F1ELD THEORY
The letters F, K, L will always denote fields.

Definition. Let K C L be fields, o € L. Let K[z] — L be the canonical map induced by
sending x — «. If this homomorphism is injective, it extends to a mapping K (z) — L and
we say that « is transcendental over K. Otherwise, the kernel is generated by an irreducible
polynomial over K satisfied by «. In this case, we say that a is algebraic over K. The
mintmal polynomial of « is the unique monic irreducible polynomial satisfied by «, where
monic means that the leading coefficient is 1.

Now let p € K[z] be irreducible. Then (p) is a maximal ideal, so L = K[z]/(p) is a field.
The image of x generates L (over K) and has irreducible polynomial over K equal to p. If
a € L' O K is any element with minimal polynomial p, then L — L’ defined by sending
x +— « is injective and maps onto K («) = Kla].

Definition. A field L O K is called an algebraic extension of K if all of its elements are
algebraic over K. A proper extension of K is one that is not equal to K.

If dimg L < oo, then L is algebraic over K since any mapping from the infinite-
dimensional K[r] to L must have nontrivial kernel. If dimx L = m, then 1,a,a?, ..., a™
are linearly dependent, so there exist a; € K such that >’ a;a = 0. Thus every a € L
satisfies a polynomial of degree at most m. We write [L : K| = dimg L.

Example: Q(v/2,v/3,v/5,V/7,...) is an infinite dimensional algebraic extension of Q.
Q(7) is a transcendental extension of Q.

Every algebraic extension of a field K is a union of finite extensions since each « satisfies
a polynomial of finite degree, hence is in some finite extension.

Proposition. Let L O K and E O L be finite extensions. Then E O K is finite. If {e;}
is a basis of L O K and {f;} is a basis of E DO L, then {e;f;} is a basis for E O K. In
particular, [E: K| =[E:L]-[L: K].

Definition. A field K is algebraically closed if the following equivalent properties hold:

(1) K has no proper algebraic extensions.
) K has no proper finite extensions.
) Every irreducible polynomial over K has degree 1.
) Every polynomial over K can be written as a product of linear factors.
) Every nonconstant polynomial over K has a root in K.
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Examples of algebraically closed fields: C,C((t))(¢t'/2,¢/3,t%/4,...) and Q, the field of
algebraic numbers.

Lemma. Let 0: K — K’ be an isomorphism. Let o have minimal polynomial f = > a;x*
over K and (3 have minimal polynomial f© = > o(a;)x* over K'. Then there exists an
isomorphism o' : K(a) — K'() extending o.

Definition. A splitting field for a polynomial f over a field K is an extension field of K
containing all the roots of f a minimal such field; that is, it is generated by K and the roots

of f.
Adding one root at a time, one sees that splitting fields always exist.

Proposition. Let L be a splitting field for f over K and let E be any extension of K in
which f splits. Then there exists a mapping L — E which fizes K.

Uniqueness of Splitting Fields. If E is generated by the roots of f, the mapping o: L —
E of the proposition is an isomorphism.

Now let L be the splitting field of a polynomial f over K. Let Autg (L) be the set of
all automorphisms of L over K that is, all automorphisms o: L — L such that o(a) = a
for all a € K. (We say, o “fixes” K.) Autk (L) is a subgroup of the group of permutations
of the roots of f. Indeed, if 0 = f(a) = > a;a, then for any o € Autg (L), we have
0 = 0> aia’) = Y ao(a), so that f(o(a)) = 0; therefore every automorphism of L
permutes the roots of f. Conversely, the roots of f generate L over K, so any automorphism
is determined by where it sends the roots. In particular Autg (L) is finite with order at most
n!, where n = deg f.

Theorem. Let L be the splitting field of f over K. Let 0: K — K’ be an isomorphism,
K' C L and L the splitting field of f° also. Then the number of automorphisms of L
extending o is at most [L : K| with equality if f has distinct roots in L.

Corollary. Let L be the splitting field of f over K. Then |Autg(L)| < [L : K], with
equality if f has distinct roots.

Examples. 1. f(z) = 22 — 2 € Q[z]. The splitting field is L = Q(v/2) and the only
permutations of the roots are the identity and the mapping induced by v/2 — —/2.

