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1.1 Introduction

A Turing Machine (TM) consists of a device as well as a formal description of
how the device is to function. The device is the thing we usually visualize,
but the description is the thing we actual take as the definition of the TM.

The modern evolution of the TM is a computer together with a computer
program; the program is the actual analogue of the TM.

We say a TM because we associate different TMs with different computational
tasks, even though the actual hardware doesn’t change.

The device consists of an infinite tape (infinite in both directions) subdivided
into cells:

· · ·����������������� · · ·

There is a read-write head that moves along the tape:

· · ·�������
⇓
���������� · · ·

At any given time there might be some symbols written on the tape. We will
always assume that “blank” is a symbol, so in fact at any given time every
cell of the tape contains a symbol. ( We will sometimes denote a blank by
an empty box, sometimes with the letter ‘b’.)
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The tape head can read the symbol under it. It can also perform one of the
following actions: write a new symbol over an old one (simply erasing the
old one is the same as writing the blank symbol); move left; move right;
halt.

Now for the software, what we actually call the TM. It consists of:

• Σ: a finite set of symbols. We always assume that b ∈ Σ, and usually
that 1 ∈ Σ.1

• Q: a finite set of states. Often we designate one or more states as
initial (starting) states, often q0 or q1. We also sometimes designate
one or more states as halting states.

• The set of actions A = Σ ∪ {L,R}. This means that at any point
you can instruct the TM to either write a new symbol (possibly the
same as the old symbol), move left, or move right.2

• A partial function Q × Σ 7→ A × Q. Since the domain is finite, this
can be represented by a list of quadruples of form

〈q, s, a, q′〉

(It can also be represented by a graph, as we will see.) The idea is
that if the TM is in state q and sees symbol s, it then performs action
a and transitions to state q′.

Partial function means that the domain of this function need not
include every possible pair 〈q, s〉. If the machine is in state q and
sees symbol s and there is no entry in the list, then the TM halts.

When running TMs, especially when we are computing functions on N or Nn,
we will make the following assumptions:

1. All but finitely many cells on the tape are blank. That means there
are only countably many possible tape configurations. (Discussion in
class.)

2. There is no fixed origin for the tape. In other words, we consider two
tapes the same if there is a finite shift of one that makes it coincide
with the other.

3. Numbers are represented in monadic notation, eg the number n is
represented by a string of n + 1 1s.

1 is represented by 11

5 is represented by 111111

0 is represented by 1

1It is possible to only have Σ = {b, 1}, and many introductions to TMs make this assump-
tion. We’ll discuss that later.

2We don’t include halt inthe set of explicit actions.
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4. We always begin with the tape head on the leftmost 1 of the leftmost
number.

Here are some examples; we’ll do them in class:

1. Starting at the leftmost 1 on a contiguous block of one or more 1s
bracketed by blanks, change them all into 2s:

2. Write the number 3 on a blank tape:

3. Starting at the leftmost 1 on a contiguous block of one or more 1s
bracketed by blanks, erase all but one of them:

(In other words, the constant function 0)

4. Add m + n

There are several ways a TM can fail to halt, eg 〈q0, b, b, q0〉 doesn’t halt when
started on a b.

When do we say that a TM computes a partial function f : Nk → N`?
Say that a TM computes halts on input (n1, n2, . . . , nk) with output
(m1,m2, . . . ,m`) provided:

1. The TM starts on the leftmost 1 of a tape configuration with k blocks
of 1s separated by single spaces, the ith block representing ni in
monadic notation. (Standard initial configuration.)

2. The TM halts on an otherwise blank tape on the leftmost 1 of a
tape configuration with ` blocks of 1s separated by single spaces,
the ith block representing mi in monadic notation. (Standard final
configuration.)

3. If the machine halts in a nonstandard configuration, or doesn’t halt
on this input, we say that the TM doesn’t halt with this (or any)
output, and say that the corresponding function f is undefined on
this input.

Example Compute f(n) =

{
n, n odd;
undefined otherwise.

(We’ll do this in class.)
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