have a nonzero multiple in vF' with a subgroup of our fixed
divisible hull QuF' of vF. Part (C) above is equivalent to the assertion that if u is an

extension of v to F'[{] where & is a root of g; 1, then deg g;y1 = [F[{] : F| = ey/y fu/o-

Remarks 6. We note some consequences of the Proposition above.

(A) Suppose that 0 < i < n. Since wiy1(gi+1) = 00, the place 741 maps F[z]deg g,
onto ki1 [J{oo} and wit1 maps F[]gegg,,, onto wip1F[z](J{oc}. Combining (A), (B)
and (D) of the Proposition shows that w and w;;1 agree on F[T]qegg,,, and that ®; 17,41
and 7 agree on F[r]qeg g; ;-

(B) Part (C) of the above Proposition says that g;y; uniquely determines w;y; for
all ¢ < n. We now argue that g;.1 also uniquely determines ~;11. Specifically, ;41 is
the minimal element of QuF with the property that if u and u* are extensions of v to
Flz] with u(gi+1) > Yi+1 < u*(gi41), then they agree on F|x]qegg,,,- That ;4 has this
property follows from the remarks in the previous paragraph; ~;41 is the minimal element
of QuF with this property, since w;(g;+1) = Vi+1 < wit+1(gi+1), but w; and w;41 do not
agree on g; € F[r]|gegg;,,- Since g;11 uniquely determines v;41, we can unambiguously
denote ;11 by 7g,,, (independently of any strict system of polynomial extensions in which

gi+1 appears but of course depending on the choice of (F,v)). This is the notation used
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in the statement of Theorem 1. Another characterization of ;41 can be adapted from
(Brown, 1972, Proposition 5.6, p. 467): ~;+1 is the minimal element of QuF such that if
h € F|x]aeg g,, and wiy1(h) > vip1, then g;1 + h is irreducible.

(C) First suppose that (F,v) is a maximally complete field (Schilling, 1950, p. 36). By
the Proposition all the elements of P are monic irreducible over F'. Conversely any monic
irreducible polynomial h over F' can be shown by the methods of (Brown, 1972) to be in
P. Basically one takes the (possibly transfinite) generating sequence of the augmented
signature (Brown, 1972, Definition 7.5, p. 477) of the unique extension w of v to F[z] with
w(h) = 0o, and then deletes all terms whose degree is the same as that of a later term.

Next suppose that (F,v) is discrete rank one, say with completion (F,%). Any strict
system of polynomial extensions over (F,v) lifts to one over (F, ) by just extending the
valuations on F[x] to extensions of & to F[z]. Thus each element of P is irreducible over F.
In fact, in this case P is exactly the set of monic polynomials over F' which are irreducible
over F. The key fact here is that for any monic polynomial h in F[z] which is irreducible
over F there is a unique extension w of ¥ to F[z] with w(h) = oo, and if we take the
systems of representatives A and B of (Brown, 1972, §4) to be in F', then the generating
sequence of the augmented signature of w will be a sequence of polynomials in F[z] with

last term h.

The remainder of this section is devoted to a proof of the Proposition. The proof of
part (A) especially borrows heavily from the proof of the Fundamental Lemma in Section
8 of (Brown, 1972). We included these arguments here since it seemed unreasonable to ask

the reader to extract them from (Brown, 1972), where the exposition involves complicated
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machinery, some of which assumes that (F,v) is maximally complete. The proof will show
that when 0 < < n, then the value group of w;11 is w; F'[x] + Z(7;+1/d;) and the residue
class field of w;y; is isomorphic to an extension of the residue class field of w; by a root of
the polynomial (1) of Definition 2.

Given our strict system of polynomial extensions g, we set for each i < n:

(3) ¢ = Yis1/di, € = (WiF[z]+Zq; :w; Flzr]), and f;=d;/e;.

Note that gy > 79 = —oo (by Definition 2 applied with i = 0) and that if 0 < i < n,

then with Ay as in Definition 2 we have

(4) diqi = Yit1 = wi(giv1) = wi(Ao) > diy;

(using the definition of ¢; and parts (C), (D) and (E) of Definition 2, respectively). Hence,

if 0 <17 <n, then

(5) q; >~ andif i <n, then ¢q1 > d;q;.