2. f(x) = 2% — 2 € Q[z]. The splitting field is L = Q(v/2, pv/2, p?>v/2) = Q(p, ¥/2), where
p = 1. Since p?+p+1 = 0, L has a quadratic subfield Q(p). [L : K] = 6 and f has distinct



3

roots, so | Autx (L)| = 6. In fact, Autg (L) is S3: o defined by p — p?, V/2 +— /2 has order
2. 7 defined by /2 — p+/2 has order 3. o7 # 70, e.g. on pv/2.

3. K=Qand f(z) = (22 - 2)(2® - 2). L =Q(2,V2,p).

4. f(x) = % = 2* + 2% + 22 + 2 + 1 has roots the nontrivial 5th roots of 1, say
¢,C2,¢3, ¢, where ¢ = €?™/5. f is irreducible by homework; the image of ¢ determines the

permutation and one can check that all 4 possibilities work. Thus Autg(L) = Zs.

Theorem. Let K be a field and let L be a finite extension of K. The following are equiva-
lent:

(1) L is the splitting field over K of some polynomial.
(2) If E D L, then any K-mapping L — E has image L.
(3) If g is an irreducible polynomial over K with one root in L, then g splits in L.

Definition. If L satisfies the conditions of the previous theorem, then L is called a normal
extension of K.

For example, Q(v/2) is a normal extension of Q, but Q(+¥/2) is not.

Definition. Let K C L be fields. A polynomial over K is separable if each of its irreducible
factors has distinct roots. An element of L is separable over K if its minimal polynomial is
separable. L is a separable extension of K if all its elements are separable over K.

We shall see that most common extensions are separable. Here is one that is not: Let
K =TF,(t), the field of rational functions in one variable over the field with p elements. The
polynomial f(x) = xP —t is irreducible by Eisenstein’s criterion, but if « is a root of f, then

f) =z~ a)P.

Theorem. Let L be a finite extension of K. The following are equivalent:

(1) L is the splitting field of a separable polynomial over K.
Autg (L) has no fized elements except those in K.

(2)
(3) There is a group of automorphisms of L/K with K as the fized field.
(4) L is a normal and separable extension of K.

Definition. An extension L/K satisfying the previous theorem is called a Galois extension.
Aut g (L) is called the Galois group of L over K and is written Gal(L/K).

Some remarks on separability. Let f be an irreducible polynomial. Then f is separable
<= f has no multiple roots <= f and f’ have no common (nonconstant) factor in K [x].
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If f and f’ have a common factor, it must be f since f is irreducible. But deg f’ < deg f,
so this only happens if f’ = 0. Therefore, if char K = 0, then f is a constant and all
polynomials are separable. If char K = p, then f/ = 0 <= f is a polynomial in z?, i.e.
f e KxP].

Definition. A field K is perfect if all irreducible polynomials over it are separable.

Examples of perfect fields: any field of characteristic zero or algebraically closed field.
But we have seen that F,(¢) is not perfect.

Proposition. Let char K = p. Then K is perfect iff every element in K has a pth root in
K.

Primitive Element Theorem. Let L be a finite separable extension of K. Then there
exists 0 € L such that L = K(0).

Proposition. Let U be a finite subgroup of the multiplicative group of a field. Then U is
cyclic. In particular, if L is a finite field, then L* is cyclic.

Theorem. Let L be a field and G a finite group of automorphisms of L. Let K be the fized
field of G. Then L is a finite Galois extension of K with Galois group G and [L : K] = |G]|.

Fundamental Theorem of Galois Theory. Let L be a Galois extension of K with group
G.

(1) If E is a field with K C E C L, then there ezists a subgroup Gg = {g| gb=">b Vb€
E} of G.

(2) L is Galois over E with Gal(L/FE) = Gg.

(3) If H < G, there exists a subfield L ={be L|hb=0bVhe€ H}.

(4) The processes in (1) and (3) are inverses; i.e. they give a one-to-one correspondence
between subgroups of G and subfields of L containing K.

(5) For any two intermediate fields E, F', we have E C F iff Gg 2 Gp.

(6) [L:LH] =|H| and [L? : K] =[G : H].

