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Existence of SAP extension fields

By

Tromas C. CrRAVEN *)

Let F be a field. We shall let W(F) denote the Witt ring of equivalence classes of
nondegenerate symmetric bilinear forms over F. There are many questions one might
ask about the extent to which one can prescribe the Witt ring of an extension field
of F and the natural homomorphism between these Witt rings induced by the field
inclusion. In this note we consider a formally real field F and its topological space
of orderings X(F). There is a canonical homomorphism of W(F) into € (X(F), Z),
the ring of continuous functions from X(F) into the integers, with kernel W.(F),
the torsion subgroup of W (#) [8]. The image of this map (which is isomorphic to the
reduced Witt ring of F) is, in fact, contained in Z + € (X (F), 2Z). If the image of
the map is all of Z + €(X(F), 27), we say that F satisfies the strong approximation
property (SAP). This is equivalent to saying that, given any clopen (closed and
open) subset U of X(F), there is an element of F which is positive with respect to
each ordering in U and negative with respect to each ordering notin U ([8, Cor. 3.21],
[6]). We shall show that for an arbitrary formally real field F, one can find an exten-
sion field K satisfying SAP to which each ordering extends uniquely and such that
the map W(F) —~Z+ € (X(F), 2Z) is canonically the same as the homomorphism
W(F) — W(K) induced by the inclusion of F in K. We shall also see that K cannot
always be chosen to be an algebraic extension of F.

Our proof makes use of a refinement by R. Brown of a valuation theoretic charac-
terization of SAP fields due to Prestel [10]. Following [1], we say that a place
o: F >R U {co}, where R denotes the real numbers, is associated with an ordering
P of Fif ¢(P) = 0, and we use Ordr (o) to denote the set of all orderings associated
with g. We let /14 denote the square factor group of the value group of the valuation
associated with ¢. We shall often think of Ay as a vector space over Fg, the field
with two elements.

For any set 4, we shall use | 4| to denote the cardinality of 4. We let F-, F-2
and > F-2 denote the multiplicative group of nonzero elements of F, the subgroup
of squares, and the subgroup of sums of squares, respectively.

We begin by stating a lemma which will allow us to maintain control over the
space of orderings in our construction of field extensions [3, Lemma 1]. To effect a
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great simplification in our notation later, we shall write ¥ (%/&) in place of
F(al?, n=1,2,3,...).

2%
Lemma. If F is a formally real field, a € F*, a ¢ F2, then the orderings of F (]/a)
correspond bijectively under restriction to F with the orderings of F in which a is positive.

Theorem. Let F be a formally real field. Then there exists an extension field K contain-
ing F such that the sequence

0— Wi (F) > W(F)—> W(K)

s exact, the canonical map X(K)-> X(F) defined by restriction of orderings is a
homeomorphism, and W(K) = 7Z + € (X(K), 2Z). That is, K is a pythagorean field
satisfying SAP with its space of orderings canonically identical with X(F).

Proof. We shall in fact prove more; we will construct a pythagorean extension X
of F such that every ordering of F extends uniquely to K and such that | As| = 1
for every place of K into R. The field X will then satisfy SAP by [4] or [2, Remark
3.5]; and, since K is pythagorean, the Witt ring will be torsion free [9] so that
W(K) =~ Z + € (X(K), 2Z). The specified sequence will be exact since W(F)/W(F)
embeds in Z + ¥(X(F), 2Z) = Z + € (X(K), 2Z).

We now proceed to construct K. To simplify notation and make the process
clearer, we shall break the construction into several steps. Let ¢ be any place from
F into R with | Ag| > 1. Let {t;};<q be elements of F- such that the images of the
elements v(f) form an Fa-basis of Ay, where v denotes the valuation associated
with ¢. Let {2:}i<a and {y;}i<u be sets of indeterminates. Now set Fg = F, and for
each ordinal number ¢ < « define

@ Fi=Fao) Vo) oot V=0 A s sl n=12.5,..)

when 7 is not a limit ordinal;

b Fim (OB o mi, T =11, i T = )
n=1,2,3,...
when 7 is a limit ordinal.

Now consider case (a). Forming the Laurent series field in y; gives us elements
which are infinitesimal with respect to F;—; in every ordering, though y; can be
positive or negative [9, Prop. VIII. 3.9]. Adjoining the 27th roots of y; forces y; to
be positive by the above lemma, so we have not yet changed the orderings of #;_;.
We then form the rational function field in 2; and add elements which eliminate all
orderings on the rational function field except for two extending each ordering
of F;_1; in one of these z; is greater than 1 and infinitesimally close to 1 (with respect

to Fy1 ((yi))(%)) and in the other z; is less than —1 and infinitesimally close
to — 1[5, Lemmas 7, 8]. Also we force z; and #; to always have the same sign, so that
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the map X(F;) - X(F;-1) is a homeomorphism; and hence X(F;)— X(F) is a
homeomorphism. In case (b) the situation is the same except that F;—; is replaced
by Usj<: F;.