Finally, by Equation (2) for any ¢ < n the value of e in Definition 2(F) is exactly the e;
above.

By induction we may assume that the Proposition is true for all strict systems of poly-
nomial extensions over (F,v) of length less than n + 1.

Our first task is to prove that w(g;) = ¢; whenever 0 < ¢ < m. Just suppose that
this is not true. Then there exists a smallest ¢ with 0 < t < n and w(g;) # ¢:. Hence
w(g;) = q; for all i < ¢, and by our induction hypothesis on n and the inequality (5) we

have w(g;) < ; < q; whenever t < i < n.
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Claim 1. If w(g:) < q¢, then w(g;+1) = d;w(g;) whenever t < i < n.

Proof of Claim 1. Suppose that t < i < n. We may suppose by induction on ¢ that
W(Gm+1) = dmw(gm) whenever t < m < i. We use the notation of Definition 2(E). For

each r < d; we can write

AT‘ = Z Crcrgg

oeJ;

for some ¢, € F'. If 1 > 0 we can apply our induction hypothesis on n to the valuation w;
to show that for each r < d;

(6) w;i(A,) = (Z;Iél}l (v Cro) + Z ) :

m<i

Equation (6) is trivially true if ¢ = 0. Thus by Equation (4) above and Definition 2(E) for

all » and o we have

w(erog”) = wilAy) + 3 o(m = ¢m)
r)gi + Z‘U(m)(w(gm) — Gm) -

Now w(gym) = qm for all m < t, and w(g,,) < gm whenever t < m < i. Hence for all r < d;

and o € J; setting o (i) = r yields

w(Cngag;) = w(CmgU) + rw(gl)

> szz + Z - Qm>

> diq; + Z .<dm — 1)(w(gm) — qm)
= diw(g:) + (@ —w(g)) + > '(Qm—l—l — dmGm) + Y '(dmw(gm) — w(gm+1))
> d;w(g;) : :
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(since ¢¢ > w(g¢), and since by our induction hypothesis on i and formula (5), the last
summation above is zero and the penultimate one is nonnegative). Therefore

w(git1) = w (slfli +> ) Cmgggf> = w(gl) = dawl(g;) ,

r<di O‘EJi

proving the claim.
If w(gs) < g, then the above claim tells us that w(gn+1) = dpw(gn) < dngn = Yn+1, a

contradiction. Hence we may conclude that if w(g:) # q¢, then w(g;) > ¢;. Thus by our

induction on n, {g? : 0 € J;} is a valuation basis for w on F[z]qeg g, -
Claim 2. w(gs+1) = diqr and t < n.

Proof of Claim 2. Note that w, and w agree on F[z]qeg 4, by induction on n. We can write

gtr1 = gft + > A,gf where A, € F[x]geg g, for each r. If r # 0, then
T‘<dt

r
w(Arg)) = we(Ar) +rw(ge) > td we(Ao) +7rq = degy
¢

(cf. display (4)). But w(g) = dyw(gy) > dyq and w(Ag) = wy(Ag) = dygqs, s0 w(ges1) =
diqs, as claimed. Thus ¢t # n since otherwise w(gn+1) = dng@n = Yn+1 < W(gn+1). This

completes the proof of Claim 2.
Claim 3. If t <1 <mn, then w(g;+1) = d;w(g;).

Proof of Claim 3. We are of course assuming that w(g;) # ¢: and hence that n > t and
w(gt) > q¢. We my assume inductively that w(gm+1) = dmw(gm) whenever t < m < i. As

in the proof of Claim 1 we write

g1 =9+ DD crog’gi -

r<d; o€J;
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Then for all 0 < r < d; and o € J; we have (again setting o (i) = r)

w(cre9°9;) = digqi + Z a(m)(w(gm) — qm)

2 diQi + Z (dm - 1>(w(gm) - Qm>
t<m<i
= Z (Qm-i-l - dem + dmw(gm> - w(gm—l—l))
t<m<z

+ @1 — w(ge41) + diw(g;)
> diw(g;) = w(g)

(the last inequality uses formula (5) and our induction hypotheses on i and n). The claim

follows immediately.