Corollary. Under the hypotheses of the Theorem, we have Gg < G iff E is a normal
extension of K. In this case, Gal(E/K) = Gal(L/K)/ Gal(L/E).

Permutation groups as Galois groups. Let K be any field and let L = K(z1,...,2,)
be the rational function field in n variables over K. Let S, act on L by permuting the
variables. Let F' be the fixed field of this group of automorphisms of L. The elements



of F' are called symmetric functions in x1,...,x,. The elementary symmetric functions
are the coefficients oy, of [[I_,(t — z;) = t" — o1t" "t + 09t 2 — ... + (=1)"0,, so that
o1 — Z.CBZ', 09 — Zi<jxixj7"'7o-n = HQ?Z

Theorem. FEvery symmetric function is a rational function of the elementary symmetric
functions. That is, F = K(o1,...,0,).

Cayley’s Theorem. FEvery finite group is a subgroup of S, for some n.
Corollary. FEwvery finite group occurs as a Galois group.

Euclidean Geometry.

The ancient classical problems were

(1) Trisecting an angle: given an angle 6, construct the angle 6/3 using only compass
and straightedge.

(2) Duplicating the cube: given a cube of volume V| construct a cube of volume 2V
using only compass and straightedge.

(3) Squaring the circle: given a circle, construct a square with the same area using only
compass and straightedge.

These problems remained open until the work of Galois and Abel.

Definition. Call a real number « constructible if given a line and a unit length, (i.e. points
0 and 1 on the line), the number « corresponds to a point which is constructible using only
compass and straightedge. Since we can construct perpendiculars, this is the same as the
set of all coordinates of constructible points in the plane.

Let K be the set of all constructible numbers. Then K is a field via the standard
constructions in Euclidean geometry. K contains Q and there are three ways to get new
points; starting with any subfield F', we can

(1) intersect two lines (since linear equations have their roots in the field of coefficients)

(2) intersect a line and circle; this involves solving az + by = ¢, (x —d)? + (y — e)? =

f <= (z—d)*+ (2 —e)? = f?, which is quadratic, so the solutions lie in F(c)
for some a € F.

(3) intersect two circles; this is the same as (2) if you choose the line which is the

common chord of the two circles.

In fact, these give all square roots by a standard construction in geometry.

Theorem. « € K iff there exist real numbers \i,..., A\p, A3 € Q and A2 € Q(\1, ..., Ni—1),
i=2,...,n, such that &« € Q(A1,...,\,). In particular, for any a € K, we have [Q(«) : Q]
s a power of 2.



1. A 20° angle cannot be constructed.

Proof. Recall the formula cos(36) = 4 cos®(0) —3 cos(#). If a 20° angle could be constructed,
then = = cos(20°) € K. And then 423 — 3z = cos(60°) = 3 or 823 — 6z — 1 = 0. Setting
u = 2z gives u? — 3u — 1 = 0. But u® — 3u — 1 is irreducible since its only possible rational
roots are £1, which don’t work. Thus a root of this generates a field extension of degree 3,
violating the theorem which states that only powers of 2 can occur. [

2. A similar argument applies to duplicating the cube. The double volume cube will have
a side of length satisfying 23 — 2 which is irreducible over Q.

3. To see that a circle cannot be squared, we need to know that /7 ¢ K, which could
be showed by proving that 7 is transcendental.

Finite Fields.

Let L be a finite field. The characteristic char L is the positive generator of the ideal
ker(Z — L). Since L is finite, it must be nonzero; the image is contained in L, so is an
integral domain and thus p = char L is a prime number. L contains the image of Z, which
we shall denote as F), = Z/pZ, the Galois field of order p, and the prime subfield of L.

We can think of L as a vector space over F,, of some finite dimension n, so |L| = p™. The
multiplicative subgroup L* has p™ — 1 elements, so 2P ~! = 1 is satisfied by all elements of
L*, and so zP" — x is satisfied by all z € L. The equation z?" — z has n roots in L, so L is
its splitting field over F,,. Thus we know that

Proposition. Any two fields with p™ elements are isomorphic.
Lemma. Any finite integral domain is a field.

