Exercises 3

. Give a nonstandard proof that a closed and bounded subset K of R is
compact.

. Suppose X,Y are Hausdorff, and Q is “S-dense” in *X (that is, st x () =
X — equivalently, for every open subset u of X, *uNQ # @). Suppose
further that F': 2 —*Y is internal and satisfies the following:

F(NS(X)nQ2) C NS(Y) and (Vz,y € NS(X)NQ)[(x = y) = F(z) = F(y)]

(We call this S-Continuity of F.) Prove that f(z) :=° F(w), where w = z,
is well-defined and continuous on X.

. Let (X, d) be a metric space, and let PNS(X) := {y €*X|(Ve > 0)(3x €
X)(y = x)} (the prenearstandard points of *X'). Show that PN.S(X)/ =~ is
complete, and that if Y is any complete metric space into which X embeds
isometrically then in fact PN.S(X)/ ~ embeds into Y isometrically. (In
other words, PN S(X)/ = is the completion of X.)

. Exercise 2.4 in the Metric Spaces chapter