Since n > t, we can take ¢ = n in Claim 3 to obtain

w(.gn—i-l) = dnw(gn) < ann = TYn+1

contradicting the hypothesis on w. Hence for all i < n we have w(g;) = ¢;. Applying this
result with w;11 in place of w shows that w;y1(9;) = ¢; = ¥i+1/d;. Thus our induction
hypothesis on n implies (A) of the Proposition. In particular, w(g,) = ¢n > Yn, so that
parts (B), (C) and (D) of the Proposition are valid for all i < n by our induction hypothesis
on n. We now prove them for i = n.

Because wy,11(9n) = w(gn) = Gn > Yn, Wwe may assume by our induction on n that we
have F~homomorphisms ®,, : k, — k and ®, : k, — k,41 with ®,7,(cg’) = 7(cg°)
and @) 7,(cg?) = Tn+1(cg”) whenever ¢ € F, 0 < o € Z", and w(cg?) > 0. As usual we
write

g1 =gim+ > Avglr
r<d,
13



There exist b € F and p € J,, such that w(s/»Ay) = 0 where s = bg” (if n > 0 then this

follows from (B) with ¢ = n — 1). By Definition 2(F) the polynomial

G=GY)=YT"+ > 7,(s" " Ay, )Y
T'<fn

is irreducible over k,,, and hence ®,,(G) is irreducible over ®,,(k,,).
We now show that 7(sg¢) is a root of ®,,(G). By hypothesis and formula (4)

W(Gni1) > Ynp1 = w(Ag) = —w(s/),

and if 0 < r < d,, and e, { r, then

d, —r
dp

w(A’l“gZ) > . w(A0> —+ rqn = dnqn — _w(sfn) .

Hence

w | (59 )+ D7 (Are,s™ ) (s95)" | =w (7 (gusr =D "Avgh) ) >0

T'<fn

where >’ is the sum over all r < d,, with e, { r. Thus 7(sg%") is indeed a root of

T Y4 > A, YT = 9,(G).
r<fn

(The equality above holds by the choice of ®,,, since {g7 : o € J,,} is a valuation basis for
w on F[z]qeg,, and hence each A, s/»~" is a sum of integral elements of the form cg®
where c € F and 0 <o € Z™.)

Replacing w by w,+1 and 7 by 7,41 in the above argument shows that the irreducible
polynomial ®; G over ®; k, has root 7,y1(sgy") in kpy1. This shows that f, . /., >

fuwn jvfn- Moreover, it also shows that the unique F-isomorphism g : @/, (k,) — Pp(ky)
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with 1o®), = @, lifts to an isomorphism 1 : @) (k,)[Tht1(s95")] — P (kn)[T(s95m)]
taking 7,41(sg5m) to 7(sgtr) (after all, o (P, (G)) = ©,(G)).

Since wy(gy) = 00,

wp F[z] = wn (F[z]aeg g, ) \ {00} = vF + ZZ%’
<n

(by induction on n, using (A) and (B) of the statement of the Proposition). By our proof
of part (A) we have wy, 11 F[z] O w,F|x]. Hence e, ., /v > €n€y, /v by the definition of e,
in the display (3).

Because wy,+1(gn+1) = 00, there is a monic irreducible factor h of g, 41 with w,1(h) =

oo. Then w,, 41 induces an extension u of v to the quotient field F[z]/(h) and we have

deg gn+1 = degh = [F[z]/(h) : F]
> eu/vfu/v = ewn+1/vfwn+1/v
> enfnewn/vfwn/v

= enfn deg gn = deg gn+1

(using our induction hypothesis on n). This shows that g,,+1 = h is irreducible and that

[F[x]/<gn+1) : F] = deggn-l-l = ewn+1/vfwn+1/v = eu/vfu/v .