Theorem. Let p > 0 be a prime. For every n > 0, there exists a unique field with p"™
elements. It is the splitting field of " — x over F, and is denoted by Fpn or GF(p™). The
multiplicative group F;n 15 cyclic.

Proposition. Finite fields are perfect.

Since zP" — z has no multiple roots, it is separable over F,. Thus F,. is a Galois
extension of IF, and hence of any subfield. To determine the subfields, we use the Frobenius
automorphism o: x +— xP of L = Fy,». x is fixed by o iff 2P = x and there are exactly p such
elements, namely 0,1,...,p— 1. Therefore o generates a group of automorphisms of L over
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[, with IF,, as the fixed field, hence o generates Gal(L/F,). Since [L : F,] = n, we see that
Gal(L/F,) is cyclic of order n.

Let K be a subfield of L, say K = F,m=. Then
| Gal(L/Fy)| = n = | Gal(L/K)|| Gal(K/F,)| = | Gal(L/K)|m,

so m divides n. In this case, Gal(L/K) is generated by o™ : x + 2P" . Conversely, if m | n,
then ¢™ has order n/m and generates a subgroup of Gal(L/F,) with fixed field Fpm.

Roots of Unity.

A field of characteristic p has a unique pth root of unity, namely 1. We assume for this
section that ged(char K,n) = 1.

Proposition. Let K be a field and n relatively prime to char K. Under multiplication, the
nth roots of unity in K form a cyclic group. If x™ — 1 splits in K, then the group is cyclic
of order n.

Definition. An element ( is called a primitive nth root of unity if it generates the group
of nth roots.

The number of primitive nth roots of unity is the number of generators of Z,,, which
is the number of units in the ring (Z/nZ)*, or the number of positive integers less than
n and relatively prime to n. This number is denoted by ¢(n), where ¢ is called the Euler

¢-function. If n = [[p}’, then ¢(n) = [ d(p;?) and ¢p(p") = p" — p" 1.

Proposition. Let ( be a primitive nth root of unity over K. Then Gal(K(¢)/K) is a
subgroup of (Z/nZ)*, but possibly not the whole group.

Definition. The polynomial ®,,(x) = H (z — ¢) is the nth cyclotomic polynomial.

¢ primitive

Any automorphism of K ({) over K permutes the roots of ®,(x), hence fixes the coef-
ficients. Therefore ®,(x) € Klz|. deg®,(x) = ¢(n), as defined above. Over Fy, ®7 is
reducible since it has degree ¢(7) = 6, but the splitting field is Fg, whose seven nonzero
elements satisfy 27 = 1; and [Fg : Fo] = 3 < 6.

Theorem. The cyclotomic polynomials are irreducible over Q. (And so [Q(¢) : Q] = ¢(n).)



8

Corollary. Q(¢) is a Galois extension of Q with degree ¢(n) and Galois group isomorphic
to (Z/nZ)*.

Corollary. One can construct a reqular n-gon with straightedge and compass iff n = 2% ] p;
where the p; are distinct primes of the form 22" + 1 (Fermat primes).

Theorem. If K has a primitive pth root of unity, then for any a € K, either xP — a splits
in K or it is irreducible and its splitting field is Galois with group cyclic of order p.

Proposition. Assume char K # p, a € K. Fither x? —a has a root in K or it is irreducible.

Theorem. Let p be a prime number. Let K be a field containing a primitive pth root of 1.
Let L/K be Galois of degree p. Then there exists a € K such that L = K(a'/P).

Proposition. Let E/K be Galois where E is a splitting field for f € K[x]. Let F' be any
algebraic extension of K. Adjoin the roots of f to F, obtaining an extension EF (where we
view E as contained in it). Then E'F is Galois over F' and Gal(EF/F) =~ Gal(E/(ENF).

Proposition. Let F/K be finite. Then there exists a smallest normal extension of K
containing F (called the normal closure of F' over K. If F is separable over K, then the
normal closure of F' is a Galois extension of K.

Proposition. Let E be the normal closure of F over K, with F separable over K. Then
E is generated over K by F and all its conjugates.

Solvability of polynomial equations.

Definition. Let E be a finite extension of K. The extension E is solvable by radicals if £
is contained in an extension L such that L is built up from K by a finite sequence of steps
at each of which a root is adjoined of an equation of the form z™ = a where a is contained
in the previous step.