Now let K; be the union of all the fields F;, 1 < «. Then X(K;) — X(F) is a
homeomorphism [3, Lemma 6]. Let 7 be a place from K to R extending ¢. Then the
orderings of K associated with T will correspond to some subset of Ordp (). For each
© < o, we have 7(z;) € {-£1}; and any ordering associated with 7 must give ¢; the
same sign as 7 (%;). Our choice of the elements #; implies that there is only one such
ordering so that | A,| = 1 [1]. So we see that the place ¢ on F splits into numerous
places on K3, one for each ordering in Ordg (o).

Any other place g from F to R will extend to K1 since the associated orderings do,
and for any extension 7, we have | A7| = |Ordg, (7)] < |Ordr(p)| = | 4|.

We now take any place o from K; to the reals with | As] > 1 and repeat the
above process. After no more than | X(F)| steps (using transfinite induction if
| X(F)| is infinite), we reach a field K’ with X(K') ~ X(F) a homeomorphism and
| Ag| = 1 for all places o: K’ - R U {oo}. Now let K be an order closure of K’ as
defined in [3, Sec. 4]; that is, an algebraic extension of K’ which is pythagorean and
has a naturally homeophorphic space of orderings. Then again | As| =1 for all
places ¢: K -~ R U {oo}, so we have now completed the proof of the theorem.

The natural question to ask at this point is whether we could have found an
algebraic extension of F which satisfies the conclusions of the theorem. We begin by
looking at a few examples.

Example 1. F = Q(z), the rational function field in one variable over the
rational numbers. In this case we could take K to be an order closure of the rational
function field in one variable over the real closure of Q [5, Lerama 8, Prop. 12].

Example 2. F =R((2))(()). Then F is a henselian field, so the unique place
from F to R extends uniquely to a real place on any algebraic extension of F; that
is, the valuation extends uniquely [7], so the place must extend to equivalent places
onto R. But R has only the identity automorphism, so equivalent places are actually
equal. Thus no algebraic extension of F' to which all four orderings extend can satisfy
SAP.

Example 3. F = (]l((x))((y)) In this case we can take K to be an order closure
of Q(()((¥) (/2. ]/3 1/ (= V2), 1/(@/ 1/3)). In K, the elements }/2 and }/3 serve the

function of the z;’s in the proof of the theorem.

While Example 2 shows that we cannot always have an algebraic extension which
works, the last example suggests a fairly large class of interesting fields that do have
algebraic “SAP closures”, as the next proposition shows. As in [4] and [2], we use
Ag, ¢ to denote the square factor group of the value group of the finest place through
which both ¢ and © factor.

Proposition. Let F be a formally real field and let Fo be the algebraic closure of Q
in F. Let M be the set of real valued places o on F such that | Ag| = 2 and if | 4s] = 2,
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there exists a real place v with | Ag,| = 2. If > FE[F§ is infinite and M and all
dimg, A, 6 € A are countable, then the field K in the above theorem can be chosen to be
algebraic over F.

Proof. For each g e.#, chose {#; ¢}ica(oy such that the images of the elements
v(l;,¢) in As form an Fy-basis. By hypothesis, the number of elements #; s is count-
able, so for each #; s we can choose a root a;, s of 22 — b, where b ranges through an
Fy-basis of > FE/FE. (The vector space » Fi/FZ, being infinite, will have a de-

2%

numerable basis.) Now set K’ equal to F(a;, 4, ]/(ti,g ai,q), 0 €M, 1< o(c)). The
places in .# now split into places on K’ with | 44| = 1 as the in above theorem.
All other places on F extend to places ¢ on K’ with |As| <2, and if | 4s] =2,

then | Ag,¢| = 1 for all real places 7 == ¢ on K’; to see this latter fact, assume
| As| = 2. If o|r and 7|F are not equal, then | Ag, 17| = 1 since o] is not in 4,
and so | As,+| = 1. f o|p = 7|, then the two orderings of F associated with

o |r must extend to orderings on K’, one of which is associated with ¢ and one with 7.
Hence | As| = | A¢| =1, 50 | Ag,z| = 1.

Thus K’ satisfies SAP by [2] or [4]. Now replace K’ by an order closure K as before
and the proposition is proved.

Remark. Although @Q(z) has an uncountable number of orderings (in fact,
X(Q(=)) is homeomorphic to the Cantor set [5]), it has only a countable number
which are not Archimedean and thus the proposition applies. Indeed, it applies to
a formally real function field in one variable over an algebraic number field. The
field K 2 Q(x) constructed in the proposition is a composite of quadratic extensions
and differs considerably from the field given in Example 1. Even though these
techniques give no “naturality”, it is hoped that they will prove useful for construct-
ing examples in other contexts as well.
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