Thus w is the unique extension of v to F[z]/(gn+1), cf. (Engler and Prestel, 2005, Theorem
3.3.4). It follows that w1 is the unique extension of v to F[z] with wy,11(gn41) = 0.
This completes the proof of (C) when i = n; it also shows that k,11 = D/, (kn)[Tnr1(s95™)]

and hence that our homomorphism 1 has domain k,,1. Thus in order to prove (D) when
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i = n it suffices to show that ¥7,,1(cg°) = 7(cg’) whenever ¢ € F, 0 < o € Z"H!,
and w(cg?) = v(c) + Y o(j)g; > 0. This is obvious if w(cg”) > 0, so we suppose that
jsn

w(cg®) = 0. This condition implies that we can write cg? = cg?gé"? where 0 < p € Z"

and 0 < j € Z. We can also write w(s’) = —w(dg®) for some d € F and 6 € .J,,. Then

O(Tas1(s7dg) ) (1 (cg”))

= YTnr1(cdg’ )P (5977 ))
= Yo®;, 7 (cdg’ )7 ((5957)7)

= @, 7, (cdg” ") 7((sg5")7)

= 7(cdg’**(sgy")’)

= (Tny1(s7dg’))(cg”) # 0,

so indeed ¥7,41(cg?) = 7(cg?), proving (D) for i = n.

It remains to prove (B) when i = n. Consider any nonzero polynomial

B = Z B.]-ggl € F[x]deggn+1
Jj<dn

where each B; € F[z]geg 4, Using induction on n, it suffices to prove that

w(B) = min w(B,g))

We may without loss of generality suppose that all the nonzero terms of B have the same
value and that By # 0 (divide out the largest power of g, dividing all the terms). This
implies that B; = 0 whenever e, { j. With s as above we may pick b € F[2]gegq, With

w(bBps/™) = 0. Then all nonzero terms of

sfbB = Z Bjensf"_jb(sgzn)j

J<fn
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have the same value, namely, w(Bys/"b) = 0. Hence H(Y) := > 7(Bj., s/ b)Y’
J<[fn
is a nonzero polynomial over @, (k,) of degree less than f,, the degree of the minimal

polynomial ®,,(G) of T(sgi) over ®,,(k,). Hence 0 # H(7(sgt)), and therefore

0= w( Z Bje, s" 7 Ib(sgr)?) = w(s™bB) .
J<fn

Thus w(B) = —w(s/"b) = w(By), which was to be proved. This completes the proof of

(B) in the case i = n and hence the proof of the Proposition.

Remark 7. Let w be as in Proposition 5. We record here some corollaries of the proof of
Proposition 5 above. First, e, ,/, =¢eo-- e, and w, 1 F|r] = vF + Zogign Zq;. Next,
if we treat the F-homomorphisms ®; : k; — k as identifications, then whenever 0 < i < n
we can regard k; as a subfield of k;;1 and the extension k;11/k; is generated by the root

Tiv1(sg;*) of the polynomial (1) of Definition 2, so that fy,, /v = fo- fa-

§3. Proof of Theorem 1

Let (8 denote a root of h in some algebraic extension of K. Since (F,v) is Henselian, v
has unique extensions to F'(«) and to F'((3), both of which we also denote by v. We let w,
and wg denote the extensions of v to F[z]| taking each f € F[x] to v(f(«)) and v(f(5)),
respectively. The idea of the proof is that the Proposition of Section 2 can be applied to

w, and wg to obtain an injective homomorphism of short exact sequences

| —— F(B) —— F()*/1+ My —— vF() — 0

| ! J

1 —— Fla) —— F(a)*/1+ My —— vF(a) —— 0

where M, and Mg are the maximal ideals of the valuation rings of F'(«) and F'(3) and

where for any field E we let E® denote the multiplicative group of nonzero elements of FE.
17



This is sufficient to guarantee that F'(3) is F-isomorphic to a subfield of F'(«), and hence
that h has a root in F'(«). A convenient vehicle for expressing the argument formally is
the functor A of Brown and Harrison (1970), which we now review.
Let S(F,T',r) denote the generalized Laurent series field with residue class field F', value
group I', and symmetric factor set r, so S(F,I',r) consists of formal sums ZF cyt7 with
=

well-ordered support {y € I' : ¢, # 0} (Schilling, 1950, pp. 23-24); if the factor set is

trivial we write S(F,T") for S(F,I',1). For any valued field (E,w) we let AE = B/b where
B = Bg = {Zbyt“’ € S(E,wE):w(b,) >~y Vye wE}

and

b="bg = {z:b,yt’y € S(E,wE):w(by) >v Vvye€ wE} ,

and we let Aw : B/b — wE | J{oo} be defined by the formula
Aw (Z byt + b) =inf{y e wE : w(b,) = v}