Clearly any extension isomorphic to L will again be built up from radicals. Therefore,
by the previous proposition, the normal closure of L/K is also solvable by radicals.

Theorem. Assume that we are in characteristic zero. See [S, p. 495] for the minor modi-
fications needed to make the theorem true in general.

(1) E is solvable by radicals iff the normal closure of E is.
(2) A normal extension E of K is solvable by radicals iff Gal(E/K) is a solvable group.



Corollary. Let f be irreducible over K. The following are equivalent:

(1) f has one root expressible by radicals.
(2) f has all roots expressible by radicals.
(3) The Galois group of f is solvable.

Corollary. Cubics and quartics are solvable.
Corollary (Abel). z° — 10z + 2 = 0 cannot have its roots expressed by radicals over Q.

Solution of Irreducible Cubics.

Let f(z) = 23 4+ ax + b be irreducible over a field K of characteristic not 2 or 3. Let the
roots be ay, s, 3. A composition series for S3 is S3 D Az D {e}, which corresponds to
K C Ky C K5, where K5 is the splitting field.

—14++v-3
2
¢ € K. Let D = 62, where § = H(Ozi — o) € K since it is fixed by As. Since the
1<j
discriminant D € K, we have K7 = K(6). since Gal(K9/K;) = As, there must be some
root, say a1, in K5 and not in K;. The Lagrange resolvants are

Let ¢ be a cube root of 1, say ¢ = , and adjoin it to K i.e., we assume that

(1,¢") = a1 + as + a3
(*) (a1,¢") = a1 + Can + CPag
(a1,¢?) = a1 + Cas + Cas

Computation shows that

(a1,¢") =0 (negative of the coefficient of 2?)
27 3
(a1,¢)* = —5 Tgv—3D
27 3 —3a
2\3
e = VPTG

In particular, we see that K is generated over K by either (ay,¢!) or (a1,¢?), and having

one gives the other. Therefore the splitting field is Ky = K(v/D, {’/—277 + %\/—BD. From
(*), we get the formulas for the roots

3051 - (ala Cl) + (041, CQ)
3as = (o, ¢Y) + ((a1,¢?)
3o = ((a1, ¢ + o, ¢?)
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Corollary. For an irreducible cubic polynomial over a subfield K of R with D > 0, we have
K = K1, the Galois group is Zs and Ko C R. If D < 0, then Ky is a quadratic extension
of K and the Galois group is S3.

Theorem: Casus irreducibilis for real equations. An irreducible rational cubic with three
real roots will never have its splitting field inside an extension field built up from only real
radicals.

Algebraically closed fields.

Fundamental Theorem of Algebra. The field C is algebraically closed. [We assume the
intermediate value theorem of elementary calculus and that every positive real number has
a square Toot.|

Proof. First note that every element a + bi € C has a square root in C, namely

a+Va?+b? ) | —a+Va?+b?
+ ————— + (sign b)i

2 2

Therefore C has no extension of degree 2 (by homework or the quadratic formula).

Let F be a finite extension of C. It has a normal closure K over R, say with Galois group
G. The group G has a Sylow 2-subgroup H with [G : H] odd. Let F' be the fixed field of
H. Then [F : R] = [G : H| is odd. Any element a € F generates a subfield R(a) whose
degree divides [F' : R], hence is odd. Therefore the minimal polynomial of a has odd degree,
and hence it has a root in R by the intermediate value theorem. Therefore FF = R and
thus H = G, so G is a 2-group. If E # C, then Gal(K/C) (a subgroup of G) has a normal
subgroup of index 2 by Sylow theory. This normal subgroup has fixed field a quadratic
extension of C, which is impossible. Therefore ' = C and C has no algebraic extension. []

Definition. A field F is real closed if it is formally real (i.e., > a? =0 = a; = 0 for all
i), the order of the square class group |F*/F*2| = 2 (i.e. every element is a square or its
negative is a square) and every odd degree polynomial in F[z] has a root in F'.

There are many equivalent conditions. The previous theorem shows that if F' is real
closed, then F(y/—1) is algebraically closed. The converse is also true. Even more, if K is
algebraically closed and [K : F] < oo, then F' is real closed.

Theorem. Let K be a field. Then there exists a field K such that

(1) all elements of K are algebraic over K and
(2) K is algebraically closed.
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We call K the algebraic closure of K.

Theorem. Let L be an algebraic extension of K and F' an algebraically closed field con-
taining K. Then there exists a map L — F which s the identity on K.

Corollary. If L and F are algebraic closures of K, they are isomorphic.
Transcendental Extensions.

Definition. A field extension L/K is transcendental if it is not algebraic (i.e., L contains
some element which is transcendental over K). L is a purely transcendental extension of K
if L = K(x1,x2,...) is a rational function field in any number of indeterminates.

Let L be an extension of a field K and B C L. Write s(B) for the set of elements in L
algebraic over K (B), called the relative algebraic closure of K(B) in L. This set has the
properties

(1) B C s(B).

(2) Any element x € s(B) is in s(B’) for some finite subset B’ C B.
(3) s(s(B)) = s(B).

(4) s(B) is a field.

A collection of elements {z,} in L is said to be algebraically independent if no one is in
s of the others. Note that this depends only on finite subsets. If a € K, then a € s(f)), so
elements of K are always dependent.

Theorem. {z,}aca is algebraically independent iff the mapping from the polynomial ring
Klya,a € A] — L defined by yo — x4 is injective.

Theorem—Definition. Let L be an extension of K and A C L. The following are equiva-
lent:

(1) A is a mazximal algebraically independent set.
(2) A is algebraically independent and everything in L is algebraic over it.
(3) A is a minimal set such that L is algebraic over K(A).

a

Such a set A is called a transcendence basis for LK.

Remark: the proof shows that if S is any set such that L is algebraic over K(S), then S
contains a transcendence basis.

Theorem. Any two transcendence bases of L over K have the same cardinality.
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Definition. The cardinality of a transcendence basis of L over K is called the transcendence
degree of L over K, written tr deg L/ K.

Theorem. If K C L C M are fields, then tr deg M/K = tr deg M/L + tr deg L/ K.

Separability and Inseparability.

Let o be algebraic over a field K. Recall that « is separable if its minimal polynomial f
has distinct roots in a splitting field, which is equivalent to f’ # 0.

Definition. Let a be algebraic over K. We say that « is purely inseparable if there exists
an integer n > 0 such that o?" € K, where p = char K > 0.

Theorem—Definition. Assume that char K = p and L is a finite extension of K. The
following are equivalent:

(1) L is generated by purely inseparable elements over K.

(2) There exists and n such that o?” € K for all o € L.

(3) Ewvery element of L is purely inseparable over K.

(4) The minimal polynomial over K for each element of L has the form 2P" — a.

If these hold, we say that L is a purely inseparable extension of K.
Corollary. Any purely inseparable extension has degree a power of p.

Remarks. 1. If o is both separable and purely inseparable, then a € K since 2P — a is
separable only for n = 0.

2. Let a be algebraic over K and not separable. Then its minimal polynomial f has the
form fi(zP) for some f; (so that its derivative will be zero). Note that f; is irreducible since
f is. If fi is not separable, repeat this process: Write fi(y) = f2(yP) for some fo. Continue
until f,_1(2) = f.(2?) and f, is separable. Then f(x) = f,(«?"). thus if we raise a to the
p"-th power, we get a root of a separable polynomial.

Theorem. Let L/K be a finite extension, Ly = {x € L | x is separable over K }. Then Lg
is a field and L/Lq is purely inseparable.

The field Ly is called the separable closure of K in L. The number [Lg : K] is called the
separable degree of L over K, and is denoted [L : K]s. The number [L : L] is called the
degree of inseparability of L over K, and is denoted [L : K];.
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Theorem. Let L/K be a finite extension. Then the number of distinct mappings L — K
fizring K is the separable degree of L/K .

Corollary. L/K is separable if and only if it has [L : K] mappings to K. L/K is purely
inseparable if and only if it has exactly one mapping to K.

Proposition.

(1) If L/K 1is separable and E/L is separable, then so is E/K.
(2) If L/K 1is purely inseparable and E/L is purely inseparable, then so is E/K.