(setting inf ¢ = 00). Then A(FE,w) := (AFE, Aw) is a valued field (Brown and Harrison,
1970), and A is a functor on the category of valued fields. (Here, morphisms (F,w) —
(E',w') are pairs (¢, ¢*) where ¢ : E — E’ is a homomorphism and ¢* : wE — w'E’ is
an injective order homomorphism with ¢*w = w’¢; A acts on morphisms in the obvious
way. )

Since h € P we may assume that h = g,4+1 where g is a strict system of polynomial
extensions of length n + 1 as in Section 2, whose notation we use here and below. Thus
Y = Yn+1 (cf. Remark 6(B)). Also by Proposition 5(C), wg = wp4+1. Finally, we set

W = Wg, SO that w satisfies the hypotheses of Proposition 5.
18



It is convenient to set
C = F[x]degh U{ag" ca€F, 0<oeZ"}.

By parts (B) and (D) of the Proposition there exists an F~homomorphism ¢ : k,, 11 — k
such that ¢7,11 and 7 agree on {f € C : w(f) > 0}. Also by (A) and (B) of the Proposition
for all f € C we have w(f) = w,11(f), and so
Wy Flz] = vF + Z Zq; CwFz] C QuF.
0<i<n
Now let T be a system of representatives in F' for vF', so that for each v € vF' there exists

a unique a, € T with v(a,) = . By formula (3)
Ts:={ag’ :a €T, 0<oe€Z", o(i) <e Vi<n}

is a system of representatives in F'[x| for w41 F[z]|. Since w(f) = wp41(f) for all f € T,
there is a system of representatives T, D T in F[z] for wF'[z]. For each v € wF[z] let A,
denote the unique element of T, with w(A,) =~. Thus T = {A, : v € wy41 F[z]} and
A, =ay for all y € vF.

These observations on F'[z] let us establish connections between F'(«) and F(/3). After

all, we may identify vF(«) with wFz|; vF(8) with w, 11 F[z]; F(«) with k; and F(3)

with k,41. Thus we will regard ¢ as an F-homomorphism from F(8) to F(a) with

gp(f(ﬁ)) = f(a) for all f € C with w(f) > 0. Similarly we have vF(8) C vF(a) and

v(f(a)) =v(f(B)) for all f € C. Finally, T, := {f(a) : f € T} and Tj := {f(B) : f € T}

are systems of representatives in F'(«) and F(f3) for vF («) and vF (), respectively. Indeed
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for any v € vF (), the elements of T, T;; and T} of value v (under the valuations w1,
v, and v) are Ay, A,(a) and A,(B), respectively.

The systems of representatives T,y and T; yield symmetric factor sets

re : VF(a) X vF(a) — F(a). and rg : vF(8) x vF(B) — F(B) . For example, for all

d, v € vF(a) we have

ra(8,7) = As(@) A, (@) As (@) 1.

As in (Brown and Harrison, 1970, Proposition, p. 372) we have an isomorphism
O : AF(a) — S(F(a),vF(a),ra)

mapping each formal sum ) b,t7 4 bp(q) to > b,A,(a)" 17, and an analogous isomor-
phism

@ﬁ : AF(ﬂ) - S(W?”(ﬂ)ﬂﬁ) .

Suppose that §, v € vF(8) and set p = § + . Then since any product of the A, (for

weEvF(B)) isin C, we have

2(r5(6,7)) = ¢ (LA ALD A, T AL BIA LB )

= o(AA,A2,)(B)) (w((ApA—p>><ﬁ>>)_1

1

= (At?AVA—p) (a) (APA—P) (a)

= As(a)Ay(@)Ap(a) ™t = ra(d,7).

It follows that ¢ induces a homomorphism of valued fields

®: S(F(B3),vF(B), Tg)20—> S(m, vF (), 74)



taking each formal sum ) bytY to > o(by)t7.

Combining ® with the isomorphisms ©, and ©3 above yields a AF-homomorphism
To : A(F<ﬂ)7v) - A(F(a),v) :

We now extract some arguments from (Brown and Harrison, 1970) (which do not depend
on the hypothesis there that (F,v) is maximally complete) to show that the existence of
T implies the existence of an F~homomorphism F(#) — F(«). This of course implies
that there exists a root of h in F'(«), and hence it will complete the proof of the Theorem.

By hypothesis F'(a) and F() are tamely ramified over F' (apply Remark 6(A) and
Proposition 5(C) with i=n). Hence both are separable extensions of F. (If F(«) is not
a separable extension of F', then there exists a proper, purely inseparable and tamely
ramified extension F'(«))/E. The residue class field of F'(«) is therefore both separable and
inseparable over that of E, so the residual degree is one. Similarly the ramification index
is one, and this contradicts that the field extension is proper and tamely ramified. The
argument for F'((3) is the same.) Hence F'(«) and F'((3) are contained in a Galois extension
L of F. Let G denote the large ramification group of L/F, so G is the set of o € Gal(L/F)
with v(o(a) — a) > v(a) for all a € L*. Our hypothesis that (F,v) is Henselian implies
that G is a normal subgroup of Gal(L/F), so LY/F is a Galois field extension. That
(F,v) is Henselian also implies that the extension L% /F is tamely ramified (Zariski and
Samuel, 1960, pp. 67-78). Further, LY contains every tamely ramified subextension E/F
of L/F, including both F(«) and F(f3). After all, the large ramification group H of an
extension L/FE with E/F tamely ramified is clearly contained in G, but the extension L

of LE cannot be proper because it is both tamely ramified (since L /E and E/F are both
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tamely ramified) and wildly ramified (since it is a subextension of L/L%, cf. (Zariski and
Samuel, 1960, pp. 67-78)). Thus we may as well suppose that L/F is tamely ramified and

G is trivial. It follows that the natural homomorphism arising from the functor A, call it

D :Gal(L/F) — Gal(AL/AF),

is injective (one checks directly that in general the kernel is the large ramification group G of
L/F). Thus D is surjective, since both the domain and codomain of D have order [L : F] =
[L: F|(vL : vF) = [AL : AF]. By Galois theory the AF-homomorphism Y, extends
to an automorphism Y € Gal(AL/AF) with Gal(AL/AF(a)) C T Gal(AL/AF(B))YT 1.
One checks that D maps Gal(L/F(«)) onto Gal(AL/AF(«)) and similarly for F(3). Ap-

plying the isomorphism D~! we therefore have

Gal(L/F(a)) € D™Y(Y) Gal(L/F(B))(D~1(T))~!.

Hence F'(f3) is F-isomorphic to a subfield of F'(«). Theorem 1 is proved.

Remark 8. We now argue that ~; is best possible in Theorem 1 and in fact in a superficial
generalization of Theorem 1, in which we replace the hypothesis that (F,v) is Henselian
by the hypothesis that (K, u) is finite degree and tamely ramified over a Henselization
of (F,v). This fact gives in the tame case another characterization of 7, independent
of any strict system of polynomial extensions in which A happens to appear. Without
loss of generality h is not linear, and hence we may assume that h = ¢,41 for some
strict system of polynomial extensions g over (F,v) as in Definition 2. Then g can be

modified to give a strict system of polynomial extensions over (Fy,vy) where (Fr,vgy)
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is a Henselization of (F,v) by simply replacing each valuation w; by the unique extension
wy of vy to Fylz] with w!(g;) = co. (Uniqueness follows from the fact that an extension
(E,u) of (F,v) by aroot of g; has degree f,/,€,/, (Proposition 5(C)), and hence the same
is true for an extension of (Fg,vy).) Let £ be a root of g, in a field extension of Fj.
Then Fy[€] is a tamely ramified finite degree extension of Fyy (say with valuation u) with
u(h(§)) = wn(gn+1) = Ynte1 = Yn. However, Fy[€] cannot contain a root of h since its
degree over Fy is deg g,,, which is strictly less than the degree of the irreducible polynomial

h = gn41 over Fyy.
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