Corollary. Given fields K C F C L,

(1) [L: K], =[L:F],-[F: K],
2) [L:K];=[L:F);-[F: K],

Norm and Trace.

Let L be a finite field extension of K and let 01,..., 0, be the distinct embeddings of L
into K fixing K. Then [L : K|, = r is the separable degree. Let [L : K]; = p’ be the degree
of inseparability. We define two functions from L to K:

r [L:K];
Norm  Np/g(a) = (H ai(&)>
Trace Trp x(a)=[L: K]; (Z O’Z'(Oé)>

Note that the norm is a multiplicative function and the trace is a linear function. If ¢t > 1,
then the trace is zero.

It is not quite obvious that the images of the trace and norm are in K or how they
are related to other things we know. For a € L, we know P s separable over K, so
[Toi(aP’) € K since it is fixed under any map into K. thus the image of the norm is
contained in K. If p* # 1, then the trace is identically zero. If p' = 1, then « is separable
over K and Try, x(a) = Y 04(c) is fixed by all maps into K, hence is in K. Thus the trace
also has image in K.

For the case of L = K(a), let the minimal polynomial of « be f(z) = 2" + an_12" " +
-+- 4 a1z + ap. The elements o;(a) € K are the roots of f(x), so Ny x(a) = (=1)"ap and
TrL/K(a) = —QGp-—1.
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Definition. Let V be a vector space over a field K. A function B: V x V — K is called
a symmetric bilinear form if B(x,y) = B(y,z), B(az,y) = aB(z,y), B(z1 + z2,y) =
B(z1,y) + B(ze,y) for any a € K, x, 1,22,y € V. B is said to be nondegenerate if for any
x # 0, there exists y # 0 such that B(z,y) # 0.

For x,y € L, where we can think of the extension field L as a vector space over K, the
function Try/x(2y) is a symmetric bilinear form. If the trace is not identically zero, then
the form is nondegenerate. [If Trz k() # 0, then for z # 0, y = r7 12 works.]

Let wy, ..., wy, be a basis for L/K. The discriminant of L/K is det(Trp, g (w;jw;)). If we
take another basis, 1, ..., z,, with change of basis matrix A = (a;;), then

det(Trr x (z575)) = det(TrL/K(Z A W Z ajjwy))

= det(z AkiQy; TTL/K(wkwl))
k,l

= det(A" Try, /x (wwy)A) = (det A)? det(Trr, i (wiw;)).

So the discriminant depends on the basis, but whether or not it is zero is independent of
the basis.

Now, det(Trz/x (w;w;)) = 0 iff the rows are dependent, iff there exist by, ...b, not all
zero such that ) b; Trp /g (wjw;) = 0 for all j, iff Trp/x((3 byw;)w;) = 0 for all 7, iff
Trp/k(zw;)) = 0 for all j, where x = Y byw;, iff Try/x(zy)) = 0 for all y € L (since any
such y is a linear combination of the wy, iff Try, /i is degenerate.

Theorem. Let L be a finite extension of K. The following are equivalent:

(1) L/K is separable.

(2) Trp, i is not identically zero.

(3) Trp k(xy) is a nondegenerate bilinear form.
(4) The discriminant of L/K is nonzero.

Proof. We have seen that (2) <= (3) <= (4). Also (2) = (1) because a purely
inseparable extension has trace zero. We show (1) = (4). Let {o;} be the mappings of
L to K. (There are n = [L : K] such mappings.) Let S = (0;(w;)). Then Try g (w;w;) =
>k or(wiw;) =3, op(w;)og(w;), so S'S = (Trp gk (wjw;)). Therefore, (det S)? equals the
discriminant of L/K and so it suffices to prove that det S # 0.

By the primitive element theorem, L = K(a) and we can take 1,c,...,a" ! as a basis



15

for L/K. Let & = aq, s, ..., a, be the roots of the minimal polynomial for «. Then
1 oy of a?_i
1 ay o3 as”
det S =
1 «a, a2 an—!

This is a van der Monde determinant, and equals H(aj — ;) # 0 since all the a; are
j>i
distinct. [

Note that we have shown that (det S)? is the discriminant of the minimal polynomial for
.
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